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LOI NGO

Nhiing ngay nay 2 nim trudc y tudng vé Epsilon con chua dudc hinh thanh. Liic dé, v6i su goi
y ctia GS Ngo Bio Chau, Hdi todn hoc Viét Nam va Vién nghién ctiu cao cip vé todn cling véi
mot sd nhan su tich cuc dang cb gang xin rit phép dé cho ra ddi tap chi Pi, tap chi phd bién toan
hoc danh cho hoc sinh va sinh vién. Nhung roi thi tuc khong don gidn nhu moi ngudi tudng
ban dau va du 4n bi chung lai. Epsilon da dudc ra doi nhu mot cudc téng dién tap trude khi vao
tran danh chinh thic. Ngay y tuéng ra doi Epsilon dudc cong bd, TS Lé Thong Nhit, mot trong
nhitng ngudi duge nham sé lam Phé tdng bién tap clia Pi da 1am bai tho chic miing

Chi mot canh én nhd
Khong lam nén Mua xuan
Khong bit du tif nho
Chang c6 thif ta can
Tt mot canh én nhd
Sé sinh s6i dan dan
Ra ca troi én nho
RO rang la Mua Xuéan
Epsilon s6 11 1an nay dudc xuit xudng trong bdi canh céc thi tuc thanh 1ap Tap chi Pi di c6

nhiing budc tién trién lac quan va sé c6 gidy phép chinh thiic trong thang 10 nay. C6 nghia 1a
kha niing s6 bdo Pi dau tién sé& ra ddi vao thang 1/2017 1 rt cao.

Trong khi chd ddi s6 bao chuyén nghiép dau tién d6, Epsilon vin sé 1am nhiém vu ctia minh,
chét chiu nhitng diéu nho nhé dem dén cho ban doc ctia minh.

Epsilon nguyén 1am cénh én nho d€ bdo hiéu Mua Xuan.
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GIAI TOAN CUNG BAN

Ha Huy Khoai
(Ha Noi)

LO1 TUA

Trinh bay 13i giai cia mot bai todn khi ta di biét 1i giai khong phai 1a khé. Nhung trinh
bay thé nao d& ngudi doc hiéu dudc 16i suy nghi din dit dén 15 gidi d6 ludn 1a rat kho.
Va dé6 thuc sy mdi 1 diéu ma ta can hoc. Vi suy cho ciing, khong thé hoc thudc hét tit ca
cic 16i giai. C4i ma ta c6 thé hoc, d6 1a nhiing suy luan c6 ly din dat ta dén véi 10i giai.
S6 11 ctia Epsilon xin gi6i thiéu véi doc gid mot bai toan nhu thé véi su dan dit ctia thay
Ha Huy Khoai.

Cai khé nhit cia mbi ngudi khi diing trudc bai todn 12 tim phuong phap gi dé€ giai quyét? Khong
ai “méach” cho ban 1a v6i bai d6, cin ding phuong phap gi (trit nhitng bai tip “minh hoa” cudi
mdi chuong sach). Nhitng cudn sach bai tip (v6i dé ra, 18i giai hoan chinh) nhiéu khi khong cho
ta biét 1am thé nao ma tc gia tim ra cch gidi d6. Du da hiéu 13i gidi, thAm chi da nhé 15i giai,
van chua thé néi 1a da hiéu bai todn néu chua tra 16i dudgc cAu héi trén. Va néu gip lai bai toan
d6, nhung véi cach phat biéu khac, ban c6 thé van tudng nhu gip né 1an dau.

Nhiing diéu néi trén day goi cho toi y dinh viét mot cudn sach bai tap, nhung trong d6 khong c6
san nhiing 18i gidi dep d&, ma ban doc cuing véi tac gid 1an mo cung nhau dé€ tim cach gidi quyét.

P& 1am vi du cho viéc d6, ma tdi nghi 12 can thiét khi giang day, toi chon ra dy (chua thé goi
12 “chon loc”, vi khong c6 di thdi gian) mot sb bai toan thudc nhiing loai khac nhau, va thudc
nhiing phan ma theo tdi chua dudc giang day nhiéu 8 THPT (chuyén).

Toi sé cb gang bd sung dé dén khi c6 thé hoan thanh mot cudn sach bai tap theo cach do.

Ta hay bat dau tif bai toan sau dy, ma theo kinh nghiém ca nhan, “dd khé” ctia né tuong duong
v6i bai ra trong ky thi hoc sinh gidi toan qudc mon todn (c6 thé khong 1a bai khé nhét, nhung
khong 12 bai dé nhét).

Vi du. Cho p la sé nguyén t6 1é. Hay xdy dung day {a,} € N sao cho ¥n, a,, la s6 nguyén
khong dm nhé nhdt khdc véi nhitng sé trude do ciia ddy, va ag, aq, . . ., a, khéng chita bdt ki cdp
56 cong khdc hdng nao cé p sé hang.

Bai ra chua hé cho thiy c6 cach gi tiép can 18i gidi. VAy thi cdch duy nhét trong trudng hop nay
1a tht tinh nhitng s6 hang dau tién.
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Tu bai ra, ro rang ta c6

GOZO
a1:1
p—o =p— 2

Dé thdy a, ; # p — 1, va ddy dudgc tiép tuc nhu sau:

Qp—1 =P
ap=p-+1
a2p_3:2p—2

Tiép theo sé phai 1a ay, o = 2p. Nhu vy, ta cd “tuan ty” cong thém mot don vi, nhung chi dugc
lam déu d6 véi ting doan p — 1 s hang.

Thi nghi lai, ta tiing gip diéu gi tuong tu? “Sau p — 1 thi phdi thay déi?” Diéu nay gdi y cho ta
dé giai quyét bai toan, c6 thé can st dung co s6 p — 1. Tat nhién, day chi 12 mot phong dodn vé
huéng di. Can phai kiém nghiém.

Xét cac sb hang da cho viét trong ¢ s0 p — 1. Tut ag dén a,_o thi aj, = k. Tt nhién, néu viét
trong cosd6 > p— 1thik =k, véik =0,1,...,p — 2. Nhung khi viét p — 1 trong co sb p — 1,
ta dugc p — 1 = 10, trong khi a,_; = p. S6 10 chi bing p néu xem né 1a sb trong co sb p.

Tiép tuc v6i nhitng s6 da viét trén day, ta du doan quy luat: a,, nhdn dugc bang cdch viét n trong
co s6 p — 1 va doc né trong co sé p.

Xétday B = {b,},n =0,1,..., ma b, nhan dugc bang cach viét n trong co sb p — 1, doc trong
cd s6 p. Ta hy vong rang, day chinh la day can tim.

Nhan xét 1. S6 b € B khi va chi khi néu viét b trong co sé p thi b khéng chita chit s6 p — 1.

Diéu nay 1a rd rang tit dinh nghia day {b,}.

Nhan xét 2. Trong B khéng co cdp sé cong nao gom p phan ti.

That vay, gia st Ja, d € N sao cho
a,a+d,...,a+ (p—1)d € B.

CAn suy ra mau thudn, tic 1a can ching minh rang trong céc s6 trén c6 sb khong thude B, tiic
12 s chia chit s6 = (p — 1) (mod p).

TAt nhién diéu nay dan dén viéc can chiing minh ton tai 4 ma céc chit s6 thit 7 clia cic sb trén
day 1ap thanh mot hé thing du day di modulo p — 1.

Giastia = ayaz - @y, vad = dydy - - - d,,. Gid st 7 12 chit s6 khac 0 dau tién cda d tinh tif phia
bén phai

ksd
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Khi dénéu a + kd = ¢ic; - ¢ - ¢, thic; = a; + k - d; (mod p). Do p 1a sb nguyén t6, k va
d; nhd hon p nén a; + kd;, k = 0,1,...,p — 1 1ap thanh hé thing du day dd modulo p, tic 1a
ton tai k d€ a + kd c6 chit s6 (thd i tif phai sang) bang p — 1.

Pé Kkét thic, ta chiing minh a,, = b, v6i moi n. Ta c6 ag = by. Gid st a, = by v6i k =
0,1,2,...,n — 1. Theo dinh nghia day a,, ta c6 a,, < b,.

Néu a,, € B thi a,, khong thé nhé hon b,, (vi néu ngudc lai, theo gia thiét quy nap, a,, phai bang
a; nao do ding trudec né. Nhu vay, chi con phai ching minh a,, € B.

Gia st nguoc lai, a,, ¢ B. Ta sé suy ra mau thuin néu tim dugc cip s6 cong p sd hang trong
day {a,}. Thuc ra, “trong tay” chiing ta méi c¢6 cic phan ti ctia diy B, nén phai dua vao chiing.
Can tim cip sd cdng nay trong nhiing s6 thudc B ma ta da biét, tic 1a nhitng s6 nhé hon a,, va
khong chia chit s6 p — 1 khi viét trong co s6 p. P& ¥ ring a,, ¢6 mdt s6 chit s6 (p — 1) khi viét
trong co s6 p. Nhu vay, chi can trit di mot s6 duong khong vuct qua p — 1 tai nhiing vi tri d6 dé
dugc s6 thudc B va nho hon a,,. Cach 1am bay gid da qud rd rang.

Gia st a,, = o0 -+~ Q. X6t $6 d ma khi viét trong co s6 p c6 dang d = dyds - - - d,, trong d6

g1 néuo; =p—1
Tl 0néuoy #p—1

Do ton tai chit s6 ctia a,, bang p — 1 nén d > 1.

Xét day a,, —d, ..., a, — (p—1)d. Cac s6 nay khdng c6 chit sb p — 1 khi viét trong co sd p, tiic
1a déu thuoc B. Mit khdc, cac s6 déu hon a,, nén theo gia thiét quy nap, ching déu thudc diy

{an}.

Nhu vay, ta nhan dudc day a,, — (p — 1)d, a, — (p — 2)d, ..., a, lap thanh cp sb cong c6 p sd
hang. Mau thuan nay két thic chiing minh.
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PO1 XUNG TRONG NGHE THUAT

Nguyén Tién Diing
(Dai hoc Toulouse, Phdp)

GIOI THIEU

Toan hoc va nghé thuat, c6 cdi gi chung? La cdi dep? Hay la su chiit ché? Trong s6 nay,
chiing t6i vinh du gidi thiéu mot chuong trong sach "Toan hoc va Nghé thuat" cia GS.
Nguyén Tién Diing do Sputnik xuét ban.

Hinh 1: M4i nha tho Sagrada Familia & Barcelona (TAdy Ban Nha), do nghé si kién triic su
Antonio Gaudi (1852 — 1926) thiét ké, nhin tif bén trong gian giita. Ngudn: Wikipedia.

Céc hinh di xidng 1a cac hinh c6 su giéng nhau giita cc phan, tiic 1a chiing tuan thd nguyén 1y
ldp di ldp lai cta cdi dep. Chinh bdi vy ma trong nghé thuit, va trong cudc séng hang ngay,

9
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chiing ta gdp rit nhidu hinh déi xiing dep mat. Ngay cac bai thd, ban nhac ciing c¢6 su ddi xing.
Tuy nhién chuong nay sé chi ban dén dbi xiing trong cac nghé thuat thi gidc (visual arts).

1. Céac phép dbi xiing

Hinh 2: Mit nudc phéan chiéu tao hinh anh véi dbi xiing guong.

Trong todn hoc c6 dinh ly sau: Moi phép bién ddi bao toan khoang cach trong khong gian binh
thudng ctia ching ta (tic 1a khong gian Euclid 3 chiéu hodc trén mit phang 2 chiéu) déu thudc
mot trong bon loai sau:

1) Phép doi xiing guong (mirror symmetry), hay con goi 1a phép phdn chiéu (reflection): Trong
khong gian 3 chiéu 1a phan chiéu qua mot mit phang nao do, con trén mit phang la phan chiéu
qua mot dudng thang.

2) Phép quay (rotation): Trong khong gian 3 chiéu 1a quay quanh mét truc nao do, con trén mit
phang 14 quay quanh mdt diém nao d6, theo mot géc nao do.

3) Phép tinh tién (translation): Dich chuyén tit ca cac diém di ciing mot khoang cach theo cling
mot huéng nao d6. Nhu kiéu 4nh xa 7 : (z,y) — (x + T, y) trén mit phang, dich chuyén cic
diém theo huéng ctia truc z mot doan c6 do dai bang 7.

4) Phép luon (glide), 1a két hop ctia mot phép ddi xiing guong va mdt phép tinh tién theo hudng
song song vdi truc gitta hay mit giita ctia dbi xting guong d6. Nhu kiéu dnh xa g : (7,y) —
(z+L,—y) lél\két hgp ctia phép dbi xiing gIIdng,bién y thanh —y va phép tinh tién bién « thanh
x + %: Chu y rang neu chung ta thyc hién lié€n tieép mot phép lugn hai lan thi lai dugc mot phép
tinh tién.

Dinh ly trén khong qud khé, va c6 thé dung lam bai tap thu vi cho hoc sinh THCS (trudng hop
2 chiéu) v THPT (trudng hop 3 chiéu).

10



Tap chi Epsilon, S6 11, 10/2016

Hinh 3: Con sao bién c6 ca dbi xiing guong 1an ddi xing quay mot phan nim vong tron. C6
nhiing loai sao bién c6 n chan véi n > 5 (tham chi véi n = 18), va khi d6 né ddi xing quay
theo géc 2.

Hinh 4: Pudng vién su ti tai thanh c¢d Persepolis (Iran).

Néu chiing ta ¢6 mot hinh (hai chiéu hodc ba chiéu), vad ¢6 mot trong cic phép bién d6i nhu
trén b4o toan hinh d6 (tic 1a d6i chd cic di€ém cta hinh cho nhau nhung bién hinh vao chinh
no6), thi ta goi d6 1a mot phép déi xiing ctia hinh. Tht nhién, ta ludn c6 mdt phép dbi xing tam
thuong, tic 1a phép gilt nguyén tit ca cac diém. Nhung khi néi dén db6i xdng, ngudi ta thuong
hiéu 1a phép d6i xiing khong tim thudng. Néu mot hinh c6 it nhat mot phép dbi xiing khong
tam thudng, thi dugc goi 12 mot hinh déi xitng. Hinh nao ma c6 cang nhiéu phép dbi xiing, thi
hinh d6 cang dbi xiing.

Phép tinh tién va phép luon khac phép phan chiéu va phép quay & chd néu ta ci lip di lip lai

11
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Hinh 5: Mot dai gb trang tri. Nguodn: invitinghome.com.

cuing mot phép tinh tién hay phép luon 1én mot diém ban dau nao d6, thi diém dé sé chay dan
ra v cling. B&i vay néu néi mot cach chit ché thi khong c6 mot phép tinh tién hay phép luon
nao c6 thé bao toan mot vat hay mot hinh hitu han. Nhung néu ta chip nhan 1a phép tinh tién
khong can dugc thuc hién trén toan bo hinh ma chi trén mot phan cida hinh, hodc ta hinh dung
rang hinh c6 thé dudc trai dai nbi tiép ra dén vo cling, thi cdc phép tinh tién va phép luon ciing
tré thanh phép ddi xiing, theo nghia mé rong.

Hinh 4 khic hoa nhiing con su tif trén tudng thanh phd c& Persepolis & Iran 1a mot vi du vé phép
dbi xting tinh tién theo nghia md rdng: vector tinh tién & day la vector ndi tif mii mot con su ti
dén miii ctia con su i tiép theo. Con hinh 5 c6 phép dbi xiing luon theo nghia mé rong.

= — - J..'-E—- T — = g i
e i s T e - - A

Hinh 6: Céc cong trinh kién triic rit hay c6 dbi xiing guong gitta hai bén. Trong anh 12 Mosque
(nha thd Hbi gido) tai Abu Dhabi.

Trong toan hoc, tip hop cac phép ddi xing clia mot vat hay mot hinh dude goi 1a mot nhom

12
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(group), bdi ta c6 thé 1am hai phép toan trén d6, 1a phép nhdn (tich cta hai phan ti) va phép
nghich ddo. Nghich dao ctia mot phép bién d6i d6i xiing (bio toan hinh) chinh 1a phép bién ddi
ngudc lai, tit nhién ciing bao toan hinh. Con tich ctia hai phép bién ddi d6i xing chinh 12 phép
“hgdp thanh” clia chiing: diu tién ta thuc hién bién d6i theo phép thit nhét, rdi bién déi tiép theo
phép thif hai. TAt nhién, néu ca hai phép bién d6i bao toan hinh, thi hinh vin dudc bio toan khi
ta thuc hién lién tiép hai phép bién ddi do.

Hinh 7: Thap Phuéc Duyén & chuia Thién Mu (Hué) c6 dbi xiing theo hinh bat gidc, va kién tric
xung quanh c6 ddi xiing guong.

Céac cong trinh kién tric, d6 vat, hinh hoa va trang tri nghé thuit c6 thé dudc phan loai theo
nhém cac dbi xing ctia ching. Vi du, thap Phudc Duyén & chiia Thién Mu (Hinh 7) ¢6 tam miit,
v6i ddy gidng mot hinh bét gidc déu, va nhu vy nhém dbi xiing clia n6 ciing gibng nhu nhém
ddi xiing cia mot hinh bét gidc déu (néu ta bd qua céc chi tiét khong ddi xiing trén thap, vi du
nhu khong phdi mit nao ciing c6 ctia). Thap Eiffel & Paris (Hinh 8) c6 bén mit gidong nhau, ddy
hinh vudng, nén nhém dbéi xiing ctia n6 gibng nhém déi xiing ctia hinh vuong.

O duéi day, ching ta sé tim hiéu su phén loai theo nhém déi xing cho céc hinh da gidc, roi cho
céc trang tri dudng vién (frieze) va cho céc kiéu 14t gach tuan hoan (tessellation).

2. Phan loai da giac theo nhém dbi xitng

Vao khoang nam 2013, t6i c6 danh mot budi d€ tim hiéu ciing véi con géi, lic d6 dang hoc ndm
cudi THCS (& Phap goi 1a “collége™), vé cdc nhém ddi xiing clia cac da gidc. Két qua cia budi

13
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Hinh 8: Thap Eiffel & Paris v6i 4 miit nhu nhau, c6 nhém db6i xing D, giébng hinh vuong.

tim hiéu va thuc hanh ciing véi gidy va kéo dé dugc ghi lai trén Hinh 9 va dudc viét lai chi tiét
thanh mot chuong trong quyén sach Cdc bai gidng vé todn cho Mirella. Day 12 mot hoat dong
thuc hanh to4n hoc don gian ma thu vi, cac ban hoc sinh rat nén lam.

Dau tién 1a xét cac tam gidc. Ching c6 thé ¢ 1 dbi xiing (trong trudng hop tam gidc khong can,
chi c6 phép “dé€ yén” 1a bio toan tam giic), 2 ddi xiing (néu 1a tam gidc can, ngoai phép dé yén
con c6 phép dbi xiing guong), hoic miy dbi xiing néu 1a tam gidc déu? C6 nhiing ngudi sé tra
16 1a 3, va c6 nhitng ngudi sé tra 16i 1a 4. Cau tré 16i chinh xéc 12 6, trong d6 c¢6 3 phép dbi xiing
guong, va 3 phép quay theo cac goc 0°, 120° va 240° (quay theo goc 0° c6 nghia la d€ yén).

Dén luot ti gidc: Nhiéu ddi xiing nhit 1a hinh vudng, véi 8 d6i xing (4 ddi xing guong va 4
phép quay), tiép theo 12 dén hinh chit nhat va hinh thoi déu c6 4 dbi xing. Tiép theo 1a cac hinh
¢6 2 dbi xing: Hinh binh hanh (véi dbi xting quay 180°), hinh thang can, hinh mii tén va hinh
canh diéu (véi d6i xting guong). Con néu lay mot hinh ti gidc tiy y, khong c6 canh nao bang
canh nao, thi nhém cic dbi xing clia n6 sé& 12 nhém tim thudng, chi c6 mbi mdt phan ti, 1a phép
dé yén.

Dén ludt ngil gidc: lai chi c6 3 trudng hop, tuong tu nhu 1a véi tam gidc, chif khong cé nhiéu
trudng hop nhu 12 tif gidc. Khi ngil gidc déu thi c6 5 x 2 = 10 d6i xiing, néu khong déu thi hoic
12 nhém dbi xiing chi c6 mot phan ti (phép d€ yén) hoic c6 hai phan ti (d6i xing guong va
phép dé€ yén). Con sao bién trén Hinh 3 c6 hinh sao nim canh déu, v nhém dbi xiing cta né
bing nhém dbi xiing ctia mot ngii gidc déu.

Dén luot luc gidc thi lai c¢6 rit nhiéu trudng hop khac nhau, rdi dén that gidc thi lai chi c6 3
trudng hop, va ci thé. Ti cic thi nghiém nay, ta riit ra duge mot sd két luan toan hoc sau:
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Hinh 9: Céc da giac va so cac doi xing cua chung.

e Hinh n-gidc thi ¢6 thé c6 nhiéu nhit 12 2n dbi xiing, Gng véi trudng hop n-gidc déu. Nhém
ddi xing trong trudng hop dé gdm n dbi xing guong va n phép quay, va goi 1a nhom nhi
dién (dihedral group) D,,. Néu n-giac khong déu, thi nhém dbi xiing ctia né 13 mot nhém
con ctia nhém D,,, va sd cac dbi xiing 1a mot udc sb cia 2n.

e Néu n 1a s6 nguyeén t6 thi chi c6 3 kha niing xay ra: hodc nhém dbi xing 1a D,,, hodc nhém
d6 c6 hai phan tif trong d6 phan tif khong tim thuong 1a dbi xing guong, hodc 12 nhém
tam thuong (chi c6 mdi phép dé yén).

Khi s6 canh clia da gidc déu tién tSi vo cung thi ta dugc hinh tron, 13 hinh c6 nhiéu ddi xing
nhét trong cac hinh phang: v6 han d6i xiing (quay quanh tim theo gbc ty ¥, va ddi xdng guong
theo duong kinh tuy y).

3. Bay ki€u trang tri dudng vién

Cac trang tri trén cac dai mép tudng, mép ban, mép vay, hay nhiing con dudng dai va hep dugc
goi chung 1a trang tri duwong vién (“frieze” tiéng Anh, “frise” tiéng Phap). C6 thé hinh dung mot
dudng vién nhu 1a mot dai bang D hep va dai (coi nhu dai vo tin cho don gian) nim ngang trén
mit phing:

D=Rx [~a,a] = {(z,y) ER*| —a<y<a}.

15
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Hinh 10: Trang tri trén mot mai nha & Toulouse.

Theo nguyén 1y lip di lip lai clia cdi dep, ngudi ta thudng trang tri dudng vién mot cach tuan
hoan, tiic 1 hinh trang tri trén dai bang D c6 tinh chat bat bién theo mot phép tinh tién (dich
sang phai hodc sang trai mot khuc ¢6 do dai 7" nao do):

7 (z,y) = (x+T,y).
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Hinh 11: Gach d4 hoa trang tri theo mot kiéu phuong Pong.

Vi du nhu trén Hinh 4, c4c con su tif dudc xép cach déu nhau trén mot dudng vién, va dich mot
con su tif sang bén phai mot doan bing khoang cach gitta hai cdi mii ctia hai con su tit lién tiép
thi dugc con su ti tiép theo.

Céac phép tinh tién bio toan mot trang tri dudng vién tuan hoan tao thanh mot nhém tuong duong
v6i Z, tiic 1a tap cac sb nguyén' v6i mdi s6 nguyén k € Z thi ta c6 mot phép “tinh tién k buéc”
bdo toan hinh trang tri: 7% : (x,y) — (v + kT, y).

Ngoai cac phép tinh tién ra, thi hinh trang tri dudng vién con c6 thé bit bién theo cac phép bién
d6i khac nita. Ngudi ta phan loai cac kiéu trang tri dudng vién tuan hoan qua nhém cic nhém
ddi xiing ctia chiing. Téng cong c6 ding bay kiéu khac nhau:

Kiéu thit nhdt goi la hop "5 w8 Y oY (nhéy 10 ¢d). Trong ki€u nay, chi c6 cac phép

tinh tién 12 bao toan hinh trang tri. Hinh dung nhu 12 cdc vét chan ctia mot ban chan nhay 10 co
1én phia trudc. Céc con su i trén Hinh 4 1a trang tri theo kiéu hop nay.
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Kiéu thit hai goi la step q, P S (budc déu). Trong kiéu nay, ngoai phép tinh
tién, con phép luon (glide) ciing bao toan hinh trang tri. Hinh dung kiéu nay nhu di déu budc
bang hai chan. Hinh 5 12 vi du.
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Hinh 12: Trang tri trén mot hang rao da An Do, thé ky XVI-XVII.

e, AR Y, TR WY,

(A A3

Kiéu thii ba goi la sidle (di ngang). Trong ki€u nay, ngoai phép tinh
tién, con phép dbi xiing guong theo cic truc doc. Hinh dung 12 hai chan xép theo hudng doc rdi
di ngang nhu con cua, va déi xing guong & day 1a dbi xing gitta hai chan. Hinh 10 12 mot vi du.

Kiéu thit tw goi la spinning hop ¥ ®* 84 s (nhdy xoay 10 c0). Trong ki€u nay, c6
nhting phép quay 180° cling bao toan hinh trang tri. Hinh 11 1a mot vi du.

Hinh 13: Kiéu trang tri “Ngaru” ctia thd dan Maori (New Zealand).

8308

Kiéu thit nam goi la spinning sidle : 7 R I A (di xoay ngang). Trong ki€u nay,
ngoai phép tinh tién theo chiéu ngang, con c6 nhiing phép d6i xiing guong theo cic truc doc
(d6i xiing gitta hai chan) va nhiing phép quay 180°. Chu ¥ ring tim ctia cac phép quay 18° nim
ngoai cdc truc dbi xiing, va khi két hgp phép quay 180° véi phép ddi xing guong thi dugc phép
luon (glide). Hinh 12 c6 thé coi 1a mot vi du cia kiéu dudng vién thid nim nay néu bd qua mot
vai chi tiét.

17
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2
Kiéu thit sdu goi la jump “9; (nhdy hai chan). Trong ki€u nay, ngoai phép

tinh tién, con c6 phép dbi xing guong theo truc ngang (ddi xting gitta hai chan dit nim ngang
6 hai bén truc). Hinh 13 1la mot vi du.

Hinh 14: M6t géc balcon & Paris.
W7 Oy

26 a e .
Kiéu thit by goi ld spinning jump 87 @2 887 32 .0 xoay hai chan), 12 ki€u cubi
cung. Trong kiéu nay, ngoai phép tinh tién, con c6 nhiing phép ddi xiing guong theo ca truc
ngang 1an truc doc, va nhitng phép quay 180°. Hinh 14 12 mot vi du.

4. Moi con dudng déu dan téi Lisbon

Ngudi ta thudng hay n6i “Moi con dudng déu dan t6i Roma”. Nhung néu dé 1 nhitng con dudng
14t gach trang tri tuan hoan, thi chiing s& déu dan t6i Lisbon!

Thanh phd Lisbon xinh dep nam bén bd bién Pai Ty Duong c6 nhiéu khu di bd dudc 14t biang
gach d4 voi (limestone) nhd mau tring va den, theo mot phuong phap truyén théng goi 1a “lat
gach Portugal” (Portuguese pavements), tao thanh nhiing hinh trang tri rat nghé thuat.

Ngudi ban dong nghiép Rui Loja Fernandes ctia tdi, cuu chii tich Hoi Toan hoc Portugal va cuu
gido su tai Pai hoc Bach khoa Lisbon (Instituto Superior Técnico de Lisboa) c6 ké riang, sau khi
nghe néi vé cac nhém ddi xiing trong viéc 14t gach, dich than ong thi trudng thanh phd da moi
céc nha toan hoc cia trudng lam cb vin dé dam bdo rang tit ca cac kiéu nhom lat gach khac
nhau déu xuét hién trén cdc khu di bd ctia Lisbon.

Khi trang tri mot mit phang, nhu quang trudng Rossio (Hinh 15) hay tudng nha, san nha, tim
vai, tAm tham, v.v... ngudi ta c6 thé chon cach trang tri tuan hoan hai chiéu (ttic 14 c6 hai huéng
tinh tién khac nhau bao toan hinh). Nhitng ki€u trang tri nhu vy dudc goi 1a ldt gach (tiéng Anh
1a tessellation, tiéng Phap 12 pavage) tuan hoan. Béi ta hinh dung 1a c6 thé 14y nhiing vién gach

18



Tap chi Epsilon, S6 11, 10/2016

'_, i 4
ﬁsﬁ"m‘.\*‘!-* iRl Oy B N
A P

i g'* e

i B o o

=iy ﬁ‘yﬁ _55‘: ! “'\ -\-'
wPed LPe Gy 0.8

) :\"t_@@%\kzhb“"}}}g%\ B
‘j ' ﬁ gt\héb"b;

4'-' i;f? a
kA e

L3
it
£

£
’o

RN

i

g

Hinh 16: Anh quéang trudng Restauradores & Lisbon ctia Jee Wee, v6i nén dugc 1t d4 theo nhém
dbi xing p4.

trong gidng nhau (hoic vai kiéu gach) rdi xép chiing lai canh nhau 1a sé dugc hinh trang tri nhu
y muon.

Tuong tu nhu 1a ciac dudng vién, cic trang tri kiéu lat gach tudn hoan ciing c6 cdc nhom dbi
xting, ma chiing ta sé goi 1a nhom ldt gach theo tiéng Phap (groupe de pavage, con tiéng Anh
goi 12 wallpaper group, tiic 1a nhém clia gidy dan tuong). Ngoai cic dbi xing tinh tién, con c6
thé c6 cac dbi xing quay, d6i xiing guong va ddi xting lugn. Vi du nhu nén quang trudng Rossio
trén Hinh 15 c6 dbi XL’Ing quay theo géc 7 (180°), con nén da hoa trén Hinh 16 va Hinh 19 ¢6
dbi xiing quay theo goc 7 (90°).
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Néu nhu mot kiéu 14t gach tuan hoan c6 ddi xiing quay, thi vi tinh chit tudn hoan nén gdc quay
nhd nhét phai 12 mot trong cac sb , 2; , g, T (ting véi chuyén c6 thé lat kin mat phang bing cac
vién gach tam gidc, tif gidc hay luc gidc déu, nhung khong thé 14t mit phang chi bang ngii gidc
déu chang han). Khi c6 ca d6i xiing quay lan ddi xiing guong, ngudi ta c6 thé xét xem truc clia
dbi xu’ng guong c6 chia tim cia ddi xiing quay hay khong. Vi du trén Hinh 15 c6 tim clia phep
quay nam ngoai truc dbi xing (xem Hinh 17), con vi du trén Hinh 19 c6 tAm ctia phép quay nim

trén truc d6i xing.

Hinh 17: Pudng dd 1a truc dbi xing guong, diém xanh 14 tAm cla dbi xing xoay 180°. Nguon:
kleinproject.org

Tuong tu nhu ddi v6i cdc nhém dudng vién, ta c¢6 thé phan loai cidc nhém lat gach theo chuyén
n6 c6 dbi xiing quay hay khong va géc quay 1a bao nhiéu néu c6, r6i n6 c6 dbi xing guong hay
khong, c6 dbi xing lugn hay khong, va tim ctia dbi xiing quay c¢6 nam trén truc ddi xing guong
hay khong.

Ngudi dau tién dua ra phan loai day dd cho cdc nhém nay 13 nha toan hoc va khodng vat hoc
ngudi Nga Evgraf Fedorov (1853-1919) vao cubi thé ky XIX. C6 tdng cong 17 nhém 14t gach
khéc nhau, ting véi 17 kiéu 1at gach tuan hoan khac nhau. Hinh 18 12 s6 dd minh hoa toan bd 17
ki€u do.

Mbi mot hinh con trén Hinh 18 ting véi mot kiéu 14t gach. Mién t6 xanh 12 mién ma néu lam
vién gach c6 hinh nhu vy, roi dich chuyén né theo cic phép bién d6i d6i xiing trong nhém
tuong ting, thi ta lat kin vira khit dugc toan bo mit phang.

Trong s6 cc ky hiéu ctia 17 kiu nhém dbi xing trén Hinh 18, c6 2 ky hiéu bit dau bang chi
cai ¢, c6 nghia 1a “centred” (& gitta). Mdi kiéu “c” d6 déu c6 hai vector tinh tién c6 do dai bang
nhau (tao thanh hinh thoi), nhung truc dbi xiing hoic truc glide ctia hinh khong song song véi
mot trong hai vector dé6 ma lai “nam giita” hai vector (ttic 1a song song véi tong ctia chiing). Tét
ca cac kiéu con lai déu bat dau bang chit cdi p, c6 nghia la “primitive” (nguyén thily): & cac kiu
ndy, céc truc d6i xing hay glide song song véi cic vector tinh tién “nguyén thily” ctia hinh.

Chit s6 trong ky hiéu céc ki€u Cho biét n6 c6 phép quay theo goc bao nhiéu: néu chu 56 1a & thi
g6c quay nhd nhit la . Vi du néu c6 chit s6 4 thi c6 phép quay theo goc 5 = 2 7. Cht cai
m trong ky hiéu dung de chi dbi xing guong (mirror), con chit céi g ding de chi dbi xﬁ’ng lugn
(glide).

Danh sach chi tiét 17 kiéu nhu sau:

Kiéu thit nhdt, ky hiéu la p1, 1a kiéu chi c6 cac dbi xing tinh tién, ngoai ra khong con thém dbi
xuing nao khac. Hinh 20 phia bén trai la mot vi du.
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Hinh 19: Quang truong Camoes & Lisbon lat gach theo nhém p4m.
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Hinh 20: Mot trang tri gidy dn tudng c6 nhom dbi xiing p1, vd mot trang tri ki€u Ai Cap c6

nhém dbi xing pm.

Kiéu thit hai, ky hiéu la pg, c6 thém glide, nhung khong c6 ddi xiing quay hay déi xing guong.
Trong ki€u nay c6 hai huéng tinh tién vuong géc vi nhau. Tranh 14t gach Ky si cia Maurits
Cornelis Escher trén Hinh 21 13 mot vi du tiéu biéu (néu ta bd qua mau ctia cic con ngua): phép
glide chuyén con ngua mau nhat thanh con ngua mau tham.

Hinh 21: Tranh l4t gach “Ky si” va “Dau Escher” ctia Escher.

Kiéu thi ba, ky hiéu la em, khdng c6 dbi xiing quay nhung c6 dbi xiing guong, va c6 thém glide
Vv6i truc ctia glide khac véi truc dbi xing guong. Vai hoa lys (hoa loa kén) trén Hinh 22 bén tréi
12 mot vi du: Céc truc ddi xing guong & day chinh 1 cic truc dbi xiing clia cac bong hoa lys,
con mdi truc glide thi song song va nam giita hai truc dbi xing guong lién tiép.

Kiéu thit tu, ky hiéu la pm, khong c6 dbi xing quay nhung c6 dbi xing guong, va khong c6
glide véi truc ndm ngoai truc d6i xing guong nhu kiéu thd ba. Mt vi du 1a trang tri kidu Ai
Cap trén Hinh 20 phia bén phai. Chu ¥ rang kiéu nay c6 mot vector tinh tién song song véi cic
truc dbi xiing va mot vector tinh tién vudng géc véi cac truc dbi xing.

Kiéu thit nam, ky hiéu la p2, ngoai cac ddi xtng tinh tién con c6 thém ddi xting quay theo géc
7, va ngoai ra khong c6 thém ddi xiing no khac. Hinh lat gach dau dng Escher (véi nhiing du
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Hinh 22: Vi trang tri hoa lys c6 nhém d6i xting kiéu cm va tim thdm phuong Déng c6 nhém
dbi xing kiéu pmm.

chéng ngudc qua phép quay 180°) trén Hinh 21 1a mot vi du.

Kiéu thit sdu, ky hiéu la pgg, khong c6 dbi xing guong, nhung c6 hai ho dbi xiing glide véi cac
truc glide vudng géc véi nhau. Kiéu nay ciing c6 ddi xing quay 180°, vi néu ldy tich ctia hai
glide vdi céc truc vudng géc véi nhau thi dudc mot phép quay nhu vay. Hinh 14t san gb 23 1a
mot vi du (néu ta coi tit ca cac vién gd hinh chit nhat 12 gidng hét nhau). Kiéu It nay con dudc
goi 1a kiéu “xuong c4 trich” (herringbone).

Hinh 23: San 14t g6 c6 nhém dbi xting ki€u pgg, con hinh trang tri trén binh c6 tit Kerma (Sudan)
ddi xing ki€u pmg.

Kiéu thit bdy, ky hiéu la pmg, viia c6 dbi xing guong, vita c6 dbi xiing quay 180° véi tim khong
nam trén dbi xting guong. Tich cla hai phép d6i xing d6 1a phép glide, nén trong ky hiéu ctia
ki€u nay c¢6 ca m (mirror) va g (glide). Chiéc binh ¢d dai trén Hinh 23 c6 kiéu trang tri nay trén
thanh binh.

Kiéu thit tam, ky hiéu la pmm. Thay vi c6 di xing guong theo mot huéng va ddi xing glide
theo huéng vudng géc vdi no, kiéu pmm c6 hai d6i xing guong theo hai huéng vudng géc véi
nhau, va tich ctia chiing ciing 12 mot phép quay 180°. TAm tham & bén phai Hinh 22 13 mot vi
du.
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Hinh 24: Mit tudng gach c6 nhém ddi xiing kiéu cmm.

Kiéu thit chin, ky hiéu la emm c6 cac d6i xiing gibng ki€u pmm, nhung ngoai ra con cé cic
phép quay 180° v6i tam khong nam trén cic truc clia cac dbi xiing guong. Hinh xdy gach thanh
tuong nhu trén Hinh 24 12 mot vi du vé nhom lat gach kiéu cmm. Céc diém t6 do va to xanh trén
hinh déu Ia tdm cta céc dbi xding quay 180° clia hinh. Céc truc dbi xing guong chi di qua cic
di€ém d6 chit khong di qua cac diém xanh.

Kiéu thit muoi, ky hiéu la p3, c6 dbi xtiing quay véi géc nhd nhét 1a % vong tron va khong c6 dbi
xtng guong. Hinh 25 1a mdt vi du.

. 2 ., . A 27 e N s 3A: o~ e 2 1 s N , 3Ac s
Kiéu thw muot mot, ky hiéu {a p3ml, c6 d?l Xuing quay voi goc 3 vong tron, c6 doi xuing guong,
va tdm cua doi xung quay nam trén truc doi xing guong.

.2 . . . R N 2 3Ac s 2 3Ac 2 fe 2 1 N
Kiéu thi muoi hai, ky i\u,eu la p31m, c6 d,01 Xting guang, c6 doi xung quay voi goc 7 vong tron
va tam cua n6 khong nam trén truc ciia doi xing quay.

K}'éit thit muoi ba, ky hiéu la p4, c6 dbi xting quay véi goc i vong tron (tic 1a 7) va khong c6
doi xing guong. Hinh 16 1a mot vi du.
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Hinh 25: Mot manh tudng & Alhambra lat gach theo nhém p3.

24



Tap chi Epsilon, S6 11, 10/2016

Hinh 26: Mot cifa s8 tai ling Salim Chishti, An D6, c6 nhidu kidu nhém dbi xting 14t gach.

Kiéu thit muoi bén, ky hiéu la pdg, c6 ddi xiing quay vé6i g(’)c/}1 vong tron, c6 ddi xiing guong,
va c6 doi xtng glide véi truc tao thanh géc 45° véi truc cua doi xiing guong.

Kiéu thit muoi ldm, ky hiéu la p4m, c6 d6i xing quay véi goc }l vong tron, va cé hai déi xing
guong vdi cac tryc tao véi nhau mot géc 45°. Hinh 19 1a mot vi du.

Kiéu thit muoi sdu, ky hiéu la p6, c6 dbi xing quay v6i géc 1/6 vong tron (tic 1a ) vakhong co6
c6 dbi xing guong. Hinh 27 bén phai 12 mot vi du.

Kiéu thit muoi bdy, ky hiéu la pém, c6 géc quay 1/6 vong tron va c6 ddi xing guong. Hinh 27
bén trai 1a mot vi du.

Ngoai Lisbon, ¢6 modt ndi khac cling dudc coi 1a ¢6 da 17 ki€u nhém 14t gach 1a khu cung dién
Alhambra (tiéng A Rap c6 nghia 1a “P$™) do nhiing ngudi Hdi gido xiy & Granada, Tay Ban
Nha, tir thé ky XIII. Pay 12 mot cung dién nguy nga, v6i rat nhiéu trang tri tudn hoan (va ca
khong tuan hoan) dep trén tudng. Tuy nhién, chua thiy ai cong bd ki€ém chiing 1a n6 c6 di 17
ki€u 14t gach.

Ngudi ta néi rang hoa si Escher khi di thim Alhambra di c6 dudc y tudng va cam hiing vé cic
tranh 1at gach néi tiéng clia dng tli c4c hinh trang tri trén tudng clia cung dién nay, va tranh cda
Escher c6 chita di 17 kiéu nhém lat gach. Trong sach Cdc bai gidng vé todn cho Mirella cling
c6 mot chuong vé tao hinh trang tri bat chudc Escher bang cach st dung cac phép dbi xing.
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Hinh 27: San dd hoa 3 Duomo di Siena (Toscana, Italia) c6 nhém déi xting p6m, con tranh “Con
buém” ctia Escher ¢6 nhém ddi xing p6.

Hinh 28: Tran gian phong Abencerrajes tai cung dién Alhambra, v6i nhiéu trang tri kiéu 1at gach
khéc nhau trén tudng.

Vao thap ky 1980, nha toan hoc William Thurston nghi ra mét phuong phap hinh hoc méi, dua
trén 1y thuyét vé orbifold (c6 thé hiéu orbifold nhu 1a tap hop cic quy dao (orbit) ctia mot nhém
hitu han tdc dong 1én mot da tap), dé phan loai cdc nhém lat gach. Phuong phap ctia Thurston
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cho ra giai thich gon ghé vi sao chi c6 17 nhém, nhung d€ mo ta tac dong cta cdc nhém do trén
mit phang thi vin phai 1am nhu trén.

Hinh 29: Hai vi du 14t gach 3 chiéu ctia Andrew Kepert. Nguon: wikipedia. C4c vién gach 1a
“truncated octahedra” (“bat dién cut”) hodc “rhombic dodecahedra” (“thap nhi dién con thoi”).

Néu nhu trén mit phang “chi c6” 17 cach lat gach tuin hoan, thi trong khong gian ba chiéu s6
nhom “lat khdng gian” (goi 1a nhém tinh thé, crystallographic group) 1én t6i nhiing 230. D€ liét
ké chiing tit nhién can ca mot quyén sach, va hinh dung chiing con khé hon hiéu so vé6i hinh
dung cic nhém lat gach hai chiéu.

5. D6i xding trén khéng gian phi Euclid

Ngoai mit phang ra, con c6 hai loai mit khac ma trén d6 ciing c¢6 cac phép tinh tién, phép phan
chiéu va phép quay bao toan khoang cach, 12 mdt cdu va mdt hyperbolic (hay con goi 1a mit
Lobachevsky). Chung la nhiing khong gian phi Euclid. Cac khong gian phi Euclid nay cling c6
thé dugc 1at gach tuong tu nhu 1a mit phang, va nhiing hinh 14t gach d6 ciing c6 thé cho ra nhiing
tac phim dep mat.

Hinh 30 12 nhiing vi du vé 14t gach trén hinh cau. Van dé lat gach pht hinh ciu lién qua dén vén
dé phan loai cac da dién déu va gan déu, ma chiing ta sé ban t6i trong Chuong ??.

C6 thé hinh dung mit hyperbolic dudi dang mot cdi dia (khong c6 bién), goi 1a dia Poincaré.
Khoang cach trén dia d6 khong giéng khoang céch trén mit phiang binh thudng, ma ting 1én rat
nhanh khi c4c diém tién t6i gan bién clia dia.

Hinh 31 1a vi du vé lat mit hyperbolic biang hinh hoa hong da cit mép thanh luc gidc (cho hoa
hdng trang) hoic ti gidc (cho hoa hong do) hyperbolic, sit dung phan mém todn hoc ciia Malin
Christersson. Chi y 13, tuy cdc hoa hdng cang gan mép dudng tron thi trong cang bé ti xiu,
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Hinh 30: Mot qué cau trang tri “Thién than va quy si” dua theo tranh Escher ¢6 béan trén amazon,
va hai mo hinh 14t gach hinh cau bing gidy va dat sét ciia Makoto Nakamura.

Hinh 31: Lt mit hyperbolic bing anh hoa hdng, st dung phan mém online tlf trang mang
http://www.malinc.se/ cia Malin Christersson.

nhung d6i véi khoang cach hyperbolic thi tit ca cdc bong hoa hong trén ciing mot hinh déu to
bing nhau.

6. Lat gach khéng tuan hoan

Vao nim 1982, nha vat Iy Dan Shechtman phat hién ra sy ton tai cia nhitng vat ran ma ciu tric
phén ti ctia n6 khong tuan hoan. Ngudi ta goi nhiing cu tric nay 12 gid tinh thé” (quasicrystal).
Nho phét hién d6 ma 6ng da dugc giai Nobel vao nam 2011.

28



Tap chi Epsilon, S6 11, 10/2016

V& mit toan hoc, cu triic gia tinh thé c6 thé dudc hiéu nhu 1a viéc 14t phi kin khong gian biang
mot vai loai vién gach, mot cach khong tuan hoan. Cac kiéu 14t gach khong tuan hoan va céc
cAu trdc gia tinh thé van dang 1a mot dé tai nghién cifu khoa hoc quan trong ngay nay.

s <> <D

Hinh 32: B) 6 ki€u vién gach ctia Raphael Robinson, va hai bo gach ctia Penrose moi bo 2 vién.

Ngudi ta da xay dung cic ly thuyét vé cac ki€u gach c6 tinh chét ép cho viéc 14t gach khong thé
tuan hoan. Raphael Robinson c6 1& 1a ngudi dau tién ching minh dudc, vao nim 1971, vé su ton
tai ctia nhitng ki€u vién gach lat kin dugc mit phang sao cho khong thé lat chiing mot cach tuan
hoan. Ong nghi ra mot bo 6 hinh vién gach nhu trén Hinh 32 bén trai. Dung céc vién gach nhu
thé c6 thé 1at kin mat phang, nhu 1a minh hoa trén Hinh 33. Chi ¢6 diéu, mdi hinh vudng mau
da cam do gach 14t tao nén déu bat budc nam & géc ctia mot hinh vuéng mau da cam to hon. Tit
d6 suy ra 12 hinh 1at gach khong thé tuan hoan.

Bo vién gach 14t khong thé tudn hoan don gian va ndi tiéng nhét c6 1& thudc vé nha toan hoc va
vat Iy Roger Penrose (sinh nim 1931). Mot bo gach ctia Penrose chi gdm c6 2 hinh vién gach,
déu 1a hinh thoi, nhu trén Hinh 32 & gitta. Cdc géc ctia cac hinh thoi d6 1an lugt 12 g, 2 va
3?” (tuong tu nhu 13 cdc géc ctia ngil gidc déu va ctia hinh sao 5 canh déu), va bdi vay chiing c6
thé cong v6i nhau thanh 27 dé 14t khép tai cac dinh. Mot bd gach 2 vién khac clia Penrose, v6i
mot vién hinh canh diéu va mot vién hinh mii tén, nhu trén Hinh 32 bén phai, cling c6 cic tinh
chét tuong tu. Cac vién gach kiéu Penrose c6 dugc san xuat va dung dé lat san nha & nhiéu noi
trén thé gidi.

Penrose khong phai 12 ngudi du tién nghi ra cdc vién gach c6 goc 1a boi s6 cia Z. Ong ly ¥
tudng do6 tl cac tac phadm ctia Albrecht Diirer va Johannes Kepler ti thoi thé ky XVI-XVII. Tu
trudc d6 nita, cac nghé si Hoi gido (at han dong thdi ciing 1a nhiing nha toan hoc) da nghi ra
viéc dung céc “vién gach” nhu trén Hinh 35, goi la girih, c6 cac goc 1a boi cua I, d€ lat trang
tri. Vién girih to nhat c6 hinh thap gidc déu. Tiép dén la vién hinh luc gidc véi cdc goc nhon
bang va cac goc tu bang 4m Tiép d6 12 hinh c4i nd con budm vé6i cdc goc nhon ciing bang

roi h1nh thoi véi cac goc nhon cung bang , va sau cung la h1nh ngii gidc déu. Girih theo tleng
Persia c6 nghia 12 “dudng nut”, dé chi cac du’dng trang tri gip khiic dugc vé trén vién gach.

Céc vién gach trén Hinh 35 xuét hién tif quing cubi thé ky XII & Thé Nhi Ky, v6i cong dung 14
gidp cic nghé nhan trong viéc thiét ké hinh trang tri, con ban than kiéu trang tri girih ctia Hoi
gido da c6 tir trudc d6. Sau khi c6 ban thiét ké thi cdc nghé nhan khong can phai 1am ra céc vién
gach nhu trén Hinh 35, ma c6t 1am sao xiy dudc tudng vdi hoa vin girih gidng trong ban thiét
ké. Trén cdc biic tudng trang tri girih, n6i chung sé& khong nhin thiy bién clia cac “vién gach
girih” nhu trén, bdi vi thuc ra khdng c6 céac vién gach do.
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Hinh 33: Lt mit phang bang cic vién gach ctia Robinson.
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Véi kiéu thiét ké girih, ngudi Hoi gido da khong chi tao dudc nhitng hinh nghé thuat 14t tudng
tuan hoan, ma ca nhitng hinh khong tuan hoan nhung c6 dbéi xiing khac, vi du nhu dbi xiing kiéu
sao 5 canh hay 10 canh (d6i xting quay theo géc Z, khong thé tudn hoan néu c6 ddi xing quay
nay), nhu trén Hinh 36 va Hinh 37. Hon nifa, c4c “vién gach” girih chi c6 tinh chit tr¢ gidp cho
thiét k& cho dé& thdi, chid mot hinh trang tri girih khong nhét thiét phai xép dudc tir ding cic
“vién gach girih” d6, ma c6 nhiing cho c6 thé 1éch di, dung nhiing goc khac, “gach” khéc.

7. Céc trang web c6 thé tham khao

e https://en.wikipedia.org/ (rit nhiéu thong tin dugc tra tit Wikipedia).

e http://bridgesmathart .org (trang web ctia hoi nghi qubc té thudng nién vé toan
hoc va nghé thuét Bridges: Mathematical Connections in Art, Music, and Science, véi rat
nhiéu trién 1am hay).

e http://www.mathaware.org/mam/03/ (trang web ctia AMS véi nhiéu tai liéu vé
toan va nghé thuat).

e http://www.math.nus.edu.sg/aslaksen/teaching/math—-art—-arch.html

(mot cua bai gidng vé toan hoc va nghé thuat tai NUS, Singapore).
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Hinh 34: Tranh son dau cta hoa si Urs Schmid (1995) vé mot kiéu 1at gach Penrose diing cic
vién gach hinh thoi.

Hinh 35: Céc vién girih.

e http://www.malinc.se/ (lam cac hyperbolic tilings).

e https://plus.maths.org/content/teacher-package-maths—and-art
(toan hoc va nghé thuat cho gido vién).

e http://www.maths2art.co.uk/

e https://www.artofmathematics.org/
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Hinh 36: Bia mot quyén kinh Quoran tit thé ky XIV, va thiét ké girih ctia né. Nguon: David
James, Qur’ans of the Mamluks (Thames & Hudson) & aramcowworld.com.

Hinh 37: Khu ling tim “Shah-i Zinda” (“Vua Séng”) & Samarquand, Uzbekistan (anh ctia Fulvio
Spada), va mot trang tri girih bén trong.

e http://tiasang.com.vn/Default.aspx?tabid=113&CategoryID=6&News=
9429 (bai bao “Ich gi, toan hoc?” cua GS Ha Huy Khoai).
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http://www.ams.org/samplings/math-and-music (trang vé nhac cia AMS).

http://im-possible.info/english/index.html (trang web véi tranh khong
tudng ctia nhiéu hoa si).

http://thomay.vn (trang tho may).
https://imaginary.org (Open mathematics).
http://3d-xplormath.org/
http://virtualmathmuseum.org/

http://people.eecs.berkeley.edu/~sequin/SCULPTS/ (tugng toan hoc
cua Carlo Séquin).

http://www.math.nus.edu.sg/aslaksen/teaching/math-art—-arch.html

http://peinture-mathematique.fr/index.html (cac tranh nghé thuat chu
dé toan hoc rat dep ctia Silvie Donmoyer).

http://www.apprendre—-en—-ligne.net/blog/index.php/Art—-et—-maths
http://www.maths—-et-tiques.fr
http://dfgm.math.msu.su/myths.php (trang web c6 tranh cia Fomenko).
http://mathbun.com

http://thirddime.com/

https://plus.maths.org

http://mandelwerk.deviantart.com/
http://talesofcuriosity.com(Xem tho limerick c6 minh hoa cia Edward Lear).

http://www.bl.uk/works/alices—adventures—in-wonderland (British
Library).

https://www.fulltable.com (Xem Alice in the Wonderland).
http://blog.kleinproject.org/?p=1381 (Lisbon).

journal.eahn.org/articles/10.5334/ah.bv/ (Matthew A Cohen: Two kinds
of proportions).

Journal of mathematics and the arts c6 mot tap chi khoa hoc vé dé tai: Todn hoc trong cdc
nghé thudt.
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TO PO HOC VA UNG DUNG TRONG VAT LY

Nguyén Ai Viét
(Vién Cong Nghé Thong Tin, Pai Hoc Qudc gia Ha Noi)

TOM TAT

Giai thudng Nobel Vit Iy nim 2016 dudc trao cho ba nha vat ly 1y thuyét trong linh vuc
vat chit dong dic 1a David Thouless, Michael Kosterlitz va Duncan Haldane vé c4c pha
t6 pod clia vat chit va chuyén pha giita chiing. Hién tudng chuyén pha té pd gan lién véi
viéc phat hién ra cdc vat liéu méi véi cdc tinh chat ky la nhu siéu dan khong c6 dién trd
hoic siéu 18ng khong c6 d6 nhét hoic cac vt liéu Hall luong tir hodic phan s6. Chinh céc
vat lidu nay sé 1a co s& dé€ ché tao ra ciac may tinh lugng tif vigt moi gidi han tinh todn
ctia thé hé mdy tinh hién nay.

T6 pd hoc ra doi khong gan lién v6i mot ting dung thuc té nao. Cac tu tudng ban du ctia td pd
dudc manh nha bdi Leinitz va Euler dudi nhitng tén goi "giai tich vi tri" hodc "hinh hoc vi tri".
Céc bai todan ban dau cla td pd nhu "td mau ban dd" hoic "bay chiéc cau & Konigsberg" déu
mang tinh giai tri nhiéu hon 1a md ra mot linh vuc c6 thé tng dung thuc tién. Theo mot khia
canh nao d6, cac ddi tuong hinh hoc dudc nhiing trong céc khong gian cé td pd khac nhau sé
c6 nhing tinh chét khac nhau. Chang han cic dudng cong déng trén mot mit cau va mot mit
xuyén sé c6 cac tinh cht khac nhau. Tuy nhién cho dén truéc cong trinh ndi tiéng "Giai tich
vi tri" ctia Henri Poincaré céc tinh chét t6 pd con rit mi md. "Giai tich vi tri" c6 vai tro dinh
huéng nghién ctu trong linh vuc nay c6 anh hudng cho t6i ngay nay.

N6i mot cach dé hiéu, cac d6i tuong hinh hoc ton tai trong cac khong gian c6 mot ciu triic to
pd x4c dinh. Céc cu tric niy bat bién vé6i cac phép bién ddi lién tuc. Nhu vdy mot chiéc banh
vong c6 to pd gidng nhu mdt chiée cbe c6 quai hon 1a mot cdi banh ran, tuy cling 1a banh va
cuing dudc ric viing. Trén bé mit ctia chiéc banh ran moi dudng cong kin déu cé thé co vé mot
diém. Ngudc lai, trén bé miit ctia chiéc cdc c6 quai va banh vong c6 thé c6 hai loai dudng cong
kin: loai thi nhit ¢ thé co vé mot diém va loai thi hai di vong quanh cdi quai cbc hoidc xung
quanh 15 ctia banh vong sé khong thé co vé mot diém. Do d6 cac dinh 1y hinh hoc va céc tich
phan theo cdc dudng cong néi trén sé thay ddi. Tong quat hon, ngudi ta c6 thé c6 cac "khong
gian to pd" v6i nhiéu 16 (hodc nhiéu quai). S6 lugng 16 ctia mot khong gian td pod 12 mot bét bién
dugc nghién ciiu bdi ly thuyét dong luan trong td pod hoc.
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Hinh 1: Banh vong va tich ca phé giéng nhau vé td po

Déi v6i cdc nha toan hoc, ing dung cic y tudng tritu tugng nhu thé vao thuc té 1a viéc khd vién
vong. Trong thuc té viéc dua cic y tudng to pd vao vat ly 1a mot qua trinh khé khin va tric trd.
Tuy nhién, diéu kha bt ngd hon 12 mot loat vat liéu méi c6 nhiéu tinh chat ky la dic nho cic
tinh chét td po clia cac khong gian vt ly.

Cac vat liéu c6 tinh chit ky la

Trong chuong trinh vat ly phd thong, ching ta biét rang vat liéu c6 thé din dién v6i mot dién
tré R nao d6. Khi R = oo vit liéu dudc goi 1a chit cach dién. Ngudi ta ciing da phat hién ra
mot loai vat liéu goi 12 ban dan, c6 dién trd thay ddi trong mot s6 diéu kién khac nhau. Vat
liéu ban din dugc st dung d€ ché tao cdc mdy tinh ngay nay. Nim 1911, nha vat ly ngudi Ha
Lan H.Kamerlingh Onnes (Giai thuéng Nobel 1913), da phat hién ra tinh chit siéu d4n ctia thiiy
ngan khi bi 1am lanh xubng dudi nhiét do 7' = 4.2K, sé c6 dién trd R = 0. Do d6, dong dién
chay trong mot vong siéu din sé tao ra ti trudng ma khong mat ning luong. D6 chinh 1a nguyén
tac cong nghé dé tao ra tif trudng 16n trong cac may gia toc hién dai.

Loai vat liéu c6 tinh chat ky la thd hai 12 chét siéu 1ong. Nidm 1937, nha vat ly X6 viét Pyotr
Kapitsa (Giai thudng Nobel 1978) da phat hién ra ring chét helium 4 héa 1éng dudi nhiét do
T = 2.17K sé c6 tinh siéu chay, v6i d6 nhét bang khong. N6i mot cach truc gidc thi tinh siéu
chdy nhu sau: Néu chiing ta d6 chit siéu chdy vao mot 6ng nghiém, chit siéu chdy sé tu "bo"
qua thanh 6ng cho dén hét nhu trong Hinh 2.

Trong ca hai loai vat liéu trén, tinh chat ky la xuAt hién & nhiét d6 thap. Tai mot nhiét do thap
nao do sé co hién tuong chuyén pha vat liéu dang 13 chit 16ng thudng bién thanh siéu 16ng, dang
12 chét din dién thuong bién thanh siéu dan. Ly thuyét chuyén pha dudc nha vat 1y X6 Viét Lev
Landau (Giai thuéng Nobel 1962) phat trién d€ giai thich cac hién tuong chuyén sang pha siéu
dan va siéu 16ng. Dic biét trong pha siéu din va siéu 1dng, cic hat electron vén ddy nhau trong
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Hinh 2: Chét siéu chay, tu dong bo qua thanh dng nghiém

trang théi tu do, do tuong tic v6i mang tinh thé ctia vat chit xung quanh, trd nén hiit nhau va
tao thanh cic cip Cooper, gdy nén hién tuong siéu dan. O nhiét do thap hon mot miic nao do,
chuyén dong nhiét khong di ning luong dé pha huy céc cip Cooper, trang thai siéu dan trd nén
bén viing.

Néam 1986, cac nha vat ly ciia cong ty IBM 1a G.Bednorz va K.Miiller (Giai thuéng Nobel 1987)
da phat hién ra cac vat liéu gbm tii c6 tinh siéu din & nhiét d6 cao T' = 138K, tiic 1 nhiét do ctia
nitrogen 16ng. Ndm 2015, ngudi ta da tim dugc vat liéu ¢6 tinh siéu dan & nhiét @6 7' = 203 K.
Ly thuyét chuyén pha Landau, khong thé giai thich dugc hién tuong siéu dan nhiét do cao. Miic
dit c6 mot s6 mo hinh c6 thé gidi thich v& mit dinh luong hién tuong siéu din nhiét do cao.
Nhung cho dén nay vin chua c6 mot ly thuyét nao gidi thich dugc hién tugng siéu din nhiét do
cao mot cach thuyét phuc.Cé mot didu chic chin trong cac md hinh cho gbm tir siéu din, cédc
tinh chét o po ctia khong gian vat ly déng mot vai trd quan trong.

Tit nhitng nim 1970, cdc nha vat ly di quan tdm dén cac vt liéu 2 chiéu nhu cic mang méng,
vat liéu graphene 12 cidc mang carbon c6 ciu tric t6 ong. Nhd cdng nghé phat trién, cic mang
nay c6 thé dat t6i d6 méng & quy md nguyén ti. Khi d6 cic phan ti mang dién 12 electron chi
c6 thé chuyén dong trong khong gian hai chiéu. Cac vat liéu niy c6 nhiing pha c6 tinh chit ky
la. Chang han, nim 1980 nha vit Iy ngudi Piic K.Von Klizing (Giai thuéng Nobel 1985) da tim
thiy mot s vt liéu 2 chiéu & mot nhiét do di thip sé c6 hiéu ting Hall lugng ti. 6 dan dién
clia cdc vat liéu nay sé thay d6i theo boi sd nguyén ctia mot lugng khong ddi nao d6 khi ting
cudng do tir trudng ngoai dit vudng goéc véi vat liéu nay. Diéu ky 1a 13 cic trang thdi véi do dan
nhét dinh ton tai kha &n dinh trong mot pham vi vao d6 clia tif trudng. Tinh 6n dinh nay lién
quan tdi dic trung t0 pod cta khong gian vt ly, phu thudc vao khdng gian nay ¢ bao nhiéu 16.

Mot s6 vat lidu 2 chiéu khéc lai c6 quy luat thay d6i do din dién Hall bang phéan s6 véi mau s
1¢ trong thi nghiém tuong tu nhu trén. R.Laughlin (Giai thudng Nobel 1998) da giai thich dugc
hién tugng nay cho trudng hop ti s6 bang 1. Trong thuc té, cac trudng hop ti s6 khac 1 déu
quan sat dudgc. Cho dén nay van chua c6 gidi thich thuyét phuc cho cic trang thdi nay.

Tuy vy, v6i cac cong trinh cia D.Thouless, M.Kosterlitz va D.Haldane dudc giai thuéng Nobel
nim nay, ngudi ta tin rang, cdc thudc tinh ky la clia cac vat liéu mdéi, dic biét la vt liéu hai
chiéu 12 hé qua clia cdc tinh chét t6 pd va c6 chuyén pha giita cac pha c6 dic trung td po khic
nhau. Nhu véy, khong nhu ngudi ta tudng, cac tinh chit to pd khong chi 12 mot tro choi tri tué
va lam nén tang cho hinh hoc, ma con 1a cic quy tic tao nén thé gidi vat chat.
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So véi cic nganh toan hoc khéc, t& po tim thiy ting dung thuc té rit mudn mang sau khi ra doi
va phat trién. Chung ta hay di tim Iy do tai sao.

Nam 1834, Ngai John Scott Russel cudi ngua di doc theo kénh dao Union (Scottland) va nhin
thy céc xody nuéc tréi. Ong dudi theo cac xody nuéc nay téi vai dim va dit cau héi: xody nudc
1a gi, tai sao chuing lai c6 hinh dang va kich thu6c 6n dinh nhu vay. Sau nay cac xody nudc dugce
goi 1a soliton va 1a 16i giai 6n dinh clia phuong trinh Navier-Stokes, mot phuong trinh vi phan
phi tuyén. Céc 15i gidi 6n dinh 12 do ching c6 ning lugng cuc tiéu.

Sau khi Albert Einstein xdy dung thanh cong 1y thuyét tuong di rong 1am nén tang cho vil truy,
ong dit k& hoach xay dung 1y thuyét trudng théng nhit. Trong 1y thuyét niy, moi tuong tic déu
¢6 ban chit hinh hoc va mo ta bdi mot phuong trinh vi phan phi tuyén. Khi d6, ngudi ta chi
biét c6 hai tuong tac 12 hap dan mo ta bdi phuong trinh Einstein va tuong tic dién tif mo ta
bdi phuong trinh Maxwell. Einstein hy vong rang cac hat vat chét (khi d6 ngudi ta chi biét c6
electron va proton) s& dudc mo ta bdi cac 15 giai soliton clia cac phuong trinh phi tuyén.

Einstein khong bao gid thuc hién dugc y tudng d6 ctia minh. Cho dén ngay nay, thé hé cic nha
vat ly va toan hoc van dang tiép tuc theo y tudng ctia 6ng dé tim "Ly thuyét Van vat". Trong d6
viéc st dung cdc cong cu mdi nhit clia to pd hoc hét siic quan trong. Vao thdi clia Einstein, cic
nha todn hoc van chua hiéu dudc mbi lién quan gitta td pd va su 6n dinh clia cic 16 giai soliton.
Einstein ciing khong c6 cic cong cu clia td pd, sau nay dudc mot thé hé cac nha toan hoc xuat
sdc nhu Chern, Atyiah, Grothendieck, Pontrijagin,...phat trién vao nhung nam 1950-1960.

Mot vi du khac 1a nha vat ly Tony Skyrme, cudi nhitng nim 1950 da thuc hién thanh cong viéc
dua y tudng soliton vao vat 1y va st dung mdt cach chinh xdc cdc ban chét to po, ma sau nay
ngudi ta mdi hiéu duge. Ong da mo ta dugc céc luc hat nhan mot cach dep dé va chinh xac, va c6
anh hudng cho dén ngay nay. Rat tiéc 1 cdc cong trinh duong thdi ctia Skyrme khong c6 nhiéu
ngudi hi€u va dugc chia sé. Vao nhitng nim 1960-1970, ngudi ta méi bat dau hi€u mbi quan hé
gitta soliton va cac dac trung td po va déc biét 1a cac 16i giai soliton c6 spin ban nguyén. Cong
trinh nim 1985 ctia G.Adkin, C.Nappi va E.Witten vé md hinh Skyrme da tao nén mot con st
thuc s nham khai thac y nghia todn hoc va kha ning ing dung soliton trong vat ly. Ngay nay,
mo hinh Skyrme da trd nén phd bién trong tit ci cic linh vuc vt 1y.

Céc vi du trén cho thay viéc ting dung to pd hét siic cham chap c6 ba 1y do. Thii nhét, t& po chi
phat trién manh sau cong trinh Analysis Situs ctia Henri Poincaré va dic biét phai doi t6i nhiing
nim 1950-1970, khi cic y tudng lién quan can thiét trd nén chin mudi. Thit hai, cdc y tudng ting
dung td po c6 lién quan khd nhiéu téi cac linh vuc khac, ma todn hoc phai c6 thdi gian dé 1am
r6. Thif ba, cac nha toan hoc khong cé su chudn bi cho viéc ting dung td pod vao thuc té, do d6
khong c6 su hau thuin kip thdi cho cac budc dot pha nhu trudng hop cia ly thuyét Skyrme.

Du mudn mang, nhung ngly nay to6 pd hoc ciing da di vio cudc sdng. Céc vat liéu mdi véi cac
tinh chat ky la c6 nhitng tinh chit to po hét sic dep dé. C6 thé d6 mdi 1a su mé dau cho viée
ting dung td po trong thuc té.
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My tinh ngay nay dudc xay dung chii yéu dua trén cdc tinh chat ctia vat liéu ban din va cdc vat
liéu tir. Céc vat liéu méi c6 nhiéu tinh chit ky la va phong pht hon nhiéu, c6 thé sé gitp chiing
ta xay dung cac thiét bi thong minh hon.

Tit nghién ctiu co ban dén cong nghé 1a mot doan dudng dai. Tuy nhién vao nhiing nim 1970
khi dua ra y tudng truyén thong tin trong s¢i quang hoc, khong ai c6 thé hinh dung dudc ngay
nay, cdp quang da dén moi nha véi tbc do truyén tin hang triéu 1an hon so v6i cach day 20 nim.

Thé hé mdy tinh hién nay dua trén khai niém bit 1iy gid tri logic O va 1. Tat ca thong tin dudc xi
ly trong mdy tinh hién dai déu quy vé cac phép toan véi 0 va 1. DE xit Iy mot sd luong tinh toan
khdng 10, ngudi ta can phai dung mot s6 luong khdng 16 cdc mach logic vo cling nhéd. Nim 2016
s6 mach logic c6 trong mdt chip diéu khién trung tim (CPU) ctia Intel d t6i con s6 trén 7.2 ty.
R rang, phai c6 gi6i han cho viéc thiét ké qua nhiéu mach logic trong mot chip diéu khién.

My tinh luong ti dugc chd doi 1a budc phat trién c6 tinh chit cich mang dua trén khai niém
qbit (bit luong i) c6 thé 1iy gia tri O va 1 vi cdc xdc suat khac nhau tuong ing véi cic trang
thai lugng tu cia mot nguyén ti. Do d6 nang luc tinh todn, xu ly thong tin cua may tinh lugng
t 12 gan nhu vo tan.

Mot trong nhiing van dé quan trong nhit ctia mdy tinh luong ti 13 1am thé nao cic trang thdi c6
thé 6n dinh va bén viing. Céc trang thai lugng tif néi chung 1a khong bén viing, do hé thic bt
dinh ctia Heisenberg va cac hiéu ting lugng ti. Diéu d6 ciing c6 phan nao gidng nhu sy dn dinh
cua cac xody nudc trén mat nudc.

Chinh 6n dinh nho bit bién to po sé& 1am céc trang thai ludng tii tré nén bén viing. Cac hé Hall
luong tif phan s6 déu c6 nhiing trang thai luong ti bén viing dudc 6n dinh nhd bét bién to po.
Chinh day la chia khéa d€ giai quyét su 6n dinh cla cc gbit trong mdy tinh luong ti.

Gan day da c6 nhiing budc tién dang ké vé mit nay, dé€ ngudi ta hy vong c6 dot phd trong viéc ché
tao cac may tinh lugng ti. Chinh vi vdy ma cac cong trinh ciia Thouless, Kosterlitz va Haldane
sé c6 4nh hudng 16n dén su phat trién tuong lai cia nhan loai.

Khéc v6i moi nganh toan hoc khéc, cac ing dung theo quy luat cua td pd nhu cac vat liéu méi
khong dudc hinh thanh ngiu nhién trong tu nhién. Vat liéu mdi trén co s& gém ti, hé dién ti
hai chiéu, chuyén pha t6 p6 va mdy tinh lugng ti déu Ia sang tao clia con ngudi, thay Chia diéu
khién va bién ddi tu nhién.

T6 pd hoc da trai qua mot con dudng dai va kha vong veéo dé di vao thuc té. DPE ting dung vao
thuc t&, can qua nhiéu khai niém lién quan va cic tu tudng ng dung ciling rat tinh té va khoé hiéu
ngay vdi cac nha toan hoc. Nhung chinh diéu d6 ma ching ta tin ring, ching ta dang & ngudng
clia ctia mot thdi ky todn hoc, vat 1y va cong nghé dang c6 su phdi hop dé c6 bube phat trién
than ky.
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VE CAU HOI TRAC NGHIEM TRONG TOAN HOC
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Ngudi dich Phung Ho Hai

Trong khi viéc nang cAp ting dung cau héi trac nghiém cua t6i 1én mot dinh dang hién dai va
tuong tic hon dang dudc thuc hién, tdi nghi rang day l1a mot thoi diém tot d€ thu thap y kién va
nhitng suy nghi ctia toi vé viéc nhitng ciu hoi tric nghiém hién dang dudc sit dung trong gidng
day todn hoc, va vé nhiing hinh thiic tiém ning ctia ching c6 thé dudc st dung trong tucng lai.
Y kién ctia toi la cAu héi trac nghiém c6 nhiing han ché dang ké khi st dung trong céc 16p hoc
v6i md hinh truyén thdng, nhung c6 rat nhiéu tiém ning thu vi v chua dugc khai thac khi dugc
st dung nhu mot cong cu tu danh gia.

V& nguyén tic, c6 vé rang ban chét ro rang va chinh xdc clia cic ménh dé toan hoc sé c6 thién
huéng cho phuong thiic trac nghiém, trdi ngudc véi mot s6 linh vuc tri thiic khéc, nhiéu cau hoéi
trong toan hoc c6 mot cau tra 15i chinh xdc duy nhét, khach quan, véi tit ca cic cau tra 15i khac
dugc dong thuin coi 1 khong chinh xdc. Vi mot bai kiém tra tric nghiém, hoc sinh c6 thé dudc
thi nghiém trén cc cau héi nhu vy mot cach khach quan. Thuc vay, chAm diém cho cac cau d
d6 tham chi c6 thé dudc tu dong dugc thuc hién bdi mot mdy tinh hodc quét mdy. Mién 1a cau
héi dudc phat biéu mot cach rd rang (va dap an 1a chinh xac), viéc chAm diém don gian hon cac
phuong tién kiém tra khac. Piém manh cubi cung 13, hinh thiic thi tric nghiém rit quen thudc
v6i hau nhu tét ca cac sinh vién dai hoc (nhitng ngudi di c6 thé phai vudt qua ky thi tric nghiém
dé nhap hoc) va nhu vy cdc quy tic clia cc bai ki€m tra doi hoi rat it 15i giai thich.

Miit khéc, hinh thiic trac nghiém, nhu dang dudc sit dung trong céc ky thi toan, c6 mot sé diém
yéu nghiém trong, theo ¥ kién ctia ti, 1am cho né kém hon so véi cac hinh thic ki€m tra khic
trong cac khéa hoc todn & mic cao hon, mic dii c6 nhiéu cach dé€ loai b cac khiém khuyét rd
rang nhit ctia hinh thiic thi nay. C6 1€ van dé ro rang nhit 12 cach tiép can khong khoan nhuong
v6i nhiing sai 1am, c6 thé bép méo cdc mbi quan hé gitta kha ning va danh gia: mot hoc sinh da
c6 cach tiép can diing cho mot cau héi, nhung thuc hién mot 16i nhd mot hodc hoi hiéu 1am cau
héi, c6 thé mit toan bd diém cau hdi d6, trong khi mdt hoc sinh khong hé biét phai 1am gi, va
chi don gian 1a dodn ngiu nhién, c6 thé kiém dudc diém cho mot ciu héi trac nghiém thuan tiy
nhd may man, trong cac hinh thiic kiém tra khac diéu nay khé xay ra hon nhiéu. (Tat nhién, ta
c6 thé giam thiéu vin d& nay bang cach xdy dung cdc cau hoi don gidn va 1o rang, va dam bao
rang cédc ciu tra 15i khong chinh xac sinh ra bsi nhitng 151 nhé khong dudc dua ra nhu 1a mot
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trong nhitng Iwa chon.) Mot vén dé nita ctia cau hoi trac nghiém la dé bi mot s6 loai gian 1an va
tiéu cuc hon céc hinh thiic kiém tra khdc, vi dap an dé dang dugc sao chép va st dung, thim chi
bdi nhitng hoc sinh khong thuc su hiéu cdc tai liéu. (VAn dé cu thé nay c6 thé phan nao ducc
b4o vé bing cach xdo tron cac ciu hdi riéng cho tling hoc sinh, mic du diéu nay tit nhién lam
viéc chdm bai ciing nhu viéc cung cip dap an kho khin hon.) Mot van dé thit ba 1 khi hoc sinh
thu dudc cau tra 15i khong nam trong sb cac Iua chon dudgc liét ké sé c6 khuynh hudng lam bira,
nhiéu khi ly luan phi logic d€ di dén mot trong nhitng cu tra 16i dudc liét k&, d6 khong phai 1a
mot théi quen t6t d€ thAm nhuan vao mdt nha todn hoc.

Tuy nhién, mdt vin d& sau sic hon, 1a nhitng ciu trac nghiém nay cho mot 4n tuong sai léch vé
viéc thé nao 1a gidi mot bai todn, va 1am thé nao dé€ thuc hién diéu d6. Trong nghién ctiu toan
hoc, céc cau héi khong thudng di kém v6i mot danh sach ctia nim phuong an, mot trong s6 d6
1a chinh xdc. Thong thuong, hinh dung ra nhiing cau tra 15i tiém ning, c6 ly, hodc nhiéu kha
ning xdy ra, hodic tham chi ki€u cau tra 18i dudc mong dgi hay dit vin dé liéu c6 nén hdi cau
héi do, cling quan trong khong kém viéc xac dinh cau tra 16i ding. Cau hoi trac nghiém c6 xu
huéng khuyén khich cho céc céch tiép cian nhanh-chéng-va-khong-lanh-manh hoic ciu tha dé
giai quyét van dé, trai ngudc véi cach tiép can than trong, cin nhic, va tinh t&. Pic biét, cau hoi
nhu vy c6 xu huéng khuyén khich viéc ap dung nguyén si quy tic hinh thic d€ di dén cau tra
151, ma khong danh nhiéu suy nghi vé viéc liéu nhiing quy dinh 12 thuc su 4p dung dudc dbi véi
véan dé dang xét hay khong. (Thuc ra, dao siu qua mic vé mot dé trac nghiém, tim kiém nhiing
meo muc, nhitng chd thiéu chit ché, hoic dic biét trong cach dién dat cau hoi, hoic cb gang dé
choi mot sb loai “ludt choi”, trong dé cb gang than thanh héa muc dich ctia ngudi ra dé [xem
canh ndy tif vé “The Princess Bride” cho mot vi du cuc doan nay], c6 thé 1am cho nhiing sinh
vién kh4 hon, hiéu ndi dung kién thic, lai c6 két qua ti t& hon so véi nhitng ngudi chi don gian
1a viéc 4p dung cdc quy tic ma ho dudc day ma khong cé su hiéu noi dung kién thifc. Ngudc
lai, mot dé bai qua meo, dudc thiét ké d€ bay nhiing hoc sinh ap dung quy tic mot cach ciu tha,
khong kiém tra xem né c¢6 dp dung dudc khong, thudng sé dudc cdm nhan (kha ding) nhu 1a
khong cong bang véi hoc sinh.) Trong khi viéc luyén tap cic quy tic cd ban (vi du nhu cic quy
tac va thuat toan trong mon Giai tich) chic chan 1a can thiét, dic biét 1a & cip trung hoc va giai
doan dau dai hoc mon todn, tai thoi di€ém chuyén 1én giai doan cao hon trong bic dai hoc sinh
vién can bat dau hiéu nhiing co sé ly thuyét va nhiing giai thich cho nhitng quy tic d6, nhu la
mot phan cla viéc phat trién tu duy cin ban dbi v6i mon hoc. (Ngoai ra, khi hoc nhitng mén
nang cao, sé c6 nhiéu ngoai 1¢ va diém yéu dbi v6i bt ky quy tac nao kién viéc ap dung né mot
cach khong suy nghi tré nén nguy hiém. Vi du, tinh toan mot tich phan dudng bang cach tinh
tién dudng rat dé cho mot cau tra 16i sai néu khong c6 mot cam gidc tot khi nao tich phan sé hoi
tu téi khong khi chuyén qua mot gidi han, va khi nao thi khong hoi tu. Cach hoc thudc mot sd
quy tic d& nhd riang khi nao c6 thé tich phan an toan va khi nao khong, thi sé thét bai vi c6 rat
nhiéu bién thé khac nhau, dic biét 1a trong céc ting dung thuc t&, cich duy nhét dang tin ciy dé
tién hanh 1a dé thuc su hiéu cach u6c Iuong tich phan va tinh toan gidi han).

Nhung c6 1& hon tit ca, cau hdi trac nghiém thiic ddy y tudng rang cu tra 15i cho mot cau hoi
toan hoc 13 quan trong hon so v6i qu4 trinh di dén cau tra 18i d6 (va nhiing hiéu biét thu dugc
trong qua trinh d6, va nghé thuat trao d6i viéc d6 mot cach hiéu qua véi ngudi khéc ). Su that,
qua trinh nay quan trong hon nhiéu so véi cu tra 19i, dic biét ddi v6i mot cau hodi nhan tao,
chang han nhu 13 mot cau hoi thiét ké cho muc dich kiém tra. Biét dudc qud trinh suy luan dudc
thuc hién bdi sinh vién dé di dén mot cau tra 18i - thAm chi 12 mot tra 13i sai - sé cung cap cho
ta mot biic tranh chi tiét vé kha niing ctia hoc sinh khi xi 1y nhitng cAu héi tuong tu (hoic phiic
tap hon) trong tuong lai, trong khi viéc hoc sinh lua chon mot cau tra 19i diing trong s6 nim giai
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phép cho ta it hon nhiéu thong tin vé van dé nay. Viéc xac dinh diém manh va diém yéu cu thé
trong 1y luan cta hoc sinh cho nhiéu phan hdi c6 gid tri hon trong qua trinh chdm diém so véi
chi don gian 12 biét xem mot cau hdi dudc dua ra da dudc trd 15i mot cach chinh xac hodc khong
chinh xac.

Téi da thio luan nhitng han ché ctia viéc st dung cau hoi triac nghiém trong ky thi trén 16p hoc,
dic biét 1a trong cc khéa hoc toan hoc tai nhiing nim cudi dai hoc. Mit khéc, tdi cam thiy rﬁng
cdc cau hdi nhu vdy c6 thé dong mot vai trdo hd trg rit hitu ich trong viéce tu kiém tra cho cic
khoéa hoc nay, dic biét 1a lién quan dén cic noi dung kién thiic co ban (vi du dinh nghia hoic
céc quy tac co ban clia tinh todn). Toi sé chiing minh diéu nay véi mot khéa hoc gia dinh vé dai
s6 & trung hoc phd thong, mic du diém nay 1a chic chin 4p dung cho nhiéu khéa hoc toan hoc
§ cap cao hon.

Gia st khoa dai s6 nay nhiam day cho hoc sinh cich gidi cac phuong trinh dai sb. TAt nhién c6
nhiéu cam bay thong thudng ma hoc sinh gip phai khi thuc su c¢b gang d€ giai quyét cac phuong
trinh d6, mot trong nhitng vi du phd bién 13, tif phuong trinh nhu x2 = y két ludn sai ring
x = ,/y, khi thay vindi la x = ,/y hoac x = —,/y. Béy gio, ta c6 thé canh bdo 15i nay trong
céc 16p hoc, va hoc sinh tham chi ¢6 thé viét ra canh bdo nay khi ghi chi, nhung né van lip lai
qua thudng xuyén trong khi giai quyét bai todn dai sd phic tap hon trong mot bai thi (hoic té
hon, trong mot ting dung thuc té clia dai s6). Khi d6, c4c sinh vién ciing c6 thé nhan ra nguyén
nhan ctia 16i - nhung phan hoi nay c6 thé dén sau nhiéu ngay hoic nhiéu tuan tif 1an dau tién,
néu khong dudc nhic di nhic lai, cac 16i tuong tu thi c6 thé tdi phat sau nay trong khéa hoc,
hoic trong cac khéa hoc tiép theo. Lip di lip lai tiép xic véi dai s6 cubi cling sé loai bd cic 16,
nhung né c6 thé 1a mot qua trinh khong hiéu qua. Pay 13 ndi ma mot su lua chon nhiéu bai trac
nghiém tu 1am (dic biét, mot bai kiém tra truc tuyén) c6 thé gitip dd, v6i nhitng cau hodi nhu:

Cau héi 1. Néu x va y la cdc s6 thuc théa x> =y, diéu diing nhdt chiing ta co thé néi vé x la

a) x =,/y.

b) x = y2.

c) x =y 2

d) x = \/y hodc x = —./y.
e) x = y~2 hodc x = —y~2.

hoic pha tron v6i nhau véi cac bién thé nhu

Cau héi 2. Cho x va y la cdc sé thuc. Khdng dinh nao sau ddy la khong dii dé ngu ¥ ring
2 —y?
X* =y

a) x =,/y.
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b) x =—/y.
c) x = +.,/y hodc x = —/y.

d) x = y2.

e) y = x2.

N

va

Cau héi 3. Néu x va y la cdc s6 thuc sao cho x3 =y, khi do tot nhdt cé thé néi vé x la

a) x =,/y.
b)x=y%.
1

c) x = —|—y% hodc x = —y3.

d) x =y3.

e) x =y~ hodc x = —y~3.

Nhiing ciu hoéi nhu vdy c6 cho biét kha truc tiép (va c6 thong tin phan hoi ngay lap tifc) rang
hoc sinh c6 mic sai 1dm & van d& cu thé nay khong, ma khong can su can thiép truc tiép ctia mot
gidng vién hodc gidng day trd. (Mot cach ly tudng, mot bai kiém tra tu dong khong chi dé cho
biét ngay 14p tiic cau tra 18i ducc lua chon 14 ding hay sai, ma con d€ giai thich nhiing gi 16i 1a
trong trudng hop nay).

Luu y mot s6 khéc biét giita nhitng loai cAu héi tric nghiém va nhiing ciu hoi trong mot cudc
kiém tra trén 16p. Trong khung cinh ky thi, ngudi ta thudng mubn c6 nhiing ciu héi phic tap
hon ma kiém tra mot s6 khia canh ctia kién thiic cing mot lic (vi du phan tich nhan ti, rit gon,
thé, ...) thay vi tap trung mot cach hep va don gidn 1én mot khia canh. (Pic biét, khi sinh vién
thuc su nam dudc kién thiic c6 thé tra 18i moi ciu hoi & day dé dang, ma khong can phai tinh
toan dang ké.) Ngoai ra, trong khi cac bai kiém tra trén 16p hoc cb gang lam cho céu tra 15i chinh
x4c kha khdc biét so v6i cic lua chon thay thé khong chinh x4c (d€ phan biét nhiing ngudi vé co
ban hiéu céc kién thifc v6i nhitng ngudi dang thuc su khong biét gi), viéc tu kiém tra cho phép
su khac biét kha tinh té giita cdc cau tra 10i diing va nhiing cau tra 18i khéc, d€ khuyén khich hoc
sinh suy nghi c4n than va d€ gidi quyét bat ky quan niém sai 1Am dau vao, cic loai “cdu héi lica”
sé 1a khong cong bing trong mdi trudng cing thang ctia mot ky thi ddnh gia trén 16p, nhung c6
thé dudc thuc hién mot cach an toan trong mot dé tu kiém tra. Cau hoi trac nghiém dudng nhu
c6 hiéu qua nhat khi dung dé giai thich céc dinh nghia chinh xdc cia mot khai niém quan trong
(“vdi méi € ton tai mét §” hay “cho méi § ton tai moét € 2”), viéc xay dung chinh xac mot s6 quy

tdc (dao ham ctia £ biing L& ;zgf " hay £ /gg_zgf " hay £ /gf_zgf , ...7), hodc kiém tra tryc tiép mot
16i cu thé va thudng dudc thuc hién (néu x < y, thi —x < —y, hay —x > —y?) Xem thém danh
sach céac 16i phd bién trong gido trinh todn dai hoc). Nhung véi mot chiit tri tudng tuong, ngudi
ta c6 thé dua ra mot s6 cau trac nghiém hitu ich cho viéc tu kiém tra v6i cac muc dich khéc,
tham chi cho céc chii dé toan hoc kha cao cao. Vi du, hiy xem xét cac cAu héi sau ddy dé ki€ém
tra clia mot ngudi nam bat dudc cac tinh chit ctia bién ddi Fourier:
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Cau héi 4. Cho f : R — C la mét ham so. Trong soitcit cd cdc gid thiét dudi ddy, ddu la gid
thiét yéu nhdt ma vén cho phép cdc bién déi Fourier f : R — C ton tai va la lién tuc?

a) f tronva giam nhanh chong.

b) f la hoan toan khd tich.

c) f la binh phuong khd tich.

d) f lalién tuc.

e) f lalién tuc va co gid compact.

f) f la mét phdn phoi ting chdm.
Cic loai kién thiic trong gidi tich Fourier ma cAu hdi nay kiém tra nhu rat khé kiém tra bdi cac
ki€u cau héi khac (trir thi van dap). Mot kha ning thu vi khdc 1a st dung tric nghiém dé kham
phd chién lugc gidi quyét bai todn, mot van dé chi gidn tiép dudc giai quyét bdi hau hét cac

phuong phép ki€m tra. Vi dy, trong mdt khéa hoc gidi tich mot bién, ngudi ta c6 thé tap trung
vao chién thuat tich hop, sit dung cau hdi nhu thé nay:

Cau hoi 5. Ky thudt nao sau ddy ban cdm thdy la mot bude ddu tién dé tim nguyén ham
[ x%log(1 + x)dx ciia ham x*1og(1 + x)?

a) Tich phdn tieng phan, dao ham x? va tich phdn log(1 + x).

b) Tich phdn titng phan, dao ham log(1 + x) va tich phdn x2.

c) Thé y = x2.

d) Thé y =1+ x.

e) Thé y =log(l + x).

f) Thit dao ham ham s6 x3log(1 + x).

g) Phdc thdo mét do thi ciia x*1og(1 + x).

h) Khai trién Taylor log(1 + x).

i) Khdi dong Maple, Mathematica, hodc SAGE.
Luu y rang cau hoi nay 1a c6 tinh chat chii quan hon 1a ciu héi trude, véi cu tra 16i khac nhau c6
diém manh va diém yéu khac nhau, khong c6 tra 18i thuan tiy “diing” hodc tham chi “tdt nhdt”
& day. Nhu vay, ddy sé 12 mot cau hdi khing khiép dé€ dit trong mot ky thi ddnh gia, nhung toi
nghi ring né sé 1a mot cau hdi kich thich tu duy tdt d€ cung cip cho mot bai tu kiém tra. (Diéu
nay sé 12 mot vi du vé mot cau hdi ma céc qua trinh dén véi cau tra 16i ctia mot ngudi dude lua
chon chéc chan 1a c¢6 gid tri hon ban than cau tra. Ngoai ra, c6 mot noi dé thao luan vé cic ciu

tra 161 khac nhau cho mot cau hoi nhu thé nay - ching néu cau héi da dudc Iuu trit trén mot trang
web thao luan (wiki) - cling s& thém mot chiéu kich t6i bai tap nay). Luu y su khac biét giiia cic
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cau hai trén va cau truyén thdng hon “Tinh nguyén ham ciia x*log(1 + x).” Su nhin manh tai
day 12 vé chién thuat hon 12 tinh toan.

Tém lai, toi tin rang c6 mot s6 cach thd vi - nhiéu trong sd d6 chua dugc khai thac hién nay -
trong d6 cdc cau tu tric nghiém dudc thiét ké t6t va truc tuyén c6 hiéu qua dé danh gid nhiing
diém manh va diém yéu ctia mot ngudi trong mot mon todn. Tt nhién, c6 mot tuong tac mot-
mot v6i gidng vién hodc trg gidng sé 1a mot cach rit thich hop dé dat dudc diéu nay loai thong
tin phan hoi ngay 14p tic, nhung diéu nay 1a khong thuc té cho cac 16p hoc 16n hon. Ngoai ra
ciing diing 1a mot miic do trudng thanh va ky luat nhit dinh 1a can thiét d6i véi hoc sinh dé thuc
su dugc hudng Igi tu phuong thic tu danh gia nay, dac biét la khi ching khong c6 anh hudng
truc tiép t6i diém sd trén 16p clia hoc sinh, nhung triét 1y clia toi & day la d€ cho sinh vién hudng
1oi tlr su nghi, tdi cam thiy rang kha ning thuc hién hon miic t6i thiéu dé thi d6 1a mot phan ctia
nhiing gi mot khéa hoc & cac nim cudi dai hoc can hudng t6i.

Terence Tao 14/12/2008.
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NUGc MY CHON VA LUYEN DOI TUYEN THI TOAN
QuoOc TE IMO) THE NAO?

Lé Tu Qudc Thing
(Hoc vién Cong Nghé Georgia, My)

GIOI THIEU

Bai viét nay gidi thiéu cach My chon va luyén doi tuyén IMO. D€ viét bai nay, tdi da tham
kh3o céc tai lidu trén Internet, phdng vin cac huin luyén vién doi tuyén My, va cic thanh
vién cdc ddi tuyén IMO ctia nhiéu nudc trén thé gidi.

My 1a nudc khong cé cic hé thdng trudng chuyén 16p chon nhu Nga, Trung Qubc, hay Viét
Nam, nhung M§ luon chiém vi tri kha cao trong céc ky thi vo dich toan qudc t& (IMO), nhu hai
niam 2015, 2016 da ding nhét dong doi.

Trudc hét xin nhit manh mot diém: Pdc gid dieng nhdam lan gifta viéc tuyén chon va hudn luyén
cho cdc ky thi (Todn, Ly, Tin hoc, ...) vdi viéc dao tao hoc sinh c6 ndng khiéu & My, vi ¢ My hai
vdn dé nay, di cé lién quan véi nhau, vdn khdc nhau rdt xa, khong nhuw & Viét Nam. Muc dich
dao tao hoc sinh giéi 6 My la dé phdt trién hét khd ndng cho cdc hoc sinh c6 ndng khiéu chie
khong nham vao viéc thi cdc ky thi Olympiad.

Toi sé viét vé viéc dao tao hoc sinh ning khiéu & My & mot bai khac. Bai viét nay tip trung vao
céc nodi dung nhu da néu & tiéu dé.

O My khéng phai hoc sinh gidi toan nao ciing biét/mudn thi toan quc té. Vin héa My khong
danh gia qud cao cic tai ning toan hoc. Cac nghién ctu chi ra rang rat nhiéu cac hoc sinh ctia
ddi tuyén My trong céc ky thi nay 1a nhitng hoc sinh nhip cu hoic con clia nhitng ngudi nhap cu
ti cac nuéc ma & do giao duc toan hoc dudgc coi trong va cac tai nang toan hoc dugc nudi ducng
thong qua mot quy trinh khé khin va kién tri. “C6 thé ndi la vin héa My ngay nay duong nhu
khong khuyén khich nam gidi va phu nit trong todn hoc” - Michael Sipser, truéng khoa Todn
Hoc vién cong nghé MIT néi.

Pung l1a § My khong c6 cac trudng chuyén véi muc dich 1a luyén thi hoc sinh gioi cho cac ky thi
Olympiad. Nhung & My ciing c6 mot sd trudng chuyén, va cc cu lac bd toan dé dao tao hoc
sinh ning khiéu/gidi. Cac chuong trinh dao tao hoc sinh gidi thudng dudc cic trudng dai hoc
hd trg, cho nén cac hoc sinh IMO dén tir khip cdc mién ctia nuéc My. C6 hoc sinh hoc & nha
(home schooling) do cha me day, khong dén truong. Thi du Reid Barton, cho dén nay 13 ngudi
duy nhét thi 4 1an thi dugc huy chuong vang ca 4, 1a home schooling.

C6 mdt sb ngd nhan ring My khong can luyén thi ma két qua thi van cao (thi du bai viét cia
ong Lé Quang Tién vé viéc thi toan qudc té). Trén thuc té viéc tuyén chon va luyén doi tuyén
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ctia My dudc t6 chiic kha ky, c6 chién lugc, va ngay cang phiic tap va k§ hon. Toi c¢6 héi trudng
doan va thanh vién doi tuyén mot s6 nudc c6 thanh tich cao trong thi toan qudc té, tit ca déu
cho ring d€ c6 thanh tich cao, rit can c6 mot chuong trinh huin luyén k¥, nhat 1a thoi ky 3 — 4
tuan trude khi thi IMO.

Va My ngay tif dau da huén luyén kha ky ddi tuyén ctia minh. Mot s6 nudc khdng c6 chuong
trinh chon Iva k¥ (qua cdc vong thi tuyén) va khong c6 luyén tap, thudng khong c6 két qua cao.
Dién hinh la doi Italia, ndm 1984, c4 6 thanh vién cla doi tuyén Italia dugc tong cong ... 0 diém.
Ngoai 1& ¢6 1& 12 nuéc Anh. Trong 10 — 15 nim dau tién, nuéc Anh khong huin luyén doi tuyén
tru6e khi di thi, nhung doi tuyén Anh van kh4 thanh cong. N. Boston, thanh vién ddi tuyén Anh
nim 1979 va hién gio 1a gido su toan dai hoc Wisconsin, néi véi t6i rang, d6 1a do & Anh c6
truyén thong coi trong viéc gii toan nhanh trong trudng phd thong, va c6 nhiéu cau lac bo toan
g cac truong.

Viéc chon va luyén doi IMO ctia My dugc thuc hién bi MAA, mot t chiic phi chinh phii. Nha
nuéc My hay Bo gido duc My hau nhu khong nhing tay vao viéc ndy, mic du lic phat giai
thudng ky thi USAMO (v6 dich toan M) thi trd 1y tong thdng My vé khoa hoc va cong nghé
thudng c6 mit va doc phat biéu. Chi phi cho doi tuyén, tap trung luyén, di thi, chii yéu tif MAA
va cac nha tai trg. NSF (quy nghién ctru khoa hoc My) ciing c6 dong gop maot it.

IMO dudc khdi xudng bdi cac nuéec Pong Au (kh6éi XHCN cii) tif naim 1959. Nudc tu ban dau
tién tham gia 12 Phan Lan, nim 1965, va xép chét bang. (Phan Lan nghi luén 8 nim, dén nim
1973 méi tham gia lai). Phdp tham gia 1an dau vao nim 1967, Ha Lan lan dau nim 1969, va
déu xép chét bang. M. Klamkin, huin luyén doi tuyén IMO My nhitng nim 1977 — 1984 néi
rang nhiéu ngudi My “khong mudn My tham gia IMO, s ring déi My sé bi cdc nudc cong sdn
dé bep.” Nam 1971 N. Turner viét bai bdo & tap chi “Amer. Math. Monthly” néi ring My da
c6 mot sd ky thi toan & cap ti€u bang, va nén giti doi tuyén tham gia IMO, rang c6 thé hic dau
s& bi “nhuc” vi thit hang thip, nhung tinh hinh sé cii thién. Nim 1972 My 1an dau t3 chic thi
vo dich todn nudéc My (USAMO) va nim 1974 MAA dong y gt ddi tuyén M§ tham gia IMO.
Trong céc nudc tu ban thi My 1a nu6c thanh cong nhét trong thi IMO, c6 thi hang trung binh
1995 — 2008 1a 3 (Viét Nam thi hang trung binh 1a 6). Dac biét nam 1994 ca 6 thanh vién doi
tuyén My déu dudc diém tuyét ddi, mot ky luc ma chua nuée nao lam dudc. (Piéu nay tuong
phén véi thanh tich trung binh trong cdc danh gid vé trinh do todn ctia hoc sinh My néi chung).
Pé c6 dugc nhiing thanh cong nhu vy 1a nhd viéc chon lua va chuén bi cho ddi tuyén IMO cia
My kha ky.

Hién nay rit nhiéu nuéc tham gia IMO (104 nudc nam 2015). Trong céc ky thi qubc té cho hoc
sinh phd thong, IMO van dugc xem trong nhét. Ciing can néi thém, dé thanh cong 6 IMO, ban
can phai nhanh va c6 khiéu trong viéc gidi toan. Viéc gidi toan kiéu IMO khdc véi viéc nghién
clfu toan ctia cac nha todn hoc. Nghién cifu todn thi phai truong ky, hi€u biét rong va sdu nganh
clia minh, c6 nhiéu tinh sang tao, tim 15i gidi cho mot bai todn ma c6 thé né khong c6 15i gii.
Trong khi gidi toan Olympiad thi phai nhanh vi thai gian c6 han, va ban biét ring bai toan chac
chén c6 16i gidi, ban chi phéi tim n6 thdi. Nhung ciing c6 mot sé diém chung, truée hét 1a ban
phéi c6 ning khiéu vé tu duy toan. Khong phai ngiu nhién ma sau nim 2000, hon mot nita sb
ngudi dudc giai thudng Fields da ting doat huy chuong vang tai IMO. Néu tinh s6 ngudi tham
gia IMO thi con nhiéu nita. Nim 1994 Phdp c6 2 giai thuéng Fields 1a Lions va Yoccoz, ca 2
déu 1a thanh vién doi tuyén IMO ctia Phdp nim 1973.
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Khoéng ; s thanh vién doi tuyén IMO clia My sau nay trd thanh nha todn hoc. Khoang 1 s6
thanh vién doi tuyén IMO cta My 1a dan nhap cu hodc con ctia dan mdi nhap cu vao My tur
nhiing nu6c c6 thanh tich cao 6 IMO (theo hdi todn hoc My, trong d6 c6 ngudi gbc Viét).

P& huin luyén cho doi tuyén, MAA di 1ap MOP (Mathemetical Olympiad Program, sau nay 1a
MOSP), mot khéa huin luyén khong nhiing cho nhiing thanh vién doi tuyén IMO ctia My ma
con tao nguodn cho ddi tuyén tuong lai. Thuong MOP kéo dai 2 — 4 tuan, ngay trudc khi di thi,
va doi tuyén sé di dén dia diém thi (6 nudc nao do) truc tiép tit MOP.

Quy trinh chon ddi tuyén IMO ctia My da thay ddi nhiéu 1an. Vao thdi diém hién tai phiic tap
hon cic ban nghi. Tuy nhién viéc “luyén” ctia doi tuyén My khong nhiéu nhu mot sd nude nhu
Trung Qudc, Nga hay Viét Nam. Nhiing trudng chuyén clia cac nudc niy cho hoc sinh 1am cic
loai toan Olympiad quanh nim. Lam nhiéu qué c6 I€ ciing c6 hai cho su sdng tao ctia (mot s6)
hoc sinh sau nay.

O My ¢6 3 ky thi todn chinh. Ky dau tién 1a AMC 12, bét cit hoc sinh trung hoc nao mudn tham
gia cling dudc, nhung phai déng mot khodn 1€ phi. Nhiing hoc sinh dat diém cao dugc mdi tham
du vong tiép theo 1a AIME. Rdi khoang gan 300 hoc sinh dudc diém cao nhit AIME 4+ AMC
12 dugc tham gia ky thi vo dich todn nuéc My (USAMO). Ca 2 vong sau déu mién phi.

Trude day, 6 — 8 ngudi dudc diém cao nhit cia USAMO sé 1a thanh vién doi tuyén IMO ctia My.
Sau USAMO, thanh vién doi tuyén My, va khoang 25 — 35 hoc sinh dudc diém cao USAMO
nhung khong phai dang hoc 16p 12, dudc mdi dén MOP (hoic sau nay 124 MOSP). Muc dich 1a
ngoai huén luyén ddi tuyén con dao tao thé hé tuong lai chuin bi cho IMO nim sau. Rt nhiéu
thanh vién doi tuyén da dudc tham du MOSP ctia nhitng nim truée, thAm chi khong chi mot 1an.
MOP dau tién dudc t& chifc nim 1974, nim My bat diu tham gia IMO. Ngay 1in dau nay MOP
da “dao tao” cho mot s6 thanh vién doi tuyén nim sau.

Vé sau, ddi tuyén IMO khong dudc chon dua vao két qua USAMO nita. Sau khi khoang 40
ngudi di€ém cao clia USAMO dugc tap trung tai MOSP, sé c6 2 — 3 bai thi chon ddi tuyén nita.
Két qua cac bai thi chon d6i tuyén va diém ciia USAMO sé dudc dung dé€ chon doi tuyén. Viéc
tuyén chon nhu vy sé chinh x4c hon nhung doi tuyén chi dudc chon ra khodng 3 tuan truée
IMO, gay mot s6 phién phiic cho doi tuyén va cc cong viéc hanh chinh nhu lam gidy td, visa.

Pén niam 2011, cong thiic chon ddi tuyén IMO lai thay ddi. Lan nay viéc chon ddi tuyén bat dau
tif hon mot nim trude khi thi IMO, va gdm cac bude sau dy. D€ dugc vao doi tuyén nim sau,
ban phai dudc chon vao MOSP cia nam truée do.

1. Pau tién 12 2 — 3 bai so tuyén dién ra trong suét Chuong trinh Toan hoc mua he (MOSP)
thdng 6 nim truéc. Khoing 40 ngudi qua dudc vong nay sé tham gia thi tuyén 6 muc 2 va
muc 3 dudi day.

2. Hai bai thi chon ddi tuyén vao mua dong (thdng 12, thang 1).

3. Tiép theo 12 bai thi clia ngy dau tién cia Romannian Master of Mathematics (bai thi cac
nam truéc & ddy: http://rmms.1lbi.ro/rmm2016), thudng to chiic vao thang 3.

4. Cubi cung 1a ky thi USAMO ctia nim nay, vao khoang cudi thang 4.
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Ky thi 1 quyét dinh ai sé tham gia ky 2 va 3. AMC 12+ AIME sé quyét dinh ai sé& tham gia
USAMO, va sau d6 2 4 3+ USAMO sé quyét dinh ddi tuyén. Vi thé, doi tuyén dudc quyét dinh
ngay sau khi USAMO dién ra khodng cudi thang 4. Dén thang 6 cic thanh vién ddi tuyén va
khodng 50 ting ct vién cho ddi tuyén cic nim sau sé dudc tap trung luyén chuan bi thi todn
quéc té (MOSP).

Ban t6 chiic cia MOSP 1a MAA (Hiép hoi Toan hoc My). Cac thanh vién tham gia MOSP dugc
tai trd hoan toan chi phi di lai va An & trong 3 — 4 tuan. Phan 16n chi phi dudc chi trd bdi MAA
va cac nha tai trg. Thi du AKAMALI la mdt nha tai trg 16n — cong ty da giap giip MOSP tang
gip doi s6 hoc sinh. Sé tién nhan dudc tit chinh phi My 14 kha khiém ton.

Pudc nhin vaio MOSP 14 rat khé, va 1a mot vi du dbi v6i hoc sinh phd thong My. Mot chuong
trinh khéc ciing c6 uy tin cao 1a Research Science Institute (RSI), dudc t3 chiic 6 tuin hang nim
& MIT. RSI thién vé nghién ctiu, khong thi tuyén chon ma chi xét hd so rdi tuyén chon. Khoang
80 hoc sinh cip 3 dén tir khap noi trén thé gidi (50 tit My va 30 hoc sinh nudc ngoai) dudc
chon tham gia RSI (mién phi hoan toan). R4t nhiéu cong trinh nghién ctiu ctia cdc thanh vién
RSI dugc cac giai thudng cao § cudc thi Intel Sience Talent Search. MOSP va RSI thinh thoang
ciing c6 canh tranh véi nhau, tranh gianh hoc sinh giéi nhat My vé toan.

Cic giang vién tai MOSP. C6 2 loai chiic danh: Gidng vién (hay con goi 1a huén luyén vién)
va trg giang. Hau hét cac gidng vién déu da ting 1a trg gidng, trif mot sd ngoai 1é nhu Titu
Andreescu, Zuming Feng vi Razvan Gelca. Nhitng ngudi nay dugc Huin luyén vién trudng
(hién tai 1a gido su Po-Shen Loh téi tit DPH Carnegie-Mellon) mdi dén 1am viéc. Ho thudng 1a
cyu thanh vién ca cac doi tuyén IMO ctia My va cdc qudc gia khéc, hoidc tling 1a thi sinh tham
gia MOSP, va hau hét rat tré.

Cic giang vién phan 16n 1a cic gido su dai hoc, cic nghién ctiu vién hau tién si hodc nghién
ctu sinh. Trg gidng thudng 13 sinh vién dai hoc. Ho dén tif cdc trudng nhu MIT, Carnegie
Mellon, Harvard, Berkeley. C6 mot sd gidng vién tli cac cong ty tu nhan (nhu Jane Street Capital,
Microsoft). Rét it gido vién phd thong. Tong cdng c6 khodng 15 gidng vién va 7 trd gidng. Nhung
khong phai ai cling & d6 di 3 — 4 tuan ctia MOSP.

Cubi cling, d€ c6 thé c6 mdt goc nhin ddy di hon vé “bép niic” ctia MOSP, chuong trinh huin
luyén chinh clia doi tuyén MY, tdi xin gidi thiéu phan tra 15i ciia Razvan Gelca, hun luyén vién
ky cuu ctia MOSP cho cic ciu hdi ma tdi dit ra cho anh 4y. Mot vai cau trong cdc cau hdi nay
dugc dé xuit bdi Tran Nam Diing, gidng vién trudng Pai hoc Khoa Hoc Tu Nhién thanh ph6 Ho
Chi Minh, mdt cai tén quen thudc trong giéi Olympiad toan ¢ Viét Nam. Trong cac cau tra 16i
dudi day, dai tu “76i” nghia 1a Razvan Gelca.

1. Mét ngay binh thuong 6 MOSP nhu thé nao?
C6 3 ki€u ngay 6 MOSP:
1. C6 2 bai gidng vao budi sang, mdi bai 90 phut va mot bai gidng 90 phuit nita vao budi
chiéu. Sau d6, hoc sinh hoat dong tu do, hoic 1a nghi ngoi, hoic 12 1am todn hoic c¢6 cic

hoat dong chung. Ciing c6 mdt bai bao cdo khoa hoc vao budi t6i danh cho cac giang vién
va trg giang. Hoc sinh c6 thé tham gia hodc khong tuy y.

2. C6 2 bai gidng vao budi sang va 1 bai kiém tra vao budi chiéu.
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3. Cac ngay thit Bay c6 mot s6 bai kiém tra vao budi sang, thi so tuyén hoic thi thit IMO,
budi chiéu thi bay va Chii nhat nghi ngoi.

Ki€u ngay so 1 va s6 2 xen ké nhau trong tuan, vi thé c6 rat nhiéu bai kiém tra.

2. Hinh thiic cdc bai gidng?

Toi s& néi v6i ban vé cach ma tdi diéu hanh gid hoc cia toi. Toi tap trung rat nhiéu vao céc bai
toan, va tap trung it vao ly thuyét. Toi bat dau bang viéc dua cho cac em danh sach cac bai toan,
t6i cho ho 1am viéc trong khoang 45 phiit, sau d6 chung toi viét cac thdo luin 1én bang. Nhiing
giang vién khdc c6 thé tap trung nhiéu hon vao ly thuyét.

3. Cdc cdp do gidng day?

Hoc sinh dudc chia thanh cac nhom tuy theo kha nang cta minh:

A: Nhém dai den: Pay 1a doi tuyén chinh thic clia My, ¢6 thé thém nhiing ngudi gidi nhit
trong s6 cc c¢d gai tham du EGMO (Olympiad Toan hoc danh cho nit sinh chau Au), va
thanh vién cta doi tuyén Canada c6 2 qudc tich. Pay 13 noi ma tat cd moi ngudi déu phai
tap trung vao cac bai toan, khong nhiéu ly thuyét. Trinh do va kha ning rit cao. Chi can
dua cho ho cac bai toan, ho 1€n bang va cho ra nhiing 16i giai tuyét voi.

B: Nhoém dai xanh: Nhém nay khd gan véi nhém dai den, ciing tip trung chi yéu vao cic
bai todn. Nhung ciing ¢6 day cho ho mot sb ly thuyét méi. V6i mot sd bai toan danh cho
nhém dai den, & nhém ndy can goi y cach giai.

C: Nhom dai d: Day 1a nhitng tin binh. O nhém nay, ly thuyét sé dugc day trudc, sau d6 méi
1a céc bai todn. Du t6i thudng chon nhiing bai todn ma hoc sinh ¢6 thé giai duge, nhung
ludn c6 mot nhém nho khong theo kip.

4. C6 dang todn cao cdp nao duoc day 6 MOSP khong?

C6 mot s bai gidng todn cao cip vao cudi ngay. Toi ludn day vé 1y thuyét Chern - Simons: Topo
hoc, ham theta, co hoc ludng tir, va tdi ¢d ging st dung nhiing tif don gian dé truyén tii y cia
minh. Nhung ching t6i hiém khi 1am nhiing thi qua cao cép trong 16p hoc.

Bai giang 1a tai san ri€ng cia cac giang vién. Cac giang vién lam viéc doc 1ap véi nhau. Toi
khong biét nhitng ngudi khac dang 1am gi, ngoai trif thinh tho4ng tdi c6 ghé tham 16p clia ho,
chi cho vui théi. Trinh d6 cac hoc sinh ngay cang cao, do d6 t6i luon phai tim nhiing bai toan
mdi, kho hon.

5. Thanh vién trong doi tuyén IMO ciia My c6 nhdn dugc bdt ky gidi thudng nao tiv Chinh phii
hay cdc t6 chitc khong? Cdc thi sinh sau do thuong theo hoc nhitng truong nao?

Chinh phii My khong tham gia vao viéc nay, mic du Nha Tring c6 cit dai dién 1a ong J.P.
Holdrenla trg ly tdng thdng vé khoa hoc va k¥ thuat tham du 1€ trao gidi cia USAMO. Hau hét
thi sinh nhan dudc hoc béng clia cac trudng dai hoc. MIT khong trao hoc béng cho nhiing ngudi
dat gii, nhung Harvard thi c6, vi thé c6 nhiéu ngudi hoc Harvard hon MIT. Carnegie - Mellon
hién tai dang rét tich cuc thu hit nhiing sinh vién nay bang hoc bong. Va day ciing 1a Iy do gii
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thich tai sao Carnegie - Mellon hién dang 12 mot dbi thi 16n & ky thi Putnam. Ngay ca UCLA
ciing trao hoc bdng dé thu hiit sinh vién, nhung ho méi chi thu hiit dudc mot s6 sinh vién nudc
ngodi. Trudc day, Duke ciing trao hoc bdng, nhung bay gid ho khong con thu hiit dudce nhiing
hoc sinh cua ching t6i ntra. Princeton diing sau Harvard, MIT, CMU trong viéc thu hut ngudi
cta Olympiad.

To6i mudn néi rang c6 rat nhidu ngusi da trd thanh nha toan hoc, nhung khong phai l1a tit ca.
Pang tiéc 12 nhiéu ngudi cudi cung lai 1am viéc cho cic quy dau co (tién nhiéu nhung tuong lai
mu mit). Toi khong rd con s cu thé.

6. Co truong nao chuyén biét d My giong nhu cdc truong é Nga day todn & miic dé cao khong?
Hay c6 chuong trinh dao tao nao tdp trung vao cdc vdn dé todn hoc phuc vu riéng Olympiad
khong? C6 truong nao & My (hay dia phuong nao) cé truyén thong ldu doi vé viéc gianh gidi
cao d USAMO khong?

C6 céc trudng nhu Phillips Exeter, Thomas Jefferson va mot s truong khac chuyén cung cip
kh4 nhiéu hoc sinh gidi, nhung & My thi hoi khac cic nuée nhu Nga. Cé nhiéu co s6 gido duc,
chuong trinh dao tao tu nhan hoic phi 10i nhuin thim chi con déng gép nhiéu hon. Téi tng hod
va tham gia vio mot s6 chuong trinh nay. Va t6i tin rang ching dang dinh hinh lai bd mit gido
duc & dat nu6e nay. Pay 1a mot sd chuong trinh: Nghé thuat gidi quyét van dé (chuong trinh dao
tao truc tuyén), Todn hoc tuyét voi (trudng he), Toan hoc ly tudng (trudng he).

C6 nhiéu cau lac bo toan hoc, ndi bat nhit 12 cau lac bd toan hoc & Bay Area va chuong trinh
danh cho nhiing hoc sinh tai ning & Johns Hopkins. Va con c6 rat nhiéu chuong trinh khic
6 New England, East Coast (New York, New Jersey, North Carolina), Bay Area, San Diego,
Dallas. Tuy nhién ciing c6 nhiing hoc sinh trén khap nuéc My tu hoc va vao dugc MOP.

7. IMO ddu tién ma My tham gia la vao ndm 1974, ciing la ndm ma doi tuyén My rdt thanh
cong. Vady viéc on luyén cho MOSP thoi diém do co ndng né khong? Ban co thé'so sanh MOSP
va viéc tuyén chon gifta bdy gio va liic do?

Ci 10 nim IMO lai ting 1én mot cip do cao hon. Doi tuyén My c6 thé ddi mit rat tot véi nhitng
thay ddi, hau hét 1a vi nhiing ngudi tré da d6i méi chuong trinh dao tao. Mbi nidm, cac bai toan
mdi Itic mot kho hon, va hoc sinh ctia ching t6i cling ngay cang gidi hon. Bay git ching t6i da
c6 nhiéu hoc sinh hon, chiing t6i ¢6 nhitng co s vat chit tt hon, ching tdi c6 qud trinh tuyén
chon canh tranh hon va ciing c6 nhiéu ngudn tai liéu hon: Sach, Internet, cic chuong trinh dao
tao tai dia phuong.
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LUAN LY VOI THI

Tran Thanh Hai (Vienna)

TOM TAT

Luan ly v6i thi (temporal logics hodic dbi khi con dudgc goi 1a tense logics) dugc phit trién bdi cac nha triét
hoc dé€ nghién ctiu yéu t6 thdi gian trong nhiing 1ap luan. Hién tai, nhiéu loai lun Iy véi thi da dugc phat
trién va chiing thuong dudc phan biét dua trén viéc mo ta ciu tric ciia yéu t6 thdi gian: nhanh hoic tuyén
tinh. Trong phan nay, chiing t6i sé gidi thiéu LTL - mot loai loai luan 1y vé6i thi thudc nhém tuyén tinh. LTL
thudng dugc dung d€ mo t va kiém ching chuong trinh mdy tinh. Gid tri clia cdc cong thic trong LTL dugc
x4c dinh dua trén ciu tric Kripke.

O day, ching toi gia sit rang ngudi doc da quen thudce véi ludn Iy bdc nhdt (gdm céc phép todn A, V/, .. ., hai vi tit
v6i moi V va ton tai 3). Goi AP 1a tap hdp cac ménh dé co ban trong luan Iy bac nhat. CAu tric Kripke ciing dugc
xem la mot do thi chuyén trang thai ¢ gan nhén va dugc mo ta nhu mot bo K = (S, So, R, L) [2], véi

S 1a mdt tap hop cac nbt hay trang thdi,

So C S 1a mdt tap hdp céc trang thdi bdt ddu,

R 1a mot quan hé toan phan bén trai trén S x S, (ndi cach khac, v6i moi trang thai s € S, tdn tai mot trang
thdi s’ € S sao cho R (s, ")),

L 1a mot ham gdn nhan L : S — 247 gin mdi trang thdi s € S mot tap L(s) cac ménh dé co ban trong AP

va cac ménh dé nay dudc xem la ludn ludn diing trong s L.

Vi R 12 mdt quan hé toan phin bén trdi, ching ta luon ludn c6 thé xiy dung mot dudng di v6 han 7 dua trén mot
cAu tric Kripke dugc cho sdn. Mot duong di trong K 13 mdt chudi c6 thit tu cac trang thai m = sg, $1, . . . sao cho
vdi moi i > 0, R (s, 5;+1) ludn ton tai. Ching ta dung ky hiéu 7 (i) d€ mo t4 trang théi thi 4 trén duong di 7 va
7" d€ chi mot dudng di méi bat dau tif trang thai thi i, néi cach khac 78 = (s;, 5441, .. .).

Goi V = {v1,...,v,} 1a tap hgp cic bién clia hé théng. Chiing ta gia st ring moi bién trong V' c6 thé dugc gan
mot gid tri trong tif tip hitu han D 2. Mot phép luong gid trén V 12 mot ham gan céc gid tri trong D cho nhitng bién
trong V.

Mot trang thdi ctia hé théng c6 thé dugc mé ta biang cac gia tri dude gan cho nhitng bién trong V, néi cach khéc,
mot trang théi c6 thé hiu 1am mot ham s : V' — D. Gia st hé théng ctia ching ta ¢6 hai chiéc dong hd hry va
hro, hay V = {hry, hra}, va mot phép lugng gid nhu sau (hry = 5, hro = 10), ching ta c6 thé biéu dién trang
thai tuong ting bing cong thic (hr; = 5) A (hry = 10). Ngoai ra, néu ching ta hinh dung mot cong thic luan ly
bac nhit f nhu tap hop cac phép ludng gid cho f c6 gia tri diing, chiing ta c6 thé biéu dién mot tap céac trang thai
bing mot cong thiic ciia ludn ly bac nhét.

ITrong mot s trusng hgp AP c6 thé 1a tap hop cac ménh dé co ban ciia cdc loai luan ly khac
2Yéu cau tap D c6 hitu han phan tit chi yéu xuét phit muc dich kiém thit 161 phan mém tu dong. Chiing ta s& ban v& mot sb phuong phap
nay kiém 18i & dip khdc. Véi cach biéu dién phan mém & day, D c6 thé vo han
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Algorithm 1 Hai ddng hd
1: procedure HOAT PONG

2: hry € Int

3: hry € Int

4: khdi tao:

S: hri <1

6: hT‘Q ~— 6

7: lap:

8: while true do

9: hry = (hry + 1) mod 12
10: hrq = (hrg + 1) mod 12

Trong vi du “Hai ddng hd”, ching ta thiy ring ban dau hai ddng hd hri, hro 14n ludt ¢ gia tri 1 va 6. Sau do,
ching 1an lugt c6 cac gia tri (2,7),(3,8).... V6i cich biéu dién mo ta & trén, trang thdi khdi tao clia hé thdng
sé dugc biéu dién biang cong thic (hr; = 1) A (hro = 6). Va dé biéu dién budc cic budc chuyén trang théi, vi
du nhu ti (1,6) sang (2,7), chiing ta can thém mot s6 khéi niém khéc. Ching ta tao ra mot tap mdi cac bién,
ky hiéu l1a V’. Chiing ta c6 thé hiéu V' 1a tip céc bién cla trang thai hién tai vd V' 1a tp hop cdc bién cia trang
thai ké tiép. Mdi bién v trong V s& c6 mot bién tuong ting v’ & trong V’. Mot phép luong gid (c6 thi ty) trén V
va V' dugc xem nhu mot cip (c6 thi tu) hai trang thai hay con goi 12 mot budc chuyén trang thdi. Trong vi du
du “Hai dong hd”, chiing ta biéu dién budc chuyén trang thai du tién bing cong thic (hr; = 1) A (hrg = 6) A
(hry =2) A (hrly = 7). Tap hop céc cip trang thai dugc goi 1a mot quan hé trang thdi. Néu R 1a mot quan hé
trang thai, ching ta ding ky hiéu R (V, V') d€ chi cong thic luan ly bac nhét tuong tng. Trong vi dy trén, ta c6
R (V, V') = (hr} = (hr1 + 1) mod 12) A (hry, = (hra + 1) mod 12).

Pé& mo ta tinh chét ctia hé théng, chiing ta cin dinh nghia tp hdp cac ménh d& co ban AP. O diy, mot ménh dé co
ban s& c¢6 dang v = d véi v 12 mdt bién trong V' va d 1a mot gid tri trong D.

Chiing ta thiy ring cach biéu dién chuong trinh mdy tinh nhu trén chi dung luan ly bac nhit. Tuy nhién sé rit bét
tién néu chiing ta dung luan ly bac nhit d&€ mo td mot sé tinh chit gin véi yéu t6 thai gian ctia hé théng [2, 4]. Vi
du hry khéng bao gid nhan gia tri 13 hodc dén giao thong khong thé tif mau xanh chuyén sang mau dé ngay 1ap
tic. DE viéc mo ta mot s6 tinh chét ctia hé théng thuan tién, LTL da dugc phat trién. Sau day, chiing ta sé tim hiéu
dinh nghia cua LTL [4].

Céc biéu thiic trong LTL dudc xiy dung dua trén cic lut sau:
pu=T|pleVe|-e|Xe|pUp
vé6i
o p 1A mot ménh d& co ban trong AP va
o X and U 1 nhiing lién két vdi thi va 1an ludt dudc goi tiép theo va tdi khi.
Cic lién két khac dudc dinh nghia tuong tu nhu trong luin ly c6 dién. Ngoai ra, chiing ta c6 thé dinh nghia thém
hai lién két sau mot liic F va luén luén G nhu sau

Fp = TUp
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Theo ngi nghia tu nhién, cac lién két X, U, F va G c6 thé hiéu nhu sau:

o X¢:  sé diing tai trang thai ké tiép,

o ¢ Ups: néu oy diing tai mot thai diém nao do6 thi o sé diing tif trang théi hién tai cho tdi trang thai & thdi
diém do,

o Fo: ¢ sé ding trong mot thai diém nao d6 & tuong lai, va

e Gy: o ludn ludng ding.
Chinh xdc hon, gid tri cia ménh dé ¢ trong LTL sé dudc xic dinh dua trén mot cau triic Kripke va mot dudng di
K, (7 1a m§t dudng di trén K nhu sau:

e K,mF T ludn ludén ding,

e K, 7w F 1 ludn luodn sai,

e K, 7 F pkhiva chi khi p € L(m), néi cach khac, mot ménh dé co ban p chi diing trén K, 7 khi va chi khi
ham gan nhan L gan p v6i phan ti dau tién 7 (0) clia dudng di ,

e K, E —khi va chi khi if M, 7 ¥ .

o K,mk @V khivachikhi K,7mE oV K, 7k

e K, Xy khi va chi khi K, 7 (1) F X

o K, 7 E Ui khi va chi khi 3i. (K, 7 (i) E ¢) A (V) < i. (K, 7 (§) E ¢))
o K,k Fykhi va chi khi 3i.K, 7 (i) F ¢

o K, E Gy khivachi khi Vi.K, 7 (i) F ¢

D@ théy rang LTL khong thé m6 ta moi tinh chit ctia hé théng. Tuy nhién, rit may min ring LTL du hitu dung dé
mo ta hai 16p tinh chit quan trong ctia chuong trinh mdy tinh [2, 4]:
e Tinh an toan: nhiing diéu xiu khong bao gio xy ra trong sudt qud trinh chay ctia chuong trinh,

o Tinh séng sét: nhiing diéu t6t sau mot lic sé x4y ra.

Nhiing trang thdi vi pham mét tinh chit mong ddi nao d6 dudc goi 1a nhiing trang thdi xdu.
Vi du 4.1, 4.3 va 4.2 md ta cach dung LTL d€ biéu dién mot sb tinh chét ctia chuong trinh. Hai vi du d4u tién l1a
tinh an toan va vi du thif ba la tinh sdng sét.
Vidu 4.1 Hai chiwong trinh A and B khéng thé’cing J trong trang thdi quan trong (critical) cing liic.
G (—inCS4 V —inCSpg)

Vidu 4.2 Dén giao thong khong thé tic mau xanh chuyén sang mau dé ngay ldp tiic.

G (green = —Xred)

Vidu 4.3 Pén giao thong sé chuyén sang mau xanh vé han lan.
GFzanh
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Dua trén phuong phap biéu dién hé thdng bing cdc cong thifc luan ly véi thi, cdc nha khoa hoc mdy tinh da phat
trién phuong phép tu dong kiém 16i ctia hé théng dua trén mo hinh (model checking). Hién tai, nhitng nén ting hd
trg viét dic t va ki€ém 16i tw dong nhuw TLA™T, Spin, nuSMV. .. déu cho phép ngudi ding st dung LTL [3, 4, 1].
Chiing ta sé ban t6i phuong phap va nén tang niy & phin sau.

[1] Alessandro Cimatti, Edmund Clarke, Enrico Giunchiglia, Fausto Giunchiglia, Marco Pistore, Marco Roveri,
Roberto Sebastiani, and Armando Tacchella. Nusmv 2: An opensource tool for symbolic model checking. In
International Conference on Computer Aided Verification, pages 359-364. Springer, 2002.

[2] Edmund M Clarke, Orna Grumberg, and Doron Peled. Model checking. MIT press, 1999.
[3] Gerard J Holzmann. The model checker spin. IEEE Transactions on software engineering, 23(5):279, 1997.

[4] Leslie Lamport. Specifying systems: the TLA+ language and tools for hardware and software engineers.
Addison-Wesley Longman Publishing Co., Inc., 2002.
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CAC PHUONG PHAP SAI PHAN HUU HAN
CHO PHUONG TRINH PAO HAM RIENG

Henry Tran
Wayne State University, Michigan, USA

L.OI BAN BIEN TAP

Bai viét clia tac gia Henry Tran c6 nguyén ban 1a tiéng Anh, c6 ba phan chinh gom:

e Ly thuyét va ting dung lap trinh MATLAB trong phuong trinh Parabolic.
e Ly thuyét va iing dung lap trinh MATLAB trong phuong trinh Hyperbolic.

e Ly thuyét va iing dung lap trinh MATLAB trong phuong trinh Elliptic.

Chiing t6i da tién hanh dich, bién tip va sé trich ding 1an ludt trong cc sb bdo cla
Epsilon, m& dau 1a Parabolic.

Chung ta st dung phuong trinh dao ham riéng (Partial Differential Equations, ky hiéu 1a PDEs)
dé bi€u dién cho nhiéu hién tuong vt Iy trong thuc té, trong todn hoc va trong vt Iy 1y thuyét.
Trong bai viét nay, chiing ta sé tip trung vao phuong trinh dao ham riéng trén phuong trinh
truyén nhiét, phuong trinh Laplace, phuong trinh séng, phuong trinh Poisson, phuong trinh
Helmbholtz, v.v.

Thong thudng, véi mdi dang phuong trinh dao ham riéng, ching ta sé 4p dung céc phuong phap
s6 dé€ tim nghiém gan diing vdi cdc diéu kién bién cho trudc, va céc sai s6, dd hoi tu ctia nghiém
gan ding tim dudc va nghiém chinh xac.

O day, chiing ta sé dp dung hai phuong phdp sai phan hitu han (Finite Difference Method) la:
phuong phap tudng minh (Explicit method) vd mét phuong phdp khic cao cip hon la phuong
phap Crank-Nicolson (viét tat 1A CNM). Ching ta s& dung mot dang don gidn nhét ctia bai todn
PDFs dang Parabol, d6 13 phuong trinh truyén nhiét. Chiing ta sé dung phuong phép sai phan
hitu han cho phuong trinh séng trong bai todn PDEs dang Hyperbolic. Cubi cing 1a phuong trinh
Helmbholtz trong bai toan PDEs dang Elliptic d€ xem xét tinh 6n dinh va hoi tu ctia nghiém.
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Thoéng qua viéc biéu dién dd hoa clia cac phuong trinh da néu va tinh todn bang phian mém lap
trinh cho toan ting dung MATLAB trong khong gian hai chiéu va ba chiéu, chiing ta sé so sanh
dudc cac phuong phap & cac khia canh nhit dinh. Hon nita, dua vao céc gid tri khdc nhau cia
cac bude khong gian h va cac bude thdi gian k, cling nhu cac diéu kién bién, chiing ta c6 thé
xdc dinh dudgc tinh 6n dinh, tinh hdi tu clia cdc nghiém qua cdc dang ctia bai todn PDEs.

Chiing ta sé 1ap trinh v6i phan mém MATLAB dé hd trg trong viéc tinh toan va biéu dién cic
nghiém trong bai todn PDEs bang cac dd thi. MATLAB phién ban 14 1a mot cong cu manh cho
toan ing dung, n6 con chuia cac cong thiic, bang cong cu danh cho phuong trinh dao ham riéng.
Trong tinh toan chiing ta sé lp trinh cho cic bai toan PDEs bing cic ciu 1énh trong MATLAB
qua viéc st dung cac ham tinh toan.

Cubi cung, thong qua cédc su so sanh, ching ta ciing biéu dién dudc tinh ting dung cla cic
phuong phdp sai phan hitu han trong mdi vin dé, néu dudc cic két qua tuy thudc vao tinh 6n
dinh va tinh hoi tu.

Mot phuong trinh dao ham riéng bac hai c6 dang

0%u 0%u J*u ou ou

dugc goi 1a bai todn Parabolic néu nhu ma tran
a b
-
thoéa mén diéu kién det (M) = ac — b* = 0.

Tu phuong trinh trénZ ta c6 thé viét ra dang don giah} nhét ctia PDEs trong bai toan Parabolic
cua khong gian 1 chiéu, con goi la phuong trinh truyén nhiét:

ou 0?u

ot~ "ox2
trong do

0<z<L,

0<t<T,

xr =1Ax,

t = jAt,

i =

j =

—_

7n7

—_

, M.

Véi
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e L: B0 dai cho trudc.
e T: Thoi gian cho trudc.
e Ax: Budc do dai.

e At: Budc thoi gian.

Ching ta c6 hai diéu kién bién 1a u (0,t) =bvau (L,t) = c.

T

At=Kk

£

Xx=0  Ax

2.2. Phuadng phap tuong minh (Explicit method)

2.2.1. Phuong phap tudng minh sit dung cong thirc

Xét phuong trinh
ou a82u
ot 0x?
Chiing ta s& bt dau véi dinh ly Taylor theo bién & trong cong thiic téng quat

n (k) (n+1)
f(l‘+h,y): E %hk_}_f(?(f)"y)hn—i—l
k=0 ' !

v6i & € (z,7 + h). Do d6, ham s f c6 dang
1
flx+hy)=f(z,y)+hfs(z,y)+ §h2f" & y)
c6 thé dua vé dang

o) = 3 [f (a4 o) = £ (o)) = A" (6.9)

S
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hoic x4p xi thanh

Tuong tu, ta ciing c6 cac két qua sau

Fe=hy) = o) = hfe(y) + 50 fue (2,9) = W0 (0
va . .

@+ hy) = f(@y) +hfe (2,y) + 5 e (2,9) + 5027 ().

Cong tiing vé cc dang thiic, ta c6 biéu thic clia f,, (z,y) 1a

foo (5,) = 5 [ (& + o) = 2f (,9) + 1 (& = )]

Tiép theo, ta c6 phuong trinh dao ham riéng vé6i s6 budc do dai h trong khong gian va gid tri k
theo thdi gian la

um(x,t):%:%[u(m—i—h,t)—2u(x,t)+u(x—h,t)]
v oule,t) 1
U = at’ :E[u(:t,t+k)—u(x,t)].
Suy ra
%[u(az—i—h,t)—2u(a:,t)—|—u(:1:—h,t)]:%[u(x,t—l—k)—u(:c,t)] ()

v6i cac diéu kién

o qg=1.
e h1a do dai ciia mdi budc khong gian (space steps).

e kla gia tri ciia moi budc thoi gian (time steps).

Hinh minh hoa bén dudi biéu dién bén di€ém cta phuong trinh (1) & trén

(x, 1+ k)

-

(x —h, 1) (x, 1) (x+ h1)

58



Tap chi Epsilon, S6 11, 10/2016

Phuong trinh (1) con c6 thé viét thanh dang

u(z,t+k)=cu(x+ht)+ (1 —20)u(x,t)+ou(x—h,t) )
trong d6 o = %
Chung ta c6 diéu kién 6n dinh cho bai toan dang Parabolic 1: o = % < %
Chiing ta st dung phuong trinh (1) v6i bon di€ém nhu sau:
(x, 1+ k)
L4
i
|
|
|
|
|
. 4 .
(x—ht) (x. 1) (x+ h 1)
u(z,t+k)=cu(x+ht)+ (1 —20)u(x,t)+ou(x—h,t).
Biing cich viét u/ = [ug;, U1, Usj, - . ., Un;]" thi phuong trinh (2) c6 thé dua vé dang véi cac gid

tri ¢, 7 cho ham u nhu sau:
Uiji1 = 0 Uit1j + (1 — 20) u;j + 0 w1 5.

trong d6 u (x;,t;) = w;; = u (idw, jdt) vai=1,... ,n;j=1,...,m.

Bay gi¢ chiing ta sé viét phuong trinh (2) thanh dang ma tran la:

Wt = Al
trong do
[ 1 — 20 o 0 0
o 1—-20 o
0 o 1—-20
: o
A=
o
1— 20 o 0
: o 1—-20 o
| 0 0 o 1—20 |
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2.2.3. Phuong trinh truyén nhiét: bai todn miu va lap trinh tinh toan

Xét hé sau
2 u(z t):—u(x t)
U(O) ( t)=0

u(z,0) =sinmx
trong d6 0 < 2 < 1,0 < ¢ < 1. Chiing ta dugc phuong trinh vi phan véi cac tham s6 h, k 1a

r+h,t)—2u(z,t)+u(z+h,t)] =

wIH

h2[ u( [u(z,t+ k) —u(x,t)]
sSu(r,t+k)=cu(x+ht)+ (1 —20)u(x,t)+0ou(zr—h,t)

Diéu kién on dinh & day 1a 0 = % < %
w1+ k)
L 4
|
|
|
|
|
|
[ & .
(x —h, 1) (x, 1) (x+h 1)

2.2.4. Vi du va Iap trinh tinh toan

Xét vi du sau

WU(.’L’,ZS) = %u($7t>
u(0,t) =u(l,t) =0
u(x,0) = sinmx

Chon L =1,T=025,h=dr==5; k=d=_=5%

trong do

n, 12 s6 budc thoi gian.

n, 1a sb buée do dai.

dt 1a gia tri ctia budc mdi thai gian.

dx 1a do dai ctia mdi buée khong gian.
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Chiing ta sé 4p dung cong thifc tudng minh d€ gidi phuong trinh truyén nhiét béi
Sk _dt
h?  da?’
Nghiém gan diing dudc tinh bsi cong thiic
u(x,t+k)=cu(x+ht)+(1—20)u(x,t)+0ou(x—ht).
Trong khi d6, nghiém chinh xéac la

2 .
Uegact (T,1) = €™ 'sinma.

Tiép theo 1a 14p trinh tinh todn (xem thém phan Phu luc bén du6i).

Chung ta c6 két qua ctia nghiém gan ding bdi phuong phap tudng minh va nghiém chinh xic
tai T = 0.25 trong do thi sau.

Theo cach hinh hoc, ching ta s& vé dd thi clia cdc nghiém véi cac gid tri c6 dinh cla k = n% = 2%0
va cdc gid tri khdc nhau clia h = = v6i n, = 4,8, 16, 32 roi sau d6 biéu dién ching trén cing
mot mit phang hai chiéu, ta c6

The explicit method & the exact solution for h=1/4, at T=0.25
0.1 T T T T T T T T T

Explicit method
0.09 Exact solution

0.08r .

0.07 .

0.06 - .

0.06F .

temperature

0.04 - .

0.03r .

0.02r .

0.01r .
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temperature

temperature
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The explicit method & the exact solution for h=1/8, at T=0.25

Explicit method
Exact solution

0 0.1 0z 03 04 05 06 07 08 039 1

The explicit method & the exact solution for h=1/16, at T=0.25

Explicit method
Exact solution
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The explicit method & the exact solution for h=1/32, at T=0.25
U.Ug T T T T T T T T T

Explicit method
Exact solution

0.08

0.07

0.06

0.05

0.04

temperature
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0.01

U | | | 1 | | | | |

0 0.1 02 03 04 05 068 07 08 039 1

Do thi clia nghiém gan ding béi phuong phdp tudng minh va nghiém chinh x4c véi h = % v6i
n, =4,8,16,32vaT = 0.25

Temperature within the explicit method method at T=0.25

-
(mn) —
oo oo oo

=
o
4

Ternperature

time 0 0 .
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Minh hoa ctia nghiém gan diing bdi phuong phép tudng minh trong khong gian 3 chiéu

Temperature within the exact solutions for h=1,/32 at T=0.25

Temperature

0.2 \,

0.4

0.2

0.1 0
tirme 0 0 .

Minh hoa ctia nghiém chinh xac trong khong gian 3 chiéu

Dua vao phuong trinh 1, ta bién ddi lai nhu sau

Lt ht) — 2u(at) 4 u (e — ht)] =

3 [u(x,t) —u(x,t—k)],

1
k
trong dor =2+s, s= h—; Tiép theo, ta viét n6 dudi dang

—u(x —h,t)+ru(x,t) —u(z+ht)=su(z,t—k).

Do d6, ta ky hiéu thanh su; ;1 = —u;_1; + ru; j — u;11,;. Bon di€m biéu dién cla cong thic
nhu hinh bén duéi

64



Tap chi Epsilon, S6 11, 10/2016

(x — h, 1) (x, 1) (x + h, 1)
- ———————————— p————————————— .
|
|
|
¢
(x, 1 — k)

fr -1 0 ) : 07 [ wy | [ b, ]
-1 r» =1 0 O . Uy by
0o -1 r . 0 . us | | bs
0o - . —1 0 : :

. 0 0 —1 r —1 Up—2 bn—Q

| 0 ) i 0 -1 r | [Yn-1] _bn—l_

Phuong trinh c6 thé viét thanh dang don gian nhu dudi day

bj:MUj
trong do
(s -1 0.]
-1 r -1
-1 r
M =
-1
-1 r -1
0 -1 7]
Xét vi du sau day
Lou(r,t) = 2u(w,t)
uw(0,t) =u(l,t) =
u(z,0) =sinmx

Chon céac tham so
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L=1,T =025
L 1
h=dr=—=—;
nx 24
T 1
k=dt = — = —
nT 210’

Ny = 24 ng = 210

trong do

e n, 12 56 bude thdi gian.
e 1, 12 56 budc khong gian.
e dt 1a gia tri cia mdi budc thoi gian.

e dx 1a do dai ctia moi bude khong gian.

Ta 4p dung phuong phap sai phan hitu han d€ gidi phuong trinh truyén nhiét

h2
:2 = —
T + 5,8 i

by =su(x,t —k),—u(x—h,t)+ru(z,t) —u(x+ht)=su(z,t—k).

Chung ta c6 két qua ctia nghiém gan ding bdi phuong phap Crank-Nicolson va nghiém chinh
x4c v6i T = 0.25 trong dd thi minh hoa.

Nghiém chinh xac la
2
Uegact (7,1) = €™ 'sinwa.

Theo cach hinh hoc, chung ta s€ vé do thi cua nghiém véi cac gia tri co dinh k = n% = 2% va

cac gia tri khac nhau cua h = ni v6i n, = 4,8, 16,32 va md ta trong cac hinh minh hQa sau
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The Crank-Micolson method & the exact solution for h=1/4, at T=0.25
0.1 T T T T T T T T T

Exact solution
0.09 Crank-Micolson method [7

0.08 .

0.07 .

0.06 .

0.05F .

temperature

0.04 - .

0.03r .

0.02 .

0.01r .

U | | | | 1 | | | |
0 0.1 02 03 04 05 06 07 08 08 1

X
The Crank-Micolson method & the exact solution for h=1/8, at T=0.25
U.UB T T T T T T T T T
Exact solution
Crank-Micolson method

0.08
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0.06

0.05

0.04

temperature
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0.02

0.01
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The Crank-Micolson method & the exact solution for h=1/16, at T=0.25
U.ug T T T T T T T T T

Exact solution
Crank-Micolson method

0.08

0.07

0.06

0.05

0.04

temperature

0.03

0.02

0.01

U 1 | | | |
0 0.1 02 03 04 05

The Crank-Micolson method & the exact solution for h=1/32, at T=0.25
U.U& T T T T T T T T T

Exact solution
Crank-Micolson method

0.08

0.07

0.06

0.05

0.04

temperature

0.03

0.02

0.01

Minh hoa cho nghiém gan diing bdi phuong phap Crank-Nicolson tif cdc gia tri khac nhau cia
h va nghiém chinh xéc.
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Ternperature within the Crank-Micolson method for h=1/32, at T=0.25

Temperature

n.z2
0.1

time 0 0

0.2

H

Minh hoa ctia nghiém gan diing b3i phuong phap Crank-Nicolson trong khong gian 3 chiéu.

Temperature within the exact solutions far h=1/32 at T=0.25

=
(m] —
B S

=
o
L

Temperature

0.2
0.1

tirme 0 0

0.2

H

Minh hoa ctia nghiém chinh xac trong khong gian 3 chiéu.
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Ta s€ so sanh gitta nghiém chinh xac, nghiém cho bdi phudng phap tuéng minh va phuong phap.
Crank-Nicolson

Xét vi du sau

u(0,t) =u(l,t) =
u(z,0) =sinmx

Nghiém chinh xac la

2¢ . .
Uezaer (2,1) = e 'sinmz, tai T = 0.25.
Céc diéu kién bién ban dau la:
u(z,0) =sinmz
0
0
Chiing ta sé diing chuin vo han (infinity norm) dé tim c4c sai s6 ctia nghiém:

Huexact - uhHOO S C - he

Huexact - UhHOO = Ofgj?’gl |(u - uh) (xj)|

trong do

® Ucyqaet - 1a nghiém chinh xéac.
e uy, : 1a cdc nghiém gan diing.

e « :1a dd hdi tu cua nghiém.
Sai s6 giita nghiém gan ding va nghiém chinh x4c ctia phuong phép sai phan hitu han

e = ||[tepact — uhHoo = OIEJ?E% [(u — ) (z5)] -
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Tir viéc tim ra cdc sai sOt ciia nghiém, ta ¢ thé tim ra do hoi tu ctia nghiém (aw: ) bdi cong thiic.

Qog 1 QAgyi
= = T =
€o(i+1) hQ(H—l) 5iFT
€oi
i = logy .
€o(i+1)

V6i 1 = 2, ta c6 cong thic nhu sau:

€4 h4 a4 1/4 a4 €y
D — [ 2= — 9o -1 -4
es (h8> (1/8> T s (68) ’

Tong quat, ta c6

trong do

® ey, 1 = 1,n:1asai soO gitta cac nghiém gan ding va nghiém chinh xac.

® (i :1a dd hdi tu cia cac nghiém.

Chiing ta c6 bang céc gid tri hoi tu ctia cic nghiém gan ding va nghiém chinh x4c tif hai phuong
phap trén la:

M The errors of the The order of the | The errors of the The order of
explicit method and | explicit and exact | CN method and the CN method
the exact solution solution the exact solution and the exact

solution

4 1.0978e-02 0 0

8 2.4678e-03 a, = 2.1533 8.1877e-08 a, = 1.9746

16 4.2216e-04 g = 2.5474 2.0728e-08 ag = 1.9819

3z 8.4166e-05 g = 2.3265 5.3673e-09 e, = 1.9493

64 1.5224e-09 ., = 1.8178

trong do:

e The errors of the explicit method and the exact solution: cdc sai sd clia cc nghiém theo
phuong phap tuong minh va nghi€m chinh xac.
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e The order of the explicit and exact solution: P hoi tu ciia cac nghiém theo phuong phap
tuong minh va nghiém chinh xac.

e The errors of the CN method and the exact solution: cdc sai s cia clia cic nghiém theo
phuong phap Crank-Nicolson va nghiém chinh xac.

e The order of the CN method and the exact solution: D6 hdi tu cia cac nghiém theo phuong
phéap Crank-Nicolson va nghiém chinh xac.

Trong phan nay, chiing ta da trinh bay phuong phdp sai phan hitu han cho PDEs trong Parabolic
v6i dang don gidn nhét, d6 1a phuong trinh truyén nhiét.

Bing céch tinh todn va biéu dién bang dd thi theo cac gid tri ctia h va k, ching ta da thay dudc
céc gia tri khac nhau ciing nhu cdc do thi khac nhau ctia ham u. Piéu nay ching té d6 dn dinh
va do hdi tu ctia nghiém. Hon nita, ching ta cling ¢6 thé€ 4p dung mot dang khéc clia phuong
phdp sai phan hitu han, d6 1a phuong phap Crank- Nicolson dé bi€u dién tinh &n dinh va tinh
hoi tu ctia nghiém (do tinh 6n dinh ctia phuong phép), va do do chiing ta c6 thé st dung céc gid
tri 16n cua k.

Phan nay con biéu dién cdc sai s6 clia nghiém gan ding va nghiém chinh xac trong hai phuong
phdp (tudng minh va Crank-Nicolson) bing cic gia tri khac nhau cta h va véi gia tri cb dinh
ctia k. Piéu nay ciing thé hién dudc tinh x4p xi clia nghiém gan ding.

Xét vé mit giai tich, ching ta khong thé biét dugc nghiém chinh x4c ciia hai phuong phép sai
phan hitu han & trén, qu4 trinh hoi tu trong bang trén cho biét sai s6 va do hoi tu clia cac nghiém
trong hai phuong phap, mic du hai phuong phap nay cho cic két qua khiac nhau nhung chiing
ludn hoi tu vé nghiém chinh x4c.

Xét vé mit hinh hoc, chiing ta biéu dién két qua ctia ba nghiém bao gdm nghiém gan ding cia
phuong phdp tudng minh, phuong phap Crank-Nicolson va nghiém chinh x4c trén cling mot dd
thi v6i cac gid tri khic clia h. trong khong gian 2 chiéu. Trong khong gian ba chiéu, chiing ta
da biéu dién dugc hai do thi trong mdi phuong phap va chiing cho ta thiy rd dang diéu ctia hinh
4nh cdc do thi ctia cic nghiém.

Phuong trinh truyén nhiét dugc st dung trong viéc md phdng céc hién tugng vat 1y va né ciing
thudng dung trong toan tai chinh d&€ mé hinh héa cac su lya chon. Mot ting dung néi tiéng ctia né
1a phuong trinh vi phan ctia mo hinh dinh gia Black—Scholes. Hon thé nita, phuong trinh PDE
Parabolic c¢6 nhiéu ting dung trong phuong trinh Diffusion, chuyén dong Brownian, phuong
trinh Schrodinger, v.v.
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5. Phu luc

5.1. Chuong trinh MATLAB 1: Phudng phap tuong minh va nghiém
chinh xac

function fdm_para (L, T,nT,nx)

Matlab Program 1 : The explicit method and the exact solution
L =1.; % Length of space
T = 0.25; % Length of time
Parameters needed to solve the equation within the explicit method
%$Choose nT= 2710. Number of time steps
dt = T/nT; %dt = 27 (-10);

o° o o o

gnx = 274; %Choose nx= 274. Number of space steps
dx = L/nx; %Change with dx = h = 1/4,1/8,
s = (dx"2)/dt;

r =2+ s;

sigma = dt/ (dx"2) %Stability parameter (sigma = <1/2)
%$Initial temperature of the wire:

%$initilalize u

u = zeros (nx+1,nT+1);
u2 = zeros (nx+1,nT+1);
X = zeros (nx+1,1);
b = zeros (nx+1,1);
time = zeros (nT+1,1);
for 1 = 1l:nx+1
x (1) = (i-1)*dx;
u(i,l) = u0(x(1));
end

o

% Temperature at the boundary (t=0)
for k = 1:nT+1

u(l,k) = 0;

u(nx+1l,k) = 0.;

time (k) = (k-1)*dt;

end

% Implementation of Finite Difference method by matrix form
= zeros (nx-1,nx-1);

(1,1) = 1-2*sigma;
(1,2)

(nx-1,nx-2) = sigma;

A
A
A sigma;
A

A(nx-1,nx-1) = 1-2*sigma;

for 1 = 2:nx-2 % Matrix form
A(i,i1) = 1-2*sigma;
A(i,i+1l) = sigma;
A(i,i-1)

end

= sigma;
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for k = 1:nT %$Time Loop
u(2:nx,k+1l) = A*u(2:nx,k);
end

$Implementation of the exact equation
for 1 = 1l:nx+1
for k=1:nT+1
u2((i,k) = exact_u(x(i),time(k));
end
end

%$Graphical representation of the temperature at different selected
times

% Plot explicit method in 2D
plot (x,u(:,nT),’-k’,’MarkerFaceColor’,’k’”); hold on

%$Plot the exact solution in 2D
plot (x,u2(:,nT),’ -b’", " MarkerFaceColor’,’b’); hold on

xlabel ('x")

ylabel (' temperature’)

legend ({"Explicit method’ ’Exact solution’ },’location’,’NE’);

title (' The explicitmethod & the exact solution for h=1/32, at
T=0.25")

hold off

(
(

% Plot explicit method in 3D

figure

mesh (x,time,u’)

title (' Temperature within the explicit method for h=1/32,at T=0.25")
xlabel ("x")

ylabel (" time’)

zlabel (' Temperature’)

$Plot the exact solution in 3D

figure

mesh (x,time,u2’)

title (' Temperature within the exact solutions for h=1/32,at T=0.25")
xlabel (" x")

ylabel (" time’)

zlabel (' Temperature’)

Nghiém chinh xac

function u2 = exact_u(x,t)
u2 = exp(—(pi”2)*t) *sin(pi*x);
end
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Trong d6, ching ta st dung chuong trinh con d€ tinh :

function u = ul (x)

% Initial condition
u = sin(pi*x);

5.2. Chuadng trinh MATLAB 2: Phuaong phap Crank-Nicolson va nghiém
chinh xac

function cn_para(L,T,nT, nx)

%$Matlab Program 2 : The Crank-Nicolson method and the exact solutions
%L = 1.; % Length of the wire
ST = 0.25; % Final time
% Parameters needed to solve the equation
%$Choose nT= 2710. Number of time steps

dt = T/nT; %dt = 2~(-10); nT is fixed 2710
snx = 274; %Choose nx= 274. Number of space steps
dx = L/nx; %Change with dx =h = 1/4,1/8,

(dx"2) /dt;
= 2 + s;
Initial temperature of the wire
Initilalize u

\©

NI O)] o ©

o oo

c

= zeros (nx+1,nT+1);
u2 = zeros (nx+1,nT+1);
X = zeros (nx+1,1);

b = zeros (nx+1,1);
time = zeros (nT+1,1);
for 1 = 1l:nx+1

x (1) = (i-1)*dx;
u(i,1) = uld(x(i));

end
%$Temperature at the boundary (t=0)
for k = 1:nT+1

u(l,k) = 0;

u(nx+1l,k) = 0.;

time (k) = (k-1)*dt;

end
$Implementation of the exact equation
for i = l:nx+1
for k = 1:nT+1
u2(i,k) = exact_u(x(i),time(k));
end
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end

$Implementation of the Crank - Nicolson method by matrix
M = zeros(nx-1,nx-1);

M(1,1) r;

M(1,2) = -1;

M(nx-1,nx-2) = -1;

M(nx-1,nx-1) = r;

for 1 = 2:nx-2
M(i,i) = r;
M(i,i+1) = -1;
M(i,i-1) = -1;

end

for k = 2:nT+1 %$Time Loop

u(2:nx,k) = M\ (s*u(2:nx,k-1));

error?2 = max(abs(u2(2:nx,k) - u(2:nx,k)));
end
disp (error2);

%$Graphical representation of the temperature at different selected
times

figure

%$Plot the exact solution in 2D

plot (x,u2(:,nT),’"-k’","MarkerFaceColor’,"k’); hold on

$Plot Crank -Nicolson method in 2D
plot (x,u(:,nT),’-r’,’"MarkerFaceColor’,"r"); hold off

%$Plot Crank —-Nicolson method in 3D

figure

mesh (x,time,u’)

title (' Temperature within the Crank-Nicolson method for h=1/32,at
T=0.25")

xlabel (' x")

ylabel (" time’)

zlabel (' Temperature’)

$Plot the exact solution in 3D
figure
mesh (x, time,u2’)

title (' Temperature within the exact solutions for h=1/32,at T=0.25")

xlabel ("x")
ylabel ('time’)
zlabel (' Temperature’)

Nghiém chinh xac

function u2 = exact_u(x,t)
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u2 = exp(—(pi”2)*t) *sin (pi*x);

end

Trong do, chung ta st dung chuong trinh con dé tinh

function u = u0 (x)
% Initial condition
u = sin(pi*x);
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PHUONG PHAP GIAI TICH
TRONG CAC BAI TOAN OLYMPIC

Kiéu Pinh Minh
(Truong THPT chuyén Hung Vuong, Phu Tho)

GIOI THIEU

Giai tich 12 mot nganh toan hoc rong 16n va c6 nhiéu ting dung manh mé. Trong chuong
trinh trung hoc phd thong chiing ta méi chi 1am quen v6i phan mé dau ctia gidi tich thuc.
Tuy nhién viéc vin dung mot sb kién thiic it 6i d6 vao giai cac bai toan thi Olympic cling
that thd vi va hiéu qua. Trong bai viét ny ching tdi chii yéu tap trung khai thac dinh
nghia ctia gi6i han diy, gidi han ham trong viéc giai quyét cic bai toan vé diy sd va sd
hoc. Céc bai todn ting dung dao ham da qud quen thudc, cdc bai todn vé phuong trinh
ham, da thitc, bit ddng thiic ciing da dudc néu nhiéu trong cic tai liéu ma vi thé khong
dudc nhac lai & day.

Vi du 1. Cho ddy sé (ay) , (b,) xdc dinh bdi
ay, =ln(2n2—|—1)—ln(n2—|—n+1),n: 1,2,...

bn=1n(2n2-|—1)+1n(n2+n—|—1),n=1,2,...

a) Chitng minh rdng chi cé hitu han sé n sao cho {a,} < %

- . v A . A A 1
b) Chiing minh rang ton tai vé han so n sao cho {b,} < 076"

Loi gidi. a) D& thiy 1 < -22HL < 2.¥n = 1,2,... Tudésuyra0 < a, < In2 < 1 va

[a,] = 0. V6i két qua ndy, ta c6 {a,} = a, va

2n? + 1
lim{a,} = lima, = limln2n—+ = In2.
n?+n+1

Do d6 ton tai ng € N* d€ {a,} > In2— 5. ¥n > ny. By gid néu ¢6 vo han sé n dé {a,} < 3,

ta chon n, > ny 12 mot trong cac s6 d6. Khi d6, theo cac ly ludn & trén, ta c6
1

1 1
S g, >In2— —— = —— >In2—
3 >t} >1In2 =150 = 155 > 23
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Mau thuin nay cho ta két qui can chiing minh.
b) Dé thiy (b,,) ting va lim b, = +o0o. Ngoai ra ta ciing c6

(2n2 +1) (> +n + 1) _
Qn2—4n+3)(n2—n+1)

lim (b, — by,—1) = limIn

Trd lai béli toan, gid sit ton tai hitu han n d€ {b,} < 55=. Khi do, ta thdy ton tai no € N* d€
{bp} > 2016, véi moi n > ny.

Do lim (b, — bp—1) = 0 nén ton tai n; € N* di 16n d€ b, — by—y < 53z, Vi moi n > ny. Vi
(b,) ting va dan vé vo han nén ta thiy ton tai vo sd cac sdn > max {ng,n,} d& [b,]—[bn_1] = 1.

Xét cac s& n nhu thé, tir bit dang thic & trén, ta suy ra

[bn] - [bn—l] + {bn} {bn 1} < o 2016

hay {b,—1} > {bn} + %g}g Do {b,} > 2016,nen {b,_1} > 1. Mau thuin nhin dugc cho ta diéu

phai chiing minh. 0

Nhan xét. Bai toan trén thé hién su van dung sau sic dinh nghia ctia gidi han diy. Mau chét cta
y b) la phat hién ra gi6i han dang liril (aby, — bp_1) , gi6i han ndy con gip nhiéu trong cic
n—T+oo

bai toan khac.

Vidu 2. GidsitO <o <2vaay,a,...,laddy cdc sé thiuc duong théa mdn
dp = ap-1 +apo + - +ay,Vn = 2.

Chitng minh r&ng c6 mét s thuc ¢ sao cho a, > nc,¥n > 1.

Li gidi. Tacod ay > al’®. ¥n >2.Dodéa® > (n—2)al’™ +ay,¥n > 2. Viy a, — +00.
Do dé, ton tai ng sao cho a, = 1,VYn > nyg.

Layc =min {1 a;, %, ... %21 Xétbit ding thic
a, =>cn, Yn > 1. @))

RO rang (1) ding v6i moi n < ng. Xétn > no Gia su (1) ding v6i moi k < n. Ta chiing minh

(1) ciing ding cho k = n + 1. That vay do 0 ED +1) > > ¢, cho nén

nn+1)

—
2

Suyraa,+; > (n+1)c. O

2 2 2
Uy 2 Gyyq 2 0n+ o Far 2 > (n+ 1)c”.

Vidu 3. Choag < a, <a, < --- la mot ddy vé han sé nguyén duong. Chitng minh rdng tén
tai duy nhdt n > 1 sao cho
ap+ay+az+---+ay

an < n < An+1.

Néu bé gid thiét nguyén duong thi két qud con diing nita khong ?
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n
Loi giai. Xétday x, = na, — >_ a;. Tacd
i=0
Xo = X1 = —do,

Xn+1 = Xp =N (Ap+1 —an) >0,

z “ nn-—1
xn=—ao+Z(an—ai)>—ao+Z(n—i)=¥—ao—>+oo.

Do d6 ton tai duy nhit n théa man x, < 0 < x,4;, suy ra diéu phdi chiing minh. Néu bo gia
thiét nguyén duong thi k&t qua khong con ding nita, chang han a, = 2 — zin U

Nhan xét. Ta chi ¥ ring ddy s6 mot ham s dic biét. Trong bai todn trén ta da st dung dinh ly
gia tri trung gian d€ c6 khang dinh diéu can chiing minh.

Vidu 4. Choa € R, |a| < 1. Tim tdt cd cdc ddy sé thuc (x,), n = 1,2, ... théa mdan cdc diéu
kién sau

a) |x,| < 1.

b) xn =3 (x24, +a?).

Loi gidi. Vi |Xnt1] < 1 nén theo b) tacé |x,| < 5. Pit f = “51. Do Ja| < 1nén B < 1,
suy ra |x,| < . Matkhac véimoin > 1, taco

2 2 2 2
Xnpp + A7 Xpyy +a Xn+2 + Xn+1

|Xnt1 — Xn| = 2 2 = |Xn+2 — Xn41] 2
| Xn+2] |Xn+1]
< |Xnt2 — Xp41] ( n2 + n2

< B lxn+2 — Xnt1l -
Bing quy nap theo k, ta c6 v6i moi k € N thi
Xns1 — Xn| < B [Xngkr1 — Xngk) < B (Xngkra| + [Xnsl) < B*-28 =25+

Vi0 < B < 1nénchok — 400 thi 281 — 0. Viy ta c6 | X411 — X,| = Osuyra x,1; = x,.
Thay vao diéu kién b) ta c6

x2 4 a2
b= D o,
2
& x2—2x, +a*=0.
Do |x,| < 1,nénx, =1—+1—a?. N

Nhan xét. Bai todn tinh t& & chd khi cho k& — o0 thi v6i mdi n ¢b dinh ta khing dinh dugc
|Xn4+1 — Xn| =0 suyrax,4q = x,,Vn > 1.

Vi du 5. Xét ddy so thuc vo han x1, X2, ..., Xp, ... théa mdan diéu kién

|Xman — Xm — Xn| < ,Vm,n € N*.
n
Chitng minh rang day nay la mét cdp sé cong.
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L&i gidi. Theo gia thiét ta c6

|(Xn+1 — Xn) — (Xk+1 — Xk)| = |(Xntk+1 — Xn — Xk+1) — Xntk+1 — Xn+1 — Xk)|
< Xngka1 — Xn — Xet1| + [Xnakr1 — Xnr1 — Xk
2
< ——— Vk,n e N*.
n+k-+1
Suy ra

|(Xnt1 = Xn) — k1 — Xi)| < |1 — Xn) — (Kma1 — X)) | + [(mg1 — Xm) — (X1 — Xk)|

2 2 4 )
< + < —,Vm e N",
m+n+1 mi+k+1 m

Do lim % =0nén
m——+oo M

|(xXp+1 — Xn) — (Xk+1 — xx)| = 0, Vk,n € N*,
suy ra
Xpni1— Xp = Xk+1 — Xk, Vk,n € N*,
VAY X1, X2, ..., Xn,...12 mdt cAp sb cong. ]
Nhan xét. Tir bat dang thiic

[(Xnr1 — Xn) — (k1 — Xi)| < [(Xna1 = Xn) — g1 — X)) + [ (X1 — Xm) — (X1 — Xi) |

2 4
< + < —,Vm e N*,
m+n+1 m+k+1 m
C6 dinh k 16i cho n — +o0 ta dudc day sd (x,4+1 — X,) c6 gidi han 13 x; ;1 — xi. Nhung k 14
s6 bat ky, ma gi6i han ctia ddy s6 néu ton tai thi duy nhit nén hiéu x;; — xz khong phu thudc
vao k. N6i cach khic diy da cho 1a mot cap sb cong.

Vi du 6. Chitng minh rang khéng ton tai diy vo han cdc sé thuc (x,), n = 1,2, ... théa man
dong thoi cdc diéu kién sau:

a) |x,| <0, 666.

b) |xp — xm| = Vm,n € N*, m # n.

1 1
n(n+1) + m(m+1)°
Li giai. Gia st ton tai ddy (x,) thda man dé bai. Véi moin € N* tasap xép x1, X2, . . ., X, thanh
day khong giam x;, < x;, < --- < x;, 6d6 (i1,12,...,i,) lamot hoan vi cua (1,2, ...,n). Dat
A =0, 666, taco

24 = xi, — xiy = (Xi, = Xip_y) + (X — X4y ) + o0+ (X0, — X))

1 1 1
o [in Gt D in G+ 1)] e [iz Gt D it 1)]
" 1 1 1
:zzi(z‘H)_in(in+1)_i1(i1+1)

i=1

" 1 1 1
>2y ——
;i(i—i-l) 2 6
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Chon — 4oothi § — 25 — $ma 3 > 1,332 = 24. Diéu mau thuin nay chiing t6 khong

ton tai day vo han sd thuc (x,) théa man cic diéu kién ctia dé bai. O
Vidu 7. Cho dady s6 (x,) théa man | Xy — Xpm| > ~,¥m,n € N*,n < m. Chiing minh rdng day
(xy) khong bi chan.

L&i giai. Ta chiing minh bang phan chiing. Gia st ton tai s6 duong M sao cho |x,| < M vé6i

moi n € N*. Xét khoang
1 1
=\-M--M+ =),
= (-p = 50+ 5)

chifa tit ca cac s6 hang cta x,,.

V6i mdi x,, ta xét 0, = (X4 — 5=, Xn + 5-) 12 5~ - 1an can ciia x,. Cic 0, doi mot khong giao
nhau va cuing 12 tip con clia (%) nén tong cac do dai cta chiing khong 16n hon 2M + 1 1a d6 dai
ctia (*). Mt khéc tong cdc do dai cha chinglal+ 4 4+ 2 4+---+ 1 +--- > +oo. Picu vo ly
nay ching té rang day (x,) 1a khong bi chin. ]

Trudc hét, ta nhic lai tinh chit quen thudc va quan trong sau: Néu ddy sé nguyén (a,) hoi tu vé
a thi ton tai ny sao cho vdi moin > ng thi a, = a.

That vay, hién nhién a € Z. Theo gia thiét lim a, = a,tasuyra
n—+oo

1
dng : |la, —a| <§,Vn>n0:> lan —a| =0,Vn >ng = a, = a,Vn > ny.

Vi du 8. Cho ddy sé nguyén (a,), n =0,1,2,... théa mdn
0<a,+7a,41+ 10a,4, <09.
Chitng minh rang ton tai so tw nhién ng sao cho vdi moi n > ng thi a, = 0.
Loi giai. Pat xp = min{ag, agy1,...}, yx = max{ag,agy1,...} thi (xg) la day tang, (yx) la

day giam va xx < yg, Vk. Day (a,) bi chan nén hai day (x¢), (yx) ciing bi chan. Do d6 ca hai
ddy nay déu hoi tu.

Gia st limx, = x, limy, = y. Do xx, yx € Z nén ton tai ny sao cho véi moi n > ny thi
X, =X, y, = y. Tontai n > ng sao cho

Apniz =Y, Ay, an+1 = X = 8x + 10y < O. 2)

Tuong tu, ton tai m > ng sao cho

Amiz = X, Am,adm+1 <y = 10x + 8y > 0. 3)
Tu (2), 3)vax,y €e Zsuyrax =y = 0. Do do liril a, = 0. ]
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Vi du 9. Cho a va b la cdc sé nguyén sao cho a - 2" + b la mét sé chinh phuong véi moi sé
nguyén duong n. Chitng minh rding a = 0.

Loi giai. Gid stranga # 0. Thé thia > 0, vi nguoc lai a < 0 thi véi n 1iy cic gid tri 16n sb
a-2" 4+ blaam.

Tir gia thiét, ton tai mot ddy s6 nguyén duong (x,) n>1 830 cho x, = +/a - 2" + b, Vn. Tinh toén
truc tiép chi ra ring

lim (2Xn — Xn+2) = 0.
n—+oo

Suy ra ton tai s6 nguyén duong 19 sao cho 2x, = x,12, Vn > ny. Nhung 2x, = x,4, 1a tuong
duong v6i b = 0. Khi d6 a va 2a déu 1a cic sd chinh phuong, diéu nay 1a khong thé véi a # 0.
Viy gia st cua ta la sai, do d6a = 0. [

Nhan xét. Pay 1a bai todn hay va rat khé. Mot 1an nita ta thAy mAu chét 1a phat hién ra gidi han
dang lim (ab, —b,—1).
n——+o00

Vidu 10. Cho A, B, C la 3 sé nguyén sao cho véi moi s nguyénn, thi f (n) = An*+ Bn+C
la binh phwong ciia mot s6 nguyén. Chiing té rang ton tai hai sé nguyén a, b sao cho

f(n) = (an + b)*,Vn € Z.

L&i gidi. Néu A = 0, thi £ (n) = Bn + C chi 1a binh phuong ctia mot s nguyén, véi moi
neZ,khiB=0vaC =c?,ceZ.

Xét A # 0. Khi d6 ta phdi c6 A > 0, vinéu n di 16n thi f (n) cung d4u vé6i A. V6i mbin € Z,
dit An®> + Bn + C = M?, v6i M,, 1a mot s6 nguyén ducng khi n dd 16n. Hién nhién

M
lim —2 = VA.

n—+o0 n
Ta co

(Mn+l - Mn) (Mn—H + Mn) = an—i-l - M2

n
=[An+1)>+ B +1)+ C]— (An* + Bn + C)
—2An+ A + B.

Suy ra
24n+ A+ B 24+ 4E2
Mn+1 - Mn = == .
M, 1 + M, Myt1+ My

n

Thanh thi ta duge lim (M, — M,) = ~/A. Nhung M, 1 — M, chi nhin nhiing gia tri

n——+o0o

nguyén. Suy ra +/A = a 1a mot s6 nguyén duong va véi n di 16n ta c6

Muyy1— My =a = Myy1 =M, +a= M}, =M +2aM, +a’
= 2aM, +a* = M2, — M? =2a’n+a*>+ B
= 2aM, = 2a’n + B.
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Nhu vady B chia hét cho 2a, tiic B = 2ab, suy ra M,, = an + b, hay
2 2 2

An“+ Bn+ C = M, = (an + b)".
Tuy ring ta c6 hé thiic nay véi n dd 16n, nhung theo tinh chét clia cdc da thiic, ta thiy n6 ding
v6i moi s6 nguyén 7. [
Tiép theo, ta dén v6i thi du sau tdng quat hon thi du trén.
Vidu 11. Chou,v,a,b,c € N* théa mdn u? < v va ddy sé (x,) xdc dinh béi

X, = au” + bv" + c.

Chitng minh rang ddy (x,) c¢o vo s6 s6 hang khong la sé chinh phiong.
L&i gidi. Gia st phan ching. Ton tai ny € N sao cho véi moi n > ng, ton tai a, € N* thda min

az =au" 4+ bv" + ¢. Suyra
a2 U\" c
—"za(—) +b+ —.
v v V"

2
Chon—>—|—ooth‘1i—g—>b(viuz<v:>%<1),suyra“—%—>\/E.Tacé
v
a,zl—bv" =au" +c,

& (a,, — x/Ev%) (a,, + \/Zv%) =au" +c,
:>(an—\/5vg>-ﬂza+i.

u u”

Vi % > 1 cho nén
u
n 2 ( an n
vt V(S EVE) o
im S = i e = i S = i () 2VE = oo

Maa + ;5 — a,khin — +oonénsuyra lim (a,, — \/Ev%) = 0. Suyra

n——+oo

lim (van — «/Evnérz) = 0.

n——+o0o

. . nt2 N < ys
Laido lim (an+2 — by ) =0.Tudd lim (ay4+,—va,) = 0.Maitkhica,,v € N*
n—+00 n—>+o00
nén suy ra ton tai s6 nguyén duong n; sao cho a, 4+, —va, = 0véimoin > ny. Tacod
a’%+2 — aun+2 —l—bv”“ ‘|‘C,
5,2 2.2 _ ono2 n+2 2
maa;,, , = v-a, = au"v" + bv"" + cv”. Suy ra
au"t? 4+ ¢ —auv? — cv? =0,

cv? —c
S au" (U —v?)=cv’—c=>u’ -’ =

T ,Vn > n;.

Chon — +ootaco OJ
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Vi du 12. Gid sit b la mdt s6 nguyén lon hon 5. Vi mbi s6 nguyén dwong n, xét so

duoc viét dudi dang co sé b. Ching minh rdng “ton tai s6 nguyén dwong M sao cho vdi moi sé
nguyén n lén hon M, sé x,, la sé chinh phuong khi va chi khi b = 10"

Loi giai. Gidsdrang b > 6 c6 tinh chét thda man bai toan. Ta c6

Xp =542 +b*+ -+ b") + (" -+ 27T
=54+2b(1+b+--+b")+b" " (1+b+--+b"?)
b + b +3h -5
N b—1 '

Xét diy s6 y, = (b — 1) x,. Tu dinh nghia cta x, ta c6 y, = b?" + b"*! 4+ 3bh — 5. Khi

dé yuyn+1 = (b— l)zx,,xn+1 1a sb chinh phuong v6i moi n > M. Pit z, = /x,. Tu
lim 25— = ltasuyra lim 2 = v/ —1. Hon nifa tit

n—+0o " n—>+o00 “n

(bzp + zns1) (bzp — Zps1) = b>Xp — Xpy1 = b"T? + 362 —2b — 5.

Ta co

. bvb—1
nglfoo (bzn — Zn+1) = T
T z, 1a s6 nguyén véi moin > M, ta cd bz, — zy41 = 2¥2=1 véin di 16n. Do dé b — 1 lasd
chinh phuong va hon nita b chia hét 2z, v6i moi n dd 16n. Diéu nay dan dén b | 10. Do d6 chi
c6 thé b = 10. O

Vi du 13. Ta néi sé nguyén t la sé tam gidc néu t = w vdi s6 nguyén duwong n. Tim tdt cd

cdp sé6 nguyén (a, b) co tinh chdt véi moi s6 nguyén t thi t la sé tam gidc khi va chi khi at + b
la s6 tam gidc.

L&i giai. Pau tién ta c6 nhan xét “s6 nguyén ¢ 1 s6 tam gidc khi va chi khi 8¢ + 1 1a s6 chinh
phuong 1é, 8 + 1 > 9.”

Gia st cip sd nguyén (a, b) thdéa man ¢ 1a s6 tam gidc khi va chi khi at + b 12 sb tam gidc. Ta
sé chiing minh @ = 1, b = 0 nghia 1a ciip s6 nguyén duy nhét théa min tinh chét trén 1a (1,0) .

Tac6é 8 (at +b) + 1 =a (8¢ + 1) + ¢, trong d6 ki hiéu ¢ = 8b + 1 — a. Do d6 tinh chit trén
tuong duong véi: V6i moiu € Z, u = 1 (mod 8), u 14 s6 chinh phuong 1&, u > 9 khi va chi
khi au + ¢ 12 s6 chinh phuong 1é

au+c = 9. 4

Ta thdy ngay a > 0, vi néu a < 0 thi ton tai s6 chinh phuong 18 ¥ > 9 ma au + ¢ < 0, va néu
a = 0,14y u = 9 suy ra c 1a s6 chinh phuong 1, ¢ > 9, khi d6 au + ¢ = ¢ 1a chinh phuong 1&
v6i moi u dan dén tinh chét (4) sai.
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Xétv € N*, v 18, v > 3. Gid sti t,, t,1» € N*, déu 12 s6 nguyén 1é, déu 16n hon 2 va thdéa min

av2+c:tf

5
a(v+2)2+c:t3+2 ©)

Tia >0,tacé lim 1, = lirf fyro = +00. Do d6 lim (lv + ﬁv) = +o00. Nhung

v—>+00 v v—>+00
¢ = (ty + /av) (t, — V/av) . Suy ra
lim (t, — vav) = 0. (6)
v—>+00
Béi vay

UETOO (ty42 —1y) = vEf_il_loo [(lv+2 —Va (v + 2)) - (fv - \/EU) + 2«/5_1] =2a. (7)

Chiy ty4s —t,, v =3,5,7,...1a ddy cdc sd nguyén nén tir (7) suy ra trit mot sd hitu han sd v
thit,12 —t, = 2/a. Hé qua 1a /a € N*. Két hop vdi (6) va nhin xét ring néu t, — \/av # 0
thi |tv — \/Ev‘ > 1l tanhan dugcc = 0. Tiuclab = %, ma theo gia thiét thi » nguyén nén a
1a s6 chinh phuong 18. Nhung néu a > 32 thi (4) saikhiu = 1. Vaya = 1,b = 0. O]

Vi du 14. Cho ay,as,...,ax € RY théa man cé it nhdt mét sé trong chiing khong nguyén.
Chitng minh rang tén tai vé han sé nguyén duong n ma

ged (n, lawn] + |azn| + -+ + [agn]) = 1.
L&i giai. Gid st phan chiing. Khong ton tai vo han s6 nguyén duong n thda min dé bai. Suy ra
ton tai s6 nguyén duong 1o ma v6i moi n > ng thi

ged (n, layn] + lasn]| + -+ + |agn]) > 1.

Cho n = p; 1a sb nguyén tb tuy y, ta c6

laipi] + lazpi] + -+ + lakpi] : pi,
suy ra ton tai s6 nguyén x; dé
lavpi] + lazpi] + -+ + lakpi]l = xipi,

hay
pi(ar+ax+---+ax) = xipi +{aipi} + -+ {akpi},

aipiy +axpiy + - +1arpi
:>a1+a2+---+ak—x,-:{1p} {ZP} {kp}

Di
Vio < {ajp,-} <1,Vj =1,k,suyra
k
0<a1+a2+---+ak—x,~ < —.
Di

Choi — 4oo,tacd lim x; =a; +a,+---+ ax. Ma x; € N*, Vi nén suy ra
i—+4o00

a, +a + -+ ax € N¥,
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va ton tai n; € N* sao cho

ay+az+---+ar =x;, Vi > ny.

Do doé
laipi} +H{azpi}t + -+ +{akpi} = 0,Vi = ny,
= {a1pi} ={axpi} =--- ={akpi} = 0.
Suy ra a; c6 dang %,Vi > ng,b;j € N*. Ma p; 1a s6 nguyén tb nén a;, as, . ..,ar € N*. Didu
nay mau thuin véi gia thiét. ]

Vi du 15. Tim tdt cd cdc don dnh f : N* — N* théa mdn

f(m)+n
I

f(f () < Vn € N*.

L5i gidi. Cb dinha € N*. Dit
G- fo(a) = ag.
———
k
O gia thiét, chon = ug, tacéugrr < M.Dzﬁ A = max {Mgy1, ur}, Br = min{upyq, ug}
thi ugir < w < Ak, suy ra max {ug 11, Ugo) < Ax = Agg1 < A Ma A > 0,Vk
néntontai lim Ax = A.
k——+o00

Néu ton tai v0 sO i sao cho u; 1 = B, thi

I By +u; . By + A;
42 X 2 ~X 2 ’

Bi 1 +A;
hay 4;4+1 < 'HTJF'

Do lim Ay = A nén véi moi e > 0, ton tai N € N sao cho |4y — A| < &,Vk > N. Cho

k—>+o0
i > N,taco 2 ) 2 )
. . . 8
A—e< Ay, < i+1 + i i+1+ A+ ’
2 2
suy ra

24 —2e < Bit1 + A+ e,
= A—3¢<Bjy1 <Aiy1 <A+e< A+ 3e,
= |Bi+1_A| < 3e, Vi > N.
Do d6 lim Bjy; = A. Ma (Ax) 1a ddy s6 nguyén nén ton tai 7 € N théa man diéu kién

i—>4o00

Ak = Bk,Vk > T. Hay
Ugrr = Uk = f(ug) = f (Ug—1) = ug =ug—1 =---=u; = f (@) = a.
Thir lai thoa man.

Néu ton tai hitu han i sao cho u;; = B;; thi suy ra ton tai vd sd i sao cho u; » = B; ;. Tiic
latontai T € Nsaocho ujyr = Bi11,Vi > T = uj1r < ujp1, Vi > T, diéu nay vo ly vi
(u,) 1a ddy s6 nguyén duong. Tom lai: f (a) = a, Va € N*. O]
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Vi du 16. Gid sit a, b la cdc s6 nguyén duong sao cho a |b?,b*|a*,a®|b®, b7 |a8, ... Ching
minh ring a = b.
Loi gidi. Tu gia thiéta | b2, b3 |a*,a” |b®, b7 |a®, .. tacéd

a4l’l+1 |b4n+2’ = N,

va b3 | a4 Vi € N. Goi v, (a) va v, (b) 1an lugt 1a s mil cao nhit cla sd nguyén t6 p
trong phén tich a, b thanh thita s6 nguyén t6 tuong ting.

Khi d6 d€ ching minh ¢ = b ta sé chi can ching minh v, (@) = v, (b). T gia thiét
a*™ 1| p*+2 ¥n € N, tacé

dn + 2 . dn + 2
Up (a) < mvl, (b),Vn eN= Up (Cl) < nBr—ir-looél-]/l—va (b) = Vp (b) . (8)
Tuong tu thi tu
4n + 4
4n+3 |, 4n+4 < I _
b |a ,VneN:vp(b)\nggloo4n+3vp(a) vy (a) 9)
Ta (8) va(9)tacod v, (a) = v, (b). O

Vidu17. Choa,b,c,d € N* déi mot khdc nhau va sé nguyén té p théa man
a? +b? =c? + d”.
Chiing minh rang |a —c| + |b —d| > p.
Loi giai. Taco
a’? —a=0 (mod p),
b? —b =0 (mod p),
c?—c=0 (mod p),
d? —d =0 (mod p).

Suy ra
0=@@?—-c?)+ b’ —-d?’)=a—c+b—d (mod p),

suyraa +b =c +d (modp).

Ta xét cac truong hgp sau:

e a + b # ¢ + d suy ra diéu phai chiing minh.

ea+b=c+d.Giasta>c>dsuyrab<ddodéa>c>d >b.
Xétham sd f (t) = tP. Vi f (t) c6 dao ham trén cac khoang (c, a) , (b, d) nén theo dinh
ly Lagrange ton tai t; € (c,a).t, € (d,b) sao cho
f(a)—f (o) fd)—f(b)
a—-c d-b

Do d6 f'(t1) = f'(t2), voly vi p nguyén td va t;, t, thudc hai khoang khac nhau.

)= , () =

Viy ta c6 diéu phai chiing minh. O
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Bai tdp 1. Cho ay,as, ... 1a diy vo han céc sb thuc nho hon 1 thdéa min a,y; (a, + 2) = 3,
Vn > 1. Chiing minh ring

a) —1 <a, <-2.

b) a, = -3, Vn.

Bai tap 2. Cho ddy vd han (u,), n = 0, 1,2, ... théa min hai diéu kién sau:

a) 0<u, <2,Vn=0,1,2,...

b) u, —2upy1 +uUpio =>20,n=1,2,...

Ching minh rﬁng 0<nWuy—upy1) <2,Vn=0,1,2,...

Bai tap 3. Choday s duong xo = 1,x; =a > 0, Xy40 = Vn > 0. Chiing minh ring

Xn
Xp4+1+17
ton tai nhi€u nhat mot gia tri a dé x,+1 < x,, Vn.

Bai tap 4. Cho mdt diy bat ky gdm vd han cic sb thuc duong ag, a;, as, . . .Chiing minh ton tai
vo han gid tri n dé bit déng thic sau ding 1 + a, > a,—1 V2.

n
Bai tdp 5. Cho day so duong (c,) théa man ) c¢x < M, Vn. Ching minh rang c6 vo s6 so n
k=1
sao cho ¢, = cui1 V2.

Bai tap 6. Chiing minh ring khong ton tai cip sb cong ting thuc sy dd dai vo han thoa man :
M&i sb hang ctia cip sd cong d6 déu c6 dang a® (a,b € ZT,a,b > 2).

Bai tap 7. Cho day sb thuc ag,ai,ds, ..., ay, ... thda min
l=ap<ar<---<ap < (10)

Day s6 by, by, ..., by, ...dudc xac dinh nhu sau

Chitng minh ring

a) 0< b, <2,Vn.

b) V6i moi s6 C cho truée, 0 < C < 2, déu ton tai mot day sb ag,ay,as,....dy,,...thda
man diéu kién (10) sao cho b, > C vé6i vo sb chi s6 n.

Bai tap 8. Cho f.g : Z* — ZT 1a cac ham sb théa min dong thdi cc diéu kién

90



Tap chi Epsilon, S6 11, 10/2016

a) g la ham toan anh.
b) 2f2(n) =n®>+g*>(n),Vn € Z™.
¢) | f(n)—n| <2016/n,Vn € Z*.

Chiing minh rang phuong trinh f (x) = x ¢6 vd sb nghiém.

Bai tdp 9. Cho a, b 1a c4c sb tu nhién 16n hon 1 thda man diéu kién b” — 1: a" — 1, Vn € N*.
Chiing minh ring b 12 liy thita ctia a.

Bai tap 10. Dy s6 nguyén duong (a,), n = 1,2, ... théa min diéu kién
0<ap+1—an < Jap,,Vn > 1.

Ly a, b 12 hai s6 nguyén duong tiy ¥, v6i 0 < a < b < 1. Chiing td rang ton tai vo sb cip sd
A a
nguyén duong (p, q) sao choa < é <b.

Bai tap 11. Cho day (a,) ting ngit gdm cac s6 nguyén duong thdéa man diy (a,4; — a,) bi
chin. Ching minh ring tap cdc udc nguyén td ctia ddy (a,) 1a vo han.

Bai tap 12. V6i mdi sb tu nhién n, goi I (n) 1a tap hop céc sb tu nhién k sao cho

50" < 7% < 50",

a) Chiing t rang véi mdi sd tu nhién n, ta c6

I (n)| = 2hoac |I (n)| = 3.
b) Chiing t4 rang ton tai vo s6 s6 tu nhién n sao cho |1 (n)| = 3.
Bai tap 13. Tim tat ca cdc bd 3 sb duong (a, b, ¢) sao cho [na] [nb] = [n*c],Vn € N.

Bai tap 14. Cho n 1a s6 nguyén duong. Tinh phan nguyén [W] )

Bai tap 15. Cho sb nguyén n v6i 2000 < n < 2095. Pita = Y % vab = ;’;92.. Hay tim

X N 5 4 7 1
phan nguyen cua so ba .

Bai tap 16. Cho n va k 1a cic s6 nguyén duong théa min diéukiénn > 7 va2 < k < n. Ching
minh ring k" > 2nk.

Bai tip 17. Cho a, b 1a cic sb nguyén 16n hon 1. Ching minh ring c6 mot bdi ciia a chia tit
cacacchitsd0,1,...,b — 1 khi dudc viét trong hé co s6 b.

Bai tap 18. Cho cic s6 thuc duong a, b thod man b [an] = a [bn], Vn € ZT. Chiing minh rang
a = b hoic ca a va b déu nguyén.

Bai tap 19. Cho k € N*. Chiing minh rang néu ton tai diy ag,ay,...,a,, ... cic sb nguyén
2 ~ . X o n k N . A
thda man diéu kién a,, = =" Vn > 1 thi k — 2 chia hét cho 3.

e
Bai tap 20. Mot s6 nguyén duong dudc goi 1a “ s6 Kim cuong 2005 néu trong biéu dién thap
phan ctia n6 c6 2005 s6 9 diing canh nhau lién tiép. Day (a,), n = 1,2, 3,...1a ddy ting ngit
cic sd nguyén duong thod man a, < nC (C la hiang s thuc duong nao d6). Chiing minh riang
day sb (a,), n = 1,2,3, ... chifa vo han “s6 Kim cuong 2005”.
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[1] Tran Nam Diing (cht bién), Cdc phwong phdp gidi todn qua cdc ky thi Olympic.
[2] Titu Andreescu, Gabriel Dospinescu, Problems from the Book.

[3] Tap chi Toan hoc va tudi tré.
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TONG QUAT HOA PUONG THANG DROZ FARNY

Tran Quang Hung, THPT chuyén KHTN, Ha Noi

TOM TAT

Hai dudng thing vudng géc véi nhau tai tric tim clia tam gidc sé chin trén ba canh tam
gidc ba doan thang ma trung diém cta ching thang hang. D6 1a noi dung mot dinh 1y
rit ndi tiéng c6 tén 1a Droz-Farny. Bai viét nay dua ra mot hudng tdng quét cho bai toan
dudng thang Droz-Farny cung véi 15i gidi st dung phép nghich dao va mot 16i giai khac
stt dung tinh chit chum diéu hoa.

Dinh ly 1an dau tién dugc dé nghi bdi Arnold Droz ndm 1899 trong [1]. Céc 15i gidi st dung
lugng gidc, phuong phap toa do hoidc vector lan lugt dudc dua ra trong [2,3,4,5,6]. Trong [7]
trinh bay mot hudng tdng quat cho dinh ly nay st dung cac kién thifc vé ty s6 kép va do dai dai
s6. Trong [8] mot dinh ly téng quat khac dudc dé cap véi 10i gidi st dung tinh chat diém Miquel
va diém ding gidc. Bai viét nay sé gidi thiéu bai toan tdng quat gibng trong [8] ! véi 16i giai st
dung phép nghich ddo. Pong thsi bai viét cling dé cap téi mot bai todn téng quat hon nita, véi
16 giai st dung thuan tiy hinh hoc xa anh.

Bai toan 1. Cho tam gidac ABC va diém P bét ky khong thudc cac duong thang BC, C A, AB.
Puong thang A qua P. Céc diém D, E, F 1an lugt thudc cac dudng thang BC, C'A, AB sao cho
PD, PE, PF lan ludt 1a d6i xting cia PA, PB, PC qua A. Ching minh rang D, E, F thang
hang.

ITéc gid tim ra doc 1ap véi [8]
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Hinh 1.

St dung phép nghich dio cuc P phuong tich bit ky ta chuyén bai toan trén vé bai toan sau

Bai toan 2. Cho tam gidc ABC va diém P bat ky. Goi (K), (L), (N) lan lugt 1a cac dudng
tron ngoai tiép tam gidc PBC, PCA, PAB. D, E, F lan lugt thuoc (K), (L), (N) sao cho
PD,PE, PF lan luct 1a dbi xing cia PD, PE, PF qua A. Chiing minh rang bon diém
P, D, E, F cung thuoc mot dudng tron.

Dé gidi bai todn trén ta can mot bd dé sau

B§ dé 2.1. Cho tam gidc ABC va dudng thing A bit ky. Tam gidgc DEF la dbi xtng cla tam
gidc ABC qua A, thi cac duong thang qua A, B, C lan lugt song song v6i EF, D, DE dong
quy.
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Hinh 2.

Chitng minh. Goi dudng thang qua B, C 14n lugt song song v6i F'D, DE cat nhau tai K. Ta c6
(KB,KC) = (FD,DE) = (AB, AC)(modr). Suy ra diém K thudc dudng tron ngoai tiép
tam giac ABC. Talaicé (KA, EF) = (KA, KB)+ (KB,EF)=(CA,CB)+ (DF,EF) =
(CA,CB)+ (CB,CA) = 0(modr). Do d6 KA || EF. Vay cic duong thang qua A, B, C' lan
lugt song song véi EF, FD, DE dong quy tai K. Ta c6 diéu phai chiing minh. O

Trd lai giai bai toan
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Hinh 3.

Loi gidi bai toan. Ta goi X, Y, Z 1an luot 1a diém dbi xing véi A, B, C qua A, theo gia thiét
dé thiy X,Y, Z thuoc PD, PE, PF. Goi trung truc cia PX, PY, PZ cat nhau tuong ng tai
thanh tam gidc K'L’'N’. Ta dé thiy tam gidc K'L' N’ dbi xting tam gidc K LN qua A.

Pé chiing minh P, D, E, F ciing nam trén mot dudng tron ta sé chiing minh rang trung truc cia
PD, PE, PF dong quy. That vay, do PD 1a mot day cung ctia (K) nén trung truc cia PD di
qua K. Do X thudc PD nén trung truc PD song song véi trung truc PX chinh la L'N’, vay
trung truc PD 1a dudng thang qua K song song K’'N’. Tuong tu trung tric PE, PF 1an lugt
la cdc duong thang qua L, N theo thd tu song song v6i N'K’ va K'L’. Do tam giac K LN va
K'L’ N’ d6i xing nhau qua A nén theo b3 dé cac trung truc nay dong quy. Vay P, D, E, F' cung
thudc mot dudng tron. Ta c6 diéu phai chiing minh. [
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Nhan xét. Ta thiy ring néu ké mot dudng thang A’ | A thi chim dudng thang (A, A’, OA, OD)
1a mot chum diéu hoa vi OA, OD dbi xing nhau qua A. Piéu nay goi md cho chung ta mot
hudéng tdng quat hon nita bai toan nay thong qua khai niém vé chiim diéu hoa ma bd qua tinh
chit dbi xing. Ta quy udc st dung céc ky hiéu

ZX 2 0 .
(XY, Z) = —— chi ty s0 don clia by ba diém thang hang XY, Z.

zY
ZX TX L i A e m e AA . ea
(XY, ZT):ﬁ:Wchl ty sO kép ctia bd bon diém thang hang hoac dong vién X, Y, Z, T.

A(XY, ZT) chi ty sb kép ctia bd bdn tia (AX, AY, AZ, AT)
Vi cac do dai st dung 1a do dai dai s6. Ta xét bai toan téng quat hon nhu sau

Bai toan 3. Cho tam giac ABC va P, K, L 1a cac diém bt ky. Gia st c6 cac diém D, E, F 1an
lugt thude cac dudng thang BC, C A, AB sao cho cic chim P(KL,AD) = P(KL,BE) =
P(KL,CF) = —1. Chiing minh ring D, E, F thang hang.

Ta thdy ngay ring néu PK 1 PL. Ta thu dugc bai toan ban diu. Bai todn nay phat biéu dudi
dang chiim diéu hoa nén né ciing c6 mot 15i gii thuan tdy xa anh. Ta can mot bd dé sau

B6 dé3.1. Chocacdiém D, B, F, X,Y, Z, K, L cung thudc mot dudng thang théaman (KL, DX) =
(KL,EY) = (KL,FZ) = —1. Ching minh ring tich (EF, DX).(FD,EY).(DE,FZ) =
—1.

Chitng minh. Bai toan thuc chét 1a cc bién d6i do dai dai s6 trén truc, d€ don gian ta sit dung
toa do trén truc. Cho D(d), Ee), F(f), X (z),Y (y), Z(z), K(k), L(1).

\ ) d—k w—k _ dl—2kl+dk
Tuf(KL7DX)——1Sllyrad = —lvayz = od — k1

el — 2kl +ck  fl—2kl+ fk 0
% —k—1 '~ 2f—k—I '

Tacé (EF,DX).(FD,EY).(DE, FZ)

: . Tuong tu y =
I xz—1

(EF,D) (FD,E) (DE,F)
(EF,X) (FD,Y) (DE, Z)
~1
(EF, X).(FD,Y).(DE, Z)

__x—f y—d z—e

. . 2).
r—ey—f z—d (2)
Thay biéu thiic tit (1) vao (2) dé kiém tra dugc (EF, DX).(FD,EY).(DE, FZ) = —1. H

Tré lai bai toan
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Hinh 4.

Loi giai bai toan. Goi PA, PB, PC lan luct cat BC, C'A, AB tai X, Y, Z. Goi d 1a mdt dudng
thing bitky. Goi PA, PB, PC, PD, PE, PF, PK, PL1an lustcit dtai D', E', ', X", Y, 7', K', L.
Tit gia thiét P(K L, AD) = P(KL, BE) = P(KL,CF) = —1, chiéu xuyén tam P lén d ta c6
(K'L',X'D') = (K'L,Y'E') = (K'L',C'F') = —1.

Ap dungbd & tasuyra (E'F', D'X").(F'D',E'Y").(D'E',F'Z") = -1 (1).

St dung phép chiéu xuyén tam P 1an lugt cic dudng thang BC, C A, AB thi ta thu dudc

P(E'F',D'X") = (BC,DX) = %, P(F'D',E'Y") = (CA,EY) = Egi 5 ; P(D'E'\F'Z') =
_ (AB,F)
(AB,FZ) = (A5.2) (2).

Vi AX, BY,CZ dong quy tai P nén theo dinh ly Ceva (BC, X).(CA,Y).(AB,Z) = -1 (3).
Tu (1),(2),(3) ta suy ra

—1=(E'F',D'X").(F'D',E'Y").(D'E',F'Z")

(BC,D) (CA,E
(BC,X) (CAY

(

— P(E'F',D'X').P(F'D',E'Y").P(D'E', F'Z')
)
)

(AB,F)
(AB, Z)
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= —(BC,D).(CA,E).(AB, F).
Ap dung dinh 1y Menelaus cho tam gidc ABC' dé& suy ra D, E, F' thing hang. Ta c6 diéu phai
ching minh. [

Cudi bai viét, tac gia xin dudc néi 16i cam on téi TS. Nguyén Minh Ha ngudi da cho tic gia
mot sd ¥ tudng vé 15i gidi nghich ddo clia bai todn tdng quat nay.
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NOTE ON HERMITE - HADAMARD INEQUALITIES

Vandanjav Adiyasuren
(National University of Mongolia)
Enkhee Davaadulam, Bold Sanchir

(Mongolian University of Life Science)

ABSTRACT

In this note we generalize some result of [1]

Let f : [a,b] — R be a convex function, then the inequality

b
f(”b)< ! /f(x)dmw, (L.1)
b—alJ,

2 2

is known as the Hermite-Hadamard inequality (see [3] for more information). Since then, some
refinements of the Hermite-Hadamard inequality on convex functions have been extensively
investigated by a number of authors (e.g., [2,4]).

Theorem 1. Assume that f : I — R is a convex function on I. Then for all A € [0, 1], we have

b
f(a+b)<ln(l)<ﬁ/ Feydx < Loy < LTI

2 2
where
n—1
AAREDS [A-f (a+ (b_“)(zk“)k) +(1-2)f (Ab+(1—x)a+ (2k+1)(1—k)(b—a))} |
"= 2n 2n
and

n—1
L.(A) = %Z [A (f (a . (k + 1)2(19—61)) y (a N k(b;a)k)) N
k=0

+(1-2) (f (kb+(1—)t)a+W)+f (lb+(1—k)a+ (k—i—l)(l;)k)(b—a)))] |
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Proof. First we denote
b Ab+(1-N)a b
/ f(x)dx=/ f(x)dx—l—/ f(x)dx
a a Ab+(1—A)a

gt KEDG=a)2
g Ab+(1-A)a+ EFDU=DG=a)

=) / fydx+> / o f(x)dx (2.2)
k=0

A.b+(1_k)a+k(l )le(b a)

Applying (1.1) on the subinterval [a 4 kb= a)l a—+ (k“)flb_“)k], (k=0,..., n—1), we get

n—1 — a+(k+1)(b a)r

n

L b=k + D2
P e A= Z/m w  IDE

k=0
i%( (a+ (k+1)2(b—a)) +f(a+k(bn;a)k))_ (2.3)

Applying (1.1) again on [Ab +(1=Xa+ W,Ab + (1 =Aa+ W],
(k=0,...,n—1) we get

n—1
2k + 1)(1 = A)(b — a)
f(xb+(1—x)a+ )

2n

n

<
(1=M)b—a) &

n—1 /lb+(1—)l)a+(k""l)(l;)”)(b_“)
/)L

f(x)dx

b+(1—-A)a+K1=D0=a)

n—1
<! 3 (f ()Lb—i—(l—k)a-l——k(l_k)(b_a))+f ()&b—i—(l—/\)a—i— (k“)(l_k)(b_a))) :
2k=0 n n

(2.4)

Multiplying (2.3) by A, (2.4) by (1 — A) and adding the resulting inequalities, we get:

1 b
W) < o [ Fd < L, 2.5)
where [,,(A) and L, (1) are defined as in Theorem 2.1.

Using the fact that f is a convex function, we obtain

I(A) = % [ ( + (b_a)(;kﬂ)k)jt(l—x)f (Ab+(1—k)a+ (ZkH)(lz;A)(b_a))}
14 (b—a)(2k+1)x Qk+1)(1-1)(b—a)
;’;f[x( > )—i—(l—/\) (MH—(I—)L)a-I— o )]

n—1
> f [% 3 (A (a—l— (b a)(2k+1)x) +(1—2) (Ab+(1—x)a+ (2k+1)(12;A)(b—a)))}
k=0
= (“ - b) 2.6)
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Other side, we can easily see that

; ( P 1)(b —a)}) (k + A (k + 1)

—fl@+ ———f), 2.7

P (a k(b - a)x)

)L)(b —a) k)(l 1) An + k(1= A)

fla) + 2= A0,
(2.9)

f (/\b+(l—)t)a

(k+1)(1— A)(b a) —k— 1)(1 1)

An+(k+1)(1=2)
n

fla)+ f(®).

(2.10)

)<*
) f( ) + —f(b) (2.8)
)<*
)<*

f (x\b—i—(l—)&)a

Multiplying (2.5) and (2.6) by A, (2.7) and (2.8) by (1 — A) and adding over k = 0,n — 1, we

get:
fla)+ f(b)
—
Then by (2.5), (2.6) and (2.11) we get (2.1). O

L,(A) < (2.11)

[1] ABDALLAH EL FARISSI. “Simple proof and Refinement of Hermite-Hadamard Inequal-
ity” Journal of Mathematical Inequalities Volume 4, Number 3 (2010), 365-369.

[2] DRAGOMIR, S. S AND PEARCE, C. E. M. Selected Topics on Hermite-Hadamard
Inequalities, (RGMIA Monographs http://rgmia.vu.edu.au/monographs/
hermitehadamard.html), Victoria University, 2000.

[3] HADAMARD, J. “Etude sur les proprietes des fonctions entires en particulier d’une fonc-
tion consideree par Riemann”). J. Math. Pures Appl. 58, 171-215 (1893).

[4] PECARIC, J. E. AND PROSCHAN, F. AND TONG, Y. C. Convex Functions, Partial Or-
derings and Statistical Applications, Academic Press, New York, 1992.
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ANDREI KOLMOGOROV
NGUOI MO DPUONG NGANH XAC SUAT HIEN DAI

Slava Gerovitch
Nguoi dich Hoang Mai

GIOI THIEU

Bai bao dudc dich tit bai viét The Man Who Invented Modern Probability ctia Slava
Gerovitch ding trén trang Nautilus va dugc Phung Ho Hai hiéu dinh.

Theo Tia Sdng

Néu hai nha thong ké lac mdt nhau trong mot khu rieng vé han, trudc tién ho sé uong cho say.
Khi do, co thé' néi la ho sé di mot cdch ngdu nhién va viéc nay sé mang lai co héi tot nhdt dé
ho gdp lai nhau. Tuy nhién, cdc nha thong ké nén tinh tdo néu ho mudn di hdi ndm. Say ruou di
lung tung khong muc dich sé thu hep pham vi khdm phd, va khd ndng cao la ho sé quay trd lai
Vi tri cii, noi ndm da bi hdi hét roi.

Kolmogorov (bia phai) va hai ngudi ban, cdc nha toan hoc ndi tiéng thoi biy gid, Lev Pontryagin (bia
tri) va Pavel Alexandrov (ngdi gitta).

Nhiing cach tu duy nhu vy thudc vé cic ly thuyét thdng ké vé “budc di ngdu nhién” hay “budc
di cua nguoi say”, trong d6 tuong lai chi phu thudc vao hién tai chi khong phai qua khu. Ngay
nay, budc di ngau nhién dugc st dung d€ mo hinh héa cac hién tugng nhu xu hudng gid co
phiéu, khuéch tan phén tit, hoat dong than kinh, bién dong dan sb, ... Ngudi ta cho rang ciing c6
thé st dung n6 d€ mé ta “xu hudng di truyén” ctia mot gene cu thé - vi du nhu mau mat xanh -
trd nén phd bién trong mot nhém dan cu. Mot cach trd tréu, 1y thuyét v6i dic trung bd qua qua
khtt nay lai c6 mot bé day lich st kha phong phi. N6 1a mot trong nhiéu dot ph4 tri thifc dudgc
xdy dung bdi Andrei Kolmogorov, mdt nha toan hoc véi hi€u biét sau rong va kha ning dang
kinh ngac, ngudi da cach mang hda vai tro cua tinh khong du doan dudc trong toan hoc, trong
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khi ban than 6ng van cin trong tng d6i véi nhiing bién dong clia ddi sdng chinh tri va han 1am
& nudc Nga Xo viét.

Khi con tré, Kolmogorov da dugc nudi dudng bdi khong khi tri thic s6i dong cua Moskva hau
cach mang, tran ngép cac thi nghi€ém van chuong, nhiing xu huéng tién phong trong nghé thuat,
va céc ¥ tudng khoa hoc méi mé. O nhitng nam dau thap nién 1920, khi 1a mot sinh vién lich
st ¢ tudi 17, 6ng da trinh bay mdt bai bao trude cac ban hoc tai Pai hoc Moskva, dua ra mot
phan tich théng ké khac thuong vé doi séng clia ngudi Nga thoi Trung cd, trong d6 cho thiy
thué khoéa danh trén ca lang thudng 1a s6 nguyén, trong khi thué trén tiing ho dan lai dudc biéu
dién bdi mot phan s6. Bai bao két luan — day tranh cdi vao thdi diém d6 — rang thué truée day
dugc thu theo lang va phan bs dén titng ho, thay vi thu theo ting ho roi gop tong lai cho ca lang.
Thay ctia dng da nhan xét gay git rang “cdu chi mdi tim thdy mét bang chitng ma théi, nhu vdy
la khéng dii véi mét nha sit hoc. Cdu can it nhdt nam bang chitng.” Liic d6, Kolmogorov da
quyét dinh chuyén sang nghién ctiu toan hoc, noi chi mot chiing minh 1a da.

Piéu hop Iy mot cach ky la 1a mot su kién ngdu nhién nhu viy da dan dat Kolmogorov vao lanh
dia cta ly thuyét xdc sut, khi d6 chi 12 mot nhanh nhd bi xem thudng cia todn hoc. Céc xa
hoi tién hién dai thudng nhin nhan cic sy kién ngiu nhién nhu mot biéu thi cho y chi clia than
thanh, & Ai Cap va Hy Lap C6 dai, viéc tung stc sac dugc nhin nhan 1a mot cong cu cho viéc
tién tri hay béi todn. Cho dén dau thé ky XIX, cdc nha toan hoc chau Au di phit trién cac ky
thuat d€ tinh todn céc ti 1é cudc, va dinh nghia x4c suit nhu 1a ti 1 ctia s6 nhiing trudng hop
mudn c6 trén sb tit ca cac trudng hop dong xac suit. Nhung cich tiép can nay lai vudng vao
1ap luan vong quanh — x4c sut dudc dinh nghia theo s6 cic kha niing dong xac suit — va chi c6
hiéu luc v6i nhitng hé c6 hitu han kha nang. N6 khong thich hgp véi nhiing dai lugng vo han
dém dudc (nhu trd choi véi stic sic ¢6 vd han mit) hay khong dém dudc (nhu trd choi véi sic
sac hinh cAu ma mdi diém trén mit cau 1a mot kha ning). Nhiing nd lyc xi ly cic tinh hudng
nhu vdy chi mang lai nhiing két qua mau thuin va tao ra mot hinh anh x4u vé Iy thuyét xdc suit.

Uy tin va thanh danh 1 nhitng phdm chit dudc Kolmogorov coi trong. Sau khi chuyén nganh
hoc, ban dau Kolmogorov gia nhip nhém toén ciia Nikolai Luzin, mot gidng vién ndi tiéng day
stic cudn hiit & Pai hoc Moskva. Nhiing hoc tro ctia Luzin dit tén cho nhém 12 “Luzitania”, mot
cach choi chit theo tén gido suf ctia ho va con tau ctia Anh bi chim trong Thé chién thd nhat. Ho
dugc thdng nhat bdi mot “nhip ddp ciia cdc con tim”, nhu Kolmogorov tiing md ta, tip hop nhau
lai sau gid hoc d€ ban luan chuyén siu vé nhitng phat kién méi trong todn hoc. Ho nhai partial
differential equation (cdc phuong trinh dao ham riéng) thanh partial irreverential equations (cac
phuong trinh bét kinh riéng) va finite difference (sai phan hitu han) thanh fine night differences
(nhitng khéc biét trong dém vui vé). Ly thuyét xac suit, thiéu cd s6 1y thuyét chic chin va bi
vudng vao cac nghich 1y, da bi dua cot thanh “Iy thuyét ciia su khéng may” .

Ciing bsi Luzitania ma c4ch nhin nhin ctia Kolmogorov vé 1y thuyét x4c suit c6 thém mot budc
chuyén mang tinh c4 nhan. Cho t6i thap nién 30 thé ky tru6c duéi thsi Stalin, bat ky ai ciing ¢6
thé bi canh sat mat go cifa ban dém va su may riii quyét dinh cudc sdng ctia moi ngudi. Bi té liét
bdi s¢ hai, rit nhiéu ngudi Nga cim thiy bt budc phai tham gia vao viéc t6 gidc, véi hi vong
c6 thé ting thém co hdi sdng sot ctia minh. Mot sd ngudi Bolshevik trong cong dong toan hoc,
bao gdm ca nhitng hoc trd cii cia Luzin, da gdn cho Luzin tdi phan bdi va phé phan ong gay
gat vi da cong bd cong trinh & cac tap chi cia nudc ngoai. Ban than Kolmogorov liic 4y ciing
c6 cong bd & nude ngoai nén c6 thé da nhan thiy kha ning minh bi t6 gidc. Ong da biéu 16 su
san sang théa hiép vé miit chinh tri vi 16i ich su nghiép ctia minh, chp nhan mot vi tri gidm dbc
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vién nghién cttu khi ngudi tién nhiém ctia dng vi Gng hd tu do ton gido ma bi ché do Stalin bd
tu. By gio, Kolmogorov tham gia phé binh va quay lung lai véi Luzin. Luzin da tré thanh dbi
tugng mot budi xét xt bdi Vién Han 1am Khoa hoc va méit tt ca céc vi tri chinh thic, nhung da
thoat khoi su bat giam va xir ban bsi chinh quyén Nga mot cach ngac nhién. Luzitania ciing tan
ra, bi danh chim bdi chinh thuy thu doan cua né.

Khong ban dén khia canh dao dic trong quyét dinh cta dng, Kolmogorov di dit cudc thanh
cong va nhan lai su tu do dé tiép tuc nghién ctu. Trdi ngudc véi su phuc tiing clia minh trong
chinh tri, trong ly thuyét x4c suit, Kolmogorov da dua ra mot stta ddi cap tién ciin ban va thuc su
12 nén tang cta linh vuc nay. Ong dua vao ly thuyét do do, mot ly thuyét thdi thudng, méi dudc
du nhap vao Nga tif Phdp. Ly thuyét do do 1a su tdng quat héa ciia cac khai niém “dé dai”, “dién
tich” hay “thé’tich”, cho phép do dac nhiéu d6i tugng toan hoc ric r6i nam ngoai kha ning ctia
cac phuong phap thong thudng. Chang han, n6 ¢ thé gitip tinh dién tich cia mot hinh vudng
véi vO han céc 16 & bén trong, chia n6 thanh v han ciac manh nhd, phén tan trén mot mit phang
v6 han. Trong ly thuyét do do, ngudi ta van c6 thé néi vé “dién tich” (d6 do) ctia vat thé bi phan
tan nhu thé.

Kolmogorov md t4 nhiing tuong tu gitta 1y thuyét xac suit va Iy thuyét do do, thé hién trong nim
tién dé, ngay nay thudng dudc phat bi€u thanh sau ménh dé, dua xac suét trd thanh mot linh vuc
dugc ton trong clia giai tich toan hoc. Khdi niém cin ban nhit trong 1y thuyét ctia Kolmogorov
12 “bién cé co bdn”, két qua ctia mot phép thi don 18, nhu tung mot dong xu. Tat ca cic bién cd
cd ban 1ap thanh “khéng gian mdu”, tap hop cla tt ca cic két qua kha di. Chang han nhu véi
céc cu sét danh & Massachusetts, khong gian mAu sé& bao gdm tét ca cac diém trong bang ma sét
c6 thé danh vao. Mot bién c¢b ngiu nhién sé dugc dinh nghia 1a mdt “tdp do duoc” trong mot
khong gian mau, va xdc suit ctia mot bién cd ngau nhién 1a “do do” clia tap d6. Vi du x4c suat
sét danh triing Boston sé phu thudc vao dién tich (“d¢ do”) clia thanh phd nay. Hai bién cb xay
ra dong thdi c6 thé dudc biéu dién bdi giao clia cac do do ctia ching, xac suit ¢ diéu kién ducc
bi€u dién béi thuong cic do do, va xac sudt ma mot trong hai bién ¢ khong phu thudc vio nhau
xay ra dudc tinh bang cach cdng cac do do (vi du nhu, xac suat hoic Boston hoic Cambridge sé
bi sét danh dudc tinh bang tdng dién tich ctia chiing).

Nghich ly Puong tron 16n 1a mot cau db todn hoc quan trong ma khai niém xac suit ctia Kol-
mogorov cudi ciing da giai dudc. Gi st rang ngudi ngoai hanh tinh ha canh ngiu nhién trén
mdt hanh tinh hinh cau hoan hio va x4c suit diém ha canh dugc phan b déu. Nhu vay c6 phai
ho s& ha canh véi xdc sudt nhu nhau & bat ky ndi nao doc theo bat ky dudng tron nao chia mit
ciu thanh hai ban ciu bing nhau, hay con goi 1a “duong tron ldn”? Hoéa ra x4c suét ha canh dudgc
phan bd déu doc theo dudng xich dao, nhung phan bb khong déu trén cic dudng kinh tuyén, véi
x4c suit ting dan khi t6i gan dudng xich dao va giam & cac cuc. N6i cach khic, ngudi ngoai
hanh tinh c6 xu huéng ha c4anh & nhiing ving c6 khi hau néng hon. C6 thé giai thich két qua
la lung nay bang hinh 4nh cdc dudng tron vi tuyén 16n dan khi chiing tién dan t6i xich dao —
nhung két qua niy nghe c6 vé that vo ly, bdi vi ching ta c6 thé quay dudng tron va bién dudng
xich dao thanh mdt dudng kinh tuyén. Kolmogorov da chi ra rang dudng tron 16n c6 do do bing
khong, bdi vi né 1a mot doan thang va c6 dién tich bang khong. Diéu nay ly gidi sy mau thuin
hién nhién trong céc x4c suit c6 diéu kién ctia viéc ha canh tdn tai bdi khong thé tinh toan mot
cach nghiém tdc nhitng xac suit nhu vay.

Tudng c6 thé gac qua mdt bén thé gisi thuc v6i nhitng thanh tritng theo kiéu Stalin dé budc vao
thé gi6i phu du ctia nhitng x4c suat c6 diéu kién véi do do-khong, nhung Kolmogorov da sém
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phéi quay vé v6i hién thuc. Trong Thé chién thit hai, Chinh phii Nga yéu cau Kolmogorov phat
trién cac phuong phép gitp ting tinh hiéu qua ctia phdo binh. Ong da chi ra rang thay vi cb ging
t6i da xdc sudt mdi phat ban tring dich, trong mot sd trudng hop cu thé sé tdt hon néu ban mot
loat dan c6 do léch nhd so mot phat ngam chudn xac, mot chién thuat dudc biét dén dudi tén
g0i “phdn tdn nhdn tao”. Bo moén Ly thuyét xdc sult cia DPai hoc Moskva ma Kolmogorov 14
t trudng, ciing da tinh toan cac bang dan dao cho nhiing pha ném bom tam thap, van tdc nhd.
Vao nam 1944 va 1945, chinh phu da trao thuéng cho Kolmogorov hai Huan chuong Lenin cho
nhiing déng gép clia ong trong thdi chién va sau cudc chién 6ng 1am viéc vdi tu cach cb van
toan hoc cho chuong trinh vi khi nhiét hach.

Nhung nhitng mdi quan tdm ctia Kolmogorov vin huéng dng t6i nhitng huéng nghién ciu c6
tinh triét ly hon. Toan hoc da dan dng téi niém tin rang thé gidi duge dan dit béi tinh ngdu nhién
va cd ban dudc sap dit dua trén cac dinh luat xac suat. Ong thudng chi ra vai trd ciia tinh khong
du doan dudc trong nhitng mbi quan hé ctia con ngudi. Cudc gip gd tinh cd ctia Kolmogorov véi
nha toan hoc cling thdi Pavel Alexandrov trong mot budi chéo thuyén nim 1929 da khdi dau cho
mot tinh ban than thiét subt doi. Trong mot 14 thu dai ma ho thang than trao ddi, Alexandrov da
phé phan Kolmogorov vi y thich néi chuyén v6i ngudi la trén tau, ngu y rang nhiing gip gd nhu
vily qua hoi hot, khong gitip nhan dién tinh cach thuc ctia mot con ngudi. Kolmogorov phan dbi,
ong dua ra quan diém x4c suét rat cip tién vé nhiing tuong tac xa hoi trong dé6 mdi ngudi hanh
dong nhu nhitng mau théng ké dai dién cho cac nhdm 16n hon. Ong viét hoi 4m cho Alexandrov
rang “mot cd nhdn sé co xu hudng hdp thu tinh than xung quanh, va thé hién véi bt ky ai quanh
minh, khéng chi véi mét nguoi ban nhdt dinh, vé phong cdch song va thé gidi quan ma ho hdp
thu dugc”.

Kolmogorov quan tim siu sic téi Am nhac, vin chuong va dng tin ring minh c6 thé phan tich
chiing duéi khia canh xéc sudt dé thu dugc nhiing hiéu biét sau sic vé cach tu duy bén trong tri
6¢ con ngudi. Ong 14 ngudi tin vao tinh thi bac trong vin hoc nghé thuit. O dinh thdp 1a cic
tac phéfm cua Goethe, Pushkin, va Thomas Mann cung v4i nhiing sang tac cua Bach, Vivaldi,
Mozart va Beethoven, nhiing cong trinh c6 gid tri trudng ton tuong tu nhu nhiing chan ly toan
hoc vinh ctfu. Kolmogorov nhin manh ring mdi cong trinh nghé thuét dich thuc 1a mot sang
tao doc nhit, thi gi d6 khong du dodn dudc, nim ngoai dia hat ciia nhitng chuin muc thong ké
don gian. “Liéu c6 thé xép mot cdch hop Iy tdc phdm Chién tranh va Hoa binh ciia Tolstoy vio
chung trong mét tdp hop ciia ‘tdt cd nhitng tiéu thuyét co thé sinh ra trén doi’, va hon nita la
thiét ldp mot phdn bé xdc sudt nao dé cho cdc phdn ti trong tdp hop nay hay khéng?”, 6ng hoi
dua trong mdt bai bao in nam 1965.

Du viy, 6ng van khao khat hiéu ban chét clia sdng tao nghé thuat. Nim 1960, Kolmogorov t&
chiic mdt nhom cac nha nghién citu v6i nhitng may tinh co dién va giao cho ho nhi€ém vu tinh
todn cau tric nhip diéu cta tho ca Nga. Kolmogorov dic biét quan tam téi dd 1éch cda nhip
diéu cdc bai tho trong thuc t& so vdi nhitng van luat c6 dién. Trong tho ca truyén thdng, van
luat kiéu iamb 1a mdt nhip diéu bao gdm mot am tiét khong nhin theo sau mdt am tiét nhan.
Nhung trong thuc t&, ngudi ta hiém khi tuan thi quy tic nay. Trong tic pham Evegnhi Onhegin
ctia Pushkin, bai tho iamb ¢6 dién ndi tiéng nhét bang tiéng Nga, gan nhu ba phan tu trong 5300
dong ctia né vi pham quy tac van luat iamb, va hon mot phan nim ctia tit ca nhitng am tiét chin
1a khong nhin. Kolmogorov tin rang tan sut sai léch nay cho thy mot “chdn dung thong ké”
khach quan vé méi nha tho. Ong cho ring, mot mau hinh nhén trong 4m bét thudng 1a chi dau
cho tinh sang tao va biéu dat nghé thuat. Nghién ctiu Pushkin, Pasternak va nhiing nha tho Nga
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khéc, Kolmogorov 1ap luan rang ho da bién tiu cac van luat d€ tao ra “sdc thdi tong thé” cho
bai tho hay doan van cia minh.

Dé do gia tri nghé thuat ctia vin ban, Kolmogorov con st dung mot phuong phap doan chit dé
d4nh gid entropy ctia mot ngdn ngit tu nhién. Trong ly thuyét thong tin, entropy 12 mot thudc
do tinh bit dinh hoic tinh khong du doan dudc, tuong dng v6i ndi dung thong tin ciia mot
thong diép: Thong diép cang khong thé du doan dudc thi thong tin ma né ham chifa cang nhiéu.
Kolmogorov dua entropy thanh mét thudc do cta tinh doc dao trong nghé thuat. Nhom ctia 6ng
da sap dit mot chudi cac phép thii, trong d6 cac tinh nguyén vién duge xem mot trich doan vin
xudi hodc tho ca Nga, rdi yéu cau ho dodn chif cdi tiép theo, tiép theo nia, rdi ci tiép tuc nhu
viy. Kolmogorov ngadm nhan xét rang, tif géc nhin ctia ly thuyét thong tin, cic td bao X6 viét
thudng it thong tin hon tho ca, bdi vi cac bai dién thuyét chinh tri thudng st dung nhiéu nhiing
cum tif ¢6 tinh khudn sdo va ndi dung clia ching rat dé doan trudc. Trdi lai, cic bai tho cia
nhiing nha tho vi dai lai khé dodn hon rét nhiéu, mic du ching phai tuan thi nhiing quy pham
rt chiit ché theo thé tho. Theo Kolmogorov, diy 1a mot biéu hién ctia tinh doc ddo. Nghé thuat
dich thuc thi khong dodn trudc dudc, nhung pham chét d6 lai c6 thé dudc do ludng bdi mot ly
thuyét xac suit c6 chit lugng cao.

Kolmogorov khong thé chip nhan viéc coi Chién tranh va Hoa binh nhu mot phan tif nim chung
trong mot tip hop clia tht cd moi tiéu thuyét — nhung 6ng c6 thé biéu dat tinh khong thé du doan
ctia né bang cach tinh toan do phiic tap ctia né. Kolmogorov coi d6 phiic tap cia mot dbi tugng
chinh 12 d6 dai cia md ta ngan nhit vé né, hoic 1a do dai ctia thuat toan tao ra ddi tuong. Nhiing
d6i tuong tit dinh déu don gian theo nghia riang chiing c6 thé dudc sinh ra tif nhitng thuit toan
ngan nhu mot chudi tudn hoan cdc s6 0 va 1. Nhitng dbi tugng thuc sy ngau nhién, khong thé du
doan dugc thi déu phtc tap, bdi bat ky thuat todn nao sinh ra chiing ciing phai dai nhu chinh ban
than ching vay. Vi du, nhiing s6 vo ty - nhiing con s6 khong thé viét dudi dang phan sb - diy
chit s6 ding sau du thap phan xuit hién ngau nhién va hau nhu khong hé c6 mot quy luét nao.
B&i vay, hau hét cac s6 vo ty déu 1a cac dbi tuong phic tap bdi vi chiing chi c6 thé dudc ghi lai
bing cach viét ra toan bd day céc chit s6. Cach hiéu vé& do phtic tap nay phit hop véi y niém truc
quan rang khong c6 phuong phap hay thuit todn nao c6 thé du dodn cac ddi tugng ngiu nhién.
Khai niém nay ngay nay rat quan trong trong vai trd thudc do cdc tai nguyén tinh toan can ¢ dé
bi€u dat mot d6i tuong, dong thdi c6 nhiéu tng dung trong dinh tuyén mang hién dai, c4c thuat
toan sap xép va nén dit liéu.

C6 thé n6i Kolmogorov c6 mdt cudc doi phiic tap, néu ta cin ci theo phuong thiic do ma ban
than 6ng tao ra. Cho t6i lic mét nam 1987 & tudi 84, dng da khong chi trai qua mot cude cach
mang, hai 1an Thé chién va Chién tranh lanh, ma su sang tao clia 6ng da cham t6i hau hét cic dia
hat trong toan hoc, vuon xa khoi bién gidi cua khoa hoc han 1am. Du chuing ta coi nhiing buéc
di ngau nhién cta dng trong cudc ddi 1a clia ngudi say hay ctia ngudi nhit nAm, thi nhitng khiic
ré va budc ngoit clia ching dudng iy déu khong du doan dudc va ciing khong thé dé dang mo
ta. Thanh cong clia dng trong viéc nam bat va ap dung tinh khong du doan dugc da lam hdi sinh
ly thuyét xdc suat, va da tao ra mdt mién dat cho vo han cac du 4n khoa hoc va ky thuat. Nhung
ly thuyét ctia ong ciing khuéch dai su cing thang, gitta mot bén la truc gidc clia con ngudi vé
tinh khong thé du doan dudgc, bén kia 1a stic manh hién nhién ctia cong cu todn hoc d€ mo ta no.

Véi Kolmogorov, nhiing ¥ tudng ctia dng khong loai bd tinh ngiu nhién ma ciing khong khang
dinh mot ban tinh bat dinh cin ban vé thé gidi clia ching ta, chiing chi cung cip mot ngon ngit
dt chit ché dé néi vé nhiing gi khong thé biét chic chian. Ong tiing néi, khai niém “ngdu nhién
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tuyét déi” ciing chang hop ly hon khai niém “tdr dinh tuyét déi”, va két luan: “Chiing ta khong
thé’ cé nhiing hiéu biét xdc thuc vé sy ton tai ciia nhitng gi khong thé biét.” Nhung, diu sao thi
nhd c6 Kolmogorov, chiing ta c6 thé giai thich khi nao va tai sao lai c6 su khong thé do.
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MG RONG BO PE SAWAYAMA VA PINH LY
SAWAYAMA-THEBAULT

DPao Thanh Oai

TOM TAT

Trong bai viét nay, tic gid dé xuat nhung khong ching minh hai mé rong cta bd dé
Sawayama, va mot mot mé rdng dinh ly Sawayama-Thebault. Tac gia cling dua ra nhin
xét con c6 nhiéu bién thé va cic trudng hop dic biét ctia cic md rong nay dude minh hoa
thong qua van dé thi ba.

B6 dé Sawayama va dinh Iy Sawayama-Thebault dudc gii thiéu kha chi tiét trong bai viét ctia
tac gia ngudi Phap Jean-Louis Ayme [1]. Mot s6 ting dung ctia b& dé Sawayama va dinh ly
Sawayama-Thebault trong céc ky thi todn Olympic dudc dé cap dén trong bai viét clia hai tic
gia TrAn Quang Hung va Dudng Anh Ngoc [2]. Chinh tic gia bai viét ciing da tiing dua ra mot
m& rong khac cho b dé Sawayama va dinh 1y Sawayama-Thebault tai [3].

Trong bai viét ndy, tac gia dé xuit nhung khong chiing minh hai vAn dé chinh, van dé thi nhét
12 md rong bd dé Sawayama, va vin dé thif hai 12 mé rong dinh ly Sawayama-Thebault. Ngoai
ra tdc gia ciing dua ra nhan xét con c6 nhiéu bién thé khic ctia hai vin d& nay, mot vi du dudc
dua ra trong van dé 3.

Khong gidng véi hau hét cic dinh 1y hinh hoc ¢6 dién khic viéc mé rong b dé Sawayama va
dinh 1y Sawayama-Thebault 1a hét stic khé khin, tic gid bit diu tim cidch md rong né tir gitta
nim 2013 dén nay sau khoang 4 nim tim kiém mé rong bd dé Sawayama va dinh Iy Sawayama-
Thebault thanh cong, tic gid dem gidi thiéu né dén véi ban doc.

Trudc khi di vao phan chinh clia bai viét, tdc gid néu ra ddy hai dinh nghia

- Pudng tron (O) dudgc goi la tiép xiic trong vdi hai canh AB, AC néu (O) va B cung phia véi
AC, (O) va C cung phia véi AB.

- Pudng tron (O) dudc goi 1a tiép xiic ngoai véi hai canh AB, AC néu (O) va B khac phia véi
AC, (O) va C khic phia véi AB.
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Van dé 1. Cho tam gidc ABC véi I la tam duong tron néi tiép. (O) la mot duong tron bdt ky
qua B, C. (O4) la duong tron tiép xiic véi cdc canh AB, AC va (O), sao cho diém tiép xiic ciia
hai duong tron (O ,), (O) va A ciing thudc nita mét phdng chia béi BC. Cho P la diém trong
mdit phdng nhung ndm ngoai duong tron (O4), qua P ké dwong thdng { tiép xiic véi (O 4). Goi
(O1) la duong tron tiép xiic véi BC, { va (Oy), sao cho:

1. Néu (O 4) tiép xiic trong véi AB, AC va tiép xiic ngoai véi (O) thi duong tron (Oy) va (O,)
khdc phia voi ¢ (Hinh 1).

2. Néu (O,) tiép xiic ngoai véi AB, AC va tiép xiic trong vdi (O) thi duong tron (Oy) va (O,)
cung phia vdi ¢ (Hinh 2).

Tiép diém ciia (O1) va BC, { ldn lugt la D, E. Chitng minh rdng D, E, I thing hang.

Hinh 1

Van dé 2. Cho tam gidc ABC véi I la tam duong tron néi tiép. (O) la mot duong tron bdt ky
qua B, C. (04) la duong tron tiép xiic vdi cdc canh AB, AC va (O), sao cho diém tiép xiic ciia
hai duong tron (O4), (O) va diém A cing thudc nita mdt phdng chia béi BC. Cho P la diém
trong mdt phdng nhung ndm ngoai (O4), qua P ké hai duong thdng (1, Uy tiép xiic véi (O ,).
Goi (0y) la duong tron tiép xiic voi BC, {1 va (O), goi (Oy) la duong tron tiép xiic véi BC, (o
va (O) sao cho:

1. Néu (O,) tiép xiic trong vdi AB, AC va tiép xiic ngoai vdi (O) thi (Oy) va (Oa) khdc phia
vdi by, (O2) va (O 4) khdc phia vdi (s.

2. Néu (O ,) tiép xiic ngoai véi AB, AC va tiép xiic trong vdi (O) thi (Oy) va (O4) cing phia
vdi {1, (O3) va (O 4) cung phia vdi (5.

Chitng minh rdng duong thang 0,04 sé di qua mét diém c6 dinh khi P di chuyén trén mot duong
théng cho trude (Hinh 2)
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4. Bién thé

Van dé 3. Cho tam gidc ABC vdi I la tém dudng tron noi tiép, E4 la tam duong tron bang
tiép goc A. (O) la mot duong tron bdt ky qua B, C. (O4) la duong tron tiép xiic trong vdi cdc
canh AB, AC va tiép xiic trong (hodc ngoai) vdi (O), sao cho tiép diém cia (O4), (O) va diém
A khéng cing thudc mita mdt phdng chia béi BC. Cho P la diém trong mdt phdng nhung ndm
ngoai (O4), qua P ké duong thing ( tiép xiic véi (O4). (Oy) la duong tron tiép xiic véi BC, (
va (0O) sao cho (O1) va (O4) ciing phia vdi (. Tiép diém cia (O,) va BC, { ldn lugt la D, E.
Chitng minh rang

1. D, E, I thang hang néu (O), (O4) tiép xiic trong (Hinh 3)

2. D, E, E4 thing hang néu (O), (O ) tiép xiic ngoai (Hinh 3)

Hinh 3
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P, @ 1a hai diém dang gidc véi tam gidc ABC. AP, AQ cat dudng tron ngoai tiép tam giac
ABC 1an ludt tai D, E. Hai dudng thing bt ky qua D, E cit dudng tron ngoai tiép 1an ludt tai
hai diém T', N va cit BC tai hai diém G, H. PG, HQ cit dudng tron (GHNT) tai K, F. Khi
d6 K, F, A thang hang.

Hinh 4

[1] Jean-Louis Ayme, Sawayama and Thébault’s Theorem, Forum Geometricorum, 3 (2003)
225-229.

[2] Tran Quang Hung, Dudng Anh Ngoc, Pinh Iy Sawayama va Thébault trong cdc bai todn
hinh hoc thi Olympic, Tap chi Epsilon, S6 09, 06/2016

[3] Dao Thanh Oai, A Generalization of Sawayama and Thébault’s Theorem, International Jour-
nal of Computer Discovered Mathematics, Volume 1, Number 3 (September 2016) pp.33-
35.
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PUONG THANG STEINER. PIEM ANTI-STEINER

Ng6 Quang Duong, PHKHTN-DHQGHN

TOM TAT

Trong Epsilon s6 7, tac gia da c6 mot bai viét vé dudng thang Simson. Nhu mot su tiép
ndi, xin dem téi ban doc bai viét vé dudng thang Steiner va diém Anti-Steiner.

1. Dudng thang Steiner

1.1. Dudng thang Steiner trong tam giac

Pinh ly 1 (Steiner). P ndm trén duong tron ngoai tiép NABC! thi doi xiing ciia P qua ba canh
tam gidc va truc tam NABC' thdng hang.

Chiing minh. P,, P,, P. la d6i xing cua P qua BC, CA, AB, H la truc tam AABC. Luu y
(HB,HC) = (AC,AB) (mod 7) (P,B,P,C)=(PC,PB) =(AC,AB) (mod 7).
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Tut d6, P, 1an lugt nam trén (H BC'), tuong tu, P, thudc (HC A) va P, thude (HAB).

(HP,,HP.) = (HP,, HA) + (HA, HP,) (mod )
= (BP,, BA) + (CA,CP,) (mod )
= (BA,BP)+ (CP,CA) (mod 7)
=0 (mod 7).

Vay P,, P., H thang hang. Ma tit dudng thang Simson, P,, P,, P, thang hang nén H, P,, P,, P.
thang hang. [

Pinh Iy 2. Parabol nhéin P lam tiéu diém va duong thdng Steiner ciia P lam duong chudn thi
tiép xiic vdi ba canh tam gidec.

M

Chitng minh. Thuc ra, ban chét ctia tinh chét nay lai 1a tinh chit quang hinh hoc clia parabol:
Cho trudc mot parabola cé tiéu diém F, duong chudn ¢ va diém M trén parabol. Tiép tuyén ciia
parabol tai M la phdn gidc ngoadi ciia goc tao bdi M F va tia Mx vuéng géc vdi duong chudn,
khong cdt duong chudn.

O day xin dua ra mot chitng minh khong sit dung toa do. Goi H 1a hinh chiéu vudng géc ctia M
1én dudng chudn thi F va H dbi xiing qua phan gidc ngoai cta FMu. Gia sit dudng phan giac
ngoai F Mz con mot diém chung M nita véi parabol thi M'F = d(M’,¢). Ma M'F = M'H
nén M'H = d(M', /) - diéu nay ching t6 M’ tring M. Vay phan gidc ngoai clia FMz tiép
xtic parabol. Ngoai ra ta c¢6 thé phat biéu tinh chat quang hinh hoc theo cach khéc: H ndm trén
duong chudn thi trung truc F'H tiép xiic parabol.

Quay lai véi dudng thang Steiner, theo nhu cach phat biéu trén thi trung truc PP,, PP,, PP,
tiép xuc parabol. N6i cach khac 1a parabol tiép xic véi ba canh ciia AABC. ]
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Ta dinh nghia tif gidc toan phan 1a mot hinh phang, bao gdm 4 duting thang doi mot cat nhau va
céc giao di€ém ctia ching, 3 dudng bit ki trong s6 d6 khong dong quy. Tif gidc toan phan ducc
ki hiéu chuin bdi 4 dudng thang ciu thanh nén né. Trong rat nhiéu tai liéu khac lai ki hiéu td
gidc toan phan bang 6 dinh ctia chiing - cdch ki hiéu nhu vy ngin gon, song dé giy nham lan
vé tht tu dinh. Trong muc nay, ta xét ti gidc toan phan tao bdi 4 dudng thang a, b, ¢, d va ta ki
hiéu td gidc toan phan dé6 1a (a, b, ¢, d).

Pinh Iy 3. Truc tam Nbed, Acda, Ncda, Nabe thang hang. Trong do Abed la tam gidc tao bdi
3 duong thing b, ¢, d.

Chiing minh. Theo dinh ly Miquel vé cac dudng tron dong quy thi ta c6 dudc dudng tron ngoai
tiép cla 4 tam gidc thanh phan Abcd, Acda, Adab, Aabc ddong quy tai mot diém M (diém
Miquel ctia tif gidc toan phan). Tir day 14y ddi xing M qua 4 canh ciia ti gidc toan phan, theo
dinh Iy 1 ta c6 diéu phai chiing minh. O

H,

Dinh 1y 4 (Pudng tron Miquel). Piém Miquel cia (a,b, c,d), tdm ngoai tiép cia 4 tam gidc
thanh phan cing thudc mot dwong tron.
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Dua theo J.W.Clawson. O day tac gia dua ra cach chiing minh kha méi mé bing nghich dio - dé
cho thiy méi lién hé giita dudng tron nay véi dudng thang Steiner. Chi don gian bang cong géc,
ta thu dudc cic cip tam gidc sau dong dang thuan: AM Py Py, ~ AMPyP.., AM Py Py ~
AM Py, Py.. Diéu ndy dan t6i hai hé qua quan trong:

MPy. - MPyj, = MP,, - MPy = M Py, - MPy. = k.

va cac goc £(M Pye, M Pyy), Z(M Py, M Pyy), Z(M Py, M P,.) ¢6 chung mot phan gidc ¢. Xét
phép bién hinh ¥ 14 hop ctia phép nghich dao cuc M, phuong tich k va phép ddi xiing qua £. Goi
MA', MB', MC', M D' 1a dudng kinh ctia dudng tron ngoai tiép Abcd, Acda, Adab, Nabe.

V : Py, Paa, Peay Pavy Pavy Pac = Paa, Pocy Paby Peas Pac, Pab-

v (depdcpbc) — Preay Papy Pag.

Do d6, ¥(A’) 1a hinh chiéu vuong géc ctia M 1én dudng thang P,,, Py, P,g, hay tuong duong 1a
qua phép bién hinh ¥, tAm cla dudng tron ngoai tiép Abcd thanh dbi xiing ctia M qua a. Tuong
tu, ¥ bién tAm ngoai tiép ctia 4 tam gidc thanh phan thanh dbi xing cta diém Miquel qua 4
canh clia tf gidc toan phan. Do d6 4 tAm dudng tron ngoai tiép va diém Miquel cung thuoc mot
dudng tron. [

Chi y. (1) Theo dinh ly 2, cé duy nhdt mét parabol tiép xiic véi 4 canh ciia ti gidc toan phdn
va parabol dé cé tiéu diém la diém Miquel, duong chudn la dwong thdng Steiner.

(2) Phép bién hinh V dugc gidi thiéu lan dau bdi J.W.Clawson trong mét bai bdo trén AMM vao
ndm 1919[3] va c6 nhiéu ¥ nghia quan trong trong viéc tim hiéu cdc doi tuong ciia tit gidc toan
phan va trong viéc gidi quyét nhiéu bai todn. V bién a, b, ¢, d lan lugt thanh dudng tron ngoai
tiép Nbed, Neda, Ndab, Nabe. Tie do ta thu dwge hé qud dep la tik gidc toan phdn ngoai tiép
mot duong tron khi va chi khi tén tai mot duong tron tiép xiic voi dudng tron ngoai tiép ciia 4
tam gidc bed, cda, dab, abe.
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Pinh ly 5 (Pudng thang Newton va dudng thang Steiner). Puong thdng Steiner vudng goc vi
duong thcfng di qua trung diém ciia Py, Pye, Py P.q, PP

Chiing minh. H,, Hy, H., Hy 1a truc tam Abcd, Acda, Adab, Nabe. Goi Ay, By, Cy la hinh
chiéu vudng géc ctia H, 1én cic dudng thang b, ¢, d. Véi truc tam thi ta ludn c6 dudc

Hanc : HaAd = Hanc : HaBd = Hanb : Hacd~

Diéu nay tuong duong véi viéc H, c6 cling phuong tich véi cac dudng tron dudng kinh P, Py,,
P.. Py, P, Py.. Tuong tu véi Hy, H,, H; 12 c6 dudc diéu phai chiing minh. O

Chi y. Ndi thém vé lich sit. Puong thing Steiner la truc ddng phwong ciia ba duong tron duong
kinh Py.Py,, P..Pg, PPy chinh la ndi dung cua dinh Iy Gauss-Bodenmiller. Trudc Gauss,
Newton dd khdm phd ra rdng moi conic tiép xiic vdi 4 canh ciia tit gidc toan phan déu co tam
thudc mot duwong thdng(cdc ban hoc sinh dwgc biét téi va sit dung truong hop ddc biét khi conic
la dwong tron tiép xiic 4 canh tit gidc toan phdan). Puong thing Newton vi thé con duoc goi la
duong thing Newton-Gauss hay duong thing Gauss.

Puong thang Steiner con di qua mot s6 diém dic biét khéc.

Pinh Iy 6. Mot s6 diém khdc trén duong thing Steiner ciia tit gidc toan phan.

1. (A.Dixit, D.Grinberg) Cuc truc giao cia a, b, ¢, d ldn lugt véi Nbed, Acda, Adab, Nabe.

2. (biém Morley) N,, N,, N., Ny la tdm duong tron chin diém ciia Nbed, /\cda, Adab,
Aabe. Puong thing di qua N,, Ny, N., Ny va vuéng goc véi a, b, ¢, d dong quy tai mot
diém trén duong thing Steiner ciia (a, b, ¢, d).

Chiing minh. Tuong tu nhu trong chitng minh dinh ly 5, ta dinh nghia cic diém B,, By, B,, Cy,
Ca» Cb’ Da9 Dbs Dc'
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1. Dy la cuc truc giao cta d v6i Aabe. Khi d6, ByD4, CyDg vudng goc véi b, c. DE thiy
AB;CyDg4va APy Py H, c6 cac canh tuong ung song song nén c6 duy nhat mot phép vi
tu bién AB,C;D,; thanh AP, Py, H,, tam cta phép vi tu 1a T - giao diém ctia DyH, véi
d. Theo dinh ly Thales

TH, TP, Ty
TD, TB, TCy

do d6 TPy, - TCy = Ty, - TBy nén T thudc truc dang phucng clia hai dudng tron dudng
kinh P, P,. va P.,Py. Diéu nay c6 nghia la D, cling thudc truc dezlng phuong cua hai
dudng tron nay, tic 1a Dy thude dudng thang Steiner cla (a, b, ¢, d).

2. Céc chiing minh khéc cda dinh ly ndy déu phu thudc vao hinh vé, hodc dung ludng gidc.
Pay 12 mot ing dung don gian ctia phép chiéu vector. O day ta chi ra diém ddng quy 1a
trong tam cta 4 diém H,, H,, H,, Hy. Goi G, 1a trong tAm Abcd.
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N, Py + NoPay + NoPg = 3N, = — N, H,.

Vi viy N, la trong tdim cia 4 diém Py, Py, Pi., H,. Ki hiéu Pj, 1a phép chiéu theo
phuong vudng géc véi a xubng dudng thang Steiner thi:

Pja : PbC7 de?-PdcuHaaNa = Hd7HC7HbaHaaN’

Do phép chiéu vector bao toan bd s6 tam ti cu nén N H, + NH, + NH,+ NH,; = 6)
Do vay N la trong tam cta H,, H,, H., H;. Ching minh tuong tu, dudng thang qua N,
N,, N4, vudng géc b, ¢, d déu di qua N.

]

Chi y. Péi véi tdt cd cdc ban hoc sinh, dinh Iy 6.2 duogc biét téi la bai IMO Shortlist 2009
nhung thuc té da dugc phdt hién va dé cdp bdi Frank Morley(ddy ciing chinh la tdc gid ciia dinh
Iy tam gidc déu tir viéc chia ba cdc goc cuc ki néi tiéng) trong mot bai bdo [2] vao nam 1903 -
sém hon t6i hon mét thé ki,

Tir mot diém trén dudng tron ngoai tiép tam giac, ta xac dinh dugec mot dudng thang Steiner qua
truc tim. Diéu ngudc lai 13 mot dudng thang qua truc tim thi c6 mot diém trén dudng tron ngoai
tiép nhan dudng thang 4y lam dudng thang Steiner.
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Pinh ly 7 (Dinh 1y Collings). ¢ la mét duong thing qua truc taim NABC, déi xing ciia ¢ qua
ba canh ciia NABC déng quy tai mot diém trén (ABC).

A ' H,
CV
Chitng minh. ( cit BC, CA, AB lan luot tai D, E, F. H,, H,, H, d6i xting véi H qua BC,

CA, AB. Do (HB, HC) = (AC, AB), (HC,HA) = (BA, BC), (HA,HB) = (CB,CA)
nén H,, H,, H. thuéc (ABC).

B

(EH,, FH,) = (EH,,CA) + (AC, AB) + (AB, FH,) (mod )
= (CA,0) + (AC,AB) + (¢, AB) (mod 7)
=2(AC,AB) (mod )
= (H,Hy,,H,H,) (mod 7).

Tt diéu nay din dén giao diém cia EH,, F H, thuoc (ABC). Tuong tu, giao diém ctia F'H, va
DH, thuoc (ABC) nén DH,, EH,, F H,. dong quy trén (ABC). O

Chi y. Piém dong quy dugc goi la diém Collings hodc diém Anti-Steiner ciia dwong thing .
C6 thé' dé dang nhdn thdy rang doi xiing ciia diém nay qua ba canh ciia NABC' déu thuéc .
Ngoai ra, nguoi ta con goi diém Anti-Steiner ciia duong thing H P la diém Anti-Steiner ciia P,
hay diém Collings ciia P.

Pinh ly 8. Cho 4 diém A, B, C, P. P,, P, P. doi xiing véi P qua BC, CA, AB. PA, PB,
PC cdt (ABC) tai D, E, F. Khi dé (AP,P,), (BP.P,), (CP,P,), (PP,D), (PPB,E), (PP.F)
di qua diém Anti-Steiner ciia P.
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Chitng minh. Ly H 1a truc tim AABC va H,, H,, H, dbi xiing v6i H qua BC, CA, AB. Theo
dinh 1y Collings, P, H,, P,H,, P.H, dong quy tai mdt diém S. Chi can chiing minh (AP,P.) va
(PP,D) di qua S 1a di. Chi don gi4n bang cong géc
(SP,,SP.) = (HyP,, H.P.) (mod )

= (HyP,, AC) + (AC, AB) + (AB,H.P.) (mod )

= (AC,HP)+ (AC,AB)+ (HP,AB) (mod )

=2(AC,AB) (mod )

= (AP,, AP.) (mod 7).

(SD,SP,)=(SD,SH,) (mod )
= (AD,AH,) (mod )
= (PD,PP,) (mod 7)(AH, song song PP,).
Tu d6 két luan (AP, P.), (PP, D) va tuong tu, cac dudng tron con lai di qua S. O

Diém Anti-Steiner con xuit hién trong chiing minh ctia céc dinh 1y Fontene.

DPinh ly 9 (Pinh ly Fontene). AABC ¢6 tdm ngoai tiép O. P la diém bdt ki. D, E, F la hinh
chiéu vuéng goc ciia P lén BC, CA, AB. EF, FD, DE lan luot cdt duong trung binh iing vdi
A B, Cciua NABC tai X, Y, Z.

1. DX, EY, FZ déng quy tai giao diém ciia (DEF) va duong tron chin diém cia NABC.
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2. Khi P chay trén duong thing di qua O thi (DEF) luén di qua mét diém cé dinh.

Trong dinh 1y 9, diém dong quy chinh Ia diém Anti-Steiner cia P v6i tam gidc c6 cac dinh 1a
trung diém BC, CA, AB. Pinh ly 9, cliing v6i mot s6 cAu hinh khéc c6 xuét hién di€ém Anti-
Steiner, ban doc c6 thé tham khdo bai viét ctia tdc gia tai [4].

Mot didu dang néi 1 diém Anti-Steiner con cé mit trong mot sb bai todn tiép xic. O day gidi
thiéu mot phat hién dep cua ki su Dao Thanh Oai.

Dinh Iy 10. [5]Cho NABC va diém P bt ki.

Puong thing qua P va vuéng goc BC cdt AB, AC tai A, Ay,
Puong thing qua P va vuéng goc CA cdt BC, BA tai B,, B,.
Puong thang qua P va vuéng goc AB cdt C A, CB tai C, C,.
(PCyAy) cdt (PA.B,) tai D khdc P.

(PA.B,) cat (PB,C,) tai E khdc P.

(PCyAy) cdt (PA.B,) tai F khdc P.

Khi dé (DEF) tiép xiic (ABC)) tai diém Collings ciia P.

Chiing minh. Trudc khi c6 thé chi ra hai dudng tron tiép xuc, ta phai chi ra dugc (DEF) di qua
diém Collings S. O ddy, d€ tao ra cdc lién két hinh hoc c6 lién quan t6i diém S, ta lay P,, P,, P,
1a cic diém dbi xting v6i P 1an lugt qua BC, C A, AB. Cac bd diém sau dong vién

(S7A7Pbapcacb7BcaD> (S7B>PC7Pa70aaAcaE) (S,C,Pa,Pb,Ab,Ba,E).
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C6 thé giai thich diéu nay mot cach don gian. Pau tién la theo dinh ly 8, ciing véi viéc P 1a truc
tam cia AAB,Cy, ma P, P. d6i xting véi P qua ACy, AB. nén P,, P. thuoc (AB.Cy).

(DB., DCy) = (

= (A.B., AcP) + (AyP, ApyCy)  (mod 7)
= (AB,AC) (mod 7)

= (AB., AC},) (mod 7).

DB,,DP) + (DP,DC,) (mod )

Do vay D thudc (AB.Cy).
St dung céc bd diém dong vién trén, cing véi dinh ly 8 1a di d€ st dung géc dinh hudng. Ta sé
chira (DE,DF) = (SE,SF) (mod 7).

(DE, DF) = (DE, DP) + (DP,DF) (mod )

= (AE, AP) + (AP, AF)  (mod 7)

= (AE, A F)  (mod 7)

= (AE,A.B) + (A.B, AC) + (AC, A F)  (mod 7)
= (SE,SB) + (AB,AC) + (SC,SF) (mod )

= (SE,SB)+ (SB,SC)+ (SC,SF) (mod )

=

SE,SF) (mod ).

Nhu vay S, D, E, F dong vién. St la tiép tuyén tai S ctia (DEF), chi can chiing minh St ciing
1a tiép tuyén ctia (ABC)) 1a du.

(St,SA) = (mod )

= (ES, DE) + (CbD, C A ) (rnod 7T)
)+
)+

(St,SD)+ (SD,SA)
(

= (ES,EA,) + (EA., ED) + (CyD,CyAp)  (mod )
(
(

— (BS, BA,) + (PA.,PD) + (PD, PA,) (mod )
= (BS,BA) (mod 7).

Do d6 ta két luan St 1a tiép tuyén ctia (ABC'), vi thé (ABC) va (DEF) tiép xtc nhau tai S. [

Két thiic bai viét. tac gia dua ra mot s6 bai toan dé nghi.

Bai 1. Cho AABC va m¢t diém P khong ndm trén (ABC). PA, PB, PC cdt (ABC) tai D,
E, F khdc A, B, C. Chitng minh rdang tam gidc tao bdi trung truc PD, PE, PF thdu xa vi
NABC tai mot diém T trén (ABC) va PT di qua diém Anti-Steiner ciia P véi NABC.

Bai 2. Ciing vdi ki hiéu nhu bai 1, chitng minh rdng truc thdu xa ciia NABC va tam gidc tao
bdi trung truc cua PD, PE, PF la trung truc cua SP.

[1] Ngb Quang Duong, Puong thing Simson, Epsilon 7, thang 2 niam 2016
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[2] F. Morley, Orthocentric properties of the plane n-Line, Trans Amer Math Soc, 4 (1903)
1-12
http://www.ams.org/journals/tran/1903-004-01/
S0002-9947-1903-1500618-2/50002-9947-1903-1500618-2.pdf

[3] J.W.Clawson, The complete quadrilateral, American Mathematics Monthly, volume 20,
1919, pages 232-262
http://www. jstor.org/stable/1967118

[4] Quang Duong’s blog, Nine-point circle, pedal circle and cevian circle
https://blogcuagquangduong.blogspot.com/2015/08/
nine-point-circle-pedal-circle—-cevian.html

[5] Dao Thanh Oai, Advanced Plane Geometry

https://mg.mail.yahoo.com/neo/launch?.rand=fdtrlcbalj39j#
8858149413
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VE BAI TOAN TAM GIAC 80-80-20 (TIEP THEO)

Lé Phuc Lu
(Thanh ph6 H6 Chi Minh)

GIOI THIEU

Tiép theo Epsilon sb 9, trong bai viét ndy, chiing ta sé xem xét tiép 5 15i giai nita cho bai
toan tam gidc 80 — 80 — 20. Qua 10 15i gii cho bai todn thi vi nay, ta thiy ring hau hét
cic cach tiép can déu tim cach dung tam gidc déu va khai thac tinh chét dic biét ctia mod
hinh. Bén canh d6, sé di dén viéc md rong trong mot s gia thiét tuong tu khic.

Cach 6. (ctiia Alexander Kornienko)

Goi B’ 1a diém ddi xing véi B qua AC va C’ 1a diém ddi xding véi C' qua AB. Khi do, dé thiy
ring AB' = AB = AC = AC’ nén tam gidc AB'C" can.

Ngoai ra, /B'AC" = 20° + 20° 4 20° = 60° nén tam gidc AB'C" déu. Vi /AB'D = (ABD =
30° nén B’D la phan giac ciia /AB'C" hay B'D la trung truc cua AC".

Tathidy EC = EA (vi /ECA = /EAC = 20°)nén EC' = EC = EAhay E cich déu A, C".
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Do d6, E € DB’ hay E, D, B', M thang hang v6i M 1a trung diém ctia AC".

Viy ta c6

(CED =180° — (/C"EM + /C'"EB + /BEC) = 180° — (70° + 40° 4 40°) = 30°.

Cach 7. (ctua Sergey Saprikin)

Goi T 1a giao di€ém phan gidc /AC B véi AB. Ta co6:
/BTC =180° — (/TBC + /TCB) = 180° — (80° + 40°) = 60°.

Ngoai ra, dé thly ABTC = ADTC(c.g.c) nén /DTC = 60°.

Do d6, TE 1a phan gidc ngoai ctia goc /DT'C. Xét tam gidc DT'C ¢6 E la giao di€ém cla phan
gidc ngoai cia /DT C va phan gidc trong ctia /DCT nén E 13 tam dudng tron bang tiép goc C.
Do d6 /EDT = /EDA.

Cing trong tam giac DT'C,tac6 /DTC = 60°, /DCT = 40° nén /C'DT = 80°. Do d6

/EDT = /EDA = M — 50°
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nén
/EDC = 50° 4+ 80° = 130°.
Viy ta cé
(CED = 180° — (130° + 20°) = 30°.

Cach 8. (bSi Luke Rapley)

N B C

Pudng tron tim C, ban kinh CE cat C A, C'B 1an lugt tai M, N.

Tam gidgc CEN can tai C, ¢c6 /ECB = 60° nén tam giac nay déu. Suy ra EN = EC. Hon nifa,
tam gidac FAC cantai F nén FA = EC = EN.

Ngoaira, /BEN = 60° — 40° = 20° = /EFAM.

Xét hai tam giac BEN va MAE ¢6: /BEN = /EAM, EN = AE va
BE =AB - AEF = AC - EC = AC - CM = AM.

Do d6, hai tam gidc nay bang nhau, suy ra BN = EM. Mit khaic MD = CM — CD =
CN — CB = BN nén M E = M D hay tam giac M E D can tai M.

Chu ¥ ring
/DME = /180° — /AME = 180° — /EBN = 80°.
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Ta tinh dugc ZMED = /MDE = 1880 — 50°,

Do dé /CED = /CEM — /DEM = 30°.

Cach 9. (bGi Mariano Perez)

Trén AB liy diém F sao cho CF = C'B. Khi d6, tacé CD = CB = CF nén tam giac CDF
can. Hon ntta, /F'C'B = 180° — 2-80° = 20° nén /FCD = 80° — 20° = 60°. Suy ra tam giac
CDF déu.

Xét K € AC sao cho /CBK = 60° va dit P giao di€ém ctia CE, BK.

Khi dé, ta ciing c6 C BP déu nén ton tai phép quay tam C bién C'BP thanh CFD. Do d6, goi
M 1a giao di€ém cta DF, BP thi CM la phan gidc cta /ACB.

Xét phép dbi xiing qua truc C'M, ta c6: P bién thanh F, D bién thanh B. Gia st K bién thanh
K'thi K’ € BC.

Ta co:
/FCK' = /PCK =20°,/CFK' = /CPK = 120°.

Dod6 /CK'F =40°ma /FBK’' = 100°nén /BF K" = 40°. Suyra/DPK = /BFK' = 40°
vaDP = DK.
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Chi y ring tam gidc CPK 1a duva EK = EP, DK = DP nén ED la trung truc cia PK.
Vi thé nén E D ciing 1a phan gidc ctia /PEK.

Viy ta c6
60°

(CED = /PED = = 30°.

Cach 10. Ta sé gidi bai toan téng quat. Pat /A = 2a, /DBC = b, /ECB = ¢, /CED = z.

Theo dinh ly sin, ta c

cD CE

sine  sin(90° +a+c—z)’
CE OB

sin(90° —a)  sin(90° —a —c¢)’

CD BC

sinb sin(90° +a — b)
Tt d6, ta suy ra dang thic

cos(a+c—x) cos(a—b)cosa

sin x cos(a — ¢)sinb
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Mat khac cos(a + ¢ — z) = cos(a + ¢) cos x + sin(a + ¢) sin x nén

—-b
cos(a + ¢) cot x + sin(a + ¢) = cos(a — b) cosa

cos(a — ¢)sinb

_ cos(a — b) cosa
& cos(a + ¢)cotx +sin(a + ¢) =

cos(a — ¢)sinb
cos(a — b) cosa

& cotx = —t
core cos(a + ¢) cos(a — ¢) sinb an(a +c)
Véia = 10°,b = 50°, ¢ = 60°, ta co
cos 40° cos 10° cos 10°
tr = —tan70° = ————— — tan 70°
core cos 70° cos 50° sin 50° an cos 70° cos H0° an
B sin 100° — sin 70° cos 50° B 2 sin 50° — sin 70° B 2sin 130° — sin 70°
cos 70° cos H0° N cos 70° N cos 70°
2 s1n 60° cos 70° + cos 60° sin 70° — sin 70° /3 cos 70°
p— P— p— \/g
cos 70° cos 70°

Do d6 x = 30°.

Nhan xét. Tir dang thic & trén, ta con xay dung dugc mdt sb trudng hop cho ra géc = dep cho
tam giac 80 — 80 — 20 nay:

STT | G6c b | Géc ¢ | Goc x
20 50 10
40 50 30
30 60 10
50 60 30
25 65 5
60 65 40
50 70 10
60 70 20

0NN N BN

Chiing t6i s& gi6i thiéu 18i gidi cho mot s6 trudng hdp trong d6 vao s tiép theo.

Céc thong tin nay dudc tham khao tu trang web:
http://www.gbyte.org/puzzles/p022s.html va
http://www.gbyte.org/puzzles/p022ss.html
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GIOI THIEU VE KY THI HOC BONG DU HOC NGA

Lé Phc L
(Thanh phé Hd Chi Minh)

GIOI THIEU

Chudi céc cudc thi Olympic "Pa dén hic du hoc Nga" 1 du dn ctia nhom céc trudng Pai
hoc Lién bang Nga (LB Nga), cd quan hgp tac LB Nga va Bo gido duc & Khoa hoc LB
Nga t§ chiic tif nim 2013 dén nay.

Muc dich ctia cudc thi Olympic nay nham ting cudng thu hiit ngudi quan tim va lua chon
LB Nga dé€ du hoc. Ban t8 chiic sé chon ra nhiing thi sinh xut sac t6t nghiép THPT va
PH dé cip hoc bong du hoc tai cic truong dai hoc LB Nga.

Danh chién thing trong cudc thi Olympic, céc thi sinh s& dugc cip hoc bdng ctia Chinh
pht LB Nga theo hoc céc nganh k§ thuit theo cdc trudng sé dé cap  muc 3.

Céc cudc thi tuyén sinh vién cho ndm hoc 2016-2017 duge dién ra tai cdc nudc: Abkhazia,
Angola, Armenia, Viét Nam, An Do, Kazakhstan, Trung Qudc, Moldova, Ethiopia, Zam-
bia, Kenya, Namibia.

Tai Viét Nam, niim 2015 ¢6 t6 chiic cho 600 thi sinh tai 3 dia diém 12 Ha Noi, Da Ning
va TP. Ho Chi Minh, tuyén chon dugc 50 thi sinh. Nim 2016 sé t& chifc tai 3 dia diém 1a
Ha Noi, Da Ning va Hoa Binh.

1. ITpeobpasviTe (pesvILTAT BIHIIHTE B PAMEV) [.1+ \frl_D.]J —[.1— \frl_D.]J .

2. Hafigute cyMMY HAHOOMBIIETO OOMIET0 JeTHTENA H HIHMEHBIIErD O0Mero KPaTHOTO THCET
20m 31 (pesvIRTaT EOHIIHTE B PAMEV ).

3. Ooma H2 CTOPOH NPAMOVIONLHHED HMEeT INHEY 2, THATOHANE HMeeT IIHHEY +'11 - Hafigute
OepHMETpP OPAMOVIONEHEEA (pe3VIETAT ENHIIHTE B PAMEY ).

4. HafiuTe 9HCIO pasHYHEX KOpHeH ypasHeErEs X° +6x° +10x* = 0 (pesynetaT BnHmETe

E PaMEV).
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5. HafimeTe HAHMEeHEITES HATYPATEHOS THCIO N | VIOENETECPEEOIIEE CIETVIOMIEN VCIOBHAM:
1) octatok ot genesns N Ha § paeen 2;

2)octaTok oT geneEmnd N Ha 10 pager 0 (pesvisTaT EOHIIHTE B PAMEV ).

1+3+3 +. . +3%
6. BeraHCTHTE (pe3yIBTAT BOHIIHTE B PAMEY).

3% -1

7. IIpaBHIBHEI TPeVIOIbHHE HMEeT IONIAIhb 3\E .HafinuTe nmuomank Epvra, EMHCAHHOTO B

TPeyTONbHHEE.

137 1 :
8. HMzpecTHO,9TO 57 < & < ——. Cosa= —E . HafgaTe 51N 2. (pesyisTaT ENHIIHTE B PAMEY).

ey

9. HafinuTe HaHOOIBIIEE IEI0E THCIO, VIOBIETEOPAIOMIEE HEPABEHCTEY 2 < \E ;

10. B mpaMovronsHOH TpaneH: oCTPENE vron pageH arctan 2 | ocHopaHHs EvMeeT AnEHEEl 4 H 6.
HafIHTe MI0mMaas TPANelHH (PeVIETaT ENHITHTE E PAMEY ).

11. HafigmTe To9ky (X, V, ) mepecedeHss npaMerx  4x+3y=2 ® X+ V=-5 (pesyneratr
ENHIITHTE E PaMKY, CHATANa VEAEHTe X, 2aTeM Vg ).
12. HafigETe mIomaas MHOTOVTOIEHHEE] |x - 2| + |}' + 3| < 2 (pesvIsTaT EOHIIHTE B PAMEY ).
13. HalinuTe HaMMeHBIIHE KOPEeHE VPABHEHHA(PE3VIBTAT BIHIIATE B PAMEY ).
lg x+1g(x*)+1g(x* )+ .. +1g(x*)=380.
14 HaHouTe HAHMEHBIIEE MEI0E THCAO X , VIOBIETBODAKIIEE HEPABEHCTEY ng i+ erngJ 10=2
(pesvIsTAT BIHIIHTE B PAMEY ).
15. HafiguTe Takoe 3HAYMEHHE X, NepPeMeHHOH X , IPH KOTOpPOM §VHEIIHA
b f xJ =x’+x+5+sin [?rx] MPHEEMAET HAHMEHEIIEe 3HATEHHe(Pe3VIsTaT ENHIIHTE B PAMEY ).

16. Pageve OCHOBAHEA METHEIpPA B 2 pasa MEeHBINE eT0 BEICOTEL. HaHOHTe mnomats 00K0EDH

MOBEPXHOCTH UHTHHIPA, €CTH ero 00beM pageH 27 (pesviIbTaT BIHIIHTE B PAMEY).

17. HalinuTe BCe 3HATeHHE MapaMeTpa ¢ . IPH KOTOPEX DVHEIHA ffrj = fﬂgl_ﬂ f‘-cj ABTIACTCA

MOHOTOHHO EO3pPACTarmeH (Pe3VIbTAT BIHITHTE E PAMEY ).

18. HafiqHTe HAMMEHBINHI NeNsii kopers ypasaerra 4% —12-6° +11-9* = 0 (pesyasTaT BomEmmTe
E paMEy).

19. HafiguTe BCe 3HAYEHHR MapaMeTpa @, NPH KOTOPEI VPABHEHHE (Pe3VIBTAT ENHIIHTE B PAMEY ).

tan? [x— 3?1‘) -cot? lr‘::J =1+ @ mveeT pemeHHe (Pe3VIBTAT EOHIIHTE B PAMEY ).

20. HaliIHTe HAHMEHEIIHA NOT0AHTEIRHE TepHo b VHEIHE f{_x:]: sin 2x —cos® X (pezymeTar

EIHIIHTE B PAMEY).

132



Tap chi Epsilon, S6 11, 10/2016

Bai 1 Tinh (1+/5)" + (1 — V5)".

Bai 2 Tim téng cdc wéc so chung lon nhdt va boi s6 chung nhé nhdt ciia cdc sé 84 va 36.

Bai 3 Mot canh ciia hinh chit nhdt c6 chiéu dai la 4, dudng chéo co chiéu dai la \/41. Tinh chu
vi cua hinh chit nhdt.

Bai 4 Tim s6 cdc nghiém phdn biét ciia phuong trinh x® — 5z 4 42% = 0.
Bai 5 Tim sé tw nhién N biét rdang:

1. S6 N chia cho 7 du 4.
2. S6 N chia hét cho 11.

4+42+43+44++450

Bai 6 Tinh tong PET

Bai 7 Mt tam gidc déu co dién tich la 16+/3. Tinh dién tich ciia hinh tron ndi tiép tam gidc.
.. D L3 .. o
Bai 8 Biet rang 53 <a<2mvasina = = tim sin 2q.

Bai 9 Tim s6 nguyén ldn nhdt théa man bdt ddng thitc 5V* < 25.

Bai 10 Mot hinh thang vuéng coé goc nhon bang arctan b, do dai hai ddy la 8 va 6. Tim dién
tich cua hinh thang.

Bai 11 Tim giao diém (x4, yo) cdc cdc duong thing x — 3y = —2 va 4z + 5y = 9.

Bai 12 Tim dién tich ciia da gidc trén mdt phdng toa do Oxy théa man bdt ddng thiic |x + 6| +
ly—3l<2

Bai 13 Tim nghiém ciia phiong trinh logsx + logsx? + logaz® + - - - + logsx!® = 60.

Bai 14 Tim s6 nguyén x nhé nhdt théa man bdt ding thitc 1g*(x — 4) +1g2_, 10 > 2.
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e .. . 2 . X ? \ A ™ . .. . 2 A
Bai 15 Tim gid tri x ciia bién x ciia ham sé f(x) = * — 4z + 3 cos T co gid tri nho nhat.

Bai 16 Bdn kinh ddy ciia mot hinh tru gdp doéi chiéu cao cia né. Tim dién tich xung quanh ciia
hinh tru, néu biét rang thé'tich ciia hinh tru bang 32 .

Bai 17 Tim tdt cd cdc gid tri ciia tham sé a, sao cho ham sé f(x) = log, .,x dong bién.
Bai 18 Tim nghiém nguyén nhé nhdt ciia phuong trinh 2 - 4* — 5 - 2% + 2 = (),

Bai 19 Tim tdt cd cdc gid tri ciia tham s a, sao cho phuong trinh tan’x - cot?(x — 37) = 2 +a
co nghiém.

Bai 20 Tim chu ky nhd nhdt ciia ham sé f(x) = sin 3z — 2 cos z.

Bai 1 Tinh (1—2v3)" + (2v3+1)".
Bai 2 Tim tong cdc wdc sé chung 16n nhdt va boi sé chung nhé nhdt ciia cdc s6 96 va 28.

Bai 3 Mot canh ciia hinh chit nhdt c6 chiéu dai la 7, dudng chéo co chiéu dai la \/65. Tinh chu
vi cua hinh chit nhdt.

Bai 4 Tim s6 cdc nghiém phdn biét ciia phuong trinh x° — 62* + 1122 — 6 = 0.
Bai 5 Tim s6 tw nhién N nhé nhdt biét rang:

1. S6 N chia cho 10 du 4.
2. S6 N chia hét cho 13.

3—3243—-3t+... 310

Bai 6 Tinh tong 3100 7

Bai 7 Mot tam gidc déu co dién tich la /3. Tinh dién tich ciia hinh tron ndi tiép tam gidc.

Bai 8 Biét rang 0 < o < mva cos a = %5 fim sin 2.
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\e £ 2 X 2 ~ A J P 1
Bai 9 Tim so nguyén lon nhat thoa man bat dang thiic 5* < 25

Bai 10 Mot hinh thang vuéng co goc nhon bang arctan(1/3), do dai hai ddy la 10 va 4. Tim
dién tich cuia hinh thang.

Bai 11 Tim giao diém (x, o) cdc cdc duong thiang 4x —y = 4va x + 5y = 1.

Bai 12 Tim dién tich ciia da gidc trén mdt phdng toa dé Oxy théa man bdt ddng thitc |3z + 9|+
2y] < 5.

Bai 13 Tim nghiém ciia phuong trinh logsz? + logsx* + logs2® + - - - + logs 22 = 440,

Bai 14 Tim s6 nguyén x nhé nhdt théa mdn bdt ddng thiic logy (3x — 8) + loga, 2 > 2
\ e ., . 2 . X 2 \ A . T , .. . 2 A
Bai 15 Tim gid tri xg ciia bién x ciia ham sé f(x) = 2° — 3z + 3sin - co gid tri nho nhat.

Bai 16 Bdn kinh ddy ciia mot hinh tru bang 1 /8 chiéu cao cia né. Tim dién tich xung quanh
ctia hinh tru, néu biét rdng thé'tich ciia hinh tru bang .

Bai 17 Tim tdt cd cdc gid tri ciia tham s6 a, sao cho ham s6 f(x) = log;_s,»x dong bién.
Bai 18 Tim nghiém nguyén nhé nhdt ciia phuong trinh 4* — 5 - 6% + 4 - 9% = (.

Bai 19 Tim tdt cd cdc gid tri ciia tham s6 a, sao cho phuong trinh tan?(z — ) - cot?(x + 37) =
5 — a® co nghiém.

Bai 20 Tim chu ky nhé nhdt ciia ham sé f(x) = sin4x — 2cos?x.

1 1 1 1
Bail Tink .
atl it o o s Ty T T 99 100

Bai 2 Biét rang hai s6 tu nhién c6 wdc chung l6n nhdt la 7 va béi chung nhé nhdt la 56. Goi S
la téng hai s6 do. Tim gid tri nhé nhdt c6 thé cé cuia S.

Bai 3 Mot canh cua hinh chit nhdt c¢é chu vi la 34 va dién tich la 60. Tinh do dai duong chéo
cua hinh chit nhdt nay.
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Bai 4 Tinh tong binh phiong cdc nghiém cia phuong trinh 3z* — 522 + 1 = 0.
Bai 5 Tim sé tw nhién N biét rdang:
1. §6 N khong chia hét cho 30, khong chia hét cho 45 va khong chia hét cho 75.

2. S6 N chia hét cho 15.

3+7+11+154---4 2015

Bai 6 Tinh 16 .
TN T 10+ 13 + - - + 2017

Bai 7 Mét tam gidc déu cé chu vi ciia duong tron néi tiép la 2. Tinh dién tich cia hinh tron
ngoai tiép tam gidc.

<. SA N ™ N
Bai 8 Biet rang 0 < a < 5 va tan o = 3, tim sin 2« + cos 2a.

Bai 9 Tim s6 nguyén Ion nhdt théa mdn bdt ddng thiic 5° + 2% < 133.

Bai 10 Mot hinh thang vudéng c6 goc tit bang arccos(—0.6), do dai hai ddy la 13 va 7. Tim chu
vi ciia hinh thang.

Bai 11 Tim giao diém (x¢, o) cdc cdc dé thiy = 2z vay = 2 + .

Bai 12 Tim dién tich ciia da gidc trén mdt phing Oxy théa man y > x| vay < 3 — 2|z|.

62

Bai 13 Tim nghiém cua phuong trinh 2° + 4% + 8% + 16" + 327 = % 1

Bai 14 Tim s6 nguyén x nhé nhdt théa man bdt ddng thitc log;(3z — 8) < 25.
N e . . . 2 A 1 4 3 . T 1 e
Bai 15 Tim gid tri xo cia x dé f(x) = it + 4x + 4sin o> + 3 Cos 67x co GTNN.

Bai 16 Bdn kinh ddy ciia mot hinh nén bang 1/2 do dai duong sinh cia né. Tim dién tich xung

9v3

quanh ciia hinh non, néu biét rang thé'tich cia né bang T

Bai 17 Tim tdt cd cdc gid tri ctia tham sé a, sao cho ham s6 f(x) = logy,>_,x nghich bién.
Bai 18 Tim nghiém nguyén nhé nhdt ciia logs(2x — 3) — 4log,(2x — 3) +3 = 0.

Bai 19 Tim tdt cd cdc gid tri ciia tham sé a, sao cho phuong trinh tan?(z—7)+cot?(z) = a*+a
co nghiém.

Bai 20 Tim chu ky nhd nhdt ciia ham sé f(x) = 3sin 3z + 2cosz.
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11 !
Bail Tink .
att dmh s s T T g 100

Bai 2 Biét rang hai s6 tu nhién c6 wdc chung lon nhdt la 6 va boi chung nhé nhdt la 96. Goi S
la tong hai s6 do. Tim gid tri Ion nhdt co thécé ciia S.

Bai 3 Mot canh cia hinh chit nhdt c¢é duong chéo la 41 va chu vi la 98. Tinh dién tich cua hinh
chit nhdt nay.

Bai 4 Tinh tong binh phuong cdc nghiém ciia phuong trinh 2z* — 322 — 1 = 0.
Bai 5 Tim sé tw nhién N biét rdang:

1. S6 N khong chia hét cho 26 va khong chia hét cho39.

2. 86 N 16n hon 100 va chia hét cho 13.

24+5+8+11+---+2018
34+5+7+9+---+2017"

Bai 6 Tinh tong

Bai 7 Mt tam gidc déu co chu vi la 3. Tinh téng dién tich ciia hinh tron ngoai tiép va noi tiép
cua tam gidc.

Bai 8 Cho goc o théa man cot o = 2, tim sina — 4cos?ou
Bai 9 Tim s6 nguyén nhé nhdt théa man bdt ddng thiic 4° — 3% > 100.

Bai 10 Mot hinh con diéu co dé dai cdc canh la 5,10, 10, 5. Biét rang duong chéo dai bang
5v/5. Tinh dién tich ciia hinh nay.

Bai 11 Tim giao diém (x¢, o) cdc cdc dé thiy = x* + 2? vay = 2° + x.

Bai 12 Tim dién tich ciia da gidc trén mdt phiang Oxy théa many < 1+ |z vay > 3 — |x.

< . , N —240
Bai 13 Tim nghiém cua phuong trinh 3° — 9* + 27 — 81% = TSR

Bai 14 Tim s6 nguyén x nhé nhdt théa man bdt déng thitc logs(3z — 7) < 36.
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<. o , o 1 : )
Bai 15 Tim gid tri x cua x dé f(x) = xz—:_ 3 + 5sin 7% + cos 67z ¢cd GTNN.
T

Bai 16 Bdn kinh ddy ciia mét hinh non bdang chiéu cao ciia no. Tim thé tich ciia hinh non, biét
rdng dién tich xung quanh ciia nd la /2.

Bai 17 Tim tdt cd cdc gid tri ciia tham sé a, sao cho ham 56 f(x) = (a®> — 1)* nghich bién.
Bai 18 Tim nghiém nguyén nhé nhdt cia phuong trinh 4% + 6% = 2 - 5°.

Bai 19 Tim tdt cd cdc gid tri ciia tham sé a, sao cho phuong trinh tan®(x — ) + 4cot?(x) =
5a — a® cé nghiém.

Bai 20 Tim chu ky nhd nhdt ciia ham sé f(z) = sin 2z + 2 cos 5.

Bai 1 Tinh 14(1 + v2)° + (3 — 2v/2)".
Bai 2 Tim téng cdc udc sé chung I6n nhdt va bi sé chung nhé nhdt ciia cdc sé 100 va 84.

Bai 3 Mot canh ciia hinh chit nhdt c6 chiéu dai la 6 , duong chéo co chiéu dai la \/40. Tinh chu
vi cua hinh chit nhdt.

Bai 4 Tim s6 cdc nghiém khdc nhau ciia phuong trinh 2° — x? = 0.
Bai 5 Tim s6 i nhién N nhd nhdt biét rang:

1. S6 N chia cho 17 du 1.
2. 86 N chia hét cho 10.

34+3F+3F+--- 434
312 -1 '

Bai 6 Tinh tong
Bai 7 Mot tam gidc déu co dién tich la \/300. Tinh dién tich ciia hinh tron néi tiép tam gidc.

.. i - [N
Bai 8 Blétrang2<a<3va81na:1—0, tim sin 2av.

138



Tap chi Epsilon, S6 11, 10/2016

Bai 9 Tim sé nguyén l6n nhdt théa man bdt ddng thiic 5°V* < 3125.

Bai 10 Mot hinh thang vudng cé géc nhon bang arctan 3, do dai hai ddy la 18 va 16. Tim dién
tich cia hinh thang.

Bai 11 Tim giao diém (x, yo) cdc cdc duwong thing x +y = 10 va 3z — 2y = 5.

Bai 12 Tim dién tich ciia da gidc trén mdt phdng toa dé Oxy théa man bdt ding thitc |2z + 5|+

|2y — 5| < 2.

Bai 13 Tim nghiém ciia phuong trinh logsz® + logsx% + - - - + logs 2% = 100.

Bai 14 Tim s6 nguyén x nhé nhdt théa man bdt ddng thitc 1g*(x — 1) + log?_,10 > 2.

Bai 15 Tim gid tri x( ciia bién x ciia ham s6 f(x) = 2% — 2x + sin 7r2_:1c c6 gid tri nhé nhat.

Bai 16 Bdn kinh ddy ciia mot hinh tru nhé hon 5 lan chiéu cao cia né. Tim dién tich xung
quanh ciia hinh tru néu thé'tich ciia hinh tru bdng 80r.

Bai 17 Tim tdt cd cdc gid tri ciia tham sé a, sao cho ham sé f(x) = log, s,z la ham sé ting.
Bai 18 Tim nghiém nguyén nhé nhdt ciia phuwong trinh 8 - 9* — 10 - 6° — 3 - 4% = (.

Bai 19 Tim tdt cd cdc gid tri ciia tham sé a, sao cho phuong trinh

3
tan® (:c—i—g)-cotQ <x—§> =2+4+a

co nghiém.

Bai 20 Tim chu ky nhé nhdt ciia ham sé f(x) = sin 3z — 2cos>x.

139



Tap chi Epsilon, S6 11, 10/2016

Bai 1 Tinh 13(V3—1)° — (2v/3 —3)".
Bai 2 Tim téng cdc udc sé chung I6n nhdt va bi sé chung nhé nhdt ciia cdc sé 80 va 128.

Bai 3 Mot canh ciia hinh chit nhdt cé chiéu dai la 60, duong chéo cé chiéu dai la 61. Tinh chu
vi cua hinh chit nhdt.

Bai 4 Tim s6 cdc nghiém khdc nhau ciia phuong trinh x® — 6x* + 922 = 0.
Bai 5 Tim s6 tw nhién N nhé nhdt biét rang:

1. S6 N chia cho 21 du 20.
2. 86 N chia hét cho 25.

53_55_{_57_59.”_|_599_5101

Bai 6 Tinh tong P05 7

Bai 7 Mot tam gidc déu co dién tich la \/243. Tinh dién tich ciia hinh tron néi tiép tam gidc.

N . X N N 2 N .
Bai 8 Biét rang —3 < a < 0 va cosa = ——, tim sin 2a.

V13
Bai 9 Tim s6 nguyén I6n nhdt théa man bt ddng thitc 2*+2V® < 2048,

Bai 10 Mot hinh thang vuéng cé géc nhon bang arctan(0.1), dé dai hai ddy la 30 va 20. Tim
dién tich cua hinh thang.

Bai 11 Tim giao diém (x, 1) cdc cdc duong thing x + 3y = 0 va 3z — y = 10.

Bai 12 Tim dién tich ciia da gidc trén mdt phdng toa do Oxy théa man bdt ding thiic |v — 4| +
|4z — 6] < 3.

Bai 13 Tim nghiém ciia phuong trinh

1 1
log,— + log,— + log,x + log,z? + - - - 4 log,a?* = 125.
x x

Bai 14 Tim s6 nguyén x nhé nhdt théa man bét ding thitc 1g*(3z — 5) + log3, 510 > 2.
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Bai 15 Tim gid tri x ciia bién x dé¢’ham sé f(x) = 3z — x + sin 97 ¢6 gid tri nhé nhit.

Bai 16 Bdn kinh ddy ciia mot hinh tru nhé hon \/3 ldn chiéu cao ciia né. Tim dién tich xung
quanh cua hinh tru néu thé'tich ciia hinh tru bang 727

Bai 17 Tim tdt cd cdc gid tri ciia tham 56 a, sao cho ham s6 f(x) = log 5, la ham sé tdng.
Bai 18 Tim nghiém nguyén 1n nhét ciia phuong trinh 3 - 2° — 5(1/6)" + 2 - 3* = 0.

Bai 19 Tim tdt cd cdc gid tri ciia tham s a, sao cho phuong trinh

tan? <2m — 3;) - cot? (2x + 5%) =2a—1

Bai 20 Tim chu ky nhé nhdt cia ham sé f(x) = sin 4z — 2cos2z.

co nghiém.

1 1 1

1
Bai 1 Ruit ‘
i1 Rut gon + Tt I 23100

142 1—|—2+3+1+2—|—3+4

Bai 2 Hai 56 c6 udc s6 chung I6n nhdt la a va bdi sé chung nhé nhdt la b. Biét rang b— a = 20.
Tim gid tri nhé nhdt c6 thé'cé ciia tong hai sé ban dau.

Bai 3 Mot hinh hop chit nhdt cé duong chéo bdng /38 va dién tich toan phdan bang 62. Tinh
thé’tich ciia hinh hép nay.

Bai 4 Tinh tong nghich ddo cdc nghiém cia phwong trinh 3 — 3z — 1 = 0.
Bai 5 Tim s6 tw nhién N nhé nhdt biét rang:

1. S6 N chia 2 dw 1, chia 3 du 2, chia 4 du 1.

2. 86 N c6 tén cung la 1.

1-24+3-44+5-6+7-8+---+ 10002000
1-3+3:64+6-9+9-12+---4 1000 - 3000

Bai 6 Tinh tong

Bai 7 Mét da gidc déu co sé duong chéo la 35. Hoi da gidc nay c6 bao nhiéu canh?
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Bai 8 Cho géc o théa man 10 < o < 13 va sina + V3 cosa = 2.
Bai 9 Tim s6 nguyén x nho nhdt théa mén bdt ddng thitcc 6° > (1 4 2% + 3% + 4% + 5”5)2.

Bai 10 Mot hinh con diéu co dé dai cdc canh la 5,10, 10, 5. Biét rang duong chéo dai bang
5v/5. Tinh dién tich ciia hinh nay.

Bai 11 C6 mdy giao diém NGUYEN (x, o) cdc cdc do thiy = 2°> — 6 va x = y* — 6?2

Bai 12 Tim dién tich ciia da gidc trén mdt phang Oxy bi gidi han béix = 1,2 = 3,y = 2,y =
5.

Bai 13 Tim nghiém ciia phuong trinh log,2x + logy4x + log,8x + log, 16x = 14.

S P PUN . % ’ ~ £, 32 L. T
Bai 14 Tim s6 nguyén dm x I6n nhdt théa man bdt dang thiic sin® (7> <1

Bai 15 Tim gid tri xo dé' ham s6 f(x) = /222 + 3z + 3 + /222 + 5z + 5 c6 GTNN.

Bai 16 Duong kinh ddy ciia mot hinh tru bdng 6 ldn chiéu cao ciia no. Tim thé'tich ciia hinh
tru biét rang dién tich toan phdn ciia no la 48r.

Bai 17 Tim gid tri a nhd nhdt, sao cho ham s6 f(z) = (E> nghich bién.
a

Bai 18 Tim nghiém thuc nhé nhdt ciia phuong trinh 4° = x + 1.

Bai 19 Tim tdt cd cdc gid tri ciia tham sé a, sao cho phwong trinh sin*x + 3cos?x = a®> +a+ 1
co nghiém.

Bai 20 Tim chu ky nhd nhdt ciia ham sé f(x) = tan 4z + 2 cot 5.
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1 1 1 1
Bai 1 Ruit _
AL o St T o 3 T 12434 T 15243+ -439—10

Bai 2 Hai 56 co udc s6 chung 16n nhdt la a va bdi s6 chung nhé nhdt la b. Biét rdng b —a = 39.
Tim gid tri nhé nhdt c6 thé’co cia tong hai sé ban ddu.

Bai 3 Mot hinh hop chit nhdt tong do dai ciia tdt cd cdc canh la 44, dién tich toan phan la 576.
Tinh dé dai dwong chéo dai nhdt ciia hinh hop.

Bai 4 Tinh tong binh phuong cdc nghiém ciia phuong trinh x3 — 72> + 11z — 3 =0
Bai 5 Tim s6 tw nhién N nhé nhdt biét rang:

1. S6 N chia 3 dw 1, chia 4 du 2, chia 7 du 1.

2. 86 N ¢6 tén cung la 1.

1-2-34+2-4-6+---4 1000 - 2000 - 3000

Bai 6 Tinh tong .
1-3:5+2-6-10+---+ 1000 - 3000 - 5000

Bai 7 Hdi s6 duong chéo ciia mot da gidc o 15 dinh hon da gidc khdc c6 10 dinh bao nhiéu?
Bai 8 Tim goc athéaman 4 < o < 7va V3sina — cosa = —2.
Bai 9 Tim sé nguyén x 16n nhdt théa man bdt ding thite (V7)" > 3% + 47,

Bai 10 Mot hinh con diéu c6 dé dai cdc canh la 10,17,17,10. Biét rang duong chéo ngdn bang
16. Tinh dién tich cua hinh nay.

Bai 11 C6 mdy giao diém NGUYEN (x4, o) cdc cdc do thi y = 20 — 3 va x = 2y* — 3?2

Bai 12 Tim dién tich ciia da gidc trén mdt phdang Oxy bi gidi han béi cdc do thi ciia ham
soy=x,y=—-x+2,y=x+2,y=—v—2

Bai 13 Tim nghiém ciia phuong trinh loguo% + 10g120§ + loguo% + 10g120§ =4.

Bai 14 Tim s nguyén duong x 16n nhdt théa man bdt ding thiic tan? ({E—()) < 100.
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Bai 15 Tim cdc gid tri vo dé¢ ham sé

flx)=+vV3z—-1—-+Vx+5

co GTNN.

Bai 16 Mot hop sita hinh tru co thé'tich bang 127 va dién tich xung quanh ciing bang 127. Tinh
chiéu cao clia hop sia.

Bai 17 Tim gid tri a nhd nhdt, sao cho ham s6 f(z) = (%) déng bién.
e

Bai 18 Tim nghiém thuc nhé nhdt ciia phwong trinh In(z? +x + 1) + 2* + 2 = 0.

Bai 19 Tim tdt cd cdc gid tri ciia tham s a, sao cho phiwong trinh 6sin’z — cos?x = a® 4+ a ¢
nghiém.

Bai 20 Tim chu ky nhd nhdt ciia ham sé f(z) = tan 10x + 2 cot 4z

| 1 1 1
Bai 21 Rt 9899 - 100°
ai ug0n1.2_3+2,3.4+3.4.5+ Jr98-99~1OO

Bai 22 Trong phong thi nghiém, c6 2 éng nghiém c6 dung tich la 42ml va 77ml. Héi vdi hai
ong nay, nguoi ta co thé dong duogc dung tich nuéc chinh xdc nhé nhdt la bao nhiéu?

Bai 23 Trén mdnh ddt hinh chit nhdt 20m x 30m, nguoi ta lam mét duong di xung quanh cé bé
rong la 2m (duong di xdy vao phan ddt bén trong). Tinh dién tich ciia duong di.

Bai 24 Tinh tong gid tri tuyét doi ciia cdc nghiém ciia phuong trinh 2° + 3 = 2> + 11.

Bai 25 Tim s6 tw nhién N nhé nhdt biét rang:

1. S6 N la sé nguyén té.

2. S6 N chia 13 du 2.

Bai 26 Tinh tong 17 + 22 + 32 + - - - + 502
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Bai 27 Mot hinh da gidc déu co sé do méi goc trong bang 140° . Hoi da gidc nay cd tdt cd bao
nhiéu canh?

Bai 28 Tim gdc o thda man tan o = 3, tinh gid tri cuia tan 2q.

Bai 29 Héi ¢ bao nhiéu s6 nguyén x théa mdn diéu kién 10°° < 3% < 10902

Bai 30 Mot hinh thang cdn c6 dé dai cdc canh la 3,2, 3, 10. Tinh dién tich cua hinh nay.
Bai 31 C6 mdy giao diém (g, o) cdc cdc do thi x® + y* = 6 vay = 2%?

Bai 32 Hdi dién tich ciia da gidc trén mdt phdng Oxy bi gidi han bdi cdc diéu kién sau la bao
nhiéu:y > 0,y <z,y<4—2x?

Bai 33 Tim nghiém ciia phuong trinh log,x - log,z - loggr = 36.
Bai 34 Tim s6 nguyén duong x 16n nhdt théa man bdt ddng thitc 2° < 10z + 20,
Bai 35 Tim cuc tri xo nhd nhdt cia f(z) = (Vx + 1)3 + (Vo + 9)3 - (V2z + 4)3.

Bai 36 Mot qud bong hinh cdu cé thé'tich la 27=. Hoi dién tich bé mdit ciia qud béng bang bao
nhiéu?

Bai 37 Tim gid tri nguyén a nhd nhdt, sao cho ham s6 f(x) = (7 + e + a)” dong bién.
Bai 38 Hoi ¢ bao nhiéu gid tri x thoa man 3% + 5% < 4% ?
Bai 39 Tim tdt cd cdc gid tri ciia tham sé a, sao cho phuwong trinh tan®x +cos’x = a c6 nghiém.

Bai 40 Tim chu ky nhé nhdt ciia ham sé f(z) = sin®(4z + 5)
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Cac thong tin § day tham khao tu tai liéu cia Trung tam Khoa hoc va Van h6éa Nga § Ha Noi
trong dot tuyén sinh 2016.

Thanh phé Moskva:
1. bai hoc Nang lugng Moskva (MPEI).
bia chi: 111250 Matxcova, E-250, ph6 Rasnakazarmennaia, s6 14.

Email: study @mpei.ru.
Website: mpei . ru.

2. Pai hoc Tong hop Cong nghé va Nghién ciiu qubc gia (MISIS).

Dia chi: LB Nga, 119049, TP Moskva, Leninskiy prospect, nha sb 4.
Website: http://en.misis.ru/vn/ - bing tiéng Viét vd www.misis. ru.

3. bai hoc Hutu nghi cac dan toc (RUDN).

Dia chi: 117198, TP. Moskva, phé Miklukho - Maklaia, sb nha 6.
Website: www. rudn.ru.

4. Pai hoc Xay dung qubc gia Moskva (MGSU).
bia chi: 129337, LB Nga, Moskva, Jaroslavskoye Soxxe, sO nha 26.

Website: www.mgsu. ru hodc www.vk.com/mgsu. hoac
www. facebook.com/misi921imgsu.

5. bai hoc Cong nghé¢ Moskva (MIREA).

Dia chi: dai sb Vernadski, s6 nha 78, Moskva, 119454, LB Nga.
Website: www.mirea.ru.

6. Dai hoc ky thuat vat 1y Moskva (MIPT).

Dia chi: 141700, LB Nga, tinh Moskva, TP. Dolgoprudni, Ngd Instituski, sd nha 9.
Website: www.mipt.ru.

7. Pai hoc ky thuit Qudc gia Moskva (MTU).
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bia chi: 105005, LB Nga, Moskva, Baumanxkaya thi 2, sbnha 5, toa 1.
Website: http://www.bmstu.ruhodc http://www.bmstu.ru/en/

8. Pai hoc giao thong dudng sat Moskva (MIIT).
bia chi: ph6 Obrazxova, nha 9, toa 9, Moskva, 127994,

MIIT, toa nha 1, phong 1301, Phong hop tac dio tao qudc té.
Website: www.miit.ru.

9. bai hoc cong nghé Moskva (WTU).

Dia chi: 119334 LB Nga, Moskva, Leninskiy Prospect, sb nha 38A.
Website: www.mti.edu.ru.

Thanh phé Zelenograd.
10. Pai hoc Nghién citu Qudc gia (MIET)

Dia chi: 124498, Moskva, Zelenograd, dudng 4806, sb 5.
Website: eng.miet.ru.

Thanh phé Saint Petersburg
11. Pai hoc Bach khoa Saint — Perterburg.

Dia chi: LB Nga, thanh ph6 Saint Petersburg, dudng Polychekhnhitreskaia, sd 29.
Website: www. spbstu.ru.

12. Pai hoc Kién triic — X4y dung Saint — Pertersburg.
Dia chi: phong hop tic va dao tao qudc té, 190005, St.Petersburg, phd Krasnoarmeiskaia sb 2,

s6 nha 4.
Website: www. spbgasu.ru.

Thanh phd Novisibirsk
13. Pai hoc Y Quéc gia Novisibirsk (NGMU).

Dia chi: 630091, LB Nga, thanh phd Novosibirsk, dudng Craxnui proxpect, sd 52.
Email: interNSMU@Rgmail.com.
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14. Pai hoc Qudc gia kién tric — Xay dung Qudc gia Novosibirsk.

Dia chi: LB Nga, 630008, thanh phd Novosibirsk, phd Leningradskaia, s6 nha 113.
Website: www. sibstrin.ru.

Thanh phé Tomsk
15. Truong Pai hoc nghién cifu qubc gia — Pai hoc Bach khoa Tomsk (TPU).

Dia chi: Vin phong tuyén sinh SV qudc té, LB Nga, ph Usova 4A, viin phong 420.
Website: www. iie.tpu.ru.

Thanh phd Novocherhask
16. Pai hoc Bach khoa mién Nam lién bang Nga (NPI).

Dia chi: ph6 Prosvesenia, sO nha 132, thanh ph6 Novocherkass, tinh Rostov, LB Nga.
Website: www.npi-tu.ru.

Thanh phd Krasnoyarsk
17. Pai hoc lién bang Sibiri (SFU)

Dia chi: dai 16 Svobodni, s6 nha 82A, phong 448, TP. Krasnoyarsk, 660041, LB Nga.
Website: www. sfu-kras.ru.

Céc ban c6 nhu cau lién hé d€ nam thém thong tin c6 thé theo dia chi: s6 501, dudng Kim Ma,
quéan Ba Dinh, Ha Noi.
bién thoai: (04) 37719937.

Website: www.vnm.ru.gov. ru.
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NHUNG CAU PO MAT - XCO - VA

Nguyén Qubc Khanh
(Ha Néi)

B me tdi rt yéu thich viéc doc sach. Thud nhd, trong nha toi c6 mot ti sach gia dinh rat xinh.
D6 1a ti sach ma bd tdi tu tay dong ting me toi, trong d6 xép di thif sach clia ca hai ngudi. Toi
da 16n 1én véi nhiing sach y. T6i bay git nhin lai, t6i thdy minh thit may man khi ma “Thoi
tho du” ctia minh da dugc bao boc bdi nhiing tac pham Nga that dep dé, giau triét ly nhung
van khoang dat va dic biét 1a diy nhan hau. Gilta nhiing “Truyén niii déi va thdo nguyén”, véi
nhiing “Giamilya”, nhiing “Cdy phong non trium khdn do”, nhiing “Bai ca chim bdo bdo”, nhiing
“Truong dai hoc cia t6i”, giita nhiing “Béng hong vang va binh minh mua”, gitia nhiing “Anh
béo va anh gdy”, gilta nhitng “Con ky nhéng”, nhiing “Ngudi trong bao”, gitta nhiing “Pém
trude cha va con”, tdi da 16n 1én mot cach dy hanh phic.
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Thai 4y hinh nhu ai ciing yéu thich viéc hoc toan. Va cé vé thdi bay gid, va ca ngly nay niia,
khong dia tré nao lai khong bat dau cudc hanh trinh van dim ctia minh véi todn hoc bing
nhiing bai toan d6, v6i hang git dong hd loay hoay vé6i nhiing que tinh, véi nhitng kéo va gidy,
véi nhitng vong chun, véi nhitng vién bi, v6i thude thang va & ké, tham chi véi ca nhitng dung
cu ¢ hoc qudi d4n d€ vé ra nhiing hinh thu dep dé la lung. Toi khong thé nh6 chinh xac rang
minh da biét t6i nhitng cau db logic vi ba vi than 13 Than néi that luon néi that, Than néi dbi
lu6n néi ddi, va Than hay dua lic néi that lic néi doi ti bao gid, toi chi biét 1a chang c6 dia tré
con nao thdi dé lai khong biét t6i nhitng cau db nhu vay, va ngay ca cho t6i bay gid, dudng nhu
v6i rat rit nhiéu ngudi, toan logic ciing van tifc 12 mdn cau db vé ba vi than. That 12 mot su rung
dong khong thé cudng lai dudc clia cac cau d6 vui nhu vay.

Boris Kordemsky dang giai mot cau d6. Anh: ageofpuzzles.com

N6i vé toan d6, bat dau tit “Ong 16 cla céac tro choi Sam Loyd ngudi My, t6i “Nha sdng ché”
Henry Dudeney ngudi Anh, t6i “Ngudi khdng 16” Andrey Kolmogorov ' va “Thdy gido lang”
Boris Kordemsky nguoi Nga, t6i “Nha do thudr” Martin Gardner ngudi My, toan hoc giai tri
(recreational mathematics) da dan dan trd nén giau c6 va tra phd hon bao gis hét. Néu nhu
ngudi ta c6 thé thiy & nhiing cau db ciia Sam Loyd mot su tréu dua tri 6¢ trong nhiing ngdn ngi
huyén 4o nhu mot dém A-rap, thiy & nhitng ciu d6 ciia Dudeney nhitng tinh huéng nghe qua
thi dé dang ma thuc sy tinh x40 va chinh x4c cao do khién cho tit cd déu phai dau dau mot cach
thich thd, va cho di dau d6 ngudi ta thy lai nhitng ciu dé cta hai tac gia nay 6 Kordemsky, thi
“Nhitng cdu dé Mdt-xco-va” ma cac ban dang cAm trén tay ban dich tiéng Viét sau 50 nim ban
gbc ra doi, van 1a mot thdo nguyén rong khip chiia dung vo van nhitng y tudng dep dé dén bat
ngd. Va mic du ca hai déu 12 nhiing kho tang khdng 16, nhung van c6 mot su khac biét khong
nhd gilta phong céch toan db ctia Kordemsky va Gardner. Toi nghi diéu d6 dén tir cdi dudc goi
12 “Tdm hén Nga”, cdi ma c6 thé cAm thu nhu 12 mot sy hoa hop tuyét dep gitta con ngudi, thién
nhién dep dé, cac y niém va hiéu biét sau sic vé thé gidi, cung v6i nhan sinh quan rong mé, diéu

'Nha todn hoc vi dai ngudi Nga 1a Kolmogorov thué nhé da bat diu sang tao ra cac cau db dé d6 ban be, mot
trong s6 d6 12 cAu d6 ndi tiéng vé sb cach xau chudi vong cd bing nhiing chiéc ciic thuc vé 4 mau.
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ma rat dé nhan ra nhung khong dé dinh nghia cho that rd rang, dic biét 1a dit trong su khac biét
so vdi tu duy chinh x4c héa qua miic ctia phuong Tay & dy 12 Anh va My, thi vé dep Ay lai cang
tré nén ro rang hon niia.

Ngudi ta néi rang todn db 1a tro tiéu khién dé giét thoi gian va luyén tri ndo, nhung c6 1& khong
chi nhu thé, va néu c6 1a nhu thé di ching nifa, thi trd tiéu khién nay chic chin chua bao gio tré
nén nham chén, va vin c6 nhiing gia tri ma hiém ngudi c6 thé tir chdi dugce. Mot trong sd nhiing
tin dd cudng nhiét ctia toan d6 c6 1& khong thé khong nhic téi nha toan hoc John Conway, cha
dé ctia “Tro choi cudc séng” néi tiéng, d6 1a mot mo phong ciia Conway dbi v6i su van dong
clia c4c té bao thong qua mdt md hinh toan d6 don gidn. Conway 1a Gido su todan hoc & Pai hoc
Princeton, noi ma ban dau dng c6 mot vin phong 1am viéc riéng, nhung 6ng khong bao gid ngdi
trong d6, ngudc lai, sudt ngay 6ng chi ngdi & sanh chung, va “tém c¢é” tit c nhiing ai lo dénh
diing trong sanh chung d6 ma khong dang néi chuyén véi ai, d€ ong db ho nhiing cau d6 ban
dau thi c6 vé hap dan, nhung cang vé sau thi ngudi ta cang thiy budn cudi vi tinh tré con va su
hdo hiic d6 ctia dng. Dan din moi ngudi déu trén sach vi cac cAu dd cia Conway ban dau nghe
thi d& ma giai thi qua kho, ho s¢ bé miit, con trudng Princeton thi cudi cling ciing danh phéi thu
hoi vin phong ctia Conway dé danh cho ngudi khac. Vé sau Conway da xuit ban mot bd 4 tap
sach day t6i may nghin trang chi dé dién gidi vé cdc trdo choi ma ong tudng tudng ra, nhiing ciu
d6 “hai ndo”, nhung bang cach nao d6 lai cé nhiing tng dung ddng ngac nhién trong tu nhién
cuoc sdng.

Khong phai ngiu nhién ma hau nhu ai ciing bi cac cau db cubn hiit, diic biét 1a cdc nha toan hoc
noéi riéng va cac nha khoa hoc néi chung. Ct sénh ra l1a ho d6 nhau, d6 nhau trong git in trua,
trong lic di dao, trong gid ubng ca phé, trong tiéc tra, bén hanh lang hoi nghi su kién. Dan dan,
t6i hi€u ra mot diéu 13, cac cau db chinh 1a thif tao nén cam hiing cho tri tudng tuong va su to
mo ciia tit cd moi ngudi, dic biét 1a cho tré em trong Itia tudi ma cic em d6 bat dau su phat
trién vé tri luc ctia minh. Nhung moi chuyén khong hién nhién nhu tdi vita méi néi ra. Toi con
nhé6 thud bé chinh minh da tiing rit buc minh véi nhiing ciu hdi ngé ngan khiing khiép vé viéc
mot chii méo nam gitta nhiing chi chudt hoi rang chu ta sé chén chid chudt nao trudc, hay 1a cau
héi vé viéc bdn ngudi dap xe trén mot mang dudng hinh bong hoa thi ai sé& vé dich truée, that
12 ngé ngan, that 12 budn cudi, that 1a phi logic, nhung ciing thét thi vi, ngdn tif va hinh dnh c6
thé sdng dong dén nhu thé 1 cuing. Va du cho tit nhién 1a ai chdng mubn biét dudc cau tra 1vi,
hon nita con mudn minh ty tim ra ciu tra 16i nhu mot sy kham phd, mot phat hién tu than day
sung suéng, nhung con su ngé ngin trong cach dit dau bai thi sao, né ci hién hién trudc miit,
khong loai bd di dugc, ma dé day thi lai bt rit khong yén? Hoa ra, ky thuc chinh nhiing su ngd
ngén kia, lai “finh co” 1a diéu gitp nudi dudng dudc tri tudng tugng tré tho, ma tri tudng tudng
thi von di 12 tai san 16n nhit ctia nhiing difa tré. Albert Einstein tiing néi rang néu nhu tinh logic
dat ta di dugc mot doan duong di dai kha di ddp tng dugc hau hét cac mong mubdn co ban, thi
chinh tri tudng tugng mdi c6 thé lai dua ta di dudc dén bat ky dau ta mo udc tdi, cling gidng
nhu viéc Peter Pan chi c6 thé bay dugc khi anh ta c6 thé tudng tugng ra (va tit nhién 1a phai c6
niém tin vao) viéc minh dang bay viy. Tiéc thay, dudng nhu diy lai diing 1a diéu ma nhip sdng
hdi ha ctia cudc séng hién dai da khién cho chiing khong con dat sdng.

Mot ngudi ban ma toi tinh ¢d biét t6i 12 anh Sonny Xuan Vii, ngudi ma trong vong chua t&i 5
nim da gay dung dudc mot doanh nghiép chuyén vé san xuit céc thiét bi di dong c6 tinh thdi
trang (Misfit Wearables) tri gia nhiéu trim triéu do la, trong mot bai gidng vé cach thic ma anh
ta xay dung doanh nghiép ctia minh, thi chi c6 duy nhat mot bai hoc, d6 1 vé su td mod mudn
tim tdi tan cung cau tra 16i gidng y nhu khi ta d6i dién véi cac bai toan d6, ma ding hon, dbi véi
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anh 4y thi cAu db s6 24 trong cudn sach nay, cau db vé viéc vé mot dudng gip khiic 4 doan lién
nét cat qua 9 di€m, chinh 1a bai hoc 16n nhét tif thud nho khong bao gi quén. Toi nghi, nhiing
vi du nhu thé nay khong c6 gi ddng ngac nhién, nhung khi néi ra, thi c6 thé ta sé hiéu rd6 hon
vé mot s6 diéu hién nhién. Chang han & day la ta dang suy nghi cho thau ddo vé gia tri clia todn
db v6i su phat trién tri tudng tuong va su td mo, dic biét 1a dit trong bdi canh ma “todn bo ciii”
dang ngay mot tré nén “lam phdt”, thi c6 18 khong thé khong nhic lai v6i nhau rang toan d6
ngoai viéc 1a mot cong cu, mot cach thiic tét d€ khién hoc sinh yéu thich toan hon, nghi vé toan
moi ldc moi noi, thi con 1 cach d€ bd me, anh chi em cuing nhau hoc toan.

Cam on Nha sach Nhda Nam va nhém bién dich di dem tré lai nhiing gi4 tri truyén thdng cia
toan hoc va gido duc todn hoc, dic biét hon nifa 1a nhiing ban doc thdy chung lai mét 1an nita
¢6 co hoi tan hudng lai mot 1an gié thdo nguyén X6 Viét va nhiing lan diéu dan ca Nga dung
di ma vo cling sau sac chia dung trong ting ciu chif, tiing hinh 4nh gan giii, mdc mac, ma rét
c6 hon, ngay giita nhitng ngay Héi sach thang 9 giiia mua thu vang Ha Noi, ngay Mua tuu
truong 2016.
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BAI TOAN HAY LOI GIAI DEP

Ban bién tap

GIOI THIEU

Chuyén muc nay dugc 1y cam hing tir bai viét ctia thay Nguyén Duy Lién & s6 béo trudc
vé bai toan sd 6 trong ky thi IMO 2001 véi 5 cach gidi khac nhau. Muc nay sé dé danh
viét vé nhiing bai toan hay, 15i gidi dep va nhiing ciu chuyén thi vi xung quanh nhiing
bai toan va 16i giai do.

Tén ctia chuyén muc dugc mugn ti té€n cia mOt nhdm nhitng ngudi yéu toan trén Facebook
do anh Nguyén Vin Ldi sang 1ap “Bai todn hay — Loi gidi dep — Pam mé todn hoc”.
Chuyén muc ghi nhan cic dé cl cia ban doc va sé chon ding méi ky 1, 2 bai todn.

S6 nay chiing tdi sé gidi thiéu v6i ban doc vé bai todn s 3 trong dé thi todn qudc té nim
2005 cuing v6i nhitng 15i gidi rat doc ddo.
Bai todn. Cho ba sé thuc duong x, y, z théa man diéu kién xyz > 1. Chitng minh rdng

2 2

x> —x

y5—y2 S5,
+ -+ > 0.
x5+y2+22 y5+22+X2 ZS+x2+y2
Lsi giai 1. (Pham Kim Hung ') St dung gia thiét xyz > 1 va bat dang thiic AM-GM, ta c6
x> —x? N x> —x?-xyz _ xt—x?%yz 2x* — x2(y? + z?)
x5+y2—|—22 = x5—|—(y2—|—22)-xyz _x4—|-yz(y2—|-22) = 2x4—|—(y2—|—22)2'

Dita = x2, b = y2, ¢ = z? ta can chiing minh

b

2 _
ZZC a(b—i—c)}0
2a%2 + (b + ¢)?

hay la ;
2 (@=b) |:2a2 n ?b Yo2 2024 (c +a)2] >0
hode 2 2 2
2 fa=br [;a2++2§b(a++c;92)] T ?cbj ab)2] 0
Hién nhién ding, dang thiic xdy rakhi vachikhix = y =z = 1. O

'Thanh vién doi tuyén IMO Viét Nam 2 nim lién tiép 2004 (gianh HCV) va 2005 (gianh HCB).
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5_x2  _ x24y2472

Lsi giai 2. (Pap an ctia BTC) Chu y rang 1 — T T T

tuong duong voi

nén bét dang thic trén

2 2, .2
» Ay g
x> + y2 + z2
St dung gia thiét xyz > 1 va bt dang thiic Cauchy-Schwarz, ta c6

2
(2 4+ 24222 < (Vayz 497 +22) <0 )2+ 2z + )2+ 7Y,

do do
x2—|—y2—|—22<yz—l—y2—l—22
x5+y2+22\x2+y2—|—22'
Suy ra
2 2 2
a2t <
x>+ y*+z x4+ y*+z
Bai toan dugc chiing minh. [

L&i giai 3. (Iurie Boreico ?) Ta ¢
5 42 5 42 (x3 — 1)2(y2 + 22)

— == = 07
XS4 y24+2z2 x5+ x3(y24+22)  x(x24y2 422 (x5 + y2 4 22)

két hop véi gia thiét yz > 1, ta dugc

2 2 2_ 1 2
X p” X< —yz

> = =
X542 4227 XS4 x3(02+22)  x2+y*4227 a2+ y2422

X —x X2 —x

T do suy ra
x> —x? yS — y? z° — 72 Xy +yz+zx

x5—|—y2—|—22+y5—|—22+x2+25+x2+y2/ x2—|—y2—|—22/

Vay bai toan dudc chiing minh. O

Binh luan 1. Bai to4n nay c6 3 diém kho, d6 la:

1. Bét dang thic khong thuin nhét bac cao.
2. Bét dang thiic dang phan thic.
3. Piéu kién dang bat dang thic.
Thoéng thudng véi cac bit dang thifc khong thuan nhit c6 diéu kién dang thiic, ta cé thé dung

didu kién d6 d€ thuc hién budc chuin héa, & diéu kién bat dang thiic sé kho hon vi ta sé phai
biét thay thé ding chd (d€ su thay thé d6 1a hop 1é va khong dan dén mot bat dang thic sai).

’Turie Boreico la thanh vién ddi tuyén IMO ctia Moldova 5 nim lién tiép tif 2003 dén 2007. Anh gianh HCV
v6i s6 diém tuyét dbi (42/42) & cac ndm 2005 va 2006.
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Ba 10i giai da trinh bay & trén da xu ly khéo 1éo 3 kho khan ma bai toan dat ra theo céc trinh tu
khac nhau.

Loi giai cia Pham Kim Hung xt 1y van dé thuan nhét trudc (thay 1 biang xyz & trén va & dudi).
Budc nay 13 kha tinh té va khong hién nhién nhu thoat nhin (gidm t& s6 va ting mau s6 1én) vi
tl s6 c6 thé 4m, do d6 phai nhian chéo mdi chiing minh dudc d4nh gid dau tién. Tuy nhién budc
danh gia d6 12 kha tu nhién. Tiép theo 12 budc dit bién phu dé gidm bac va cudi cling 1a budc
bién d6i vé dang SOS (mot trong nhitng sang tao clia chinh Pham Kim Hung).

Trong céch gidi ctia dap 4n, budc dau tién st dung mbi lién hé giita tir s va mau sb cia cic
phan s6 dé tao ra 3 phan s6 méi c6 chung ti s6. Tiép theo 1a mot 4p dung kha nghé thuit cia
bét dang thiic Cauchy - Schwarz, ddng thdi st dung xyz > 1 d€ ning bac

24y 422 <x3(yn)? +y2 4 22,

tir d6 tao ra bit dang thic da dudc ddng bac héa (va lai cé mau sb chung, giai quyét dudc khé
khan thua 2

X2 4 y? 4 22 <yz—|—y2—|—22

x5 4 y2 4 22 = x2+y2—|-22'

Chu y 1a y thi nhét clia cdch giai nay ciing chiing minh dugc 1a chi can chiing minh bét dang
thic dé bai ding cho trudng hop xyz = 1.

Trong cach gidi ctia Iurie Boreico, viéc thuan nhit héa dugc chia thanh 2 budc. Dau tién 1a thuan
nhét héa mau s6. Budc nay kha t nhién vi néu x > 1 thi tif s6 duong va phan s sé nhé di néu
ta ting mau s6 1én (thay y2 + z2 bang x3(y2 + z2)) con néu x < 1 thi ti sb 4m va phan s6 cling
nhd di néu ta giam mau s6 xudng (thay y? + z2 bang x3(y2 + z2)). Céch viét trong 15i gii chi
1a tudng minh diéu d6 biang cong thiic. Sau khi da thuin nhéit héa dugc miu s rdi méi chuyén
sang thudn nhat héa tit s6 bing cach thay 1 bing yz.

V6i 161 giai cia minh, Turie Boreico, da dugc nhan giai thuéng dac biét cua IMO danh cho 16i
giai doc ddo. Pang chd y day 12 gidi dic biét duy nhit trong sudt 21 nidm: Tt nim 1996 dén
2016. Truée Iuri Boreico c¢6 Nikolay Nikolov dugc giai dac biét 6 IMO 1995.

C6 mot diéu thd vi 1a chinh Nikolay Nikolov, hoc sinh dat giai dic biét nim 1995, 1y cAm hiing
tif bai toan IMO 2005 va 16i giai cta Iurie Boreico da chiing minh dudc mot md rong clia bét
dang thiic nay, cu thé 1a

Cho X1, X2, ..., X la cdc sé thie dwong théa mdn x1x»-++x, = 1 va o > 1. Khi do ta co bdt
ddng thiic

n

Xy — x;
Dy 20
S-l—xf‘—x,-

i=1

trong do S = Zx,-.

i=1
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CAC VAN DE CO PIEN VA HIEN DAI

Ban bién tap

G101 THIEU

Chuyén muc nay danh cho céc vin dé cd dién va hién dai dudc trinh bay dudi dang céc
bai todn xau chudi. D6 c6 thé 1a chudi cac bai dé giai bai toan dang chu, chiing minh déng

e ~ A 2 A R N -, A N - N N
thiic Euler ky diéu 1 + 2l2 + 3L2 ++-+ = 7=, mdt chuoi bai toan van tra ... Céch trinh bay

xuét phat tif nhitng vin dé don gian, dé hiéu, nhitng khai niém mdi sé dudc dinh nghia
ludn trong bai dé c6 thé doc tuong d6i doc 1ap. Va mbi mot chudi bai sé néu ra nhitng van
dé nhét dinh, c6 thé 1a giai quyét mot bai todn kinh dién hay néu ra nhiing gia thuyét méi,
nhiing vin dé méi. Loi gii va théo luan vé cac bai todn sé dugc ding  s6 N + 3.

BAI DU THI VONG CHUNG KET

“ENTROPY — KHAI PHA DU LIEU”
(tiep theo ky trudc)

Bai du thi ctia Lé Ta Pang Khoa (Bang A).

Phan |. Phan tich dir liéu phi cau tric
A. GiGi thiéu van dé
Tém tat: Cho 28.000 bai bdo thiéu chii dé, hdy nhom cdc bai bdo cé ndi dung tuong tu lai, roi

ddit tén chu dé phit hop nhdt cho titng nhom.

Phat biéu lai bai Toan:

Yéu cau 1. Do cdc bai viét déu thiéu chi d& (khong c6 nhan): Ap dung Unsupervised Learning
dé nhém 28.000 file text theo ndi dung:
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1. Biéu dién file text thanh céc features (feature extraction).
2. St dung mot thuit Todn dé€ nhém céc file text theo ndi dung (clustering).
3. Toi uu hoéa hai budc trén (optimization).

Yéu cau 2. Sau khi c6 cdc nhém, dit tén chi d& phit hop nhit cho tiing nhém dé. Sau d6 xuét
mot file.csv gdm tén bai bdo va chi dé tuong tng.

Y tudng: Ta dua trén nhiing tif dudc st dung trong mdi bai bao dé€ dinh luong su lién quan vé
mat ndi dung gitta chuing.

Yéu cau 1.1: Feature extraction

e Budc 1. Ta sé clean cic file text d€ ddm bio ndi dung chi con cic tir thuan tiy (lower-
cased, no punctuation).

Ly do: Vi “Toi” va “t6i”, “hoc” va “hoc!” hay “ng6i” va “ngoi,” la nhu nhau. Viéc co

nhiéu bién thé clia cing mot tir sé sinh ra nhiéu features hon can thiét, 1am chuong trinh
chay cham hon. Két qua ciing c6 thé khong chinh xdac.

e Budc 2. St dung md hinh Tf - Idf d€ bi€u dién céc file text.
Ly do: Mb hinh Tf - Idf dinh lugng mot cach hiéu qua do lién quan ctia mot tir dén nodi

dung ctia bai bao chifa né. Bicu dién nay két hop Term Frequency (~ sb 1an xuét hién
trong bai) vi Document Frequency (~ sb bai viét chia tir do).

1. Term Frequency: Xuat hién cang nhiéu thi d6 lién quan cang cao.

2. Document Frequency: Xuét hién trong cang nhiéu bai bdo thi tif ndy cang thong

dung, nén dd lién quan dén noi dung cang thap.

Inverse, tiic nghich d4o lai, ta dugc mot chi s6 ti 1 thuan véi do lién quan.
Két qua: Goi S 1a tap hop tt ca n tit dudc ding trong 28.000 bai bdo. Mot bai bdo A sé
dugc biéu dién du6i dang (i1, s, ...,i,), trong d6 iy 1a chi s& Tf - Idf thé hién do lién
quan ctia tif vung thid k trong S dén ndi dung ctia A.

e Code d€ clean céc file text

def parse_out_text(f):

.......

content = f.read().decode("utf-8').lower().strip()

content = content.encode('utf-8')

text = content.translate{string.maketrans{"", ""}, string.punctuation)

return text
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e Code dé ap dung biéu dién Tf-Idf cho cic file text

from sklearn.feature_extraction.text import TfidfVectorizer
vectorizer = TfidfVectorizer{sublinear_tf = Trues, max_df = @.5)
tfidf_model = vectorizer.fit_transform{all_texts)

Chu thich 1. Tham sb sublinear_tf = True.

Mot tir xuat hién 10 1an, so vdi chi xuét hién 1 1an, khong c6 nghia la do lién quan gitia
n6 va ndi dung manh hon 10 Ian, diy 14 vin dé ctia Term Frequency.

O day, ta ap dung “Sublinear Tf Scaling” d€ giai quyét né.
Chu thich 2. Tham s6 max_df = 0.5.
Sau budc 2, ta c6 mot ludng features rat 16n, chuong trinh chic chin sé cham.

Miit khdc, ta chi cin quan tAm dén nhiing tir that su lién quan dén ndi dung, ma nhiing tir
qua phd bién thudng khong nhu vay. Bing cach loai bd nhiing tit d6, sd luong features sé
giam di dang ké, chuong trinh cling sé chay nhanh hon.

O day, tit nao xuét hién trén 50% sb bai bao (~ 14.000) 1a quéa phd bién dé dudc xem xét.

Yéu cau 1.2: Clustering
Ta st dung thuat Toan K-Means Clustering d€ nhém cdc bai bao nay thanh K nhém.
Ly do: Thuét Toan nay kha nhanh.

Tém tat huéng di: Sau yéu cau 1.1, mot bai bdo A sé dudc biéu dién bdi mot vector thé hién su
lién quan ctia ting tif vung dén ndi dung ctia A. C6 thé khang dinh, cdc vector cang gan nhau
thi ndi dung ctia cdc bai bdo tuong ng cang lién quan dén nhau.

Thuat Toan K-Means Clustering s€ nhom 28.000 vector nay thanh K nhom theo khoang cach.
Khi d6, cic vector gan nhau, tiic cic bai bio c6 ndi dung lién quan dén nhau, sé nam trong cling
mot nhom.

e Budc 1. Xdc dinh K (s6 lugng nhom).

Bing 1dy mau ngau nhién, ta thiy cac bai bdo nhiéu kha ning thudc trang VNExpress (18
chuyén muc). Ngoai ra, cic trang b4o ndi tiéng khic c¢6 s6 chuyén muc dao dong tir 12
dén 20 chuyén muc. D€ chic chan, ta du doan K c6 thé nhan céc gid tri tir 10 dén 24.

Phuong phap: Ta st dung phuong phap elbow.

V6i mbi gid tri cda K, 4p dung K - Means Clustering rdi ghi lai chi s6 13i (inertia). V& do
thi rdi x4c dinh vi tri “thoai” nhit clia né, tic gid tri clia K ma ting K 1én thi inertia gidm
cham hon trudc. Day rat c6 thé 1a s6 nhém that sy, vi inertia gidm chim dong nghia véi

céc vector da di gan d€ tao thanh 1 nhém.

Tuy nhién, viéc chay thuat To4n nhiéu 1an trén 28.000 bai viét 1a rit cham. Ta gidi quyét
van dé nay bang cich ldy ngiu nhién 3.000(~ 10%) bai viét, sau d6 thuc hién thuat Toan
trén mau nay
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# 16. Take a random sample
random. seed(187)
random_texts = random.sample(all_texts, 3088)

Vé 1y thuyét thi xac sudt ma miu mang tinh dai dién 1a rit cao, nén gia tri tim ra cho K c6
thé chip nhan duoc.

Két qua: Ta c6 dd thi sau

Inertia vs # of Clusters
2400 .

2380

2360
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2320

Inertia

2300
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2240

2220 .
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k

Vi tri “thodi” nhét ctia dd thi 1a: K = 18. Ta du dodn day 13 s6 nhém that su ctia 28.000 bai bo.
e Budc 2. Ap dung thuit Toian K— Means Clustering véi K = 18.

# 2. Fit the tf-idf model to the final K-Means Model

from sklearn.cluster import KMeans

km_model_final = KMeans{n_clusters = 18, max_iter = 388, n_init = 5)
km_model_final.fit{tfidf_model)

# 3. Using dict to represent clusters

import collections

clustering = collections.defaultdict(list)
for text_id, label in enumerate(km_model_final.labels_):
clustering[label].append(text_id)

Chd thich. Tham sb max_iter = 300 va n_init = 5.

Vé 1y thuyét, K-Means clustering 14y ngdu nhién 18 diém 1a tim ctia 18 nhom, sau d6 diéu
chinh vi tri ctia 18 diém nay cho dén khi phit hop (khong thay ddi nita).
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Do viéc 1y ngiu nhién ma qua trinh nay c6 thé khong diing lai, cling nhu diing lai khong
ding vi tri, vi vy ma ta dung 2 tham sb trén.

O day, ching ta chon vi tri ngiu nhién 5 1an. O mdi 14n, ta khong cip nhét vi tri tim qua
300 1an. Sau d6 1ay két qua ctia 1an c6 inertia tt nhat.
Yéu cau 1.3: Optimization.

Trong bai Toan ndy, tbc dd chay clia chuong trinh phu thudc vao s6 lugng features ta ding dé
bi€u dién tiing bai bdo. Va ta da giai quyét van dé nay trong yéu cau 1.1 bing céch chinh lai
tham s6 max_df.

Ta thit xem xét 2 phuong phap thuong dung khac dé giam s6 features trong Text Analysis:

e Stemming: Trong tiéng Anh, ta thudng dung phuong phap nay dé giam s6 bién thé cia
cung mot tu, vi du nhu “reserve” va “reservation” dudc xem la c6 cung mot root.

Tuy nhién, theo hiéu biét clia t6i thi tiéng Viét khong c6 cac kiéu bién thé nhu vay.

e B6 cic stopwords: Stopwords 12 cdc tif thudng dung nhung khong lién quan dén noi dung,
vi du nhu “sé”, “da”, “a”, .v.v. Chiing ta c6 th€ dung thu vién JVnTextPro [1] d€ liét ké
va loai bd nhiing tif nay ngay tir dau.

Tuy nhién, do stopwords 1a nhiing tif thudng dung, nén phan 16n c6 thé da bi ta loai bo tir
viéc tiy chinh tham s6 max_df.
Yéu cau 2: bit tén nhom
Sau yéu cau 1, ta c6 mot dictionary bao gdm label (tén nhom) va cic text_id (thd tu bai bdo)
cua tung nhom do. Ta thuc hién viéc dat tén nhém nhu sau:
1. LAy ngiu nhién 10 bai bao & mbi nhém.
2. Google tiéu dé cta ting bai bao d€ xac dinh chii dé ctia né.
3. Chon chii dé dugc lip lai nhiéu nht.
Vé ly thuyét thi viéc 14y ngiu nhién nay tuy nhd nhung van c6 thé mang tinh dai dién vi chiing
cung thudc 1 nhém nén nodi dung kha giébng nhau.
import random
random_ids = random.samplei{clustering[3], 1@)
for doc_id in random_ids:

print all_texts[doc_id]

print "----------%m\n"

Output ctia doan code trén c6 thé dudc tham khao tai file tmp.txt nam trong link source code &
phan két luan ctia bao cdo ([2]).

Sau khi c6 tén cua tt ci cac nhom, ta c6 th€ dé dang xuat ra file.csv nhu yéu cau cua bai Todn.
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Trong bao cao nay, chiing ta da phan va dat t€én nhom cho 28.000 bai bao nhu sau:

1. Clean cic bai bao dé dua vé nhitng tif thuan tiy.
Ap dung m6 hinh Tf-Idf d& biéu dién cac bai bdo.

T6i wu héa chuong trinh qua viéc giam sb features.

L

Két hop thuc té bai Todn vdi phuong phap elbow dé chon ra gia tri K phu hop cho thuat
Toan K— Means Clustering.

5. Ap dung thuat Toan K-Means Clustering v3i tham s6 phit hgp dé phan nhém 28.000 bai
bdo.

6. LAy mau ngiu nhién & tiing nhém dé€ dit tén cho no.
Béo cdo da su dung:

1. Ngo6n ngt 1ap trinh Python.

2. Thu vién scikit-learn.

3. Thu vién matplotlib.

Tém tat: Dya trén dif liéu doanh s6 va chi phi thit tron trong vong 24 quy clia cong ty QK, hiy:
e Xay dung mot mo hinh hoi quy tuyén tinh d€ du dodn doanh sb.
e Quyét dinh nén dau tu vao quang cdo hay khuyén mai.
e Xic dinh thi trudng thit tron c6 tinh chét phan chu ky hay khong.
e Xic dinh doanh sb c6 tinh chit mua vu hay khong.
Phat bi€u lai bai Toan:

Yéu cau 1. Xdic dinh céc bién doc 1ap c6 lién quan (explanatory variables) d& dé xuit mot mo
hinh hoi quy tuyén tinh c6 kha niing du dodn doanh s.

Yéu cau 2. Pinh luong tic dong ngin han va dai han dén doanh s6 trong trudng hop $1000
quang c4o, va trudng hop $1000 khuyén mai.

Yéu cau 3. Dinh lugng quan hé giita chi s6 kinh t& va doanh thu.

Yéu cau 4. Dinh lugng quan hé gita cac quy va doanh thu.
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Biéo cdo sé xdy dung mdt md hinh hoéi quy tuyén tinh duy nhat dé giai quyét ci 4 yéu cau trén.
Ta lan ludt thuc hién 3 buéc sau:

1. Xdc dinh nhiing bién doc 1ap c6 lién quan (explanatory variables).

2. Xdc dinh hé s6 cho tiing bién va udc lugng tinh chinh x4c clia né.

3. Dua trén cac hé s6 va udc luong tinh chinh x4c, ta c6 thé dinh lIuong mdi quan hé giita cic

bién va doanh s, tir d6 tra 13i cac cau hdi dudc yéu cau.

Do dé bai yéu cau mot md hinh hoi quy tuyén tinh, ta c6 thé gia dinh cdc quan hé can khio sat
1a tuyén tinh. (ta c6 thé vé dd thi d€ khang dinh diéu nay).
Budc 1. Xac dinh cdc bién lién quan.
Quang cao va Khuyén mai: DE khang dinh quang c4o va khuyén mai c6 tic dong dai han dén
doanh s6 hay khong, ciing nhu dinh lugng cic quan hé nay, ta:

e St dung 4 bién:

1. adv: Chi phi quang cao trong quy.

2. pre_adv: Chi phi quang cdo cua quy trudc.

3. prom: Chi phi khuyén mai trong quy.

4. pre_prom: Chi phi khuyén mai cta quy trudc.

e Can giai quyet 2 van dé sau:

1. Hé sb ctiia 2 bién pre_adv va pre_prom c6 significance hay khong?

2. D& tranh 16i multi-collinearity, ta can tinh correlation gitta (adv, pre_adv), cling nhu
(prom, pre_prom).

Chi s6 Kinh té: Bé khang dinh thi truong thit tron c6 tinh phan chu ky hay khong, ta:

e St dung bién diff_index 1a hiéu gitta chi s6 kinh té ctia quy nay, va chi sb kinh té cta quy
trudc.
Ly do: Chi s6 kinh té tu than n6 khong néi 1én dudc diéu gi. “Index = 100" chi ¢ y nghia
khi ta dem so sdnh n6 véi index ctia mot giai doan khac. Vi vay, mubn xéc dinh tinh hinh
kinh té ctia mot quy 12 t6t hon hay té di, ta can so sanh vé6i index ctia quy trudc.

e Can tra 16i 2 ciu sau:

1. Hé s6 cua diff_index c6 significance hay khong?

2. Hé s6 d6 1a Am hay duong?
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Tinh Mua vu: D€ khang dinh doanh sb c6 tinh muia vu hay khong, ta:

e St dung bién cold_quarter bang 1 néu d6 1a mua lanh (quy 1 va quy 4), bang 0 néu dé6 la
mua nong (quy 2 va quy 3).

e Can tra 10i: Hé s6 clia cold_quarter c6 significance hay khong?

Budc 2. Xay dung m6 hinh hoi quy.

Dua trén 6 bién da xac dinh, ta c6 bang dit liéu sau:

sales prom pre_prom adv pre_adv diff_index | cold_quarter
504.72 156 30 1
406.59 222 156 36 30 2 0
398.55 0 2272 45 36 2 0
587.76 0 0 57 45 0 1
598.92 0 0 39 57 0 1
703.62 318 0 21 39 -4 0
387.24 213 31.8 12 21 -2 0
365.67 39 213 6 12 -2 1
388.71 0 39 6 6 2 1
372.96 8.4 0 30 6 5 0
603.3 453 84 30 30 2 0
614.73 501 453 33 30 2 1
484.38 39.6 50.1 6 33 0 1
22776 42 396 33 6 0 0
32913 0 472 6 33 1 0
308.25 0 0 3 -3 1
433.86 0 0 45 3 -2 1
514 .98 13.8 0 48 45 5 0
4047 177 13.8 0 48 2 0
24543 0 17.7 15 0 2 1
4332 17.4 0 9 15 1 1
627.24 378 174 54 9 -1 0
647 61 423 37.8 36 54 1 0
342 .81 11.4 423 39 36 1 1

Dua trén bang dit li€u nay, ta ¢6 cac so liéu sau:
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Regression Statistics

Multiple R 095
R Square 091
Adjusted R Square 0.88
Standard Error 47.00
Observations 23
Standard Upper
Coefficients Error t Stat P-value Lower 95% 95%
Intercept 25532 2758 926 7.92801E-08 196.87 31378
prom 6.21 0.71 874 1.73325E-07 470 7.71
pre_prom -3.72 0.67 -5.58 4.16909E-05 -5.14 -2.31
adv 253 0.59 430 0.000550791 1.28 377
pre_adv 2.88 0.61 469 0.000243632 1.58 418
diff_index -12.62 465 =271 0015361754 -22 .49 -2.76
cold_quarter 51.72 2149 241 0.028558628 6.16 97.28

Budc 3. Tra 16i cau hoi.
Dua trén nhiing s6 lidu & budc 2, ta cé:

Nhan xét. M hinh t6t vi c6 chi s6 R? cao. Cic bién déu c6 quan hé dén doanh s6 vi p-value bé
hon 5% (tidc hé sb c6 significance).

Yéu ciu 1. Phuong trinh hoi quy tuyén tinh 1a:

sales = 255.32 4 6.21 - prom — 3.72 - pre_prom + 2.53 - adv + 2.88 - pre_adv — 12.62 - diff_index
+ 51.72 - cold_quarter.

Yéu ciu 2: Nén ddu tu vao qudng cdo hay khuyén mdi?

Correlation ctia (adv, pre_adv) 1a 0.25, khong dang ké. Correlation clia (prom, pre_prom) la
0.46, tuy khong nho nhung khong dang k€ so v6i miic gidm ctia chi s6 R? khi chi chon 1 trong
2 bién. Do do, ta c6 thé bd qua 16i multi-collinearity.

Anh huéng ciia quang céo 1én doanh thu: 2.53 + 2.88 = 5.41.
Anh hudng ctia khuyén mai 1én doanh thu: 6.21 — 3.72 = 2.49,

Suy ra dau tu vao quing cdo cho két quéa dai han t6t hon dau tu vao khuyén mai. Tuy nhién,
dau tu vao khuyén mai cho két qua tot hon trong ngan han (hé s6 duong 16n), nhung té di trong
tuong lai (hé sb am).

Yéu ciu 3: Thi truong thit tron co tinh chdt phdn chu ky hay khong?
C6. Do hé sb cta diff_index am (—12.62), va significance.
Yéu cau 4: Doanh sé cé tinh chdt mia vu hay khong?

C6. Do hé sb cta cold_quater 1a significance. Cu thé hon, hé sd cla cold_quarter l1a duong,
chiing té doanh s t6t hon vao mua lanh.
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Trong bdo cdo nay, chiing ta da chon ra 6 bién dé xay dung mo hinh hdi quy:

1. adv: Chi phi quang cdo trong quy.
2. pre_adv: Chi phi quang cao cta quy trudc.
3. prom: Chi phi khuyén mai trong quy.
4. pre_prom: Chi phi khuyén mai ctia quy trudc.
5. diff_index 1a hiéu giita chi s6 kinh té ctia quy nay, va chi s6 kinh té ctia quy truéc.
6. cold_quarter bang 1 néu d6 1a mua lanh (quy 1 va quy 4), bang 0 néu d6 1a mua néng (quy
2 va quy 3).
M0 hinh hoi quy dé 1a:

sales = 255.32 + 6.21 - prom — 3.72 - pre_prom + 2.53 - adv 4 2.88 - pre_adv — 12.62 - diff_index
+ 51.72 - cold_quarter.

Dua trén md hinh nay, ta ciing di dén cac két lun:

1. Nén dau tu vio quang c4o vi né ting doanh sd nhiéu hon trong dai han.
2. Thi trudng thit tron c6 tinh phan chu ky.

3. Doanh sb c6 tinh chit mua vu, cu thé 13 ting vao mua lanh (quy 1 va quy 4).

Biéo cdo da sit dung phan mém Microsoft Excel dé xdy dung mo hinh hdi quy va udc lugng do
chinh xdc ctia cdc hé sb.

[1] Thu vién JVnTextPro: http://jvntextpro.sourceforge.net/

[2] Source Code: https://github.com/blackjack94/clustering_news
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Bai du thi cia Lé Vi Hoang (Bang B).

Cau héi. Véi sé luong bai viét Ion nhu vdy (hon 28.000 bai viét), ban hdy tim cdch nao do dé
nhom cdc bai viét theo nhitng chii dé khdc nhau. Ban hdy dé xudt mét phuong phdp dé co thé
ddt tén cho tieng chii dé mot cdch hop 1y nhdt.

Budc 1 : Tach tif tiéng Viét.
Vi cic bai viét déu & dang tiéng Viét, yéu cau dau tién 12 phdi nhém cédc tir tiéng Viét lai véi
nhau. Diéu nay gitp phan tich chii dé va ngit nghia trong tiéng Viét ding hon.

Phuong phap tach tu: Conditional Random Fields 1a mot mo hinh Markov (Lafferty et al., 2001)
v6i xdc suit clia state space

po(slo) =

T
Zzo) exp [; F(s,o, t)i| ,

F(s.0.0) =Y Aifi(sia.s) + Y A;8(0.50).
i J

Ta st dung Viterbi algorithm dé huan luyén tip Train gdm cic ciu Tiéng Viét bing Maximum
Likelihood

Az

k.

N
L = 1 [ (1,0 ]_ )
; og | pa(s|o) ; s

Vi du File data gbc: 00014 E4D9B4AD4F48B770F1AB5285494.

NoOi dung:

Nén mua Pentax K50 hay Pentax K S2°7?

Minh dinh d&n than vao con dudng “hao tién tbén cta” nay vdoi
moét mdy “entry level” d€ tap chup. Do thich “hang déc” so vo
véi tui ban nén minh quyét dinh mua mét mdy Pentax. Minh &
tinh 1& nén khéng cé diéu kién th® mdy truc tiép. Ban nao
tting chup qua rdéi cho minh nhdn xét vé hai mdy nay nhé. Minh
chi mua mdy Pentax thdi nén khéng quan tdm nhiéu dén Nikon,
Canon, ... trong cung phédn khic gia.

Tin Khéc. Poi sbéng sb

vVong deo tay théng minh tU cdc thuong hiéu ndi tiéng thudng
cé gid cao nén ngudi Viét dang chuyén sang dung hang Trung
Qubdc véi nhiéu mdu mi, tinh ndng va gid ban thlp hon.

Nhiing chiéc mdy nghe nhac cl@ia Apple du da ngung san xuit
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van dugc chao ban trén eBay vdi gid cao gap vai lan gié

Loi thé& vé khdu d6 mdé giup di déng cta Samsung chup trong tdi
tdt hon va khd ndng xdéa phdng nén manh hon vdi cédc blc chup
cédn canh.

Trang chu
Két qua word segmentation

Minh dinh d&n_tha&n vao con_dudng \" hao tién tdn cta \" nay

véi moét mady \" entry level \" dé tap chup .. Do_thich \" hang_dbc
\" so vo véi tui ban nén minh quyét_dinh mua mét mdy Pentax. Minh
3 tinh_1& nén khéng cé diéu_kién thtr_mdy truc tiép. Ban nao tung
chup qua réi cho minh nhén_xét vé hai may nay nhé. Minh chi mua
mdy Pentax théi nén khéng quan_tédm nhiéu d&én Nikon , Canon

trong cung phan_khic gid .. Tin Khac. Poi_sbng sb. Vong deo tay
théng_minh tU cdc thuong_hiéu ndi_tiéng thuong cé gid cao
nén_ngudi Viét dang chuyén sang dung hang Trung_Qubc véi nhiéu
midu_m& , tinh_ndng va gid_ban thip hon .. Nhiing chiéc may_nghe
nhac cta Apple du d& ngung san_xuidt vin duoc chao_bén trén eBay
véi gid cao gap va

Tir dugc ghép: san xuit — san_xuat v chao ban — chao_bdn

Budc 2: Loc cac doan vo nghia.

Chi 14y noi dung ctia bai viét, cic bai viét khong c6 ndi dung dudc bo, cac bai viét mang tinh
cau hoi s€ dugc liét vao topic “Khach hoi”.

Budc 3: Topic modeling — chia céc article gidéng nhau vao cling mot chii dé

Goal of Topic Modeling

Observed Latent Observed

v il s

Documents . = Topics | -- = Words

Documents are about several topics at the same time
Topics are associated with different words.

Topics in the documents are expressed through the words ﬁ’h"

that are used.

Phuong phap chia topic: Latent Dirichlet allocation
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Generative process illustrated

elected word b
topic-selacting dice + gl Y

selected topic topic's dice
h ' \
' A N\
l : . _§ number of words
d C w N [ number of documents
Mt

LDA 1a phuong phap md rong ctia LSA va pLSA véi phan phéi Dirichlet trong du dodn Bayes.
LDA dudgc chon vi tinh flexible va thudng cho két qua t6t hon LSA.

Pé tinh sb topic, tinh harmonic mean cua ham likelihood

-500000 1

-525000 7

-550000 1

-575000 1

Harmonic Mean of Log Likelihood

-600000 1

10 20 30 40
Number of Topics (Optimal Number: 36)

Nhu vay, s topic can 1a 36.

Phan Il. Phan tich dif liéu cé ciu tric
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1. Dé xudt mot mé hinh héi quy tuyén tinh (linear regression) dé’ du dodn doanh sé bdn thit tron

cho OK.

Khi x4y dung mo hinh tuyén tinh, ta c6 chi s6 R-squared dé c6 hiéu s fit ctia mo hinh va data.
Tuy nhién R-square khong ndi 1én dugc mo hinh c6 thich hgp voi data mdéi hay khong, nén chon
lua theo R-squared sé bi nguy co overfit (diéu s& xay ra v6i data nay).

D¢ tranh trudng hop trén, ta chia data 24 quy thanh 2 tip training va test d€ chon lya mo hinh
t6t nhét dua trén thang do MSE (Mean square error — out - of sample test) va R-squared (in -

sample test).

e M0 hinh 1 : LAy tt ca cdc bién da cho (training all = 24 quy).

call:
Tm(formula = Sales ~ .,

Coefficients:

data = train)

Estimate Std. Error t value

389.121
1.133
1.070
3.746 -

(Intercept) 883.525
Prom 5.215
Adv. 3.112
Index -5.629

2.271
4.604
2.909
1.502

Pri>1tl)
0.034377 *
0.000172 #**
0.008677 **
0.148618

Residual standard error: 88.74 on 20 degrees of freedom
Multiple R-squared: 0.6059,

Mo hinh trén c6 p-value < 0.05 cho thidy mo hinh tuyén tinh kha tot cho viéc du doan doanh s
sales. Tuy nhién d€ ra quyét dinh thi hé s6 md hinh 1a rit quan trong. Viéc cai thién md hinh can

14y tif cac goi y ctia kinh doanh.

Adjusted R-squared:

e M5 hinh 2 : Thém chi phi khuyén mai mua trudc.

Gdi y: “Mot s6 nguoi khdc lai cdm thdy rang viéc khuyén mdi cé tdc dong lam gidm doanh
s bdn hang trong twong lai. Nghia la, ho cdm thdy cdc dai ly va qudn 1y cita hang mua
rdt nhiéu trong thoi gian khuyén mdi va sau do khéng ddt hang & cdc giai doan tiép theo

cho den khi ho can.”

Suy ra thém bién Prom_bf = Promotion season before, bd Index.

Coefficients:

Estimate Std. Error t value

(Intercept) 1801.2820

Prom 5.7390
Adv. 2.4240
Prom_bf -3.5060
Ad_bf 2.0951
eco -1508.4553

530.
0.
0.
0.
0.

530.

5412
7741
6663
7491
6916
9226

3.
7.
3.
-4.
3.
-2.

395
414
638
680
897
841

Pri=ltl])

oo oo kHO

.003444
.01e-06
-002033
. 000215
. 001160
-011282

0.5467

Wk
W
*
e e
Wk
*

Residual standard error: 53.39 on 17 degrees of freedom
Adjusted R-squared:

Multiple R-squared: 0.

8779,
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Ta c6 Adjusted R - squared ting (0.68 — 0.84). Test out - of - sample cho thdy mé hinh 3 luén
c6 MSE thip hon 1 & 2.

Suy ra nguoc véi nhén dinh, qudng cdo, khuyén mdi va nén kinh té cé dnh hudng dén doanh sé.
Ta chon mé hinh 3 dé du doan doanh sb.

Doanh s6 = 1801.2820 + 5.739 % Chi phi khuyén mii quy nay —3.506 * Chi phi khuyén maii
quy truéc +2.424 % Chi phi quang cao quy nay +2.6951 % Chi phi quang cdo quy truGc
—1508.4553 * Index kinh té quy nay / Index kinh t& quy trudc.

2. Néu ban co $1.000 dé’ danh cho mét trong hai viéc qudng cdo va khuyén mdi, thi ban nén
chon cdi ndao va tai sao? Co nhitng tdc dong nhu thé nao dén viéc sit dung $1.000 trong moi
viéc qudng cdo hodc khuyén mdi?

Dua trén m6 hinh tuyén tinh ta thay néu danh $1.000 cho khuyén mai sé& 1am doanh s6 quy nay
ting $5.739 nhung sé gidm doanh s6 quy t6i $3.506 suy ra tong ting = $2.233.

Ngudc lai, $1.000 dau tu cho quang céo sé lam ting doanh s6 quy nay $2.424 va quy t6i $2.695
suy ra tong ting = $5.119.

Viy ta nén chon quang céo.

3. Ban cé dong ¥ vdi y kién ciia chuyén vién phong tai chinh rdng thi truong thit trén cé tinh
chdt “phdn chu ky” (counter-cyclical) so véi chi sé kinh té? Tai sao?

DPong ¥ thi truong thit trén co tinh phdn chu ki vi chi s6 eco = Index kinh té quy nay / Index
kinh t& quy trudc c6 hé s6 —1057.4553 < 0 suy ra Index ting so vdi ki trudc thi doanh thu gidm
va ngudc lai.

4. Ban c6 nghi rdng cé tinh chdt mua vu trong doanh sé bdn hang hay khéng? Tai sao?
e Test 1 : Kiém dinh Independent test v6i 2 bién Sales va Season.

H, : Sales va Season doc lap.

H, : Sales va Season khong ddc 1ap.

Contingency Table
Mua lanh | Mua néng
< 400 5 5
401 — 500 3 2
> 500 4 5

Test statistic: Chi - square

Xz Z (fz/ - e,,)

i,j N

X - squared = 0.31111, df = 2, p - value = 0.8559.

Suy ra “Can not reject Ho” do d6 doanh thu c6 thé doc 1ap v6i mua vu.
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e Test 2 : Correlation 2 bién Sales va Season = 0.1018 suy ra gan nhu khong c6 tuong quan
tuyén tinh.

e Két luan: Tinh chit mua vu trong doanh s6 1a rat yéu.
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