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Vi Ha Van
(Dai hoc Yale, M)

4. Xac suat suy bién: trudng hop do6i xirng

Hoan toan tuong tu, mdt cach ty nhién ta danh gia xac suit ma tran ngiu nhién dbi xing p;”"
suy bién. Bai toan nay dudc G.Kalai va N.Linial nhic dén cho tac gia trong cudc né chuyén riéng
vao khodng nim 2004. That ngac nhién ddi vé6i chiing ta, vao thdi diém d6 ngay cd mot két qua
tuong tu véi dinh ly Komlés 1967 ciing chua dudc biét dén. Theo Kalai va Linial, gia thuyét
dudi day dudc dua ra bdi B.Weiss vao nhiing nim 1980, nhung hoan toan c6 thé 1a Komlés da
nghi vé n6 trudc do.

Gia thuyét 1. p)”™ = o(1).

Khé khin chinh lién quan dén M;”™ 1a cic dong khong con ddc 1ap nita. Chang han nhu dong
cudi cung gan nhu da dudc x4c dinh bdi cdc dong trudc d6. Nhu vay quy trinh xép cdc dong
dudc xét dén trong trudng hop khong dbi xing khong con ap dung dudc nita.

Trong [16], Costello, Tao va Vii tim dugc mot phuong phap dé vudt qua dugc tinh phu thudc.
Hoa ra 13 phuong phdp diing d€ xay dung ma tran d6i xing khong phii 12 theo tiing dong (nhu
trudng hop cta M,>™) ma 1a tir goc dén gdc. Trong budc k, ta xét ma tran con bac k & goc trén
bén trdi. Chién thuat, theo y tudng ctia Komlés [38] la chitng minh ring véi xic suat cao, d6i
hang clia ma tran nay, khi k ting sé c6 dng xi nhu diém cudi ctia mot chuyén dong ngiu nhién
1éch trén tap hop cic s6 nguyén khong 4m véi xu hudng manh di vé bén trdi khi con c6 thé. Diéu
nay dan dén su khang dinh ctia gia thuyét Weiss.

Dinh ly 4.1. pS*™ = o(1).

Cong cu ky thuat chinh trong chiing minh Pinh 1y 4.1 13 phién ban (hai chiéu) sau day cta Dinh
ly 2.5.

Dinh ly 4.2. (Littlewood-Offord hai chiéu) Gid sit a;; la cdc s6 thic khdc Ova &, 1 <i,j <n
la cdc bién ngdu nhién Bernoulli déc ldp phédn bé déu. Gid st Q la dang toan phuong Q =
> i<ij<n @ij&i&j . Khi do voi moi gid tri a:

P(QO =a) = O(n %)
Ta hay xét budc cubi trong qua tri khi ma tran con bac (n — 1) x (n — 1) da dugc xay dung. D€

thu dugc M7, ta bS sung dong ngiu nhién X = (&1,...,&,) va chuyén vi cla né. Vdi diéu
kién trén M,”>™, dinh thic ctia ma tran n x n thu dugdc 1a

Z ai;&&; +det My,

1<i,j<n—1



Tap chi Epsilon, S6 04, 08/2015

Trong d6 a;; (ding dén diu) la céc thira s6 ctia M,,—;. Néu M,;”™ 1a suy bién, thi dinh thyc ctia
no6 bang 0, suy ra

Q= Z aij§i§; = —det My,

1<i,j<n—1
cho ta cd sG d€ ap dung dinh ly 4.2.
Pudc thiic ddy bdi truong hop khong ddi xiing, mot cach tu nhién ta dua ra gia thuyét:
Gia thuyét 2. p»" = (1/2 + o(1))".

Can trén tir [16] 1a n~'/8 va c6 thé d& dang cai thién thanh n~1/4. Costello [13] cai thién dudc
can trén thanh n~1/2%€ va Nguyen [52] ddy xa hon thanh n=¢®,

Can trén t6t nhét cho dén thoi di€ém nay 1a exp(—n¢), v6i hiang sb nhd ¢ > 0 nao do6, thudc vé
Vershynin [76]. Phép chiing minh ba két qua cubi ciing, bén canh cac chiing minh khac, 1am cho
viéc stt dung cac két qua kiéu dinh 1y ngudc Littlewood-Offord trd nén tinh vi; xem [53] cho
mot khio st cia vin dé nay.

5. Hang va d6i hang

Xdc suét suy bién chinh 13 x4c suit d€ ma trAn ngu nhién c6 d6i hang it nhat 1a 1. Thé d6i hang
16n hon 1 thi sao? Gid st p, x ky hiéu xéc suit d€ M,, c6 dbi hang it nhit 1a k. D& dang ching
minh dudgc ring
> (X Loy 1.1
Pn,k_(2+0()) : (1.1)

Diéu nay dan dén gia thuyét ring danh gid nay 1a chit cho hing s6 k. Trong [37], Kalin, Koml6s
va Szemerédi chitng minh dudc ring

Dinh ly 5.1. Ton tai ham s6 € (k) ddn dén 0 ciing véi k sao cho
Pn .k =< €.

Trong Bourgain va céc tac gia khac [9], cac tac gia xem xét truong hgp cua M, trong d6 1 dong
dau cb dinh va n—I dong tiép theo ngiu nhién. Goi L 12 ma tran con xdc dinh bdi / dong dau va
ky hiéu mo hinh nay bi M, (L). RO rang corankM,, (L) > corankL. Cac tac gia cia [9] ching
minh dudc rang ([9], Pinh 1y 1.4).

Dinh Iy 5.2. Ton tai hang s6 duong ¢ sao cho
P(corankM,, (L) > corankL) < (1 —¢)".

Chiing ta hay quay trd lai v6i mo hinh d6i xing M,;”™ va nhin né duéi géc nhin mdi nay, khai
thac méi lién hé v6i do thi ngiu nhién Erdos-Rényi G(n, 1/2). Ta c6 thé thy ring

M™ =24(n,1/2) — J,,

trong d6 J, 12 ma trin bac n gdm toan 1 (& day ta cho phép G(n, 1/2) c6 khuyén, do dé cic
thanh phan trén dudng chéo ctia A(n, 1/2) c¢6 thé 1a 1. Néu ta ¢b dinh moi thanh phan dudng
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chéo bang 0, phan tich khong thay ddi gi dang k&).) Vi J,, c6 hang bang 1, tit 4.1 suy ra rang véi
xac suit 1 —o(1), A(n, 1/2) c6 dbi hang it nhat 1a 1.

Ta c6 thé dua doi hang vé 0 bdi mot ly luan ky thudt hon mot chit. Xét M,%] thay vi M,”™ va
chuin héa sao cho cic dong va cot dau tién déu 1a -1. Cong ma trin ndy vé6i J, 4, ta dudc ma

tran c6 dang

0 0

0 M>™" +J,
Nhu vay ta c6 thé két luan

Hé qua 5.3. VJi xdc sudt 1 — o(1), corankA(n, 1/2) = 0.

Tit géc nhin d6 thi ngiu nhién, mot cach tu nhién ta dit cau hdi 1a ménh dé nay c6 con diing
cho cdc mat do p khac. RS rang ciu tra 13i sé 1a phi dinh véi p rit nhd. That vay, néu p <
(1 —€)logn/n thi G(n, p) c6, véi xac sut cao, nhitng dinh c6 1ap (xem [6, 35]) c6 nghia 1a
ma trin ké ctia né sé c6 nhiing dong toan 0 va do dé suy bién. Costello va Vii [14] chiing minh
dudc rang logn/n 1a diém chia ding.

Dinh ly 5.4. Vdi moi hang s6 € > 0, with probability 1 — o(1),
corankA(n, (1 4+ €)logn/n) = 0.

Véi p < logn/n, dbi hang ctia A(n, p) khong con bang 0 nhu & trén. Ung xi ctia bién ngiu
nhién nay chua dugc hiéu mot cach hoan toan. Trong trudng hop khi p = c logn/n véi hiang sb
0 < ¢ < 1, Costello va céc tac gia khac. [15] da ching minh dudc ring vé6i xac sudt 1 — o(1),
ddi hang dudc x4c dinh bdi cac do thi con nhd, diéu nay tuong thich v6i Hién tuong I. Vi du,

Dinh ly 5.5. Vi moi hang s6 € > 0va (1/2+¢€)logn/n < p < (1 —e€)logn/n, véi xdc sudt
1 —o(1), corankA(n, (1 4+ p) bang sé cdc dinh cé ldp trong G(n, p).

Véi cac pham vi khic clia p, ta can chii y dén s cic so-ri (so-ri 1a cip cdc dinh bic 1 c6 cling
ké v6i 1 dinh) va sb cdc do thi con nho khéac. Két qua chinh ctia [15] cho cong thiic chinh xac
ctia d6i hang thong qua cic tham sb nay.

Khi p =c¢/n,c > 1, G(n, p) bao gdm mdt thanh phan 16n va rat nhiéu cac thanh phan nhé. C6
ly khi ta tip trung vao thanh phan 16n ma ta sé ky hiéu 1a Giant(n, p). Vi Giant(n, p) chia
nhiing so-ri, ma tran ké cia Giant(n, p) 1a suy bién (v6i xédc suit cao). Tuy nhién, néu ta nhin
vao k—I106i (k—core) cua Giant(n, p), véi k > 3, thi c6 vé ¢ ly rﬁng dd thi con nay sé c6 hang
day du.

Bordenave, Lelarge va Salez [8] da chiing minh dudc két qua lién quan dudi day

Gia thuyét 3. Cho k la s6 nguyén cé dinh khong nhé hon 3. Véi xdc sudt 1 — o(1), ma trdn ké
ciia k-16i cia Giant(n, p) khong suy bién.

Dinh ly 5.6. X¢t G(n, c/n) véi hdang sé ¢ > 0 nao dé. Khi dé vdi xdc sudt (1 —o(1))n,
rank(A(n,c/n)) = 2—q—e 1 —cqe 1 + o(1))n,
Trong do 0 < q < 1 la nghiém nhé nhdt ciia phuong trinh ¢ = exp(—c exp —cq).

D€ két thic muc nay, ta hdy xét do thi nglu nhién G, 4. V6i d = 2, G, 4 béan chit 1a hop cta
cdc vong tron rdi nhau. Khong khé khin dé ching minh ring vé6i xdc suit 1 — o(1), mot trong
cdc vong tron nay sé& c6 do dai chia hét cho 4 va vi thé ma tran ké ctia né khong suy bién (thuc
su, d6i hang sé 1a ©(n) khi sb cac vong tron c6 do dai chia hét cho 4 ¢ bac nhu thé).

That bbi réi nhung gia thuyét sau van hoan toan md

Gia thuyét 4. Viimoi 3 < d < n/2, xdc sudt 1 —o(1) Ap.a khong suy bién.
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6. Dinh thd'c va vinh thic

Ta hay bat dau ti cau héi co ban
Pinh thiic cia M, 16n nhu thé nao?

Day 1a dong co thuc su clia cac nghién ciiu nguyén thiy ctia Komlos, nhu tiéu dé ctia cic bai
bdo [38, 39] da cho thiy. Tuy nhién, cdc két qua ctia dng (va cic dinh ly khac trong Muc 2)
khong cho ta mot danh gia khong tim thudng nao cho | det M,,|, chd ddi rang | det M,,| > 0 véi
xéc suét 16n. Khi tit ca cac hang ctia M,, c6 chiéu dai +/z, tit bat dang thiic Hadamard suy ra
rang | det M,,| < n™/? Mot gia thuyét dudc dua ra 1a v6i xac suit gan bang 1, | det M,,| gan véi
can trén nay.

Gia thuyét 5. Gdn nhu chdc chdn ring | det M,,| = n1/2=o(n,
Gia thuyét nay dudc hd trg bdi nhan xét quen thudc sau day cta Turan.

Tinh cht 6.1.
E((det M,)?) = n!.

D¢ kiém tra diéu nay, chu y rang

(detM,)> = ) (—1) S8+ SN [T gy 6oy,
i=1

T,0€S),
Theo tinh tuyén tinh ctia suy bién va su kién E(&;) = 0, ta c6

E(det M,)> = ) 1 =nl.

TeS,

T day theo bit dang thiic Markov ta suy ra rang véi moi ham s6 w(n) din dén vo cung cling
vdl n, ta co
|det M,,| < w(n)vn!,

v4i xac suat dan dén 1.

Mot khang dinh ctia Girko (két qua chinh ctia [31, 30]) suy ra rang | det M,,| thudng 1a gan véi
V/n!.Tuy nhién, ching minh cia tic gia nay cé thé chita mot s6 khoang tréng chua xi 1y dugc
(xem [54] dé biét chi tiér).

Trong [66], Tao va Vil di x4c lap dudc can dudi tuong ting, qua d6 khang dinh Gia thuyét 5.

Dinh ly 6.1. Vdi xdc sudt 1 — o(1),

|det M,,| > ~/n!exp(—29/n logn).

Ta phic hoa ngin gon phép chiing minh thong qua mot bd d& hitu ich.

Tru6c hét ta coi | det M,,| nhu thé tich ctia khdi ling tru cing trén n véc-to ngau nhién {—1, 1}.
Thé tich nay 12 tich ctia cic khoang céach tir véc to thi (d + 1) dén khong gian con sinh bdi d
véc-to dau, trong d6 d chay tir 0 dénn — 1.

Ta c6 thé c6 dude mdt su ki€ém sodt chiit ché vé khodng cach niy (nhu mot bién ngiu nhién) nho
vio bd d& dudi dy, dudc chiing minh bing cach sit dung bat dang thiic ctia Talagrand [66, 79].

8
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B6 dé 6.2. Cho W la mét khong gian con ¢é dinh chiéu 1 < d < n — 4 va X la mét véc to
ngdu nhién £1. Khi dé véi moit > 0

P(|dist(X, W) — vn —d| >t + 1) < 4exp(—12/16). (1.2)

Tuy nhién b3 dé khong dp dung dugc khi d rit gan véi n. Trong trudng hop nay, ta can st dung
tinh ngdu nhién ctia W, trong mot géc nhin tuong tu nhu chiing minh 6 Muc 3.

B& dé 6.2 xuét hién trong nhiéu nghién cifu khac va c6 thé sit dung dé€ ching minh nhiéu bt dang
thifc tap trung (concentration inequalities) khac (vi du nhu bt dang thitc dang Hanson-Wright
cho sy tap trung clia dang toan phuong ngiu nhién); xem chi tiét & [79].

Mot cach tu nhién khac d€ danh gid | det M,,| 12 nhin né nhu tich clia cic gia tri suy bién cia
M,,. Theo luat Marcheko-Pastur [5], ta biét (mot cach tiém can) hau hét c4c gia tri suy bién. Trd
ngai chinh 1 nhiing gid tri it 3i con lai ¢6 thé rat nhd.

Nhu vy, bai todn vé cd ban dua vé viéc danh gia chin duéi cho gia tri suy bién nhd nhat. Vin
dé nay da dudc néu ra dau tién bdi Goldstine va von Neumann vao nhitng nim 1940 [33] va da
dudgc nghién cuu trong [20, 55, 57, 67, 73] (xem [46, 59] va tai liéu tham khao & d6 lién quan
dén ma tran chit nhat). Dic biét, Rudelson va Vershynin [57] chiing minh dugc

Dinh Iy 6.3. Ton tai cdc hang s6 C C, e > 0 sao cho

P(\/Eo-mln(Mn) . t) = Ct
véi moit < (1 —€)", trong do Opin la gid tri suy bién nhé nhit.

Dinh 1y 6.3 ¢6 thé coi nhu mot su 1am manh ctia dinh 1y 2.2; xem [56, 53] d€ biét thdo luan chi
tiét. Panh gid nay 1a chit tinh dén hing s6 C. Trong [73] phan bb gi6i han ctia /70y, (M,,)dudc
xéc dinh, tir d6 suy ra gia tri chinh x4c ctia C trong pham vi t nhé va giai quyét dudgc gia thuyét
clia va mot phan gia thuyét ctia Spielman va Teng [[61], Gia thuyét 2]. By git ta xem xét mo
hinh d6i xiing M,;>™. Mot 1an nita, theo bat dang thiic Hadamard

| det M;”™| < n™/2.

Gia thuyét 6. Vdi xdc sudt 1 — o(1)
|det Msym| — n(1/2—0(1))n
n .

DPdng nhit thiic Turan khong con diing nita bdi su tuong quan bi pha vd do tinh d6i xing. Tuy
nhién, ta van c6 thé chiing minh dudc

E(det Mrfym)z — n(l-‘:—o(l))n‘

Miit khéc, chiing minh chiin dudi cho | det M,,| khé khin hon nhiéu. Bai todn tim chin duéi cho
gid tri suy bién nho nhit dudc gidi quyét mdi day bdi Nguyén [51] va Vershynin [76], mic du,
khong gibng nhu trong trudng hop khong dbi xiing, ching ta vin khong biét sy phan b gidi han
ctia tham s nay. Céc két qua ciia Nguyén va Vershynin, két hop véi luat nita vong tron Wigner,
x4c nhan Gia thuyét 6.

Dinh ly 6.4. Vdi xdc sudt 1 — o(1)

|det M)>™| = p(1/2—o)n
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Bay gid ta chuyén sang khai niém lién quan: vinh thiic. Nhic lai dinh nghia hinh thuc cta dinh
thiic cia ma tran M (v6i cac hé sd m;;, 1 < i, j < n)

det M := Y (=1) 98" [ T min).
i=1

TEeS,

Vinh thiic ciia ma tran M dudc dinh nghia la
n
PerM := > []mira)- (1.3)
eSS, i=1
Dé thiy ring dong nhét thiic Turan van ding, cu thé 1a
E( PerM,)* = n!.

Diéu nay gdi y 1a | PerM,,| sé bang n/270(" Tyy nhién, diéu nay sé khé ching minh hon
nhiéu. Gia thuyét du6i day, dudc coi nhu phién ban vinh thiic ctia két qua kinh dién ctia Komlos
pn = 0(1), vin con 1a mé cho dén gan day

Gia thuyét 7. P( PerM, = 0) = o(1).

Nguyén nhin ctia moi kho khin & ddy 1a vinh thic, khong gidng nhu dinh thiic, khong c6 mot
su giai thich hinh hoc t6t (gidng nhu thé tich trong trudng hop dinh thiic).

Nim 2007, Tao va Vi da tim dudc mot cach tiép can hoan toan td hop dé tin cong bai toan vinh
thifc [69], dua vao dinh nghia hinh thiic (1.3) va st dung k¥ thuat martingale ti 1y thuyét t& hop
xéc suét. Ho da chiing minh

Dinh ly 6.5. Vdi xdc sudt 1 — o(1)
| PerM,,| = n(/270()n,

Mainh ghép con thiéu cubi cling 1a dinh ly tuong tu dinh 1y 6.5 cho trudng hop dbi xiing.
Gia thuyét 8. Vdi xdc sudt 1 — o(1)

|PerMsym| — n(l/z—o(l))n

s :

Pudc thic ddy bdi bai toan suy bién, ta cling quan tim dén viéc tim mot danh gid tt cho xdc
suit dé vinh thiic bang 0. C4c danh gid hién nay méi chi & béc da thiic theo n.

C6 mot sd nghién citu khéc lién quan dén su phan bb ciia log | det M,,| va log | det M,;>™| xem
[31, 30, 54, 63] va cac tai liéu tham khao trong do6.

10



4. The singular probability: symmetric case

As an analogue, it is natural to estimate p;¥", the probability that the symmetric
matrix M Y™ singular.

This problem was mentioned to the author by G. Kalai and N. Linial (personal
conversations) around 2004. To our surprise, at that point, even the analogue of
Komlos’ 1967 result was not known. According to Kalai and Linial, the following
conjecture was circulated by B. Weiss in the 1980s, although it is quite possible
that Komlés had thought about it earlier.

Conjecture 4.1. ps¥™ = o(1).

The main difficulty concerning M Y™ is that its rows are no longer independent.
In particular, the last row is almost determined by the previous ones. Thus, the
row exposing procedure considered in the non-symmetric case is no longer useful.

In [16], Costello, Tao and Vu found a way to circumvent the dependency. It turns
out that the right way to build the symmetric matrix MY is not row by row (as
for M), but corner to corner. In step k, one considers the top left sub matrix of
size k. The strategy, following an idea of Komlés [38] is to show that with high
probability, the co-rank of this matrix, as k increases, behaves like the end point
of a bias random walk on non-negative integers which has a strong tendency to go
to the left whenever possible. This leads to a confirmation of Weiss’ conjecture.

Theorem 4.2. p¥™ = o(1).

The key technical tool in the proof of Theorem 4.2 is the following (quadratic)
variant of Theorem 2.5.

Theorem 4.3. (Quadratic Littlewood-Offord) Let a;; be non-zero real numbers
and &, 1 < 1,7 < n be i.i.d Bernoulli random variables. Let Q) be the quadratic

form Q = Z1§i,j§n a;;&:&j.. Then for any value a

P(Q =a)=O0(n~*%).

Let us consider the last step in the process when the (n — 1) x (n — 1) submatrix
MY has been built. To obtain M3¥™, we add a random row X = (&1,...,&,)
and its transpose. Conditioning on M Y", the determinant of the resulting n x n
matrix is

> & +det My,

1<i,j<n—1

where a;; (up to the signs) are the cofactors of M,_,. If M ¥™ is singular, then



its determinant is 0, which implies

Q= Z a;;§;&; = —det M, 1,

1<i,j<n—1

which gives ground for an application of Theorem 4.3.

Motivated by the non-symmetric case, it is natural to conjecture

Conjecture 4.4. p5v™ = (1/2 + o(1))™.

The concrete bound from [16] is n~1/8, which can be easily improved to n~/4.
Costello [13] improved the bound to n~'/2*¢ and Nguyen [52] pushed it further
to n~“() . The best current bound is exp(—n®), for some small constant ¢ > 0,
due to Vershynin [76]. The proofs of the last three results, among others, made

sophisticated use of Inverse Littlewood-Offord type results; see [53] for a survey.

5. Ranks and co-ranks

The singular probability is the probability that the random matrix has co-rank at
least one. What about larger co-ranks ? Let us use p, » to denote the probability
that M,, has co-rank at least k. It is easy to show that

Pk 2 (5 + o))", )

It is tempting to conjecture that this bound is sharp for constants k. In [37], Kahn,
Komloés and Szemerédi showed

Theorem 5.1. There is a function e(k) tending to zero with k such that

Pn.k < €.

In Bourgain et. al. [9], the authors consider a variant of M,, where the first | rows
are fixed and the next n—1[ are random. Let L be the submatrix defined by the first
[ row and denote the model by M,,(L). It is clear that corankM,, (L) > corankL.
The authors of [9] showed ([9, Theorem 1.4])

Theorem 5.2. There is a positive constant ¢ such that

P(corankM,, (L) > corankL) < (1 —¢)".



Let us go back to the symmetric model M ¥™ and view it from this new angle,
exploiting a connection to Erdos-Rényi random graph G(n,1/2). One can see that

MV™ = 2A(n,1/2) — Jy,

where J,, is the all-one matrix of size n. (Here we allow G(n,1/2) to have loops,
so the diagonal entries of A(n,1/2) can be one. If we fix all diagonal entries to be
zero, the analysis does not change essentially.) Since J,, has rank one, it follows
from Theorem 4.2 that with probablity 1 —o(1), A(n,1/2) has corank at most one.

One can reduce the co-rank to zero by a slightly trickier argument. Consider leff
instead of M;¥™ and normalize so that its first row and column are all- negative

one. Adding this matrix with J, 1, we obtain a matrix of the form

0 0
0 MM 4,

Thus we conclude

Corollary 5.3. With probability 1 — o(1), corankA(n,1/2) = 0.

From the random graph point of view, it is natural to ask if this statement holds for
a different density p. It is clear that answer is negative if p is very small. Indeed,
if p < (1 —¢€)logn/n, then G(n,p) has, with high probability, isolated vertices (see
[6, 35]) which means that its adjacency matrix has all zero rows and so is singular.
Costello and Vu [14] proved that logn/n is the right threshold.

Theorem 5.4. For any constant € > 0, with probability 1 — o(1),

corankA(n, (1 + €)logn/n) = 0.

For p < logn/n, the co-rank of A(n,p) is no longer zero as mentioned above. The
behavior of this random variable is not entirely understood. For the case when
p = clogn/n for some constant 0 < ¢ < 1, Costello et. al. [15] showed that
with probability 1 — o(1), the co-rank is determined by small subgraphs, which is
consistent with Phenomenon I. For example,

Theorem 5.5. For any constant € > 0 and (1/2+¢)logn/n <p < (1—¢€)logn/n,
with probability 1 — o(1), corankA(n, (1 + p) equals the number of isolated vertices
in G(n,p).

For other ranges of p, one needs to take into account the number of cherries ( a
cherry is a pair of vertices of degree one with a common neighbor) and the numbers
of other small subgraphs. The main result of [15] gives a precise formula for the
co-rank interim of these parameters.



When p = ¢/n,c > 1, G(n,p) consists of a giant component and many small com-
ponents. It makes sense to focus on the giant one which we denote by Giant(n,p).
Since Giant(n,p) has cherries , the adjacency matrix of Giant(n,p) is singular
(with high probability). However, if we look at the k-core of Giant(n,p), for
k > 3, it seems plausible that this subgraph has full rank.

Conjecture 5.6. Let k be a fized integer at least 3. With probability 1 — o(1), the
adjacency matriz of the k-core of Giant(n,p) is non-singular.

Bordenave, Lelarge and Salez [8] proved the following related result

Theorem 5.7. Consider G(n,c/n) for some constant ¢ > 0. Then with probability

(1 —o(1))n,
rank(A(n,c/n)) = (2—q—e 1 —cqe= + o(1))n,

where 0 < q < 1 is the smallest solution of ¢ = exp(—cexp —cq).

To conclude this section, let us consider the random regular graph G, 4. For d = 2,
Gn,q is just union of disjoint circles. It is not hard to show that with probability
1—o0(1), one of these circles has length divisible by 4, and thus its adjacency matrix
is non-singular (in fact, the corank will by ©(n) as the number of circles of length
divisible by 4 is of this order). Somewhat embarrassingly, the following conjecture
is totally open

Conjecture 5.8. For any 3 < d < n/2, with probability 1 — o(1) A, 4 is non-
singular.

6. Determinant and Permanent

Let us start with a basic question
How big is the determinant of M, ?

This was actually the real motivation of Komlds’ original study, as the titles of
[38, 39] suggest. However, his results (and other theorems in Section 2) do not
give any non-trivial estimate on |det M,|, expect that |det M,| > 0 with high
probability.

As all rows of M, has length \/n. Hadamard’s inequality implies that |det M,,| <
n™'2. It has been conjectured that with probability close to 1, | det M,,| is close to
this upper bound.
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Conjecture 6.1. Almost surely | det M, | = n(1/2=o(L)n,

This conjecture is supported by a well-known observation of Turan.

Fact 6.1.
E((det M,)?) = n!.

To verify this, notice that

n
(det Mn>2 _ Z (_1> S1gnw+ Sigho H{zw(z){zo(z)

T,0€ESy i=1
By linearity of singularity and the fact that E(&;) = 0, we have
E(det M,,) Z 1=nl
TESy

It follows immediately by Markov’s bound that for any function w(n) tending to
infinity with n,

| det M, | < w(n)Vn!,
with probability tending to 1.

A statement of Girko (the main result of [31, 30]) implies that | det M, | is typically
close to v/n!. However, his proof appears to contain some gaps (see [54] for details).

In [66], Tao and Vu established the matching lower bound, confirming Conjecture
6.1.

Theorem 6.2. With probability 1 — o(1),

| det M,,| > v/n!exp(—29+/nlogn).

We sketch the proof very briefly as it contains a useful lemma.

First view |det M,,| as the volume of the parallelepiped spanned by n random
{—1,1} vectors. This volume is the product of the distances from the (d + 1)st
vector to the subspace spanned by the first d vectors, where d runs from 0 to n — 1.
We are able to obtain a very tight control on this distance (as a random variable),
thanks to the following lemma, which can be proved using a powerful concentration
inequality by Talagrand [66, 79].

Lemma 6.3. Let W be a fixed subspace of dimension 1 < d < n—4 and X a
random *+1 vector. For anyt > 0

P(|dist(X, W) —vn —d| >t + 1) < 4exp(—t?/16). (3)
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The lemma, however, is not applicable when d is very close to n. In this case, we
need to make use of the fact that W is random, in a fashion similar to the proof
in Section 3.

Lemma 6.3 appears handy in many other studies and can be used to derive other
concentration inequalities (such as Hanson-Wright type inequalities for concentra-
tion of random quadratic form); see [79] for more details.

Another natural way to estimate |det M,,| is to view it as the product of the
singular values of M,,. By Marcheko-Pastur law [5], one knows (asymptotically)
most singular values. The main obstacle is that the last few can be very small.
Thus, the problem basically boils down to bounding the least singular value from
below. This problem was first raised by Goldstine and von Neumann in the 1940s
[33] and has been investigated in [20, 55, 57, 67, 73] (see also [46, 59] and the
references therein for other works concerning rectangular matrices). In particular,
Rudelson and Vershynin [57] proved

Theorem 6.4. There are constants C,e > 0 such that
P(vV/nomin(M,) < t) < Ct

for allt < (1 — €)™, where o, denotes the least singular value.

Theorem 6.4 can be seen as a strengthening of Theorem 2.2; see [56, 53] for more
discussion. The bound is sharp, up to the constant C. In [73] the limiting distri-
bution of \/no i (M,) was determined, yielding the exact value of C' in a smaller
range of ¢ and settling a conjecture of Edelman and partially a conjecture by
Spielman and Teng [61, Conjecutre 2].

Now we turn to the symmetric model M3¥™. Again, by Hadamard’s inequality
| det M3sv™| < n™/2,

Conjecture 6.5. With probability 1 — o(1)

| det Mzv™| = plt/2=o)n,

Turan’s identity no longer holds because of a correlation caused by symmetry.
However, one can still show

E(deJB M’;ym)2 _ n(1+o(1))n'

On the other hand, proving a lower bound for | det M,,| was more difficult. The
problem of bounding the least singular value from below was solved only recently
by Nguyen [51] and Vershynin [76], although, unlike the non-symmetric case, we
still do not know the limiting distribution of this parameter. The results by Nguyen
and Vershynin, combining with Wigner semi-circle law, confirm Conjecture 6.5
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Theorem 6.6. With probability 1 — o(1)

| det Mv™| = pt/2motn,

Let us now turn to the related notation of permanent. Recall the formal definition
of the determinant of a matrix M (with entries m;;,1 <1i,j < n)

n
det M = Z (—1) Siglim Hmm(l)
TeSy i=1
The permanent of M is defined as

PerM := Z ﬁmm(i). (4)

TES, i=1

It is easy to see that Turdn’s identity still holds, namely

E( PerM,)* = nl.

It suggested that | PerM,,| is typically n(1/2=°(1)"  However, this was much harder
to prove. The following conjecture, which can be seen as the permanent variant of
Komlés classical result p, = o(1), was open for quite some time

Conjecture 6.7. P( PerM, =0) = o(1).

The source of difficulties here is that permanent, unlike determinant, does not
admit any good geometric of linear algebraic interpretation.

In 2007, Tao and Vu found an entirely combinatorial approach to treat the per-
manent problem [69], relying on the formal definition (4) and making heavy use of
martingale techniques from probabilistic combinatorics. They proved

Theorem 6.8. With probability 1 — o(1)

| PerM,| = p(1/2=e()n

The still missing (final) piece of the picture is the symmetric counterpart of The-
orem 6.8.

Conjecture 6.9. With probability 1 — o(1)

‘ PeerLym‘ — n(1/270(1))n.
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Motivated by the singularity problem, it is also interesting to find a strong esti-
mate for the probability that the permanent is zero. The current bound is only
polynomial in n.

There are further studies concerning the distributions of log | det M,,| and log | det M3¥™;
see [31, 30, 54, 63] and the references therein.

7. Graph expansion and the second eigenvalue

Let G be a connected graph on n points and A its adjacency matrix with eigenvalues
AL > Ao > - > A\, If Gis d-regular then A\ = d and by Perron-Frobenius theorem
no eigenvalue has larger absolute. A parameter if fundamental interest is

A = )\z
(G) |§rjﬁ<xd! |

One can derive many interesting properties of the graph from the value this pa-
rameter. The general phenomenon here is

Phenomenon III. If \(G) is significantly less than d, then the edges of G dis-
tribute like in a random graph with edge density d/n.

This leads to the important notion of pseudo- or quasi-randomness [11] [2]. A
representative fact is the following [3]. Let A, B be sets of vertices and F(A, B)
the number of edges with one end point in A and the other in B, then

|E(A, B) - %!AHBH < AG)VIAlIBI. (5)

Notice that the term £|A||B]| is the expectation of the number of edges between A
and B if G is random (in the Erdés-Rényi sense) with edge density d/n. Graphs
with small X are often called pseudo-random [11, 40].

One can use this information about edge distribution to derive various properties
of the graph (see [40] for many results of this kind). The whole concept can be
generalized for non-regular graphs, using the Laplacian rather than the adjacency
matrix (see, for example, [12]).

From (5), it is clear that the smaller A, the more "random” is G. But how small
can A be ?
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

XAP Xi DIOPHANTINE VA LIEN PHAN SO

Lg Ngoc Tué
(Dai hoc South Florida, M)

Trong bai nay, ching t6i gidi thiéu mot s6 két qua cd ban ctia ly thuyét xip xi Diophantine trén
tap s6 thuc R, cling véi mot trong nhiing cong cu manh nhit ctia né: Lién phan sé.

1. Xap xi Diophantine I3 gi?

Ly thuyét x4p xi Diophantine c6 thé bat diu v6i cau hdi/vin dé co ban sau:

Cau hoéi 1.1. Méi s6 vé ti x € R\ Q c6 thé'duoc xdp xi bdi cdc sé hitu ti 5 € Q tét dén thé
nao?

Vi tap hop cdc sb hitu ti day dic trong tap céc sb thuc, ta c6 dudc két luan dau tién:

Quan sat 1.2. Goi x € R~ Q la mot s6 vo ti bt ky. Vi moi € > 0, ton tai vé sé sé hitu ti
g € Q sao cho:

P
x__

q
Vay ta c6 thé lugng héa dudc do day dic cia tap sd hitu ti trong tap s6 thuc khong? DE 1am dudc
nhu vay, ta can phai ¢6 cach do do phic tap clia cc sb hitu ti, va uéc luong miic do day dic cia
tap s6 hitu ti theo do phuic tap dy. Luu y rang vi ta do do day ddc, nén vdi mdi s hitu ti 2, do

<é&.

16n ctia mau sd ¢ déng vai trd quan trong hon 1a ti s6 p. Vi thé mot trong nhitng cach don gian
nhét d€ do do phiic tap ctia phan sb § 1a gia tri tuyét ddi |g| cia mau s6. D& cho don gian, ta
s& gia st 1a phan s6 g c6 mau sb duong ¢ > 0. Vi hai phan s c6 mau sb bing ¢ lién tiép cach

nhau ding bang 4> ta c6 duge:

Quan sat 1.3. Vdi moi s6 vé ti x € R~ Q, ton tai vé s6 s6 hitu tif € Qvdi g > 0 sao cho:

1
2q
mot cach khdc, ta c6 thé xap xi s6 vo ti tot hon Quan sat 1.3 dugc khong? Nha toan hoc vi dai
Leonhard Euler da trd 15i cau hoi ny vio nim 1748 khi dng phat trién ly thuyét vé lién phan s6
vGi dinh ly sau day:

Cau hai tiép theo dugc dit ra 1a: ham sd - trong Quan sit 1.3 da 1a t6i uu chua? Hay néi

Dinh ly 1.4 (Euler 1748 [3]). Vdi moi sé vo ti x € R~ Q, t6n tai vé 56 s6 hitu ti L e Qvdi
q > 0 sao cho:

< —. (1.1)
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Luu y 1.5. Dinh ly 1.4 thudng dudc goi 1a Pinh ly Dirichlet theo tén ctia nha toan hoc Peter
Gustav Lejeune Dirichlet mic dut 6ng ching minh lai két qua nay gan 100 nim sau Euler. Tuy
nhién cach chiing minh cua Dirichlet vita don gian hon, vua giip mé rong Pinh ly 1.4 ra cac
khong gian khac. Chung ta s€ quay trd lai v6i phuong phap cia Dirichlet sau.

Trong cac phan tiép theo, chiing ta s& gi6i thiéu vé lién phan s, mot trong nhiing cong cu manh
nhét cia ly thuyét xip xi Diophantine trén tap s6 thuc R, va chiing minh Dinh 1y 1.4. Lién phan
s6 da duoc dé cap dén trong sd dau tién cta Epsilon bdi Nguyén Hung Son [8]. Mot sb tai
liéu tham khéo khac ctia phan nay: Davenport [1, Chuong IV], Hardy & Wright [4, Chuong X],
Khintchine [6], Niven & Zuckerman [9, Chuong 7], va Schmidt [10, Chuong I].

2. Lién phan s6 don hitu han va sb hitu ti

Mot lién phdn sé hitu han c¢6 d6 dai (n + 1) 12 mdt biéu thic ¢ dang:

1

lag:ay,...,a,) == ap +
ay +

1
. 1
.._|__
An

ar +

v6i mot ddy s6 thuc hitu han ag € R, ay, as, ..., a, € R~ {0}.

Khiag € Z, ay, ...,a, € N, ta goi biéu thiic dang nhu trén 1a mot lién phdn s6 don hitu han.
Tuy trong c6 vé phiic tap, nhung thit ra lién phan s6 don hitu han bat ngudn tir thuét todn chia
s6 nguyén Euclid nhu sau: Xét phan s6 g & dang tbi gian, dit ug = p, u; = p va ap dung thuat
toan Euclid, ta c6 dudgc:

Ug = Urdo + Uz J <up <uy

U1 = Ura1 + Us J <us <u,

Up—1 = Uplp—1 + Un+1 »1 S Upt1 < Uy

Up = Up10p

V6i0 <i<n, dit§ = '_‘:Ll , ta c6 ducgc mdi quan hé sau day:

U

£ =a; + v6i0<i<n-—1, va §&,=a,.
Eit1
Thay thé 1an lugt vao phan sb ban dau, ta s& co:

1 1 1
Bzgoza0+$_:ao+ I =---=aqaqg+ 1 :[ao;al,...,an].
q ! Cl1+$— ay + 1

2 Clz—l——l
S
an

Luu y 2.1. Dinh nghia trén cua §; tuong duong véi & = [a;;dit1, ..., An].
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Bai tap 2.2. Ap dung phép chia Dirichlet d€ viét cac phan s6 322 va 113 thanh cic lién phan

> N 113 '¢ 355
s0 don htiu han.

Bai tap 2.3. Cho aq 12 mot s6 thuc, ay, ..., a,, va c 1a cdc sb thuc > 0. So sanh [ag; ay, ..., a, +
c] véi [ag: ay, ..., ay].

B& dé 2.4. Mét sé tinh chdt ciia lién phdn sé hitu han:
(i) Voimoi 1 <m < n:|ag;ay,...,an] = [ao:ay, ....,am—1, [am; Gm+1s ..r An]].
(ii) Trong lién phdn s6 don [ag;ay, ..., a,), néu nhu a, > 1 thi:
lag;ay, ...,an] = lag;ay, ...,a, — 1, 1].
Nhu vay, (hién nhién) mbi lién phan sé don hitu han cho ta mot s6 hitu ti, va theo chiéu ngudc

lai, m&i s hitu ti ngoai 0 va 1 cho ta it nhét 2 lién phan sb. Va thuc chit diy 1a 2 cach duy nhét
dé biéu dién mot sb hitu ti dudi dang lién phan sb don hitu han:

Dinh ly 2.5. Cho 2 lién phdn s6 don hitu han bdt ky [ag; ay, ..., a,] va [by; by, ..., by sao cho
a, > 1va b, > 1. Néu nhu [ag;ay, ...,a,] = [bo;b1,....bn] thin = m va a; = b; véi moi
i=0,1,..,n.

Chiing minh. V610 <i <nva0 < j <m,dat:

& =laisaiyr,.oan] va  y; =1[bjibjt1, ... bml].
Khi 4y, gia thuyét [ag; ay, ..., an] = [bo; b1, ..., b] c6 thé dudc viét lai thanh & = y,.
Vi §; :ai—l—ﬁV(’jiOfi <n-—1,va§, =ay:

Eip1>1 va aq =1§] v6imoi0<i=<n-1

Tuong tu:
Vier>1 va b, =|yi] v6imoi0<i<m—1.
Gia str vi mot 0 < i < min {n, m} bat ky sao cho & = y;, ta c6 dugc:
1 1

=& —ai=y —b = .
i1 Yi+1

ai = |&| = lyil =bi va

Diéu d6 din dén: &1 = yi41 VA aiy1 = bi41. Theo quy nap, ta cé dudc & = y; vaa; = b;
v6imoi 0 < i < min{n,m}.
Gia st nhu n > m. Khi diy

Sm:am+ >am:bm:)/m

$m+1

trai véi diéu ta via ching minh. Vay n = m vaa; = b; v6imoi 0 <i < n.
O

Ap dung dinh 1y trén, ta c6 dudc mdi tuong quan giita sd hitu ti va lién phan s don hitu han nhu
sau:

Dinh ly 2.6. Mdi lién phdn s6 don hitu han dai dién cho 1 sé hitu ti, va nguoc lai, méi sé hitu
ti khdc 0 va 1 co thé duogc biéu dién bang diing 2 lién phdn sé don hitu han.
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A
N A ?

3. Lién phan sbé don vé han va sb vo ti

Cho mot day ag,ay, as, ... véi ay € Z, a; € N véi moi i < 1. D€ dinh nghia dugc lién phan )
don vo han, dau tién ta phai chiing minh rang day céc lién phan s6 don hitu han tao bdi n phan
tl du tién hoi tu. V6i moi n < 0, lién phan s6 don hitu han [ao; a1, ..., a,] dudc goi 12 phdn sé
héi ty thit n . T s6 va mau sb cia phan s6 hoi tu thd n c6 thé dudc tinh theo cong thiic quy hdi
nhu sau:

p—2=0,p1=1, pi=aipi-1+ pia , Vi =0

(3.1)
g—>=1,9q-1 =0, g=a;pi1+ pi—n ,V0ii >0

B& dé 3.1. Vdimoin > 0,

Pn .
— =lag;ay, ..., au].

n

Chiing minh. Ta sé chiing minh b§ dé bang quy nap theo do dai . D& dang c6 thé kiém tra dugdc
diéu kién ban dau chon = 0 van = 1. Gid st b6 dé ding cho mei 1ién phan sb don hitu han
v6i d6 dai n = k. Goi p,, g, ¢6 dudc tu cong thic (3.1) véi day ag, ay, ... va p,, g, dua theo
dﬁy aip,dy,....

Bai tap 3.2. Chiing minh rang v6i moin > 1,
Pn=@0Ppy +dpy VA Gn =Py
Bai tap 3.3. Ap dung Bai tap 3.2 dé chiing minh B& dé 3.1.
Bai tap 3.4. Tim tit c4 cdc phan sb hdi tu ctia %.
B6 dé 3.5.
(i) Voi moin > 0:

. Pny1 P (=nr
Pn+14n — Pnqn+1 = (1" va ntl _fno_ _
4n+1 qn qndn+1

(ii) Voi moin > 0:

Pn+2  Pn _ (=D"a,
dn+2  Y4n Gndnt2

Dn+2qn — Pnqnt+2 = (=1)"a, va

Bai tap 3.6. Chiing minh bd dé 2.6.
Mot s6 hé qua don gidn nhung quan trong ctia B6 dé 3.5 nhu sau:
Hé qua 3.7.

(i) Véi moin > 0, p, va q, nguyén té ciing nhau, hay noi cdch khdc, phdn sé f;—" la phdn s6
n

16i gidn.
(ii) Ddy cdc phdn sé hoi tu théa man tinh chdt sau:
Po _ P2 _ P4 Ps _P3 < P1 '

_<_<...<_<_
qo q2 q4 qs q3 q1
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Luu y rang vi a, > 1 véi n > 1, diy g, la day ting thuc su: ¢; < ¢» < ..., va vi thé
lim, o0 ¢ = 00. Ap dung BG dé 3.5, ta ¢6 dugc day £ 1a mot day Cauchy:

Dinh ly 3.8. Vi moi day ay,ay,a,,...véiag € Z, a, € N, n > 1, gidi han
lim [ag; ay, ..., an]
n—o0

ton tai.

Mot lién phdn sé don vé han ti ddy ag, ay, ... dudc dinh nghia 12 gii han c¢6 dudc trong Pinh
ly 3.8:
[ag;ay,...] := lim [ag;aq, ..., an]. (3.2)
n—>0o0

Mbi tuong quan giita lién phan sb don vo han va s vo ti dudc téng két lai trong dinh ly sau cia
Euler:

Dinh ly 3.9 (Euler 1748). Méi s6 vé ti § € R ~ Q c6 thé dugc biéu dién bdng duy nhdt mot
lién phdn s6 don vo han [ag; ay, as, ...]. Va nguoc lai, méi lién phdn sé don vé han [ag; ay, ...]
dai dién cho mét sé vo ti duy nhdt.

Ta sé& chiing minh dinh ly trén tiing budc mdt qua ba bd dé sau:

B& dé 3.10 (Thuat toan Euler). Gid sit € € R~ Q la mot s6 vo ti bdt ki. Pdt & = £. Dinh
nghia hai day &, € R va a, € Z véin > 0 ldn luot nhu sau:
1 1

an = [n] va Epi1 = (£ = £ —a, (3.3)

Ta co duoc: ag € Z,a, € Nvdimoin > 1, va

S = [do;al, as, ]

Chiing minh. Theo dinh nghia, hién nhién moi a,, 1a s6 nguyén, va theo quy nap, &, 12 s6 vo ti
v6i moi n > 0. Vi thé, véi moin > 0,

0<é& —a, <.
Piéu d6 dan dén:
1

Sn_an

Epp1 = >1 va aps1 = &+1] =1 véimoin > 0.

Ap dung déng thic: £, = a, + ﬁ, ta c6 dugc:
¢ =lag;ay,....,an, E41] v6imoin > 0.

Ap dung bai tap 2.3, khi 7 1a mét sd chén,

1
< |:a0;a1’---san + ]
én—i—l

= [aO; ala "'9an9 Sn—i—l]

< lag;ay, ...,an, ans1] -
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va tuong tu véi n 18:
[ag;ay, ...,an] > & > [ag;ay, ..., ant1].

Theo dinh ly kep cta gidi han,

¢ = lim [ag;ay,....,an| = [ao; a1, as,...].
n—oo

Bai tap 3.11. Véi ky hiéu nhu trong BS dé 3.10, chiing minh rang véi moi n > 0:
— gn—l—lpn + Prn—1
Ent1qn + qn—1

Bo6 dé 3.12. Véi moi ddy sé ay,ay, ... vdiay € Z, a, € N, n > 1, [ag; ay, ...] la mot s6 vo ti.

Chuing minh. Gia st nhtt [ag; a1, ..] = £ lamot so hitu ti, p, ¢ € Z. Khi day theo phan (ii) ciia
Hé qua 3.7 va B dé 3.5, v6i moi n > 0:

0<|Z_Pn| o |Bnxt _ Pn)_ ! .
q 4n dn+1 4n qndn+1
biéu d6 dan dén: q
0 <|gup — pnq| < :
dn+1
Khin du 16n, g < ¢, 41, ta c6 dugc:
0 <l|gnp — pnql| <1,
VO 1y Vi ¢, p — pnq € Z. Viy lién phan sb don vo han [ag; ay, ...] 12 mot sd vo ti. ]

B6 dé 3.13. Hai lién phdn s6 don vé han khdc nhau héi tu vé hai gid tri khdc nhau.
Chiing minh. Gi4 st ta c6 2 lién phan s6 don vo han [ag; a1, ...] va [be; by, ...] sao cho:
[a(); ay, ] = g" = [b(), bl, ]

Ta c6 dudc:
& = lim [ag;ay, ..., an]
n—>00

1
= lim (49 + ——
n—00 [al;az, ...,a,,]

1
=dap + =
hmn—)oo[al;avaa an]
1
=dadg + ——
° la:az, ...]

Vilay;as,..] >ay > 1,a90 < & <ag—+ 1, taco dugc: ap = [£].
Tuong tu v6i lién phan s6 [bg; by, ...]:

1

bo = [§] wva §:b0+m.

Két hop lai, ta c6 dudc:
dg = b() va [al;az, ] = [bl;bz, ]

Ap dung quy nap, a, = b, v6i moin > 0.
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St dung méi tuong quan giita lién phan sd don va tap s6 thuc, ta c6 thé chiing minh Dinh ly 1.4:
Theorem 1.4 V6i moi s6 vo ti x € R ~ Q, ton tai vd s6 s6 hitu ti g € Q v6i g > 0 sao cho:

p 1

X—=|<—.

q| q*
Chitng minh. Theo Pinh 1y 3.9, s6 vo ti x c6 thé dudc biu dién bang duy nhit mot lién phan
s6 don vo han:

x = [ag;ai,...]-

Goi S—Z 12 phan s6 hoi tu thi 7 ctia x. Theo Dinh ly 3.8 va phan (ii) ctia Hé qua 3.7,

DPn Pn Pn+1
x— = < |-
4n 4n dn+1
1 N e ix
= (theo phan (i) cia Bo deé 3.5)
qndn+1
1
<= (theo (3.1)).
qn

Theo phan (i) cia Hé ciia 3.7, tit ci cac phan s6 hdi tu La déu khac nhau, va ta c6 dudc vo s6
phan s théa man Pinh ly 1.4.
O

4. Phan sb xap xi tot nhit

Goi x € R~ Q 1a mot sd vo ti bat ki. Cac phan s hdi tu clia x khong hoi tu vé x mot cach ngiu
nhién, ma lan lugt tién gan x hon:

Bé dé 4.1.

0 1 2
L P PP AR () PR I
qo q1 q2
Chiing minh. Gid sit x c6 md rong lién phan s6 don x = [ao; a1, dz, ...], va 2% la cic phan s6
n

hoi tu ctia x. Dit x, = [an; dnt1, dnga, ...] nhu trong B3 dé 3.10, ta c6 dudc:

x = Pn| = |XntiPn ¥ Prot  Pn (Bai tap 3.11)
4n Xn+19n + qn—1 4n
1 o ix
= (Bo de 3.5)
4n (xn+ICIn + Qn—l)
> ! ( < +1)
Xn a,
qn ((@ns1 +1)gn + gn-1) i i
1
= 3.1)
Gn (Gn+1 + qn)
1
> (an = 1)
dn (an+IQn+1 + Qn) ”
1 1
= > > | X — Pn1 .
qndn+2  4n+149n+2 qn+1
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Phén s6 2 (¢ > 0) dugc goi 1a phan 56 xdp xi t6t nhdt ciia x néu nhu v6i moi phan sb £ (s > 0):

x—g‘ == §>4q.

AR

P
S

Dinh ly 4.2. Phdn s héi tu 5—: ciia x la phdn sé xdp xi tot nhdt ciia x.
D€ ching minh Dinh 1y 4.2, ta sé ding bs dé sau:

B& dé 4.3. Néu nhu hai s6 nguyén p,q véi ¢ > 0 théa man.:
|xq — pl < |xqn — pul,

thi q > dn+1-

Loi gidi. Ta sé chiing minh bing phan chiing. Gia st nhu ¢ < g,;. Xét ma trin véi hé s6

nguyén:
(pn pn—H)
dn qn+1)’

Theo B& dé 3.5, dinh thiic clia ma tran nay 12 £1. Vi thé hé phuong trinh tuyén tinh:

(o ) (2)=()

c6 nghiém nguyén (y,z) # (0,0). Hon nita, z # 0 vi £ # 22 Mit khdc, néu y = 0 thi

g = ZGn41 = Gny trdi véi gid thuyét g < g,4q. Vay y # 0.
Vig = Yqn + Zqn+1 < qu+1, y va z trai diu v6i nhau. Theo phan (ii) cia Hé qua 3.7,
Y (Xgn — Pn) VA Z (X@ni1 — Pns1) 6 cling diu, va ta c6 dudc:

|xq — pl = |x (¥qn + 2qn+1) — (YPn + ZPn+1)|
= [y (Xqn — pn) + 2 (Xqnt+1 — Pn+1)|
=y (xqn — pu)| + |2 (XGn+1 — Pnt1)]
> |Xqn — Pal

trai v6i gia thuyét. VAy ¢ > ¢, 1.

Chitng minh Pinh Iy 4.2. Vi x 1a s6 vo ti, nén khong ton tai mot sd hitu ti B B yi:

Nhan c4 hai bat phuong trinh trén dan dén:

|xq—p| < |XQn _pnl-

Theo B8 d8 4.3, ¢ > ¢,41 > ¢, tréi v6i gia thuyét. Vay 2’—;’ 1a phan s6 x4p xi tot nhét ctia x.
O
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Theo chiéu ngudc lai, Pinh ly sau chi ra rang khi mot phan s6 xip xi x ‘dd gan’ thi phan s6 d6
phéi 12 mot phan sd hoi tu cla x:

Dinh ly 4.4. Néu nhu sé hitu ti 2 (q > 0) théa man:

thi tén tai mot phdn sé hoi tu 2’—" = g.

n

Loi gidi. Gia st moi phan sb hoi tu ctia x déu khong bang 2. Goi n la 56 nguyén duong sao
cho g, < b < gu41. Theo B6 dé 4.3:

1
|Xgn — pul < |xq — p| < —.

2q
Tu do ta suy ra:
1 _ 19Pn = panl _ @_g'
qqn 44n dn 4
Sx—&—l—‘x—&
4n dn
_ ! +1
2qqn  2q*
P _ Dn

Diéu nay din dén g < g,, trdi v6i gia thuyét. Vay 7= o v6in > 0 nao do.
n

5. S6 mii Dirichlet t6i uu va S6 xap xi kém

Tré lai vé tinh tdi uu ctia Dinh 1y 1.4, ta c¢6 thé dit cau hdi cu thé hon nhu sau: Liéu ham s6 g =2
trong Pinh 1y 1.4 c6 thé dudc thay thé bdi mot ham sb theo ¢ khéc tién vé 0 nhanh hon khi ¢
tién ra vo cuing hay khong?

Cau tra 16i cho cdu hdi trén 12 khong, hay néi cach khac, s6 mii —2 trong Pinh ly 1.4 1a tdi uu.
Chiing ta sé chiing minh diéu nay bang su ton tai clia cac s6 xdp xi kém dudc dinh nghia nhu
sau: S6 vo ti x € R ~ Q dudc goi 1a mot s6 xap xi kém néu nhu tdn tai mot hiang sé ¢ > 0 (c6
thé phu thudc vao x) sao cho véi moi phan s6 g:

> —. (5.1)

Dinh ly 5.1. Ton tai vé s6 sé xdp xi kém.
Dinh 1y 5.1 ¢6 thé dudc suy ra bdi mbi lién hé gitta sd xap xi kém va lién phan sb don nhu sau:

Dinh ly 5.2. S6v6 ti x € R~ Q la mot s6 xdp xi kém khi va chi khi md rong lién phdn
sO don ciua x bi chdn. Noi cdch khdc, ton tai M > 0 sao cho a, < M véi moi n > 0 vdi
x = [ag;ay,as, ...].
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Ta sé dung B6 dé sau dé chiing minh Dinh 1y 5.2:
B6 dé 5.3. Vdi moin > 0:
1 n 1
(a1 2o 2 .
g3 (an+1 +2) qn qn9n+1

Loi giai. Theo nhu tinh toan nhu trong phan chiing minh ctia BS dé 4.1:

<

Pn 1 1 1 1
x -2 = = <= <
an Gn (Xn+19n + dn—1) q? (x,,+1 + qZ;‘) GnXn+1  4n0n+1
Mat khac,
Pn 1 1 1
X ——|> = > — _
4n gn [(@nt+1 + 1) gn + gn—1] q> (an—i—l +1+ q;—l) g5 (an+1 +2)

]

Chitng minh Pinh Iy 5.2. Gia st nhu x = [a¢; a1, dz, ...] 1a mot s6 x4p xi kém, véi moin > 0,
ta c6 dudc:

c DPn 1
— < x=—=| <= .
dn qn q;0n+1

Tir d6 dan dén md rong lién phan s6 cia x bi chin:
1

supa, < maxidg, —¢ -
n>0 C

Theo chiéu ngudgc lai, gi sit nhu x khong phai 1a mot s6 x4p xi kém. Piéu diy tuong duong véi
ton tai cdc day s ¢; > 0, 2 sao cho:

limc¢; =0 va
i—00

Khong mét tinh tSng quat, ta c6 thé dit gid thiét la ¢; < 3. Theo Dinh ly 4.4, & = 22 Ja mot
phan s6 hoi tu ctia x. Vi vay:

0y (an+1 +2) dn |~ 4
Tu do suy ra:
ap41 > — — 2.
&

V& phai — oo khi i — o0, hay néi cach khac, diy a, khong bi chin. Ta c6 dudc diéu phai
ching minh.

[
Hé qua 5.4. Tip cdc sé xdp xi kém la khong dém duoc .
1+v5 .

L
Dinh Iy 5.5 (Lagrange 1770 [7]). S6 vo ti x la s6 dai s6 bdc 2 khi va chi khi md réng lién phdn
s0 ctia x la vo han tuan hoan .

Luu y 5.6. Ménh dé du trong Dinh Iy 5.5 di dudc chiing minh trudc diy bdi Euler [2]. Chiéu
khé hon 12 ménh dé can dugc Lagrange chiing minh trong [7].

Vi du cu thé va gan giii nhét vé céc s xap xi kém 1a céc so dai s6 bac 2 nhu V2,
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6. Ham sd Dirichlet tdi uu

Trong phan truéc, chiing ta da chiing minh rang phan ¢ =2 trong Pinh ly 1.4 1a khong thé cai
thién dugc. Tuy nhién, hang sd 1 c6 thé dudc thay thé bang mot hiang sb khac nhd hon véi két
qua sau cua Hurwitz:

Dinh Iy 6.1 (Hurwitz 1891 [5]). Vdi moi s6 vo ti x € R~ Q, t6n tai vé 56 s6 hitu ti £ € Qvdi
q > 0 sao cho:

(6.1)

p‘ 1
NS

Luu y 6.2. Pinhly 6.1 that sy 1a t6i vu vi v6i x = ﬁ L va véi moi hing s6 0 < C < [, chi
ton tai hitu han sb hitu t1 € Q, ¢ > 0 théa man bat phu’dng trinh:

Bai tap 6.3. Chung minh Luu y 6.2.
Dinh ly sau s€ suy ra Pinh ly 6.1:

Dinh Iy 6.4. It nhdt mét trong 3 phdn sé hoi tu lién tiép bdt ky ciia x théa man bdt ding
thiic (6.1).

Loi giai. Theo nhu trong phan ching minh ctia B& dé 4.1:
1 N 1

= = véi moin > 0.
Gn (Xnt19n + qn-1) q% (xn—f-l + qZ;l)

' Pn
x —_——
n

Gia st nhu ton tai n sao cho:

<\/_ véii =n—-2,n—1,n.

Xi4+1 +

Vi Xp—1 = dp—1 + ﬁ, va

dn—1 an—19n—2 + dn-3 dn-3
= = an—l + ’
dn—2 dn—2 dn—2
1 _
— + n = Xn—1 + = f
Xn dn—2 dn—2

Vi vay:

=)= (i) (o)

Noi céch khdc, phan s6 2:=2 théa man bat dang thic:

2
(Qn—z) _\/g(Qn—2) + 1 SO,
qn—1 dn—1
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va ta c6 dudc:

Qn—z \/g - 1
> .
dn—1 2
Tuong tu:
dn—1 \/g -1
> .
dn 2
Vi thé: ¥
_ 2 —1
l<a, =0 _ =2 _ _ —1 (oly).
dn-1  Gn-1  5-1 2
Vay v6i moi n > 2, it nhét 1 trong 3 phan sb hdi tu Puz Pomt Pr thoa man bét dang thic (6.1).

]

Tai liéu tham khao

[1] Davenport, H., The higher arithmetic, 7" ed., Cambridge University Press (1999).

[2] Euler, L., De fractionibus continuis, Commentarii Acad. Sci. Imperiali Petropolitanae 9
(1737).

[3] Euler, L., Introductio in analysin infinitorum I, (1748).

[4] Hardy, G., Wright, E. M., An introduction to the theory of numbers, 5% ed., Clarendon
Press (1979).

[5] Hurwitz, A., Uber die angendiherte Darstellung der Irrationalzahlen durch rationale
Briiche, Math. Ann. 39, pp 279-284.

[6] Khintchine, A., Continued fractions, (1964).

[7] Lagrange, J. L., Additions au mémoire sur la résolution des équations numeriques, Mém.
Berl. 24 (1770).

[8] Nguyén Hung Son, Thut todn phuc hoi sé hitu ti, Epsilon 1, (2015).

[9] Niven, I., Zuckerman, H. S., An introduction to the theory of number, 4™ ed., John Wiley
& Sons (1980).

[10] Schmidt, W. M., Diophantine approximation, Lectures Notes in Mathematics 78S,
Springer (1980).

36



psilon

Tap chi online ctia cong dong
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BIEU DIEN NGHIA CUA TU BANG VEC-TG

Lé Phong
(Dai hoc Amsterdam, Hda Lan)

Tuy ring thdi diém ching ta c6 thé tao ra nhiing ¢d mdy c6 tri tué nhu ngudi chic chin sé khong
dén trong nay mai, viéc 1am cho mdy tinh hiéu dudc nhiing gi ching ta néi da dat dugc mot sd
dot pha nhit dinh. Bai viét nay sé gi6i thiéu mot huéng nghién ctiu ma trong dé ngit nghia cia
tir dudc biéu dién bang véc-to, tir d6 tao nén tang cho viéc xiy dung mot hé théng hoan chinh
c6 thé ty dong giao tiép v6i con ngudi.

1. May hiéu Tiéng ngudi

F¥ Con ngudi di ché tao dugc nhitng ¢d may tham hiém Sao Hoa, lin xubng noi siu nhét dai
duong, hay c6 kha niing tinh todn siéu viét. Thé nhung viéc xdy dung tri tué nhan tao thong
minh nhu con ngudi van chi méi ton tai trén phim anh, tiéu thuyét. N6i nhu thé khong c6 nghia
1a diéu d6 khong thé: mdy tinh chiing ta ché tao ngay cang manh mé hon, thong minh hon. Mot
s6 nha tuong lai hoc, ndi bat 1a Ray Kurzweil, tin rang thdi diém ra doi ctia tri tué nhan tao dang
dén rat gan [5].

Tuy nhién, 1am thé nao d€ biét dugc mot cd mdy c6 tri tué nhu chiing ta? Pay 1a mot cau hoi
mang tinh triét hoc hon 1a khoa hoc k§ thuat. Alan Turing, cha dé ctia nganh khoa hoc mdy tinh,
da dé xuat mot bai kiém tra [9] (vi thé mang tén 1a Turing test) dua trén tro choi “bat chudc”
(imitation game)'. Bai kiém tra nay c6 thé mo td ndm na nhu sau: ¢6 mot mdy tinh A va hai
ngudi B, C. Ngudi C khong nhin thiy va khong biét A, B. Ngudi C c6 thé giao tiép v6i A va B
thong qua gd ban phim. Sau khi giao tiép xong ma C khong thé phan biét dugc dau 1a may tinh,
dau 1a ngusi thi may tinh A ¢6 thé coi 1a ¢6 tri tué nhu nguoi.

Diéu 1& di nhién 12 c6 nhiéu ngudi khong dong tinh vé6i bai kiém tra nay. Mot trong nhitng 1y do
1a tam 1y con ngudi c6 thé bi danh lita bang nhitng manh khoé hét stic don gian nhu 1a ¢b tinh
dua ra nhitng i sai chinh ta. Diéu dang néi & day 13, néu nhin theo khia canh khoa hoc, mot cb
may c6 tri tué nhan tao thi phai hiéu dudc con ngudi néi gi va sinh ra dudc 18i dbi dap thich hop.
Ché tao dudc cd may nhu vay 1a mot trong nhitng muc dich tdi thuong clia nganh Xt ly ngon
ngt tu nhién (Natural language processing).

Mot ngdn ngit (viét) 1a mot tip hop cac chudi ky hiéu, ciu thanh bang viéc két ndi cic tif trong
mot tap tif vung thong qua mdt bo cac nguyén tic ghép tir, dudc goi 1a nglt phdp. Do do6, dé cé
thé 1am cho mdy tinh hi€u dudgc ngdn ngit, diéu dau tién ching ta c6 thé nghi dén 14 1am sao
cho mdy tinh hiéu dudc nghia ctia cic tit. Vi du nhu 1am sao né c6 thé hiéu dugc riang “chd” va
“meéo” 12 tén clia hai loai dong vat c6 bén chan, c¢6 nhiing hanh vi tuong dong nhu in, ngd, chay,
nhay. V& miit ly thuyét, chiing ta c6 thé mo ta nghia clia tif cho mdy tinh hiéu bang viéc liét ké

!“Imitation game” ciing 12 tén ctia mdt bd phim ké vé cudc doi ctia Alan Turing. Ong da gitip quan Pong Minh
giai ma nhiing thong diép clia quan Diic trong Thé chién thit hai. Nhd vdy ma chién tranh da dugc két thic sém,
gitp ctiu séng rat nhiéu sinh ménh.

37



Tap chi Epsilon, S6 04, 08/2015

céc dic tinh dugc ké & trén. VE mit thiic té, cong viéc nhu vy doi hoi phai c¢6 nhitng chuyén gia
vé ngdn ngit hoc, khién cho ton rét nhiéu thdi gian va tién bac.

Mot trong nhitng hudng gidi quyét thong dung bay git 12 tin dung mot luong dd sd cic vin ban
c6 san trén Internet dé tu dong xay dung nghia cho céc tir. Bai viét nay sé gidi thiéu mot hudng
nghién cifu nhu viy, dudc goi 1a Distributional semantics®>. Ban doc sé thay rang, chi véi mot
vai cong cu todn hét stic don gian, mot 1y thuyét vé ngit nghia hoc hop 1y, va mot luong 16n vin
ban, chiing ta c6 thé 1am dudc nhitng thid hét siic hitu dung.

2. Distributional semantics

Cau hdi trudc tién can phai giai dap chinh 1a: cdi gi quyét dinh nghia cda tit? John Rupert Firth
nim 1957 dé xuit mot quan diém ma bay gio trd thanh “phuong chAm” d€ gidi quyét van dé tu
dong hoc nghia cua tu:

You shall know a word by the company it keeps [4]
nghia 1a: nghia ctia mot tit c6 thé dudc nhan biét bang cac tir di kem véi né. DE c6 thé hiéu dudc

y ctia Firth, ching ta c6 thé hinh dung mot tinh hudng nhu sau: gia sit nhu chiing ta dang doc
mdt cudn sach bi“mg tiéng Anh va giip mot tir rit la “bardiwac” lip di 1ip lai nhiéu 1an:

He handed her her glass of bardiwac.

Beef dishes are made to complement the bardiwac.

Nigel staggered to his feet, face flushed from too much bardiwac.

Malbec, one of the lesser-known bardiwac grapes, responds well to Australia’s sunshine.

I dined off bread and cheese and this excellent bardiwac.

The drinks were delicious: blood-red bardiwac as well as light, sweet Rhenish.

Diéu dang néi & day la chiing ta hoan toan c6 thé doan dudc nghia ctia tit nay bang cach suy
doan dua trén ngit canh cta né. Tir cau diu tién, ching ta c6 thé doan riang “bardiwac” 1a mot
thid chét 1éng. Cau thi hai goi y rang tif nay chi mot thit dudc diing kém khi n thit bo. Véi cau
tht ba, tif nay dudng nhu c6 nghia 1a mot thit khién ta c6 thé say, van van... Va khi tong hop lai,
chiing ta c6 thé doan rit chinh xic rang “bardiwac” 1a mot loai rudu d6 dudc lam tir nho.

Tat nhién, vi ching ta c6 tri tué nén c6 thé dé dang doan dudc nghia ctia mot tif 1a thong qua ngi
canh. Con dbi véi may tinh thi sao? Lam cach nao chiing ta c6 thé néi v6i né rang hiy dung ngit
canh dé€ hoc nghia cta tii? Trong hai muc tiép theo sau, hai phuong phép thong dung 1a Bém va
Doan s€ dugc trinh bay.

2C6 thé dinh 1a “Ngi nghia c6 tinh phan b6”.
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[ Corpus sentences ‘ | Co-occurrence counts | | Vector
He also found five fish swimming in murky water in an the 12 / 12
old bathtub.

a 9 9
We do abhor dust and dirt, and stains on the bathtub,
and any kind of filth. of 7 7
Above At the far end of the garden room a bathtub has and 6 6
been planted with herbs for the winter. 5
i 5
They had been drinking Cisco, a fruity, wine-based fluid n
that smells and tastes like a mixture of cough syrup and .
bathtub gin. |—> \—> .
. . 5 . like 2
Science finds that a surface tension on the water can 2
draw the boats together, like toy boats in a bathtub. water ) 2
In fact, the godfather of gloom comes up with a plot that i 2
takes in Windsor Davies (the ghost of sitcoms past), a 2
bathtub and a big box of concentrated jelly. from %) 2
‘I'll tell him,’ said the Dean from the bathroom above i 1 1
the sound of bathwater falling from a great height
into the ample Edwardian bathtub. toy 1 1
god- 1 1
father 1
Cisco 1

Hinh 3.1: X4y dung véc-to nghia ctia tlf “bathtub” bang phucng phap dém (hinh 14y tir [3]).

3. Phudng phap 1: Dém

Tru6ce tién, chiing ta can phai 1am 16 khai niém “ngit canh” cho mdy tinh hiéu. Nom na ma néi,
ngit canh la tt ca nhiing gi xuit hién xung quanh ddi tugng cin quan tim. O day, chiing ta sé
gi6i han “ngit canh” 1a tip hop nhiing tit nam trong cling mot cau véi ddi tuong, hoic 1a nhiing
tif ndm trude doi tuong va nam sau ddi tuong khong qua k vi tri.

Goi V 1a tap tif vung. Cach don gian, va ciing rat ¢d dién, 1a thdng ké cac tit u € V) xuit hién
kém theo tif w € V ma ta quan tim. Diéu nay tuong duong vdi viéc udc lugng phan bd xic suét
c6 diéu kién P(U = u|W = w) thé hién kha ning tlf u thudc ngit canh cta tif w. D€ 1am dugc
nhu vy, v6i mdi tif u, ta dém xem u xuét hién bao nhiéu 1an kém theo tif w (vi thé phuong phap
nay c6 tén goi 1a co-occurrence count®). Vi du minh hoa dudc cho trong Hinh 3.1. C6 ba budc
d€ biéu dién nghia cla tit w bang véc-to. Trude hét, chiing ta thu thap cac ciu c6 chia tif w. Sau
d6, v6i mdi tir u ta dém xem né thude vé ngii canh clia tif w bao nhiéu 1an. Va cubi cling, chiing
ta trich ra véc-to cho tit w. U6c lugng xdc suit trd nén don gian 1a

s 1an u thudc vé ngl canh ctia w
PU = u|lW = w) = cvens

TR A NPT (3.1
sO lan w xuat hién trong toan bd du liéu

Tuy nhién, dé thu dugc cic véc-to tot, ¢6 nhiéu diéu chung ta can phai xem xét. Thu nhét, u
nén 1a nhiing tif nhu thé nao. RS rang 14 nhiing tl chiic ning (functional words) (nhu “a”, “an”,

“the”, “how”, “whom”) (trong tieng Viét thi c6 “ai”, “rang”, “thi”, “Ia”, “ma”) co tan suat xuat

3C6 thé dich 1a “dém tir ddng xuat hién”
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hién rit cao nhung lai mang thong tin ci phap hon 1a ngit nghia. Vi thé, u khong nén 12 mot
trong nhting tu do.

Ké tiép, véi cach dém nay, chiing ta xem cdc tif u ¢6 vai tro binh dang. Thuc té thi ngudgc lai
vi ¢6 nhiing tif mic du xut hién rit it nhung mang thong tin rat quan trong (vi du nhu dong
tif thudng quan trong hon trg dong tir). D& khac phuc diém nay, thong thudng ngudi ta ap dung
thém mot bude nita goi 1a danh trong sd (weighting scheme). Mt trong nhiing cach danh trong
s6 phd bién 12 Pointwise mutual information

PU =u|W = w)

PMI(u,w) = P = (3.2)

trong d6 P(V = u) la xdc suat xuat hién cla tif u trong toan bd di liéu. N6i ndm na 1a cac tir
hiém u nén dudc ting trong sd 1én. Diéu nay kha 12 hop ly bdi vi mot tif v6i tan suét xuat hién
thip c6 kha ning gy nhiéu cuc thip. Vi thé kha ning né mang thong tin d€ mo ta tif cn quan
tam 1a 16n.

Thuc té 1a cac véc-to thu dudc c6 sb chiéu 16n (2000 hoiic hon) va thua (vi ching ta mong mudn
ding nhiing tir hiém u d€ ting thém thong tin ngit nghia). Vi vdy, mot phuong phap giam sb
chiéu (tuong tu nhu PCA) sé dudc 4p dung sau cubi.

4. Phuong phap 2: Doan

Y tudng ciia phuong phap Poan that ra rit gidng nhu chiing ta tra 15i cdu héi chon tit dién vao
chd tréng trong cac bai thi TOEFL hay IELTS:

is the study of numbers, equations, functions, and geometric shapes and
their relationships.

a. physics

b. mathematics
c. geography
d. theology

Néu chiing ta dat két qua tdt trong bai ki€m tra thé nay (tdc 12 ti 1¢ phan trim ding cao hon rat
nhiéu so v6i chon ngau nhién 25%), ngudi kiém tra sé cho rang chiing ta hiéu dudc nghia ctia ca
nhiing tif can dudc chon 14n nhiing tlf c6 mit trong ngii canh. Tuong tu, véi phuong phap Podn,
néu cic véc-to clia cac tif ¢ thé gitip ching ta 1am tt cac cau héi nhu trén, cac véc-td nay dudc
cho 1a th€ hién dudc nghia cta cdc tif ma ching biéu dién.
Bay gid chiing ta gia st ring mdi tif v € V dudc biéu dién bdi mot véc-to d-chiéu v, va chiing
ta c6 mot cach nao dé dé tinh xac sudt P(W = w|U = (u1, us, ..., u;)) thé hién kha ning tir w
xuét hién trong ngit canh (1, s, ..., u;). Piéu ching ta can 1am 1a di tim véc-td v cho mdi tir v
sao cho xdc suit & trén 13 cao nhat véi moi tif w va ngi canh ctia né (uy, us, ..., u;).
C6 nhiéu phuong phap dudc dé xuét dé tinh P (W |I), & day, phuong phap ctia [2]* sé dugc trinh
bay. Trude tién, ching ta két hop véc-td clia cic tif Uy, ..., u; thudc ngit canh vao mdt véc-to x
nhu sau:

x =tanh(b + Viu; + ... + V;u;) 4.1)

“Phuong phdp nay lién quan ti mang nd-ron nhan tao. D€ tranh phdi gidi thiéu thém khdi niém mdi, chi c6
dang cong thic toan dudc trinh bay.
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trong d6 méi V; 12 mot ma-tran n x d va b 12 mdt véc-to n-chiéu; ham hyperbolic tanh dudc
ap dung cho mdi phan ti ctia véc-to ddi s6

»1 tanh(y:)
ann( |22 [) = [ 1410 4.2)
Yn lanh(yn)

Tiép theo, chiing ta chiéu x 1én mot khong gian véc-to c6 sb chiéu bang ding |V|, s6 lugng tit
c6 trong tap ti vung:
a=c+ Wx 4.3)

Cubi cung, dung ham softmax, ching ta tinh xdc sut dé wy, tif thii k trong tap tif vung V,
xuét hién trong ngit canh (uy, ..., u;)

ak

P(W = wi|lU = (uy,uy, ...,u;)) = softmax(k,a) = (4.4)

VI

o
i=1¢"

Bay gi0, goi 0 = (wy, ..., Wy, V1, ..., Vi, b, W, ¢). B&i vi muc dich cudi cling 13 du dodn ding
tir khi biét ngit canh, ching ta di tim € sao cho c6 dudc log-likelihood (log ctia do tuong dong)
16n nhat
LO)= > logP(W =uwld = (uy....up)) (4.5)
w,(C15..05C1)
trong d6 tdng dudc tinh trén tit ca cdc ngif canh va tif xuét hién trong ngit canh d6 c6 thé tim
dudc trong vin ban dit liéu. Pén day chiing ta c6 bai todn tim cuc tri hAm da bién quen thudc.

5. Tinh chit va Ung dung

Liéu rang khi nhin vao cdc véc-to nay, mdy tinh c6 thé biét dudc rang “ché” va “meo” déu c6
bdn chan, “ché” stia gau gau con “meo” kéu meo meo? CAu tra 16i c6 1€ 12 “Khong!”, hoic 1a
rit kho dé€ biét dudc. Tuy nhién, diéu d6 khong c6 nghia véc-to tii 1a vo dung. Ngudc lai, ngudi
ta nhan thdy ring, cic véc-to nay cho ching ta biét mot thong tin hét sic quan trong goi 1a
“miic dd tuong dong vé nghia” (semantic similarity). Diéu nay xuét phat tit Gia thuyét phan b
(Distributional Hypothesis) [6] sau day:

Do tuong dong vé nghia giiia hai bi€u thiic ngdn ngit A va B 12 mot ham cda do
tuong dong clia ngit canh ngdn nglt ma A va B xuét hién trong doé.

Vé mit ly thuyét, ching ta c6 thé st dung bat ky do do khoang céch gitta hai véc-td nao. Trong
thuc té, ngudi ta thiy rang cosine thudng cho két qua t6t nhat (xem Hinh 3.2).

Khi chiéu cac véc-td nghia clia tif 1én mit phang 2D dung phuong phap giam sb chiéu (nhu 1a
PCA), thudng chiing ta sé thiy cdc tif c6 nghia tuong dong sé dudc gom cum gan nhau (nhu
Hinh 3.3). Do d6, mic du mdy tinh sé khong biét 1a ch6 ¢6 bdn chan, meéo kéu meo meo, nhung
ma né sé biét dudc rang ché va meéo nam trong nhém cac dong vit co tinh chét tuong ddong nhu
bo, cop, heo.

Gan day, [7] ding mot phuong phdp tuong tu nhu Poan, da cho ra bd véc-to ma trong dé mot
s6 mbi quan hé vé nghia c6 thé dudc thé hién thong qua phép tinh véc-to, ndi bat nhat 1a:

ﬁ
king —queen ~ man — woman (5.1)
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vater

n
s(b, W) = Z_?zl bt
[[B[] - {1
bathtub
money
R Hbl w1
’Where b= and @ =
Wy,
and [[B]| =

Hinh 3.2: Diing ham cosine dé do géc giita hai véc-to. K&t qua thu dudc thé hién su tuong dong
nghia gitfa cdc tif (hinh 14y tir [3]).

Iailm
-am
199896
Novenfimtember
Decentiiober lulv
August
Sat“glm’dav
percent F"dayWednesdav
Thursday Monday
Tuesday
late earlier
past
one lasfiext same
10 early
five six recent
o
three four
several
. main
other leading full current %
key
such major
new average
big large total
( frost small
more  much strong
less good possibl
clear e‘l‘urﬂler
very
likely long
far
billiim .
selling

Hinh 3.3: Céc tif c6 nghia tuong dong thudng nim co cum gan nhau.
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5.0.0.1 Ungdung Distributional semantics c6 nhiéu ting dung chi yéu xudt phat tit tinh chét
ké trén. Mot s6 duoc liét ké duéi day:

e xiy dung tir dién dong nghia mot cach tu dong (diéu nay dic biét c6 y nghia dbi v6i nhiing
ngdn ngit chua dudc nghién citu ky, nhu 12 ngdn ngit clia cac dan toc thiéu s6),

e md rong ti khoa tim kiém (vi du nhu Google bén canh tim kiém chinh x4c tit khoa nguoi
diing nhap vao, sé mé rong tim kiém bang c4ch thay tir khéa d6 bing nhiing tif gin nghia),

Dic biét, véi xu thé ngay cang md rong clia clia deep learning’ (diing cidc mang nd-ron nhin tao
c6 nhiéu 16p), viéc dung véc-to nghia clia tif nhu xuét phat diém trd nén vo clng quan trong trong
rat nhiéu ting dung nhu 14 phan tich ci phép (syntactic parsing), phan loai vin ban (document
classification), phan tich cam nghi (sentiment analysis), dich mdy (machine translation).

6. Ban luan

O phan trén da trinh bay hai phuong phap 12 Dém va Podn. Mot sy nham tinh binh thudng ciing
c6 thé thiy rang Pém don gian hon rit nhiéu so véi Poan. Vi thé ma Poan mai gan day, khi
stic manh ctia mdy tinh ting 1én dang ké, mdi trd nén phd bién. Poan thudng cho ra véc-to véi
s6 chiéu it hon (khoang 25-500), trong khi Pém 1a khoang 2000 hoic hon. Vé chit lugng clia
véc-td, [1] dua ra mot s6 bang chiing thuc nghiém cho thiy Podn cho ra véc-td tét hon Pém.
Tuy nhién, ngay sau d6, [8] chi ra ring Pém két hop v6i mot phuong phap danh trong sb thong
minh va giam s6 chiéu hop 1y sé cho ra véc-to tot hon.

Bai viét nay chi trinh bay nhiing diéu hét stic co ban vé Distributional semantics. Poc gia c6
“mat dai bang” sé thdy rang con nhiéu thi c6 thé md rong va con nhiéu viéc phai lam dé tiép
can mot hé ngt nghia hoan chinh.

Thi nhét, chiing ta dé cip dén nghia ctia tir dudi mot su ngam hiéu rang méi tir chi c6 mot nghia
(dugc biéu dién bdi mot véc-td). Tuy nhién, trong thuc té ta thudng bat gip nhitng tif ¢6 nhiéu
nghia. Cé4c nghia ndy c6 thé rat khac nhau (ddng am khéac nghia), hoic c6 thé hoi tuong dong
(ddng Am gan nghia). Viéc c6 thé xay dung cac véc-td khac nhau cho cic nghia khac nhau mot
cach tu dong goi la Word sense induction.

Tht hai, khdi niém tuong dong nghia nén dugc hiu 1a tuong dong nghia trong ngit canh st
dung. Nhin vao Hinh 3.3 chiing ta c6 thé thy riang nhiing tif trai nghia lai rit gin nhau (nhu la
“more” / “less”, “high” / “low”). Piéu nay 12 bdi cic tif trdi nghia thudng dugc dit trong cac ngit
canh rat giéng nhau. Nhitng tif 4m chi cing mot sy vat nhu 13 “water” va “H,0” sé c6 véc-to
rat khac nhau, bdi vi “water” thudng dudc st dung trong ngif canh doi thudng, trong khi “H,0”
dung trong ngti canh khoa hoc.

Thi ba, mic du distributional semantics vé mit ly thuyét c6 thé mé rong cho bat ky dbi tuong
ngdn ngit nao (nhu 1a cum tli, ciu), nhung trong thuc té thi khong thé 4p dung cho cic cum
tir 16n hoic cau (xem vi du & Hinh 3.4). D€ gidi quyét vin dé vé nghia cho cum tif va cau,
hoic 16n hon 1a doan vin béan, ngudi ta thudng phai dua vao Nguyén ly Két hop (principle
of compositionality). Va viéc tim ham két hgp (composition function) 12 nhiém vu ctia huéng
nghién ctiu Distributional Composition semantics.

SXem gi6i thiéu vé deep learning tai https://en.wikipedia.org/wiki/Deep_learning, va
deep learning cho xt ly ngdn ngl tu nhién tai http://nlp.stanford.edu/courses/NAACL2013/
NAACL2013-Socher-Manning-DeepLearning.pdf
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GO 8[6 "BUn bd Hué 1a mén &n viét nam" g n

Web Images Videos Maps Mews More = Search tools

1 result (0.51 seconds)

25 mon ngon phai thartai Sai Gon - VO MEDIA
vomedia.ca/25-mon-ngon-phai-thu-tai-sai-gon/ = Translate this page

IMar 7, 2015 - Biin bd Hu& 14 man an Viét Nam dugc biét dén véi nhidu giavi va
hueng vi. Nudc ding, ma néu dugce thue hién ding ki thudt, sé chira ddy ai ..

Searches related to "Ban ho Hué la mén an viét nam"
cach nau mén bin bé hué cach lam mén bidn bé hué
cach ndu mén bin hd hué ngon cach 1am man bin bd hué chay

cach nau mén bin bo hug ngon nhat

Hinh 3.4: V6i nhitng cum tir 16n hodc cé cu, chuing ta khong c6 du ngii canh dé xay dung véc-to.
Ngay ca véi kho dit liéu khdng 16 16n nhit hién tai ctia Google, cau “Biin bo Hué 13 mén dn Viét
Nam” chi ¢6 duy nhit mot ngit canh dudc tim thay.

Ldi cdm on

Tac gia chan thanh cdm on TS. Nguyén Thi Hong Nhung (Manchester) da stia 15i va gép y cho
ban thao.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

MO HINH HOA BAI TOAN SAP LICH DANG
FLOWSHOP BANG DAl SO MAXPLUS

V6 Nhat Vinh
(Dai hoc Frangois-Rabelais, Tours, Phdp)

Chuyén ké rang ¢ mot vieong quoc no, nha vua cd rdt nhiéu cung tan my nit va ho déu dé’téc
dai. Pé cham soc cho mdi téc dai ciia cdc ngudi dep, nha vua ra lénh cho mét xudng sdn xudt
ddu géi tin cdy sdn xudt cdc loai sdn phdm khdc nhau dé’ddp iing nhu cdu ciia cdc my nit nay.
Hién tai, nhu cdu cia cdc ngudi dep la bén loai dau géi mang hwong budi, hiuwong sen, huwong
lai va huong chanh. Trong xudng sdn xudt, ba giai doan cdn dwoc luu ¥ theo thit tu la tach miti
huwong, pha tron mii va dong chai. Méi loai ddu géi c6 thoi gian diic trung dé’tdch mui huong,
dé’ pha tron miii va dé’ dong chai khdc nhau. C6 thoi diém, xudng sdn xudt quan tam dén thit
tw cdc logi dau géi cdan duoc sdn xudt dé co thé’ hoan thanh tdt cd cdc don hang ciia cdc nguoi
dep trong thoi gian sém nhdt. C6 thoi diém, xudng sdn xudt can nhdc thit tw cdc loai dau goi dé’
téng thoi gian cho doi ciia cdc quy ba la it nhdt. Ciing 6 liic, xudng sdn xudt phdi luu ¥ dén vai
110 khdc nhau cia cdc nhom nguoi dep. Vi vdy, xudng sdn xudt phdi suy nghi tim 15i gidi toi uu
cho titng truong hop.

Trong bai todn miéu td phia trén, ta cé bon cong viéc can hoan thanh (sdn xudt bén loai dau
g0i) trén mot ddy chuyén gom ba mdy (ba budc sdn xudt). Nhiém vu ciia xudng sdn xudt la sdp
xép thit tw cdc sdn phdm dé’thoi gian hoan thanh cudi cung la nhanh nhdt, hodc dé tong thoi
gian hoan thanh tdt cd sdan phdm la ngdn nhdn. Khi cdc nhom nguoi dep co vai tro khdc nhau
thi cdc sdn phdm yéu thich ciia cdc nhom sé co trong sé khdc nhau.

1. GiGi thiéu chung

Cau hdi vé mdi lién hé gitta cac nganh Toan Hoc, Tin Hoc va Kinh Doanh da thiic d4y toi nghién
ctiu sau hon vé ly thuyét sap lich (scheduling theory). Thuc té, bai toan sap lich dugc nghién
ctfu trong cic khoa Tin Hoc bédi vi né can cac ky thuat Tin Hoc ciing nhu céc tai nguyén may
tinh d€ tim ra cac két qua sd. Tuy vdy, cac bai toan sap lich lai 14 nhiing trudng hop cu thé ctia
céc bai todn tdi wu héa t6 hop (Combinatorial Optimisation) mang day ban chét Toan Hoc. Vi
thé ma ly thuyét sap lich ciing dudc nghién ciiu trong cdc don vi nghién citu Toan Hoc. Ngoai
ra, sap lich néi riéng va vén tri hoc (Operations Research) néi chung dudc giang day va nghién
cifu trong cac trudng vé kinh doanh tai Anh va Bac My. Thuc vy, trong bai viét cia minh Shah,
tac gia da két luan rang sap lich quan trong bdi hai ly do chinh. Ly do thi nhét lién quan dén cac
rii ro kinh té quan trong (vi du su boi thudng do cham tré tién d6) néu nhu mot lich trinh tdi té
dugc thuc hién. Ly do thd hai lién quan dén su nam bat cc ¢ hoi (trong kinh doanh) néu nhu
chiing ta c6 mot ki thuat sap lich hiéu qua. Vi 1€ do, ta c6 thé néi rang sap lich c6 mbi quan hé
mit thiét véi linh vuc kinh doanh, thuong mai. N6i mot cach khac, sap lich khong chi don thuin
12 mot nganh khoa hoc 1y thuyét (Todn Hoc) ma con l1a mdt nganh khoa hoc ting dung (Kinh
Doanh). Trong khuon khd bai viét niy, chiing ta sé quan tam dén mot dang bai toan cu thé trong
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ly thuyét sap lich va c6 lién quan mat thiét v6i san xuét theo day chuyén: Bai toan sap lich dang
flowshop.

T nhitng nim 1950, céc bai toan dang flowshop da khong ngiing tién trién va thu hiit ngay cang
nhiéu su quan tim clia cdc nha nghién ciiu bdi ca nhiing 1di ich ciing nhu do khé clia ching.
Thuc té, cdc bai toan dang flowshop khong chi da dang vé cac loai diéu kién rang budc ma con
vé cdc muc tiéu tdi vu. Chinh su da dang nay khién céc bai todn dang flowshop rat gan véi cac
bai todn thuc té. Du vdy, ta quan tdm trong bai viét nay mot phuong phép tiép can c6 thé 4p
dung dudc cho mot 16p bai toan thay vi tiing bai toan riéng 1é.

Trong luin 4n clia minh, Lenté da gi6i thiéu dai s6 MaxPlus d€ mo hinh héa mot s6 bai todn
sap lich dang flowshop. Phuong phap tiép cin nay da dudc st dung dé€ lam xuit hién cic quan
hé tuyén tinh trong cic bai todn 2— mdy (bai todn cd ban, bai toan véi rang budc do tré ¢ dinh
cung thoi gian chuén bi va thdo dd, bai todn khong c6 dd tré) cling nhu trong cic bai toan m—
may véi rang budc do tré cb dinh cung thdi gian chuin bi va thdo dd. Lgi ich ciia MaxPlus 1a
don gian héa cic ky hiéu dé€ dé dang 1am ndi bat tinh chit clia cac phép tinh. Ngoai ra, MaxPlus
con cho phép ta bién ddi bai todn dang flowshop thanh bai todn ma tran. N6i mot cach khéc,
chiing ta c¢6 thé thuc hién cdc phép tinh va bién ddi trén ma tran.

Trong bai viét nay, chiing ta s md hinh héa mot 16p bai todn sap lich bang céach st dung dai
s6 MaxPlus. That ra, chiing ta nhan thiy ring do tré giita cic tic vu (operations) thudng dudc
xét dén trong céc bai toan dang flowshop. Céc do tré nay c6 thé dudc gay nén bdi thai gian siy
kho, thoi gian 1am ngudi hodc thdi gian binh 6n ... Mot cach 4n y, chiing ciing c6 thé lién quan
dén cac loai rang budc khic nhu thdi gian chuin bi hoic thdi diém nhan rdi. Vi vy, chiing ta hy
vong c6 thé mo hinh héa mot 16p bai todn dang flowshop véi cac diéu kién rang budc lién quan
den do tre.

Sau phan gidi thiéu chung nay, chiing ta sé nhic lai dinh nghia va cic quy udc ctia bai toan dang
flowshop, ky hiéu va céc loai rang budc dudc nghién citu dén trong bai viét. Tiép theo, so ludc
va céc tinh chét cta dai s6 MaxPlus sé dudc trinh bay. Cubi cuing, v6i mdi bai todn cu thé, ma
tran cong viéc (job associated matrix) s& dudc thiét 1ap va tir d6, mot bai todn trong tim (ham
chifa nhiéu bai toan khac) sé dudgc chi ra.

2. Bai toan dang flowshop

2.1. Dinh nghia va quy udc

Mot bai toan dang flowshop m— may 1a mot bai toan sip xép thid tu cho n-cong viéc (job)
khi ching 1an lugt dudc xi ly trén m— may (machine). Mbi cong viéc bao gdm m— tic vu
(operation) theo thu tu dinh truc va hoan toan xac dinh: Tac vu j cta cong viéc i dugdc xu ly
bdi mdy j trong khodng thdi gian p;;. Thi ty cdc tic vy cia mdi cong viée 1a gibng nhau. Moi
cong viée dudc quy udc 12 luon & trang théi sdn sang d€ dudc xi 1y cho dén khi chiing dudc xt
ly xong hoan toan. Tai mbi thdi diém bat ky, mdi mdy chi x{ Iy mot cong viéc va mot cong viéc
chi dudc xit 1y bdi duy nhat mdt mdy. Trong pham vi bai nay, khi dudgc xi 1y, mbi tac vu sé dudc
xt 1y lién tuc cho dén khi hoan tit. Ngoai ra, ching ta xem xét bai toan vdi thi tu cac cong viée
dudc xit 1y trén mdi mdy 1a nhu nhau. Hinh du6i day thé hién mot bai toan dang flowshop c6 2—
may va 3— cong viéc.
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2.2.

Machineﬁs
n=3
M1 11 32 33| m=2
M2 | | 32 EER
(=] 11 13 T

Hinh 4.1: Bai toan dang flowshop 2— may.

Ky hiéu

O day ta sit dung loai ky hiéu dugc dé xuét bdi Graham va cic dong tic gia d&€ mo ta mot bai
toan sap lich: « |B| y. Trong loai ky hiéu nay, « thé hién dang bai todn, B thé hién tap hop cac
diéu kién rang budc va y thé hién tiéu chi can tdi vu. Bai viét ndy dé cip dén céc bai todn dang
flowshop nén trudng o chida ky hiéu F,,, trong d6 m thé hién s6 luong may ctia hé thong va
trudng y c6 thé 1a bat ci muc tiéu nao.

Ngoai ra, cac ky hiéu dudi day sé& dugc sit dung trong cac phan ké tiép.

n : S6 lugng cong viéc can sap lich.

J ={J1, Ja, ..., J,} : Tap hop cdc cong viéc can s:flp lich.

M= {M;, M5, ..., M,,} : Tap hop cdc may d€ xit ly cic cong viéc (quy udc cac may
dudc sip theo thi tu ctia quy trinh san xuét).

J; :Cong viéci (i =1, ..., n) dudc ddnh s6 ngau nhién (trir khi c6 quy udc khéc).

M; :Mdy j (j =1, ..., m) dudc danh sd theo thi ty ctia quy trinh san xuAt.

O;j : Tac vu j cia cong viéc J;.
pij : Thoi gian xt ly cia tac vu O;;.

§; : Thai diém nhan rdi ciia may M.

§ = {81, 82, ..., 8m} : Véc-t0 cdc thdi diém nhan rdi clia cac mdy.
o : Tap hgp c¢6 thu tu cac cong viéc (o (1), 0(2), ..., o(n)) trong d6 o (i) la cong viéc &

vi tri thd i cda tap hop.
C;;(0) : Thoi di€ém hoan thanh tac vu O;;.
C;(0) : Thoi diém hoan thanh cong viéc J; trén mdy M,,.

Cs (i) : Thoi diém hoan thanh cong viéc thii i clia tip c6 thi tu o (trén mdy cubi cling). Vi
vay, Cy(n) hay C(0) hay Cpax(0) con dudc goi 1a makespan.

éi = {Ci1,Cia,...,Cim} : Véc-to céc thoi diém hoan thanh cla cong viéc J; trén céc
may.
S;; : Thoi gian chudn bi can thiét trude khi x ly tic vu O;;.
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2.3.

R;; : Thoi gian thdo dd can thiét sau khi x{ Iy tac vu O;;.
;; : Do tré tdi thi€u gitta hai tac vy lién tiép O;(¢;—1) va O;;.
Bi; : DO tré t6i da gitia hai tac vy lién tiép O;(j—1) va O;;.
D;;(0) : Thoi di€ém giai phéng mdy M; khoi cong viée J;.
D; : Thoi diém giai phéng may M, khoi cong viée J;.

Dy ) : Thai di€m giai phong may M, khoi cong viée thi i cla tip c6 thi ty o.

D; = {D;1, Dis, ..., Diy} : Véc-to cdc thoi diém gidi phong cdc mdy khoi cong viée
Ji.
Cac loai rang budc

Nhiing phan trinh bay du6i day sé gidi han nhiing loai rang budc nhu sau:

perm dudc st dung trong bai todn dang flowshop va thé hién thi tu (mot hoan vi) cac
cong viéc gibng nhau trén tit ca cic mdy.

no — wait xac dinh rang khong c6 bat ky do tré nao giita thai diém két thiic va thai diém
bt dau cua hai tac vu lién tiép nhau clia ciing mot cong viéc.

min —delay (max —delay hay min — max / delay): xac dinh ring c6 mot do tré t6i thiéu
(tdi da hay c2 t6i thiéu 14n t6i da) gitta thoi diém két thic va thdi diém bat dau ctia hai tac
vu lién tiép nhau ctia cing mot cong viéc.

S,sa thé hién ring mbi mot tic vu can c6 mot khoang thai gian chudn bi trude khi dudc

xt 1y va hoan toan khong bi chi phdi béi thif tu ctia cong viéc.

R,s4 thé hién ring mi mot tac vu cin c6 mot khoang thdi gian thdo d& sau khi dude xi
ly xong va hoan toan khong bi chi phdi bdi thi tu ctia cong viéc.

3. Dai s6 MaxPlus

3.1.

Tong quat

Phan nay s& gi6i thiéu so lugc vé dai s6 MaxPlus, chi tiét c6 thé dudc tham khéo trong cic
tai liéu Gaubert 1992 va Gunawardena 1998. Pai s6 MaxPlus dudc xiy dung dua trén tap hop
E = R U {—o0} dudc trang bi hai luit trong ky hiéu 12 @ va ®. Trong dai sd ndy, toan ti cong
@ biéu dién phép so sanh 16n nhét va toan ti nhan ® biéu dién phép cong thong thudng. Todn
tif @ c6 tinh liy dang, giao hodn, két hdp va c6 phan tit trung hoa ky hiéu 1a 0| (tuong dng véi
—00). Toan tif ® c6 tinh két hop, phan phdi ddi todn ti @, c6 phan i trung hoa ky hiéu 1a 1||
(tuong dng v6i 0) va nhan 0] 1am phan i hap thu.

B6 dé 3.1. Vdi moi a € Ry va a # 0|, ton tai nghich ddo ciia phdn i a duoc ky hiéu la
a~! hodc 17” saocho:a ®a™' =a' @a = 1| (ta cé thé'luu ¥ rang vdi ky hiéu thong thuong,
phdn ti nghich ddo nay chinh la phdn tit déi cia a).
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Ton tai mot mdi lién hé gitta todn ti quan hé thi tu cia cac s thuc vé6i todn ti @ : V6i moi
a,b € Ryw-a > b & a ®b = a. Ching ta ciing c6 thé viét trong bai ndy theo cach:
a®b=a-b=ab.

3.2. Phép tinh ma tran
Trong dai s6 MaxPlus, ta c6 thé dinh nghia tdng va tich ctia cac ma tran.

Dinh nghia 1. Cho A la m6t ma tran kich ¢6 m x n, cho B 1a mot ma tran kich ¢ m x n, ky
hiéu [.]¢, . 12 phan ti trén dong thif £ va cot thi c. Ta dinh nghia A @ B bing:

[A S B](,c = [A]Z,c ® [B]K,c (1 < ¢ <m, 1 S e < n)

Du6i day 12 mot vi du vé tinh tdng ctia hai ma tran:

23@26_ 202 386\ (26

4 5 2 3) \492 53] \4 5)°
Dinh nghia 2. Cho A4 1a mt ma tran kich thuéc m x p, cho B 1a mot ma tran kich thuée p x n,
ky hiéu [.]¢.. 12 phan ti trén dong £ va cot ¢. Ta dinh nghia 4 ® B bing:

V4
[A® Bl,, =P lAl; ®[Bly, (1<L=<m. 1<c=<n).
k=1

Tich ctia hai ma tran dugc minh hoa bang vi du duéi day:

(2 3)@(2 6)_ 2R2)®(BR2) 2R6)®d(3B®3)
4 5 T dR2)D (52 (4R6)D(513)

2 3

_(4®5 86\ _ (5 8

S \6®7 1008) \7 10)°
Theo dinh nghia 2, hai b6 dé duéi day dugc phat biéu nhu sau:
B6 dé 3.2. Véimoi j € {1, ..., n}, thi

[A® B]y; > [A4];; ® [B]y;-
Theo nhu vi du bén trén, ta két luan rang:
[A® Bl;; =5=2®2=[A];; ® [B];;(=4),

[A® Bl;, =8>2® 6 = [A];; ® [B],(= 8).

B6 dé 3.3. Véimoi {L, j} e {l, ..., n}, thi
[A® B],; = [A]y, ® [Bly;.

[4® B, =[], ® [B]y;-

51



Tap chi Epsilon, S6 04, 08/2015

Van theo vi du phia trén, ta c6:

[A® B];; =5>23®2=[A4];, ® [B],; (=5),
[A® B];, =8=3®3 = [4];, ®[Bl,, (=6),
[A® Bl =7=4®2=[A],; ®[B];; (=6),
[A® Bl =7>25®2=[A]5, ®[Bly; (=7),
[A® Bl,, =10>=4® 6 =[A],; ® [B];, (= 10),
[A® By, =10=5® 3 = [4],, ® [B]y, (= 3).

3.3. Toan tir ngoi sao
Dinh nghia 3. V6i moi a € R, toan ti ng6i sao dudgc dinh nghia:

a* = lim (1| ®a®a*®--- @ a?).
g—>00

Pay 1a mot vi du vé todn tl ngdi sao trong Ry

=1 020406 - = 0.

Dinh nghia 4. Cho A la mdt ma tran kich thudc m x m, toan t ngdi sao dugc dinh nghia nhu
sau:
A*=lim (1| @A A> @ --- @ A?).
qg—00

Bé dé 3.4. Vsi moi a, b € Rya, ba* la nghiém nhé nhdt ciia bdt phuwong trinh x > b & xa
va a*b la nghiém nhé nhdt ciia bt phuong trinh x > b @ ax. Ngodi ra, cdc nghiém nay lam
théa man ddu ddng thitc, ba* vi vdy ciing la nghiém nhé nhdt ciia phwong trinh x = b @ xa va
a*b la nghiém nho nhdt ciia phwong trinh ciia phwong trinh x = b @ ax.

Két qud nay ciing duoc dp dung vao cdc phép tinh ma trén (X > B @ AX).
D6i véi sb thuc, vi du sau thoa man BS dé 4 :
)" =124 (-6 - =1|.
Vi vdy, nghiém nho nhit clia phuong trinh x = b @ (—2)x 1a
x = (=2)"b = 1||b = b.

Pbi véi cac ma tran gdm cac thanh phan trong Ry, ta cé thé nhan dudc nghiém nhd nhit ctia
phuong trinh X = B @ AX :

(2)=G)= (5 o) ():

Bing cich viét lai dudi dang X = B @ AX :

X1,1 X1,2 _ 12 0” ® 0” -2 12 0” X1,1 X1,2
X2,1 X2,2 15 0” 2 0” 15 0“ X2,1 X2,2 ’
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nghiém nho nhit1a X = A*B. Tacé
1| OII)
A2=( :
of 1
v - (U =2\ (12 O\ _ (13 0
“\2 1)\us o) " \15 o))

va nghiém nhé nhét ctia phuong trinh ban dau 1a X = (1 3) .

Thé nén

15

3.4. Ung dung ctia dai s6 MaxPlus trong bai toan sip lich

Dai s6 MaxPlus dudc dung trong cac hé thong diéu khién, nhit 1a cac hé thdng c6 lién hé véi
mang Petri nhung rat hiém khi dudc st dung trong ly thuyét sap lich. Tuy nhién, ching ta ciing
c6 thé tham khao mot vai nghién cifu c6 lién quan ctia Giffler d6i v6i bai toan sap lich du 4n, ctia
Hanen va Munier ddi v6i cdc bai toan may song song c6 chu ky, ciia Gaubert va Mairesses, va
ctia Cohen cling cdc dong tdc gia. Cohen dbi véi bai toan dang flowshop c6 chu ky, ctia Gaubert
va ctia Houssin dbi v6i cdc bai toan dang jobshop c6 chu ky.

Trong ludn 4n ctia minh, Lenté da chiing minh ring cac bai toan dang flowshop m— may véi
rang budc hodn vi (perm) cé thé duge mo hinh héa bang dai s6 MaxPlus. Cu thé hon, mbi cong
viée J; 6 thé dudce dic trung hoan toan bang mot ma tran 7; tuong tng. Ma tran 7; nay hoan
toan dic trung dudc cac rang budc cua bai toan. Cing trong nghién ctiu nay, tac gia da ching
minh dudc rang dai s6 MaxPlus cho phép ta biéu dién mot tip cé thi tu cdc cong viéc dudi dang
tich ctia cac ma trén.

Trong Bouquard and Lenté, cic tic gia ciing st dung dai s6 MaxPlus d€ mo hinh héa bai toan
dang flowshop 2— may véi do tré t6i da va t6i thi€u (F, | perm; min —max/delay | Cpay), sau
d6 da chi ra cdc chin dudi va chin trén bang cich giam nhe cdc ma trin MaxPlus. Két qua nay
sau d6 dugc mé rong ra cho truong hgp m— may trong Augusto et al 2006.

Trong Vo and Lenté 2013, dai s nay lai mot 1an nita cho phép ta chiing minh sy tuong duong
gitta hai bai toan: Bai todn v6i rang budc do tré (t6i da va tbi thidu) F,, | perm; min —max/delay |y
va bai toan vé6i rang budc gdm do tré (t6i da va tdi thiu) va thdi gian chudn bi va thao do

Fu | perm; min —max/delay; Spsa; Rusa | ¥,

cling nhu lam xuét hién bai toan trong tim. Ngoai ra, trong Voo et al 2014, bang cach st dung
cac ma tran MaxPlus, cdc tic gid da tim ra dugc cdc chin dudi cho tong céc thdi diém hoan
thanh (F,, | perm; B | Y_ C;) ti céc chin dudi cia mdi thsi diém hoan thanh cla ting cong
viéc. Mot két qua tuong tu ciing da dudc tim ra v6i tdng trong sb cac thdi diém hoan thanh
(Fm | perm; B| > w;C;) nhd vao dai s6 MaxPlus trong Vo and Lenté 2014. Nhiing chi tiét vé
ting dung ctia dai s6 MaxPlus trong bai toan dang flowshop ciing nhu cc két qua trén day dugc
trinh bay cu th€ trong Vo and Lenté 2015.
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4. M hinh héa bing dai s6 MaxPlus

Phan ndy sé tip trung trinh bay viéc st dung dai s6 MaxPlus d€ mo hinh héa bai todn dang
flowshop, cu thé 1a gii thiéu cidc ma tran MaxPlus tuong ting véi mdi cong viéc. Céc két qui
chinh s& dugc gidi thiéu, cac phép tinh chi tiét c6 thé dugc tham khio trong Vo and Lenté 2015.

4.1. Nguyén tac chung

Céc mo6 hinh da dudc thuc hién cho dén lic nay Lenté 2011 déu dua dén mot két luan: Vi mdi
cong viée J;, ton tai mot ma tran MaxPlus tuong ting T; kich thuéc m x m dudc dinh nghia
hoan toan bdi cic dif liéu clia cong viée J; va cac diéu kién rang budc clia bai toan. Ma tran nay
bi€u dién mbi quan hé tuyén tinh MaxPlus két n6i cic thdi diém nhan rdi clia cac may trudc va
sau khi thuc thi mot cong viéc. Céc két qua nay, da dudc chiing minh trong cdc nghién citu cho
dén Iic nay, dudc tém tat bdi ménh dé sau day.

Ménh dé 4.1. Cho mot cong viéc J;, ton tai mét ma tran MaxPlus T; kich thude m x m sao
cho

D;i=686xT,, 4.1)
trong do § la véc-to cdc thoi diém nhan réi ciia cdc mdy trude khi thic thi cong viéc J; va D;
la véc-to cdc ngay nhan rdi ciia cdc mdy sau khi thuc thi.
Tdt cd hé sé cia ma trdn T; duoc tinh truc tiép tiv cong viéc J; va cdc diéu kién rang budc cia
bai todn, va nguogc lai, ma trdn nay hoan toan ddc trung cho céng viéc J; ciing nhu cdc diéu
kién rang budc cua bai todn flowshop.

Cdc hé sé cua ma tran T; duogc ky hiéu téc.

1 1 1
[111 [112 [llm

T, = Iy Ly = Dy
1 1 1
Imi w2 " lum

Can luu y rang céc thdi diém cic mdy dudc giai phong sau khi thuc hién mot cong viéc khong
nhét thiét trung véi thdi diém két thic céc tac vu. Piéu nay c6 thé vi nhiéu ly do, vi du nhu thai
gian thao d5 (xem hinh dudi) hoidc cac diéu kién rang budc vé su tic nghén.

Ngay khi ta thiét 1ap ducc cac ma tran T, ta ciing c6 thé dinh nghia cdc ma tran tuong ing véi
cac tap co thu tu cac cong viéc.

Dinh nghia 5. (Ma tran tuong tng véi tap c6 thd tu cac cong viéc)
Cho o 1a mdt tap c6 thi ty ciia v-cong viéc: Ma tran tuong ting cua n6 T, dudc dinh nghia béi

v
To = Q) Tow).

i=1
Gibng nhu cdc ma tran T}, cdc ma tran T, dinh nghia quan hé tuyén tinh MaxPlus giita c4c thoi
di€ém nhan r6i clia cdc may trudc va sau khi thuc hién tap c6 thi tu cic cong viéc.
Ménh dé 4.2. Cho D, la véc-to cdc thoi diém cdc mdy duge gidi phong béi tdp ¢é thit tu cdc
cong viéc o, ta co quan hé sau:

- -

Dy, =8 T,.
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S Rix
Machine k — e - — *— = >
(Sk St :(,, ik Dy
i Pit+1)
4 i Ri(k+ 1
: 51’(k+ |
Machine k+1 .- d —— —e o »
Ok+1 E ASfi(k#:U C ik+1) [)i(k+1)

delay € [Minig+1;, Maxig 1]

Hinh 4.2: Bai todn flowshop véi rang budc do tré, thdi gian thiét 1ap, thdo da.

4.2. Ma tran tuong ng vGi mdi cong viéc

4.2.1. Bai toan cao ban

Ta goi bai toan cd ban dang flowshop 1a mdt bai toan dang flowshop hoan vi va khong c6 thém
diéu kién rang budc khac. Bai todn nay dugc ky hiéu F,, | perm | y trong d6 y 12 mot tiéu chi
bat ky. Ménh dé sau da dugc thiét 1ap trong Lenté 2001.

Ménh dé 4.3. Véi moi cong viéc J;, ma trdn T; thé hién mdi lién hé giita cdc thoi diém nhan
10i va két thiic som nhdt ciia mét cong viéc duoc dinh nghia bdi:

Pi1 PirpPi2 - PirPi2* " Pim
= Pa o pepeEe @2)
of of - Dim

Loi gidi. V6i moi cong viéc J;, cac thoi diém két thic clia m— tac vu trén m— mdy dudc thé
hién b&i cac bat phuong trinh sau:

Cih > &+ pa (4.3)
Ci, > max{Cji; + pi2,8> + pi2} 4.4)
Cij > max{Cj-1) + pij.0; + pij} 2 < j <m) (4.5)
Bing ky hiéu MaxPlus ta c6
Cii = dipin (4.6)
Ciz > Ciipia®8pin 4.7)
Cy = Cig-npij ®8;pij 2<j =<m) (4.8)

Vi vay, viét lai hé bat phgdng trinh trén dudi dang ma tran, ta cé 6',- > 5 T; trong d6 ma tran 7;
dugc dinh nghia trong dang thic (4.2). Nghiém nho nhét ctia bAt phuong trinh ndy tuong ting
v6i déu ding thic C; = §T;. Mbi quan hé nay thé hién sy lién hé giita cdc thoi diém nhan i
va két thiic s6m nhét ctia cong viéc J;. Chi tiét c6 thé xem thém trong Lenté 2001.

Luu y 1a trong trudng hop nay, cac thdi diém két thic clia cdc tdc vu cling chinh 1a c4c thdi diém
giai phong cac mdy khdi cac tac vu d6. Vi vdy, nghiém trén c6 thé dudgc viét lai 1a Bi —5 T;. O
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4.2.2. Bai toan véi rang budc do tré tbi thiéu

V6i bai toan véi rang budc do tré tbi thi€u (F,, | perm, min —delay | y trong d6 y 1a mot tiéu
chi bat ky), cling mot cach thic, ta c6 thé c6 ma tran tuong ng véi cong viée J; Lenté 2001.

Pi1 Pitli2piz - PilQi2Piz cUim Pim
T, = 0|| Pzz pi2ai3pi?j""’aimpim (4.9)
0l 0] Dim

va ta c6 thé thiy trong trudng hop nay thi 13,- = 6',- = 6T;.

4.2.3. Bai toan véi rang budc do6 tré tdi thidu va tbi da

Mot bai todn dang flowshop véi rang budc do tré 1a mot bai todn dang flowshop véi su ¢ milt
ctia cdc do tré gitta hai tdc vu lién tiép nhau ctia cing mot cong viéc. M&i mot do tré phai bi chin
bdi mot gidi han dudi (do6 tré tbi thi€u) va mot gidi han trén (dd tré t6i da). Loai bai todn nay
dugc ky hiéu F,, | perm, min —max /delay |y trong d6 y 1a mot tiéu chi bat ky. Ménh dé dudi
day gi6i thiéu ma tran tuong Ung véi mdi cong viéc trong dang bai toan flowshop nay. Két qua
nay da dugc trinh bay trong Bouquard and Lenté 2006 cho truong hgp 2— mdy va trong Augusto
et al 2006 cho trudng hdp 3— mdy. Phan dudi diy sé chitng minh két qua nay cho trudng hop
tong quat m— may.

Ménh dé 4.4. Ma trin T; nwong iing véi cong viéc J; dugc dinh nghia béi:

c
pie Q) pincir si L<c
k={+1
Dit si £=c¢

Tilee =14 1) & 1y , (4.10)
— si c<f—1

Pie , =2, PirBik

1

Bie

Trong trudng hop cu thé 3-mdy, ma tran nay dugc biéu dién nhu sau:

si c=4—-1

Di1 Pi1®iz2 Pia  Pi1Qiz2 Piali3 Pi3

1
T’i — 13_1”2 piz pi2ai3pi3 (411)
. i pi3
Bizpi2Pis Bis l

Loi giai. Phan chiing minh dugc thuc hién theo hai bu6c: Pau tién, ta sé thiét 1ap mot cong
thiic ma tran d€ dinh nghia T; va sau dé, ta sé tinh todn cic hé sb.

Budc thi nhit: Cong thiic tinh 7;. Cac mbi lién hé giita cac thdi diém nhan réi clia cdc may, cic
do tré, cac thdi gian xi ly tac vu va cdc thdi diém giai phong cac mdy dudc minh hoa bang hinh
dudi day. Chiing dugc thé hién cu thé hon trong cic bat phuong trinh sau.

Luu y rang trong trudng hdp nay, cac thoi diém gidi phéng cac may ciing 1a cac thdi diém hoan
thanh cac tac vu
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Hinh 4.3: Méi lién hé gilta cic thoi diém giai phong khaéi cdc tdc vu trén ba may lién tiép.

Dix > Dig-naikpix 2 <k <m),
1
Dix = Dit+n | 1<k<m-1),
Pitk+1)Bik+1)
Dix > Skpix (1 <k <m).

Nhic lai ring mbi quan hé tuyén tinh ma chiing ta dang ky vong sé dudc viét dusi dang:

- -

D; = 4T;,

trong d6 7; 1a ma tran tuong ing véi cong viéc J;.

(4.12)
(4.13)
(4.14)

(4.15)

Bing cach dit cac ma tran A; va B; nhu dudi day, ta c6 thé thiét 1ap cong thiic ctia T; (xem

Ménh dé 4.5).
Dinh nghia 6.

aik = Qige+1)Pick+1) (1 <k <m—1)

bix =

Ménh dé 4.5. Ma trdn T; nuong iing véi cong viéc J; dugc dinh nghia béi:

1

(2 <k =<m)
Bik Pik
/Pil of --- O
o piz -
\O -+ Ol pim
(O an O] - 0]
bi» O|| aip -
Ol biz === - 0]
i)
\OIl =+ O bim O]

Ti = PA"
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trong do
A= 1lim (104, ®A7D...0 AY) (4.17)
g—>00
Loi gidi. (ctia Ménh dé 4.5)
Céc bat phuong trinh (4.12), (4.13) va (4.14) dudc viét lai dudi dang ma trin nhu sau:

D; > DiA; &8P, (4.18)
Sit dung B& dé 22 (trang ??), véc-td nhd nhét D; thdéa man bit phuong trinh (4.18) duge xdc
dinh béi:
So sanh két qua nay véi mbi quan hé tuyén tinh dudc ky vong trong dang thic (4.15), ta riit ra
dugc: T; = P; A;*, va day 1a két qua chiing minh ctia Ménh dé 4.5. O]
Giai doan 2 : ta s€ tiép tuc tinh cdc hé sb clia ma trdn A¥ rdi dén cdc hé s6 clia ma tran 7;. Chi

tiét ctia phan nay dugc trinh bay trong [14].
Céc hé s6 cia ma tran A¥ dugc xdc dinh bdi:

c—1
®a,~k si L<c
k=t
[A;'k]e,c =21 e si £=c (4.20)
Q) b si c<t
k=c+1

Tir d6, ta c6 thé tinh dudc 7; nhd mbi lién hé T; = P; A;* (xem Ménh dé 4.5):

c
pie Q) pincir si L<c
k=(+1
Dit si L=c
[Ti]ﬁ,c = 1 1 1

— si c<{l—1
Pie \ =2, PirBik
1

si c=0-1

Bic

Diéu nay két thic phan chiing minh ctia Ménh dé 4.4.

4.2.4. Bai toan véi rang budc do tré tbi da va tbi thiéu cling thdi gian
chuan bi va thio d&

Chiing ta trd lai v6i bai toan ngay phia trén nhung 1an niy c6 xem xét dén ca rang budc vé thdi
gian chuan bi va thdo d5. Hinh 4.4 duéi diay minh hoa cho céc rang budc vé do tré va thdi gian
chuin bi, thdi gian thio d& lién quan dén tac vu thit k clia cong viée J;. Nhitng rang budc nay
dugc lién két lai trong phuong trinh thé hién bdi cac cong thic (4.21), (4.22) va (4.23). Chiing
s& phuc vu cho viéc xdc dinh mdi quan hé tuyén tinh MaxPlus giita cc thdi diém nhan 16i clia
cac may (8x) va cac thoi diém cac may dugc gidi phong (D).
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Hinh 4.4: Mbi lién hé giita cic thdi diém gidi phéng cdc mdy khdi cdc tac vu trén ba may lién
tiép.

R.
Dix > Dig-1)ikpix—— (2 <k <m) 4.21)
Rig—1
1 Rix
Dix > Dit+1) (I1<k<m-1) (4.22)
Pitk+1)Bik+1) Ritk+1)
Dix > SkSikpikRixk (1 <k <m) (4.23)

Cung mot cach thifc nhu & bai toan phia trén, ta c6 Ménh dé sau.

Ménh dé 4.6. Ma trdn T; tuong iing vdi cong viéc J; duoc xdc dinh nhu sau:

c
SiepitRie Q) pikeie if L<c
k={+1
SiepieRic if L=c
[Tilee =1 SiRie & 1 _ (4.24)
® if c<f-—1
Sﬂl;é ki PikBik
itfic .
if c=4£0—-1
Bit
L&i gidi. Phan chiing minh nay dugc thuc hién tuong tu nhu trudng hop bai toan chi cé rang
budc vé do tré tbi da va tdi thiéu. O

4.3. Bai toan trong tam

Nhiing dinh nghia vé cic rang budc lién quan dén do tré mang dén cho chiing ta nhiing su lién
hé gitia chung:

e Chi c6 rang budc dd tré tdi thidu: do tré tbi da dudc xem nhu vo cung.
e Chi c6 rang budc do tré tbi da: do tré tdi thi€u dudc xem nhu bi triét tiéu.

e Chi c6 rang budc do tré cb dinh: do tré tdi thi€u va do tré t6i da dudc 4n dinh gid tri nhu
nhau.
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N6i cach khéc, ta c6 thé quy céc bai toan dang flowshop v6i rang budc do tré vé mot bai toan
duy nhét véi rang budc bao gdm ca do tré tdi thidu va do tré tdi da.

Sau dy, ta sé xem xét bai todn v6i rang budc do tré tdi thiéu va tdi da ciing véi thdi gian chuin
bi va thdo d6 (F,,|perm; min — max delay; Spsqa; Rusa|y). Ma tran tuong ting v6i moi cong
viéc J; da dudc xac dinh nhu sau:

Szgﬂi}leRil Si1pi1i2Pi2 Riz Si1Pi1%i2Di2 - - im Pim Rim
i2Ri1
# Si2pi2Ri2 Si2Pi2®i3Pi3 - UimPimRim
12
T; = .
SimRi1 SimRium—1)
_ SimPimRi
Bi2Pi2 - Biim—1)Piim—1)Bim Bim S

Biing cich sit dung céc ky hiéu méi ;, @;x va B, nhu sau:

Pir = SikpikRix (1 <k <m)
n — :Bik < <
Bik = sires, @G=k=m) (4.25)
Uiy = —Zik 2 <k <
Yik = SR, 2=k=m
ma trin 7; tré thanh:
ﬁln Di1®i2Di2 ... Di1Qi2Pi2---@imPim
= Di2 .o Di®i3Di3---CimPim
Bi>
T, = .
1 ' 1 -
Bi2Piz2---Bign—1)Piin—1)Bim Bim "

Ma trin nay cling 1a ma trin tuong ting v6i moi cong viéc trong bai toan dang flowshop vé6i rang
budc do tré tbi thi€u va t6i da. Trong trudng hop nay, ta vira lam xuét hién mot bai todn trong
tam.

Tém lai, tir tip hop cdc bai toan véi cdc rang budc lién quan dén do tré, thoi gian chuin bi va
thdi gian thao dd, ta c6 thé quy vé mot bai toan duy nhét véi rang budc do tré tdi thidu va do tré
t6i da. Bai toan trong tAm nay gitip ta tip trung toan bo thdi gian dé giai quyét mot bai toan duy
nhét, thay vi gidi quyét nhiéu bai toan riéng 18.

5. Két luan

Bai viét nay gidi thiéu viéc st dung dai s6 MaxPlus d& mo hinh héa bai toan dang flowshop. Ta
c6 thé xay dung cdc ma tran hoan toan dic trung cac cong viéc. Cac két qua thu duge da xic
nhan mdi quan hé tuyén tinh MaxPlus giiia cic thdi diém nhan r6i clia cac mdy trudc va sau
khi thuc hién cong viéc. Uu diém ctia dai s6 MaxPlus 1a cho phép ta don gidn héa cac ky hiéu
tinh toan. Céc két qua nay ciing gitip ta thuc hién viéc nghién cifu cdc bai todn ma tran thay vi
nghién ctu truc tiép trén céac bai toan dang flowshop. Diéu nay cho phép ta c6 thé xay dung cic
chén dudi cua cac tiéu chi nho vao cac phép tinh trén ma tran.

Ngoai ra, chiing ta di tim ra dudc mot bai todn trong tAm vé6i rang budc do tré tdi thiéu va tdi da.
Bai toan nay cho phép ta tranh viéc trung lap cac nghién ctu trén cac bai toan dang flowshop
v6i cac rang budc khic nhau. Bai todn trong tim nay cho phép thay thé cic bai toan c6 rang
budc lién quan do tré va thdi gian chuin bi, théo da.
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Quinn, “Theoretical Mathematics: Toward a cultural synthesis of mathematics and theoretical physics” (Toan hoc ly thuyét:
Hudng t6i su tdng hgp mang tinh vin héa cia todn hoc va vat 1y Iy thuyét). Bai bdo ctia ho néu 1én nhidu van dé thi vi ma
cdc nha todn hoc cin quan tim t&i nhiéu hon, nhung né ciing duy tri mot sb niém tin va thai do can bi nghi ngd va can dugc
kiém chiing.

Bai bdo ¢c6 mot doan miéu ta vai phin trong cong trinh ctia toi theo mot cach chéch di véi kinh nghiém ctia t6i, va né
cling chéch khéi nhitng quan sét ctia moi ngudi trong linh vifc ma t6i da tirng thio luin cing vé né nhu mot phép thit thuc té.

Sau m6t hdi suy nghi, i thiy c¢6 vé nhu nhiing gi Jaffe va Quinn viét 1 mot vi du cho hién tugng ring moi ngudi thdy
cdi ma ho dudc dinh huéng d€ thiy. Su md ti ctia Jaffe va Quinn thu dugc qua viéc chiéu tinh xa hdi hoc cla toan hoc 1én
mot thang kich thude mot chiéu (tic doan va chit ché), bé qua rit nhiéu hién tugng co ban.

Nhiéu phan hdi t6i bai bdo ctia Jaffe va Quinn da dugc giii di bsi rit nhidu nhitng nha todn hoc, va tdi ky vong ring
n6 nhan dugc nhiéu phén tich va phan bién cu thé tit nhitng ngudi khic. Béi vay, trong bai viét nay, toi sé tap trung vao khia
canh tich cuc thay vi khia canh phan phii dinh. Toi sé trinh bay quan diém ciia minh v& tién trinh ctia toan hoc, chi déi khi
nhic dén bai bdo ctia Jaffe va Quinn qua viéc so sanh.

DéE thit 16t bd cac 16p ciia cac gia thiét, diéu quan trong 1a phai thit bit ddu véi nhitng cau héi ding:

1. Cac nha toan hoc dat dugc thanh qua gi

C6 nhidu van dé bi che khuét trong cAu héi nay, ma tdi da ¢ gang d€ dién dat lai theo cach
khong gia dinh trudc ban chét clia cau tra 18i. Chang han, qua thuc khong t6t néu ta bat dau véi

cau hoi

Cau hdi nay dan dén mot chii @& thu vi, nhung dé€ bat dau véi n6 ta phai danh gia hai gi dinh

Cdc nha todn hoc chitng minh cdc dinh Iy nhu thé nao?

an gidu:

(1) Ring ton tai ly thuyét va thuc tién khach quan, bat bién va dudc kiém chiing chic chin

(2) Ring tién bo dudc tao ra bdi cac nha toan hoc bao gdm viéc chitng minh nhiing dinh ly.

Nhiing gia thuyét nay dang dé ta ki€ém chiing, thay vi chip nhan ching nhu la nhiing diéu hién

cua phép chiing minh toan hoc.

nhién va tiép tuc tién 1én tir chiing.

Tham chi, cau hoi cling khong phai la

Cdc nha todn hoc da tao ra nhitng tién bo trong todn hoc nhu thé nao ?

Thay vi d6 dang cau hdi cu thé (va quan trong) ma toi wa thich 1a
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N A N N - N - N ~, A7 o A2 .« A N, A -
Lam thé nao ma cdc nha todn hoc lam thiic ddy hiéu biét cua con nguoi vé todn hoc ?

Cau héi ndy dem dén mot diéu cin ban va c6 tinh lan tda: viéc ma ching ta dang 1am 1 tim
nhiing cach gitp con nguoi hiéu va tu duy vé toan hoc.

Su phat trién dot pha cia mdy vi tinh da gitp lam ndi bat luan diém nay, bdi vi cdc mdy tinh va
con ngudi rat khac nhau. Chang han, khi Appel va Haken hoan tit phép chiing minh cho dinh 1y
4 mau, stt dung mot khdi luong tinh toan tu dong khdng 10, né da giy ra rat nhiéu tranh cii. Toi
hiéu rang su tranh cai nay khong miy lién quan dén tinh xac thuc ctia dinh ly hay su chinh xic
ctia phép chiing minh ma ngudi ta hoai nghi. Thay vi d6, né phan 4nh mot niém mong méi lién
tuc cho hiéu biét ciia con nguoi vé mot phép chiing minh, ngoai viéc biét rang dinh ly la diing.

O mdt mic do binh di hon, thudng thi ngudi ta nd luc st dung cdc mdy tinh dé thuc hién nhiing
tinh toan & thang kich thu6c 16n cho nhiing thit ma ho da hoan thanh & thang nhé hon béng tay.
Ho c6 thé in ra mdt bang gdm 10000 s6 nguyén td dau tién, roi chi d€ thiy ring, sau cung thi
ma ho in ra chéng phai 1a thit ma ho da mong moéi. Qua nhitng viéc nhu thé, ho kham pha ra ring
thi ma ho thuc su mudn thudng khong phai 12 mot tap hop clia “cdc ddp dn” — thii ho mudn 1a
su thdu hiéu.

C6 vé nhu ludn quan khi néi rang diéu ma cic nha toan hoc dang hoan thanh tét 1a thic ddy hiéu
biét ctia con ngudi vé toan hoc. Toi sé khong thi gidi quyét van dé nay bang viéc thio luin toan
hoc 1a gi, bdi vi n6 sé dua chiing ta di lac d&. Cac nha todn hoc thudng cim thiy ring ho biét
toan hoc 1a gi, nhung ciing thiy rang that khé d€ truc tiép dua ra mot dinh nghia t6t. Thuc su
s& rat thu vi khi thir diit vAn dé nhu vay. V6i t6i, cau trd 16i “Iy thuyét ciia nhitng quy ludt hinh
thifc” 12 sat nhit, nhung dé thao luan vé né thi lai phai can thém mot bai viét khac mat.

Liéu rang, khi nhdn manh ring todn hoc c6 mot dic tinh dé quy cin ban thi su kho khin trong
viéc truc tiép dua ra mot dinh nghia tot 1a mot van dé mang tinh ban chat? Cung vé6i nhitng quan
diém nay, ching ta c6 thé néi rang todn hoc 1a mot nganh tdi gidn nhét théa man nhiing diéu
kién sau:

e Ton hoc bao gdm céc sd tu nhién, hinh hoc Euclid trong mit phang va khong gian.
e Toan hoc la nganh ma cac nha toan hoc nghién ciu.

e Céc nha toan hoc 1a nhitng ngudi thiic ddy tién bo ctia nhan loai trong hiéu biét vé todn
hoc.

N6i cach khdc, khi toan hoc tién b, chiing ta thu nap né vao tu duy ctia minh. Khi tién trinh tu
duy cta ching ta tré nén phiic tap hon, ching ta tao ra thém nhitng khdi niém va ciu triic toan
hoc méi: Chi dé ciia toan hoc thay ddi d€ phan anh cach ching ta suy nghi.

Néu nhiing gi chiing ta dang 1am la x4y dung cic cach tu duy mdi hon, thi chiéu tam ly va xa
hdi 1 cin ban cho mot mo hinh tét cho tién bo ciia toan hoc. Nhitng chiéu niy khong xuat hién
trong mo hinh phd bién. N6i mot cach cham biém, mo hinh thudng thiy bao gdm

D. Céc nha toan hoc bat du tif nhitng ciu triic toan hoc cd ban va mot tap hop cac tién dé
“cho trudc” vé nhitng cAu tric iy ma

T. c6 nhiéu cau héi quan trong can dudc tra 16i vé nhiing ciu triic ma c6 thé dugc phat biéu
nhu la nhiing dinh ly toan hoc hinh thuc, va
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P. nhiém vu clia c4c nha toan hoc 12 tim ra mot cach suy dién tif nhiing tién dé t6i cac dinh
ly hay dua ra sy phu dinh.

Chung ta c6 thé goi day 1a mo hinh dinh nghia - dinh ly - chiing minh (DTP) clia todn hoc.
Mot khé khin 16 rang véi md hinh DTP d6 13 n6 khong thé giai thich ngudn gbc clia cac cau
héi. Jaffe vad Quinn da thao luin vé mot Gic doan (ma ho da dan cho mot céi nhan khong méiy
thich hdp dé 1a “todn hoc Iy thuyét’) nhu 1a nhitng thanh phan bd sung quan trong. Uc doan nay
bao gdm viéc thiét 1ap cac gia thuyét, dit ra nhitng cau hdi va dua ra nhitng phdng dodn thong
minh ciing nhu c4c 14p ludn mang tinh kham ph4 vé diéu c6 thé diing.

M0 hinh DTP ciia Jaffe va Quinn vin khong thanh cong trong viéc chi ra mot sd van dé cin ban.
Chiing ta khong cb ging dat dugc mot mifc tritu tugng nhét dinh cho cac dinh nghia, dinh ly, va
chiing minh. Thuéc do cho thanh cdng clia ching ta d6 1a chung ta c6 giup dudc con nguoi hi€u
va tu duy vé toan hoc mot cich sang stia va hiéu qua hon hay khong.

B&i vy, ching ta can phai ty hdi minh:

2. Con ngudi hiéu vé toan hoc nhu thé nao

Day 1a mot cAu hdi cuc héc bda. Hiéu biét 1a mot vin dé ca nhan va mang tinh ndi tai ma khé
¢6 thé hoan toan nhén biét, thiu hiéu va thudng 12 khé ¢6 thé trao ddi véi nhau duge. O day, chi
c6 thé dé cap so so tdi né ma thoi.

Con ngudi thudng c6 nhiéu cach hiéu khac nhau vé nhiing khai niém toan hoc. D€ minh hoa
diéu nay, tot hon hét 1a din ra mot vi du ma cac nha todn hoc c6 kinh nghiém hiéu theo nhiéu
cach khac nhau, nhung ching ta lai thiy c4c sinh vién thi khén d6n véi né. Pao ham ctia mot
ham s6 12 mot vi du hoan toan thich hgp. Pao ham c6 thé dugc hiéu nhu:

(1) Tinh vé cing bé: Ti sb giita su thay ddi vo ciing nhd trong gia tri ctia mdt ham sb véi su
thay ddi vo cling nhé ctia ham sé.

(2) Tinh ky hiéu: Dao ham clia x” 1a nx™~!, dao ham ctia sin(x) 1a cos(x), dao ham ctia f - g
1a /- gxg’, ...

(3) M¢t cdch logic: f'(x) = d néu va chi néu véi mbi € tdn tai § sao cho khi 0 < |Ax| < 6,

S+ Ax) = f(x)
Ax

d| <.

(4) Mot cdch hinh hoc: Pao ham 13 hé s6 géc ctia mot tiép tuyén v6i do thi ham sd, néu do thi
c6 tiép tuyén.

(5) Toc do thay doi: Toc dd tic thdi cia f(¢), véi ¢ 13 thoi gian.

(6) Xap xi: BDao ham cia mot ham so 1a xap xi tuyen tinh tot nhat cia ham so G 1an can cua
mot diém.

(7) Vi mé: Pao ham ctia mot ham s6 1a gidi han ban thu dudc qua viéc quan sat né bang mot
kinh hién vi véi do phong dai ngay cang ting.
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Day 1a mot danh sach céc cdch suy nghi hay tiép nhdn khac nhau vé khdi niém dao ham, thay vi
mot danh sich cdc dinh nghia mang tinh 16-gic. Néu khdng c6 nhitng nd Iuc to 16n dé bio toan
phong thdi va dic trung clia nhan thic nguyén thiy ctia con ngudi, su khéc biét sé bat dau tan
bién ngay khi nhitng khdi niém tu duy dudc dich sang nhiing dinh nghia chinh x4c, mang tinh
hinh thic va cu thé.

Toi nhé rang minh da tiép thu mdi mot trong nhiing khai niém trén nhu didu gi d6 méi mé va
thd vi, danh nhiéu thi gian, nd Iuc dé suy nghi cin than va thuc hanh cing v6i mbi mot trong
chiing, rdi dong nhit chiing v6i nhau. Toi ciing khong quén sau d6 quay trd lai d&€ xem xét nhiing
khdi niém khac nhau nay vé6i nhitng ¥ nghia va hiéu biét bs sung.

Danh sich con tiép tuc, khong c6 1y do gi d&€ n6 phai ngiing lai ca. Mot muc xa hon bén dudi
danh sach c6 thé gitip ich cho viéc minh hoa cho diéu nay. Ching ta c6 thé nghi rang ta da biét
tAt cd moi diéu dé n6i vé mot chii dé nhat dinh, nhung nhitng vin ludn c6 nhiing géc nhin méi &
dau do.

Hon thé nita, mot hinh anh 16 rang trong sang clia ngudi nay lai 1a ndi 4m anh véi ngudi khac:

37. Pao ham ciia mét ham sé thuc f trong mot mién D la thanh phdn Lagrange
ciia phdn thé doi tiép xiic T (D) ma dua ra dang lién thong cho lién thong det trén
R— phdn tho tam thuong D x R ma & do do thi cua f la song song.

Nhiing khac biét nay khong phai chi 1a sy to mo. Suy nghi cia con ngudi va tri thic khong van
hanh trén mot dudng don 18, gibng nhu chiéc mdy vi tinh v6i duy nhit mot bo vi xi ly. Nio bo
va tam tri ching ta ¢6 vé nhu dudc t§ chiic trong mot md nhiing thanh phan riéng biét day siic
manh. Nhitng thanh phan ndy van hanh ciing nhau mot cach 10ng 180, “truyén dat” cho nhau &
muc t§ chic cao thay vi § mic t§ chic thap.

Dudi day 1a mot cach phén loai chinh, co vai tro quan trong trong viéc tu duy toan hoc

(1) Ngon ngit clia con ngudi. Chiing ta ¢ nhitng phuong tién c6 muc tiéu dic trung va day
stic manh cho viéc néi va hi€u vé ngdn ngit clia con ngudi, nhiing thi ciing gan véi viée
doc va viét. Phuong tién ngdn ngit ctia chiing ta 1a mot cong cu quan trong cho viée tu
duy, chit khong chi riéng cho viéc giao tiép. Mot vi du thd d6 1a cong thiic nghiém clia
phuong trinh bac hai mot 4n, ma nhiéu ngudi ¢ thé van con nhé qua ciu hét ngan, "ex
equals minus bee plus or minus the square root of bee squared minus four ay see over two
ay" (x bing véi trir b cong trif ciin bac hai ctia b binh phuong trit bdn ac trén hai a). Ngon
ngi todn hoc ciia cac ky hiéu dudc gan két chit ché v6i phuong tién ngén ngit clia con
ngudi. Gilta nhitng ky hiéu todn hoc phan manh, thi ¢6 y nghia v6i hau hét sinh vién hoc
giai tich chi 1a mot dong tu, = . Pay la ly do vi sao céc sinh vién lai st dung né khi ho
thiy can mot dong tii. HAu hét nhiing ai da day ly thuyét vi phan va tich phan 6 My déu
da tiing thiy cdc sinh vién viét mot cach ban ning ki€u nhu x3 = 3x2 hay dai loai tuong
tu nhu vay.

(2) TAm nhin, cdm quan khong gian, cAm quan vin dong. Con ngudi c6 nhiing phuong tién
manh dé thu nap thong tin mot céch truc quan hay theo cdm quan van dong, va tu duy véi
cam quan khong gian ctia ho. Mit khac, ho khdng c6 mdt c6 mot cong cu san c6 thuc su
tot d€ ddo ngudc géc nhin, tic 1a chuyén mot hiéu biét ndi tai vé khong gian thanh mot
biic 4nh hai chiéu. Hé qua 13, cdc nha todn hoc thudng c6 it hinh vé hon hoic c¢6 hinh vé
xAu hon trong cic bai bdo hay nhitng cuén sach ctia ho so vdi trong dau ho.
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3)

(4)

(5)

(6)

Mot hién tugng thi vi trong viée tu duy vé khong gian d6 1 kich thudc tao nén khéc biét
16n. Ching ta c6 thé nghi vé nhiing vat thé nho bé trong ban tay minh, hay nhiing ciu
triic to 16n hon nhu ¢6 co thé ngudi ma ching ta quét, hay vé cic cu tric khong gian bao
quanh ching ta ma ta chuyén dong quanh bén trong. Ching ta c6 khuynh hudng tu duy
mot cach hiéu qua hon véi hinh anh vé khong gian trén mot thang kich thudc 16n hon: nhu
12 néu ndo bo clia chiing ta tiép nhan nhitng thi to 16n hon mot cach chit ché hon va c6
thé danh cho chiing nhiéu niing lugng hon.

Lo-gic va dién dich. Ching ta c6 mot s6 cach thiic sin c6 d€ suy luan va sap xép moi thi
cung nhau lién quan véi cach ma chiing ta dua ra cac suy luan 16-gic: Nguyén nhan va két
qua (lién quan vé6i nhitng gi 4n dAu), phan chiing hay phi dinh, ..

C6 vé nhu cac nha toan hoc khong hoan toan dua trén nhiing quy tac hinh thifc ciia suy
luan nhu 13 ho nghi. Thay vi vdy, ho gitt mét ludng rat it cAu tric 16-gic cia mot phép
chiing minh trong tim tri ho, phan c4c phép ching minh thanh nhiing két qua trung gian
ma nhd d6 ho khong phai giit qua nhiéu 16-gic cing mot lic. Thuc té, thudng thiy ring
nhiéu nha toan hoc xuét chiing con khong biét dén cich dung cac lugng tir thé nao cho
chuin(véi moi hay ton tai,) nhung tat ca cac nha toan hoc déu thuc hién dugc nhiing suy
luan ma ho da ma hoa.

n n

That thu vi la mac du "hodc", "va" hay "suy ra" c6 nhiing cach st dung hinh thic nhu
nhau, chiing ta lai nghi vé "hodc" hay "va" nhu 12 lién tir, con "suy ra" 1a mot dong ti.

Truc gidc, lién hé, an du. Con ngudi ¢ nhiing cong cu tuyét voi dé cdm nhin vé nhiéu thi
ma ho khong can biét né dén tir dau (truc giac), d€ cam nhan vé nhiing hién tudng hay
tinh canh hay déi tudgng nao dé giéng thi gi khac (lién hé), va d€ xay dung hay kiém tra
nhiing lién két va so sanh, mang trong tAm tri hai thd cung mot Iic (4n du). Nhitng cong
cu nay 12 khd quan trong vé6i todn hoc. Vi riéng tdi, tdi da danh nhiéu nd luc dé "ldng
nghe" truc gidc va tu duy lién hé cia minh, rdi xay dung chiing thanh nhitng 4n du va lién
két. Viéc nay bao ham mot kiéu tap trung va gilt tam tri binh ling mot cich dong thdi.
Ngon tir, logic va nhitng biic tranh chi tiét rAm rap chay quanh c6 thé ngin chin truc gidc
va tu duy lién hé.

Kich thich-phan ng. Diém nay thudng dudc nhan manh & trong céc trudng hoc; chang
han, néu ban thiy 3927 x 253, ban viét s6 nay 1én trén s kia va vé mot dudng thang bén
dudi, v.v. Dy ciing 1a mot diéu quan trong trong nghién ctiu todn hoc: nhin thiy hinh vé
clia mot nut, t6i sé viét ra mot bidu dién cho nhém ¢ ban ctia phin b ciia né bang mot
quy trinh tuong tu véi thuat toan nhan.

Tién trinh va thdi gian. Ching ta ¢6 mot cong cu dé€ nghi vé nhitng qua trinh hay mot
chudi nhitng hanh dong c6 thé thudng dugc dung dé thu dudc hiéu qua tét trong suy luan
toan hoc. Mot cach hiéu vé ham s6: diy 12 mot tac dong, mot qua trinh, di tf mién xic
dinh t6i mién gid tri. Suy nghi nay thuc su ¢6 gia tri khi 14y hop thanh ctia cdc ham sb. Mot
uing dung khéc cua cong cu nay d6 1a ghi nhé nhing phép ching minh: ngudi ta thuong
ghi nhé mot phép chitng minh nhu mot qua trinh bao gdm mdt vai budc. Trong topo, khai
niém dong luan thuong hay dugc hi€u nhit 1a nhu mdt qua trinh theo thdi gian. Xét vé
mat toan hoc, thdi gian cling khong khéc gi v6i viéc thém vao mot truc toa dd khong gian,
nhung bdi vi con ngudi tuong tac véi n6 theo mot cach tuong ddi khac, nén né lai rat khac
vé mit tam ly.
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3. Hiéu biét todn hoc dudc truyén dat nhd thé nao

Viéc truyén dat hiéu biét tif ngudi nay sang ngudi khac 12 khong tu dong. N6 khé khiin va meo
muc. B&i vy, d€ phan tich hi€u biét ctia con ngudi vé toan hoc, viéc quan trong 1a phai biét ai
hiéu, hi€u gi, va khi nao thi hiéu.

Céc nha todn hoc da phat trién nhiing théi quen giao tiép, thudng hoi ... bat binh thudng. Bat
clf  dau nhitng nha tS chiic hdi thao ciing dong vién ngudi trinh bay gidi thich noi dung bang
nhiing thuét ngit co ban. Tuy nhién, hau nhu thinh gia & hoi thdo c¢d trung binh nhan dudc it gia
tri tif n6. C6 18 ho da mét diu sau nim phiit dau tién, va ngdi im ling trong 55 phit con lai. Hay
c6 18 ho nhanh chéng mat hiing thi bdi vi ngudi bdo cdo di qua siu vao chi tiét ma khong dua
ra bét ky suy luin nao d€ ddnh gia ching. O cudi budi bdo cdo, chi mét sb it cic nha toan hoc
lam gan véi linh vuc clia bdo cdo vién dit mot hay hai cau hoi dé tranh khoi phai x4u hé.

Quy luat nay ciing tuong tu v6i nhitng gi thudng xay ra trong 16p hoc, khi chiing ta néi vé thuc
trang rang chiing ta nghi cdc sinh vién "phdi" hoc, trong khi céc sinh vién lai c6 ging nam liy
nhiing van dé co ban hon trong viéc hoc ngdn ngit clia ching ta va du doan mé hinh tu duy cia
chiing ta. C4c cudn sach bu dap cho viéc nay bang cach dua ra cach gidi tit ca cac dang bai tap
vé nha. Cic gido su bu dip lai bang cach dua ra céc bai tap vé nha va bai kiém tra thudng 13 dé
hon nhitng gi dudc "phii" trong khéa hoc, va sau d6 cho diém bai tip vé& nha va bai kiém tra theo
mot thang diém doi hoi rét it sy thiu hidu. Chiing ta cho rang vin dé nim & cdc sinh vién chi
khong phéi & cach truyén dat: Ring cdc sinh vién hoic khong di kha ning dé€ nam bat, hoic 1a
chang thém quan tam.

Nhiing ngudi ngoai dao thiy ngac nhién vdi hién tugng nay, nhung bén trong cong dong toin
hoc, ching ta gat bd né bang nhiing cai nhun vai.

Kho khin 16n nhét ndm & ngdn ngit va vin héa toan hoc, nhiing thi dugc chia thanh cic nganh
hep. Nhiing khdi niém cd ban dudc st dung hang ngay trong mot nganh hep nay c6 thé 1a ngoai
ngit v6i nganh hep khic. Cic nha toan hoc tif bé viéc ¢ ging hiéu nhiing khai niém cin ban
tham chi 1a ctia nganh hep 1an can, trit phi ho phai huéng dan hoc vién sau dai hoc.

Ngudc lai, su trao di dién ra rat tot bén trong nhiing nganh hep clia toan hoc. Trong mdt nganh
hep, ngudi ta xay dung mot ciy tri thiic chung va nhiing k§ thuat da biét. Bang giao tiép khong
hinh thifc, ngudi ta hoc cch hiéu va sao chép nhiing cich suy nghi clia nhau, do vay nhiing y
tudng co thé dudc gidi thich mot cach sang sta va dé dang.

Tri thiic todn hoc c6 thé dudc truyén giao nhanh mot cach dang ngac nhién bén trong mot nganh
hep. Khi mdt dinh ly dang chu y dugc chiing minh, thuong (nhung khong phai ludn ludn) xay
ra chuyén 16i giai c6 thé dugc trao ddi trong vai phit tif ngudi ndy sang ngudi khéc trong cling
mot nganh d6. Chiing minh tuong tu c6 thé dudc trao ddi va hiéu mot cach téng quan sau bai
giang kéo dai khoang mot gid cho nhiing thanh vién trong nganh. N6 c6 thé 1a chd dé ctia mot
bai bao 15 dén 20 trang, ma c6 thé duge doc va hiéu chi sau vai gio hay c6 thé 1a vai ngay do6i
v6i thanh vién ciia nganh hep.

Tai sao lai c6 mot su phat trién 16n tit nhitng thdo luan khong chinh thiic t6i bai bao cdo rdi téi
bai bdo? Mdt céch truc tiép, ngudi ta st dung nhiing kénh trao ddi rong rii, di xa hon ngon ngit
toan hoc hinh thic. Ho st dung cit chi, ho vé cdc hinh vé va ludc dd, ho tao ra hiéu dng am
thanh va st dung ngdn ngit cd thé. Sy trao ddi c6 vé tua nhu 1a theo hai hudng, do viy ngudi ta
c6 thé tap trung vao nhiing gi ma ho can chd ¥ hon. Véi nhiing kénh thong tin nay, ho c6 dudc
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vi thé t6t hon nhiéu d€ tuyén tai nhiing gi dang dién ra, khong chi bang nhitng cong cu 16-gic va
ngdn ngif clia ho ma biang c4 nhitng cong cu tinh than nita.

Khi bdo cédo, ngudi ta bi han ché hon va ciing hinh thiic hon. C4c thinh gid toan hoc thudng
khong gidi dit cac cAu héi hay xuét hién trong tAm tri con ngudi, con ngudi bdo cdo lai thudng
c6 ban dé cuong soan sin khong thuc té ngin can ho nghi vé cic cau hdi hay tham chi 1a khi ho
bi hoi.

Trong bai bdo, ngudi ta con hinh thifc hon. Nhitng ngudi viét bai dich cdc y tudng ctia ho thanh
ky hiéu va suy luén 16-gic, con ngudi doc thi lai ¢ gang dich ngudc lai.

Tai sao lai c6 su khong nhét quan gitta trao ddi trong mdt nganh hep vé6i nhiing trao ddi bén
ngoai nhitng nganh hep d6, néu khong mudn néi dén trao d6i bén ngoai todn hoc ?

Theo mot nghia nao d6 thi Toan hoc ¢c6 mot ngén ngli chung: Ngdn ngti cia cac ky hiéu, nhiing
dinh 1y, tinh todn mang tinh k¥ thuat, va 16-gic. Ngon ngif niy truyén tai hiéu qua mot s6, nhung
khong phéi tit ca, c4c trang thai tu duy todn hoc. Cac nha toan hoc hoc tir viéc dich gan nhu vo
thiic mot s6 thif nhit dinh tif mot trang thai tinh than ny tdi trang thdi khic, do vay cdc ménh dé
nhanh chong tré nén ro rang. Nhitng nha toan hoc khac nhau nghién ciu cac bai bao theo nhiing
cach khac nhau, nhung khi t6i doc mot bai bao trong mot linh vuc ma t6i thanh thao, thi toi tap
trung vao nhitng suy nghi gitta cac dong kién thic. Toi c6 thé nhin vao mot vai doan hay chudi
cac phuong trinh va tu nhi rang “A phdi réi, ho da dwa vao dii nhitng 19i ddn phifc tap dé budc
theo nhitng ¥ tudng nhu thé nay.” Khi y tuéng 1a rd rang, cach thiét 1ap hinh thic lai thudng 1a
khong can thiét va rudm ra — t6i thudng cam thiy rang toi c6 thé tu viét n6 ra mot cach dé dang
hon so vé6i viéc kham pha xem céc tac gia thuc su viét gi. N6 ciing giéng nhu mot thg 1am banh
tap su thit v6i mot to huéng din dai 16 trang vay. Néu ban hiéu cic ngudi tho 1am banh va ban
gip mot ngudi thg 1am banh tap su, ban sé thiy anh ta dua nguyén liéu vao va xem né c6 phil
hop hay khong thay vi trudc tién phai doc tit ca nhiing chi tiét trong sach huéng dan.

Nhiing ngudi quen v6i cic phuong thiic 1am viéc khac nhau trong mot nganh hep nhén biét
nhiing quy luat da dang ctia cic ménh dé hay cong thiic nhu 1a thanh ngit hay 16i dién dat cho
mot sd khai niém hay hinh anh tri tué nao d6. Nhung véi nhiéu ngudi khong quen véi nhitng gi
dang dién ra, ciing nhiing quy luét nhu thé lai khong miy sang to; thAm chi ching con thudng
gdy nham 1an. Ngon ngit khong con tdn tai ngoai trif véi ngudi dang st dung no.

O day, t6i mubn nhic dén mot chid ¥ quan trong: C6 mdt sd nha todn hoc, nhitng ngudi quen
thudc v6i nhitng cach tu duy trong nhiéu hon mot nganh hep, déi khi 13 nhiéu nganh nhu thé.
Mot s6 nha toan hoc hoc dudc biét ngit ctia vai nganh hep khi 13 hoc vién cao hoc, mot sd lai
nhay bén véi viéc thu nap nhiing ngdn ngit va vin héa toan hoc ctia nganh khac con mot sd khac
thi lai & cdc trung tAm clia todn hoc noi ma ho dudc tiép xiic vé6i rit nhiéu nganh hep. Nhiing
ngudi cé thé 1am viéc thodi mai véi nhiéu hon mot nganh hep thudng c6 mot dnh hudng rat tich
cuc, ho bic nhiing cy cu hay gitip dd nhitng nhém cac nha toan hoc hoc héi 1an nhau. Nhung
kha ning hiéu biét cia con ngudi trong da linh vuc c6 thé c6 dnh hudng tiéu cuc, qua viéc doa
dam ngudi khac, hay gitip phé chuin va duy tri mot hé théng giao tiép kém. Chang han, mot
hiéu ing thudng xuit hién trong nhitng budi hoi thio chuyén dé, khi mot hay hai ngudi c6 hiéu
biét rong rii ngdi ¢ hang dau c6 thé déng vai tro nhu 12 ngudi din dét tinh than ctia bdo cdo vién
cho thinh gia.

C6 mot hiéu dng khéc, c6 ngudn gbc tir nhitng khac biét 16n gitta cach ching ta nghi vé todn
hoc va cach chiing ta viét n6. Mot nhém cac nha toan hoc tuong tic v6i nhau c6 thé gilt mot tap
hop céc y tudng todn hoc ton tai trong mot quing thdi gian vai nim, mic di nhitng phién ban
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ghi chép vé cong trinh toan hoc clia ho khéac véi nhiing gi ho thuc su nghi, lai nhin manh nhiéu
hon rit nhiéu vio ngon ngii, ky hiéu, 16-gic va tinh hinh thiic. Nhung khi nhiing nhém céc nha
toan hoc mdi hoc vé chii dé nay, ho c6 khuynh huéng moé ta nhiing gi ho doc va nghe bang 16i,
do vay nhiing hinh thic va co ciu c6 thé d& dang ghi lai hay trao d6i sé c6 khuynh huéng 14n
at cac hinh thuc tu duy khac. C6 hai thude do cho khuynh huéng nay, do vay toan hoc khong
hoan bi diy vao tinh thé khé khin trong vAn dé hinh thifc. Thif nhit, c4c thé hé nha toan hoc tré
hon dang tiép tuc tu kham pha va tii kham ph4 nhiing c4ch nhan thiic, do vay dan cai lai nhiing
trang thai tu duy da dang ctuia con ngudi vao toan hoc. Thi hai, doi khi cac nha toan hoc sang
tao ra nhifng cdi tén va tinh cd théng nhit nhitng dinh nghia ma thay thé cac dién dat ludn quin
mang tinh k§y thuat va dua ra nhiing cach luin gidi tot cho cac cach nhan thic. Nhiing cdi tén
nhu “nhom” dé thay thé cho “mot hé cdc phép thé théa man ...”, va “da tap” d€ thay thé cho

Chiing ta khong thé dwa ra cdc toa dé dé’tham sé héa mét cdch dong thoi tdt cd cdc nghiém cia
nhitng phuong trinh ciia minh, nhung trong ldn cdn cua bdt ky mot nghiém cu thé nao ta cé thé
dua ra cdc toa do

fl(Ml, Uj, M3), fz(ul, Uj, M3), f3(u1, Uj, M3), f4(M1, Uj, M3), fs(ul, U, M3)

trong do c6 it nhdt mét trong muoi dinh thiic ... [10 dinh thiic 3 x 3 cho cdc ma trdn cia nhiing
dao ham riéng] la khdc khong.

c6 thé hoic khong thé dién dat dudc nhitng dot pha trong nhan thiic ctia cic chuyén gia, nhung
chiing 1am gidm rét nhiéu nhitng khé khiin trong viéc trao d6i nhan thic.

Céac nha todn hoc can phai don thém nhiéu tim stic hon nita vao viéc trao ddi cac y tudng. DE
hoan thanh viéc nay, chiing ta can phai chi y nhiéu hon t6i viéc trao d6i khong chi nhiing dinh
nghia, dinh 1y, va chting minh, ma con ca céch tu duy ctia minh nita. Ta can phai ddnh gia diing
gid tri ctia nhitng cach tu duy khac nhau vé cling mot cAu tric todn hoc.

Chiing ta can phai tip trung thit nhiéu ning lugng hon nita cho viéc hiéu va giai thich cac co s6
tinh than ciin ban cla todn hoc — va hé qua 1a danh it hon ning lugng cho cac két qua mdi. Piéu
nay din dén su phat trién ngdn ngit toan hoc ma cé hiéu qua cho muc dich nguyén so ctia viéc
truyén giao y tudng cho nhiing ngudi chua biét.

Mot phan trong viée trao d6i nay la qua cac chiing minh.

4. Thé nao 13 mot phép chitng minh

Khi t6i mdi bat dau vao hoc sau dai hoc & Berkeley, tdi c6 vin dé v6i viéc tudng tuong lam thé
nao minh c6 thé “chitng minh” mot dinh ly toan hoc mdi va thi vi. Toi khong thuc su hiéu thé
nao la mot “phép chiing minh”.

Qua viéc di seminar, doc cdc bai bdo, va tro chuyén véi cac hoc vién sau dai hoc khac, tdi dan
dan nam dudc van dé. Trong bit ky nganh nao, c6 mot sé dinh ly va ky thudt nhét dinh dudc
biét dén va chip nhan rong rai. Khi ban viét mot bai bao, ban nhic dén chiing ma khong can
din chiing minh. Ban nhin vao nhiing bai bao khic trong nganh, ban thiy nhiing co s& 1ap luan
ma ho trich lai khong kém chiing minh, va nhiing gi ho trich din trong phan tai liéu tham khdo.
Ban hoc vai y tudng vé cac phép chiing minh tif nhitng ngudi khac. Va rdi ban c6 thé tu do trich
lai cung dinh ly d6 va cuing nhiing trich din kia. Ban khong can phai doc toan bd nhiing bai bao
hay céc cudn sach trong phan tai liéu tham khdo ctia ban. C6 rit nhiéu thi dugc biét dén rong

70



Tap chi Epsilon, S6 04, 08/2015

rdi 12 nhitng thi ma khong con viin ban ngudn dudc biét dén nita. Chiing nao ma nhiing ngudi
1am viéc trong nganh d6 con thiy thodi m4i vi nhitng y tudng dé thuc su ¢6 tac dung, né khdng
can phai c6 mot vin ban ngudn chinh thic.

Dau tién, t6i da thuc su rat nghi ngd qua trinh nay. Toi da ngd rang liéu c6 mot y tudng nao thuc
su dudc cong bd hay chua. Nhung tdi thiy rang tdi c6 thé hdi moi ngudi va ho c6 thé dua ra
nhu?ng giai dap va chu’ng minh, hodc c¢6 thé gidi thiéu toi t6i ai d6 khdc hay t6i nhiing vin ban
nguon ma co cung cap nhlmg 10i giai thich hay cac chiing minh. C6 nhiing dinh ly da dudc cong
bd ma ciing dudc biét dén rong rii 1a khong chinh xdc hay nhiing ching minh 1a khong hoan
thién. Tri thic va hi€u biét toan hoc dudc 4n trong tAm tri va trong két cau xa hoi ctia cong dong
nhiing ngudi nghién cttu mot chii dé nhéat dinh. Tri thifc todn hoc nay dudc hd trg bdi nhitng vin
ban luu trit, nhung nhiing tai liéu 4y ciing khong thuc su chinh yéu.

Téi nghi mau hinh nay thay ddi chiit it qua tiing nganh. Toi da quan tAm dén linh vuc hinh hoc
clia toan hoc, noi by gid rat hiém tim dugc mat tai liéu phan anh t6t cach thiic ma ngudi ta thuc
su tu duy. Trong nhiing linh vuc dai sb hon hay mang tinh ky hiéu nhiéu hon, thi khong nhit
thiét phai nhu thé, va ti c6 an tuong ring trong nhiéu linh vuc, cic tai liéu thuc su gin nhu 1a
xuong séng ctia nganh. Nhung trong linh vuc nio ciing c6 mot tiéu chuan xa hdi manh cho tinh
hop 1 va su diing dan. Chitng minh ctia Andrew Wiles cho Pinh ly cubi cling ctia Fermat 14
mot vi du minh hoa tét cho diéu nay, trong mdt linh viic mang nhiéu tinh dai s6. C4c chuyén gia
nhanh chong tin rang chiing minh ctia dng cin ban la ding trén nén tang clia nhiing y tudng cao
cAp, tif rat 1au trudc khi nhitng chi tiét trong chiing minh c6 thé dugc ki€ém chiing. Chting minh
nay sé nhan dudc rat nhiéu su xem xét va ki€ém tra ky Iudng so v6i hau hét cac phép chitng minh
toan hoc khac, nhung bat k€ qua trinh kiém tra hé 16 diéu gi, n6 ciing gilip minh hoa xem toan
hoc tién trién thé nao qua nhiing hé théng tim 1y hoc va qua trinh xa hoi hoc.

Khi moi ngudi lam toan, dong cac y tudng va tiéu chi xa hoi cho gia tri va su chinh xac 1a dang
tin cdy hon nhiéu so v6i nhiing tai liéu hinh thifc. Ngudi ta thudng khong gidi 1am trong viéc
kiém tra tinh diing ddn hinh thiic ctia cac phép ching minh, nhung ho lai kha chinh xé4c trong
viéc phat hién nhitng diém yéu tiém tang hay nhiing 16i sai trong cac phép chiing minh Ay.

Dé€ tranh giai thich sai, t6i mubén nhin manh vao hai thi ma toi khéng dang néi dén. Trudc tién,
tdi khong bao chita cho bat ky yéu kém nao ciia tiéu chi chuin vé phép chitng minh ctia cdng
dong chiing ta, ma tdi dang cb gang dién ta qud trinh chitng minh 4y thuc sy van hanh nhu thé
nao. C4c phép chiing minh cn than ma s& chdng lai sy soi xét 1a rit quan trong. Toi nghi ring,
néu xét toan thé, qua trinh ctia cic phép chiing minh van hanh kh4 tét trong cong ddng toan hoc.
Kiéu thay ddi ma toi mubn bao chita 12 cdc nha toan hoc cin than hon véi cac phép chiing minh
ctia ho, 1am cho chiing ro rang va don gian nhit c6 thé va nhd dé néu bat ky diém yéu nao xuit
hién, thi cling dé dang dudc phat hién.

Thu hai, tdi khdng phé binh nghién ctu toan hoc cua cac chiing minh hinh thic, t6i cling khong
phé binh nhiing ngudi danh ning lugng vao viéc tao ra nhiing luan diém todn hoc ngay mot cu
thé va hinh thic hon. Chiing déu Ia nhiing hoat dong c6 ich ma soi roi nhitng nhén thic méi vé
toan hoc.

Toi da kha nd luc trong nhidu qud trinh ctia su nghiép ctia minh dé€ kham pha nhiing cAu hoéi
toan hoc bang mdy tinh. Theo quan diém ctia kinh nghiém nay, t6i da ngac nhién khi thdy ménh
dé cta Jaffe va Quinn rang toan hoc 1a vd ciing cham chap va kho khin, va riang c6 thé xac minh
dudgc rang no 1a hoat dong mang tinh chit ché nhit trong tit ca cic hoat dong ctia con ngudi.
Tiéu chuan cho su chinh xéc va hoan thién d€ c¢6 dugc mot chuong trinh may tinh van hanh dugc
& mic cao hon hai 1an so véi tiéu chuén ctia cong dong todn hoc cho céc phép chiing minh diing
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dan. Tuy nhién, nhiing chucng trinh may tinh 16n, tham chi khi ching da dudc viét va kiém tra
mot cach rat cin than, thi lai luon c6 vé nhu c6 16i.

Toi nghi rang toan hoc 13 mot trong nhiing phan thudng tri tué 16n nhit trong cac hoat dong ctia
con ngudi. Béi vi chiing ta c6 mdt tiéu chuin cao cho su rd rang va thuyét phuc cta tu duy va
do chiing ta dat mot tiéu chudn cao trong viéc lang nghe va cb gang tiép thu 1an nhau, ching ta
khong tham gia vao nhiing luin diém dai dong hay 1am di 1am lai nhiing van dé toan hoc cua
minh. Chiing ta dudc chuin bi d€ dudc thuyét phuc bdi nhitng ngudi khac. N6i mot céach tri tué,
toan hoc chuyén dong rit nhanh. Toan bo canh quan to4n hoc thay ddi lién tuc theo nhiing cach
dang ngac nhién trong suét mot sy nghiép don 18. Khi ta biét 1a viét mot chuong trinh mdy tinh
tiép can muc tiéu tri thiic ciia mot bai bao todn hoc tdt khé dén thé nao, va sé phai tén nhiéu nd
luc va thoi gian dé bién né thanh “gan nhu” ding mot cach hinh thic, that phi Iy khi khang dinh
rang toan hoc ma ching ta dang thuc hanh lai khong & dau gan ding mot cach hinh thic.

Todn hoc ma ching ta thuc hanh, mot cach hinh thic 13 hoan thién hon rét nhiéu va chinh xic
hon nhiéu nganh khoa hoc khéc, nhung né thiéu hoan thién va chinh xdc mot cach hinh thiic
so v4i cac phan mém mady tinh. Su khac biét khong chi lién quan t6i miic do nd luc: kiéu nd
luc khac biét vé luong. Trong nhitng phan mém may tinh d6 s, mot luong nd luc khiing khiép
phai dugc st dung cho vo sb van dé vé tinh tuong thich: ddm bao rang tt ca cac dinh nghia
12 nhét quan, phat trién nhiing cau tric dif liéu “t6t” ma hitu ich nhung phan dong khong lam
vuéng viu, quyét dinh trén su tdng quat “phit hop” cho cdc ham sd, etc. Ti 1& ning ludng st
dung trén phan hoat dong ctia mot phan mém do so, d€ phan biét v6i phan tinhtodn, 12 nho dang
ngac nhién. B&i vi nhiing vin dé tuong thich ma hau nhu chic chan vudt qua tam kiém sodt do
nhitng dinh nghia "chuin" thay d6i khi nguyén tic chung va pham vi vin hanh dudc thém vao,
cac phan mém mdy tinh hay can phéi dudc viét lai thudng xuyén, thudng 12 tif nhitng hén don.

Mot kiéu nd luc tuong tu c6 1& da di vao toan hoc dé gitp todn hoc diing dan, hoan thién mot
céch hinh thifc. Khong phai su chinh x4c vé mit hinh thifc 12 khé dén khong vuot qua dude dudi
thang kich thuéc nhd - ma 1a c6 rat nhiéu su lua chon kha di cho su hinh thic héa trén nhiing
thang kich thuéc nhd ma c6 thé dich sang s6 lugng khdng 16 ctia lua chon doc 1ap trong thang
kich thudc 16n. Viéc 1am cho nhiing lua chon nay tuong thich véi nhau 1a rit khé, 1am nhu thé
sé chac chan din dén viéc quay nguoc lai va viét lai tit hdn don tit ca nhiing bai bao toan hoc
cii ¢6 nhitng két qua chiing ta phai phu thudc vao. Ciing kha khé khiin dé dua ra nhiing lua chon
ky thuat cho céc dinh nghia mang tinh hinh thic thich hgp v6i nhiing cach thic da dang ma céac
nha toan hoc mudn st dung chiing va diéu nay sé thiic ddy su md rong trong tuong lai clia toan
hoc. Néu chiing ta tiép tuc cong tc, hau hét thai gian cta ching ta sé dudc danh cho nhiing hoi
dong tiéu chuin qudc té dé thiét 1ap nhiing dinh nghia théng nhét va giai quyét nhiing vin dé
gay tranh cii khéng 10.

Céc nha toan hoc c6 thé va thuc su khéa lap dugc nhitng cach biét, siia chita cac 16i, cung cip
thém nhiing chi tiét, phuong phap khoa hoc cin than hon khi ho dugc chon hay thic day dé lam
nhu thé. Hé thdng ctia chiing ta 1am kh4 t6t viéc dua ra nhitng dinh Iy tin ciy dudc ma cé thé
dudgc luu trit mot cach chac chan. Chi 1a tinh tin cdy dudc khong hoan toan dén tir chuyén cac
nha toan hoc kiém tra mot cach hinh thic cdc luan diém hinh thiic, né dén tit nhiing nha toan
hoc suy nghi cin trong, c6 phan bién vé cdc y tudng toan hoc.

O mot mitc d6 nén tang, nhiing co 6 clia toan hoc 1a rit thiéu ving chai so véi thit toan hoc ma
chiing ta nghién ctu. Hau hét c4c nha todn hoc bam ldy nhitng nguyén ly ma dudc biét dén nhu
1a nhiing hu cAu tao nha. Chang han, c6 mot dinh ly néi rang khong ton tai cach nao dé thuc su
xdy dung hay tham chi 13 dinh nghia mot thif tu t6t trén tp hop sd thuc. C6 mot nguyén nhan
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dang ké (nhung khong c6 chiing minh) riang ching ta c6 thé bé nhitng hu ciu nay di ma ciing
khong sao c4, nhung diéu nay ciing khong gitip ching tré nén chinh xac dugc. Céc nha tap hop
xay dung nhiéu nhiing "hoan vii todan hoc" mau thuin xen k& va dan cai 14n nhau sao cho néu
mot trong s6 d6 ma nhit quan thi nhiing cai con lai ciing thé. Viéc nay dé lai rat it do tin cay
rang hoan vii nay hay hoan vii khéc 1a lua chon ding dan hay lua chon tu nhién. Pinh ly bét
toan ctia Kurt Godel ham y rang khong thé ¢6 hé hinh thiic nao lai nhit quan dudc, nhung lai du
manh d€ c6 thé phuc vu nhu mot co s6 cho tit ci toan hoc ma chiing ta nghién cifu.

Déi nghich v6i con ngudi, mdy tinh lai gidi thuc hién nhitng qud trinh hinh thic. Mot s6 ngudi
dang tich cuc 1am viéc trong du 4n hinh thiic héa mot cach thuc su cac phan ctia toan hoc bang
may tinh, véi nhitng suy dién hinh thiic chinh x4c. Toi nghi rang day 1a mot du an 16n, rat dang
gid va tdi tu tin ring chiing ta s& hoc dudc rat nhiéu tir 6. Qua trinh nay sé gitip don gian héa
va lam todn hoc sang stia hon. Khong 1au nita, tdi ky vong ching ta sé c¢6 nhitng phan mém may
tinh mang tinh tuong tic ma c6 thé gitip con ngudi dich ma nhiing khé khin ctia todn hoc chinh
x4c va hoan thién mot cach hinh thiic (dua trén mdt it nhitng gia dinh c6 1€ van yéu nhung chi
it 1a cu thé), va rang ching sé trd thanh mdt phan ctia mdi trudng lam viéc chuin clia nha toan
hoc.

Tuy nhién, ching ta nén nhan thiy ring nhiing chiing minh cé thé hiéu dudc va cé thé kiém
ching dugc dudi goéc dd cua con ngudi ma ching ta thuc sy lam dudc 1a nhiing thd quan trong
nhat véi ching ta va ching kha khdc biét véi nhitng chitng minh hinh thic. Hién tai, nhiing
chiing minh hinh thic vin nam ngoai tim vdi va hau nhu khong thich hop: ching ta c6 nhiing
qué trinh dd t6t cia con ngudi dé ki€ém chiing tinh chinh x4c todn hoc.

(Con tiép) ...

73



Tap chi Epsilon, S6 04, 08/2015

74



2

psilon

Tap chi online ctia cong dong
nhitng nguoi yéu toan

UUNG DUNG CUA XAC SUAT

Hugnh Xuan Tin
(Truong THPT Chuyén Luong Vin Chdnh, Phd Yén)

1. Mé dau

Ciac s6 Ramsey R(k, /) dudc chi ra 12 ludn ton tai véi moi k, [ € N, nhung chi rét it trong cic
s6 d6 1a dugc biét gid tri chinh xdc. Nim 1947, P. Erd6s da dua ra mdt chitng minh cho can duéi
clia s6 Ramsey dang déi xting bing mot phuong phap mdi lic bdy giv: phuong phap xéc suit.
Bai toan nhu sau:

Dinh Iy 1. V6i moi sb nguyén duong k > 3, ta c6 R(k, k) > 25.

. . o ko, ~ N A . X ‘a X
Ching minh. Pat G = K,,, n < 27, va xét 2— t6 mau canh cho G mot cach ngau nhién (moi
canh dugc to do hodc xanh ngiu nhién véi xac sut %). Ta chiing minh ton tai it nhit mot cach
2—t6 mau cho G sao cho né khdng chita dd thi con K cling mau.

Goi S 1a mot Kj-dd thi con ctia G, dit Ag 1a bién c6 chi S ¢6 cing mau canh. Chi y rang, mot
Kj-dd thi con ctia G ¢6 tat ca CZ canh, mdi canh c6 2 cich to mau. Do d6

_N _ Al=C?
P[As] = 2Ck2 =2 k.

Theo tinh chit clia xdc sult va chd y rang do thi G c6 tt cd CF d6 thi con Ky, nén
_ (k  H1-C?
P [US AS] <Y PlAs] = ko217,

Ta chitng minh CF - 21-C¢ < 1.

Ta co .
nm—-k+1)n—-k+2)---n—=1)n n-n----n n
Cck = o <= (1.1)
Suy ra
k
Ck ZI—C% < n_ 21—C2
" k!
_ 21+5
Vin < 2,%’ 21—C1? = 2~2_(k 21)k = VP nén ta co
27
k k
n 1-C2 2
E.z kiz.g_ (1.2)

k

. 22
Bang quy nap, ta chiing minh dugc 2 - 5l < 1. That vay,
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23/2
V6ik =3,tac62- — < 1.
2.3

Gia st bat dang thiic da ding véi k — 1, k > 3. Ta chiing minh bit dang thitc ding véi k vi

k
2

)2 22%-2% 22% 3 .,
. — = — <K — =< R
k! (k—1)'k k k —
do d6
25
2.-— <1, Vk = 3. (1.3)
k!
Tu (1.1), (1.2), (1.3) suy ra C,f 21-CF < 1, Yk > 3, bai toan dugc chiing minh. ]

Gan day, phuong phdp xdc suat da phat trién manh mé va trd thanh mot cong cu hitu hiéu dé
gidi quyét cdc bai todn t& hop. Co s& ctia phuong phdp xdc suit c6 thé dugc dién ta nhu sau: dé
chitng minh su ton tai cia mot ciu triic t6 hop thda tinh chat nao do, ta xdy dung mot khong
gian xdc suét thich hop rdi chi ra ring mot phan ti v6i tinh chéit da cho dugce chon ngiu nhién
trong khong gian d6 c6 xac suat duong. Trong tai liéu nay, ching toi cling dé cap dén mot sb
ting dung ctia phuong phép xic suit trong t& hop, dic biét 1a chiing minh bai ton ton tai.

Noi dung chinh 13 xem xét mot s6 tng dung ctia phuong phap xac suit trong c4c bai todn td hop
va do thi theo hai huéng co ban: dua vao dinh nghia x4c suit va dua vao tinh chit clia ky vong.
Ngoai cdc bai todn vé t3 hop va do thi, tic gia cling di dua thém céc bai todn ma c6 thé tng
dung phuong phap nay trong céac linh vuc khac.

2. Phép chitng minh st dung dinh nghia xac sujt

Trudc tién ta can md rong khai niém do thi.

Mot siéu do thilamédtcip H = (V, E), & day V la tap hitu han cac phan tit dudc goi 1a cac
dinh va E 13 ho cdc tap con clia V goi 1a cdc canh. H dudc goi 1a n-siéu dd thi déu néu mdi canh
ctia n6 chiia ding n dinh. Ta néi rang H théa tinh chit B hoic 2-t6 mau dudc néu c6 mot cach
2-t6 mau cho céc dinh trong V' sao cho khong cé canh nao cing mau. Ky hiéu m(n) 1a s6 canh
nhé nhit ctia mot n-siéu do thi déu khong c6 tinh chit B. Ta di x4c dinh can duéi cho m(n).

Dinh ly 2. Mdi n-siéu do thi déu véi it hon 2"~ canh c6 tinh chat B. Do dé m(n) > 2" 1.
Chiing minh. Pit H = (V, E) 1a mot n-siéu do thi déu véi it hon 2771 canh. T6 mau ngiu
nhién cho V bing 2 mau (mdi mau ¢6 xdc sult dugc chon 1 1). V6i mdi canh e € E, dit A4, la
bién cb chi e c6 cing mau. Khi d6
2
1_
Do d6, x4c suat d€ c6 it nhat mot canh trong E cuing mau 1a

F [UeeE Ae:| = ZeeE PlAe] <1,

tic1a 1 —P[U,cg 4] > 0.

Diéu nay cho thiy ring ton tai mot cich 2—t6 mau cho V sao cho khdng c6 canh cling mau. [
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Duéi day 12 mot s6 bai todn lién quan:

Bai 1. Cho G = (V, E) 1a dd thi hai mang n dinh v6i mot tap S(v) chida nhiéu hon log, n mau
gan v6i moi dinh v € V. Ching minh rang c6 mot cach t6 mau thich hop cho G ma mdi dinh v
dugc t6 mdt mau tu tap mau S(v) cia no.

Loi gidi. Do G 1a dd thi hai mang nén tip V c6 thé phan hoach thanh hai tip roi nhau V; va 1,
sao cho mdi canh trong G c6 mdt dinh trong V; va mot dinh trong Vs, dat S = |J S(v) la tap
veV

tht c4 cdc mau c6 thé.

Xét phan hoach ngau nhién § = S; U S5, trong d6 mdi mau dudce chon ngiu nhién, doc 1ap
cho vao S; hoic S, véi xdc suit bing nhau (va bing %). Ta sé chiing minh ton tai mot phan
hoach ctia S sao cho tit ca cac dinh trong V;, i = 1,2, ¢6 thé dugc t6 mau bang cic mau trong
Si, 1 =1,2.

Liyv € V;, i = 1,2, khi d6 xic suét dé€ khong c6 mau nao trong tip mau S(v) nam trong S;
xac dinh bdi:

1 [S(v)| 1
P[S(w)NS;, =0] = (5) < m (do |S(v)| > log, n).

Viy ta co
P [UUGW{S(U) ns; = @}] < ”2"',

do d6, x4c suit dé c6 it nhat mot dinh khong thé dudc t6 bang mot mau bét ki trong tip mau ctia
dinh d6 s& bi chin bai Al 4 2l — 1,

Viy c6 mot phan hoach S = S; U S, sao cho tit ca cac dinh trong V; c6 thé dudc to bang cac
mau trong S;, i = 1,2. O]

Bai 2. Chom,n € Zvan > m > 2,014log, n > 0. Khi do, ta c¢6 thé t6 mau mdi canh cla
K, » 1a d6 hodc xanh sao cho khong c6 dd thi con K, m ¢ cung mau canh dudgc tao thanh.

LOi gidi. Do thi Ky, ¢6 2m dinh va m? canh, do d6 sb cach dé€ 2-t6 mau canh cho dd thi con
Kon.m cta do thi K, , 1a 2 va trong cac cach to mau d6 chi c6 2 két qua thuan 10i dé€ ducc
K m cung mau. Suy ra, xac suat dé dugc K m cung mau canh la

2

om*

1-m?2

Do thi K, , ¢6 (C")? dd thi con K,y 1, mdi do thi con K, ,, ¢6 kha ning cing mau canh nhu
nhau. Do d6, xdc suit dé€ c6 it nhat mot do thi con K,y ,, cing mau luén nhé hon hodc bang
(Cm)z . 21—m2

i .

Do d6 dé chiing minh yéu cau ctia bai todn, ta chi cin chiing minh
(CmM)? .21 <1,

Vim > 2,014log, n > 2, nén ta co

(n—m+1)(n—m—|—2)---(n—1)n]2 oo
m!

2(CM?* =2 [
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Vim > 2,014log, n > 2log, n, nén suy ra n®" < (2%)™",
Tt 2 diéu trén, suy ra 2(C")? < n?" < (2%)2m = 2m’,

Ban chit ctia s6 2, 014 trong diéu kién m > 2,014 1og, n d6 1a n6 16n hon 2. Béi vay, bat ki sb
2 + &, véi € > 0 nao do6 déu co thé dugc. O

Bai 3. (Pinh ly Erdés - Ko - Rado) Néu | X| = n, n > 2k va F 1a ho giao nhau cic k-tap con
ciaX,ticlavVA,B e F,AN B # 0, thitaco

Fl < ¢
Chitng minh. Ta cin b8 dé sau:

Bé dé 1. Xét X = {0,1,...,n—1},vav6i0 < s < n, tadinh nghia A, = {s,s +1,...,5 +
k — 1} € X v6i phép cong modulo n. Khi d6, v6i n > 2k, thi bat ki ho giao nhau F cic k-tap
con clia X déu chifa nhiéu nhit k tip Aj.

That vay,

Néu A; € F, thi bat ki tdp A; € F nao d6 khac A; phaila 1 trong sb cac tip A; xy1..... Ay
hodc A; 11, ..., Aiyk—1. C6 2k — 2 tip nhu thé, céc tip nay c6 thé dudc chia thanh (k — 1) ciip
c6 dang (Ay, Agyx). Vin > 2k, Ay N Agx = @ va chi c6 mot tip trong mdi ciip 12 ¢6 thé xuét
hién trong F, nén ta c6 diéu phai chiing minh.

Tiép theo, gia st X = {0,,1,...,n — 1} va F 1a ho giao nhau cic k-tap con ctia X. VSi mot
hoan vio : X — X, ta dinh nghia

o(As) = {0(s),0(s +1),...,0(s +k— 1)},
v6i phép cong modulo 1. Céc tip o (A;) chinh 1 céc tip néi trong bd dé 3 véi cac phan ti dudc

gan nhan lai bdi hoan vi o, do d6, theo bS dé trén thi c6 nhiéu nhit k trong sd n tap nay nam
trong F. Do do, néu chon s doc 1ap, ngiu nhién va déu, thi

Plo(A4y) € F] <

SHES

Nhung viéc chon o (Ay) nay tuong duong véi viéc chon ngau nhién mot k-tap con ciia X. B6i
vay

JT_'
Plo(4) € Fl = 21
n
va|F| = CF-Plo(Ay) e Fl < Ck- £ = kL. O

Bai 4. Cho Ay, A,,..., A, va By, B,, ..., B, 1a cac tap con phan biét ciia N sao cho
o |A;|=kva|Bi|=1, Y1<i<n,

ev6imdii, A, N B; =0, va

ovéimf)ii ;éj,Ai ﬂBj #@

Ching minh rang n < Cf ;.
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n
LOi gidi. Pit X = | J(A; U B;) va xét mot cach sdp thi tu céc thanh phan trong X mot cach
i=1
ngiu nhién (c6 tit ¢ | X |! cach sip thd tu c6 xdc suit nhu nhau). Dit U; 12 bién ¢b chi mbi phan
tl ctia A; diing trudc mdi phan ti cia B;. Ta ¢

Cipl k-1t (X[ =k =) 1

PIU;] = =
[ l] |X|' C]f_’_l

, 1 <i<k.

Ta cin chd y rang U; va U; khong xay ra dong thoi v6i i # j. That vay, gia st U; va U; xdy ra
dong thdi. Khong mat tinh tong quat ta gia st phan ti cudi ciing ctia A; khong diing sau phan
tl cudi cing cla A ;. Nhung trong trudng hgp nay, tit ca cdc phan tif cia A; déu ding trudc tat
cd céc phan tif cda B;. Diéu nay mau thuin véi gia thiét 4; N B; # 0.

A 7 n n
Vaytaco 1 > P, Uil = X7 PlUi] = #H ]

Bai 5. Cho Ay, A,,..., A, va By, B,, ..., B, 1a cac tip con phan biét ciia N sao cho
o|A;|=rva|Bj|=s, YV1=<i<n,

OVéimSii,Ai ﬂB,- = @,Vé

OV61m61l 75‘],(14, ﬂBj)U(Aj ﬂB,-) 75 @.

. r s r+s
Chiing minh rang n < L
rr-ss

n
Loi gidi. biat X = .UI(A,- U B;). Pinh nghia p = -, va xét mot dong xu c6 mot mat la A4,
1=
mot mit 14 B véi xdc sult xuat hién mit 4 13 p.
V6i mbi phan tif trong X, ta tung dong xu mot cach ddc 1ap, diéu nay xdc dinh mot anh xa
f : X — {A, B}. Dinh nghia E; 12 bién cb xay ra khi tAt ca cic phan tli x € 4; ¢6 f(x) = A
va tht cd cdc phantli y € B; ¢6 f(y) = B.Taco

PE;]]=p"-(1—p)’, 1 <i<n.

Chd ¥ ring E; va E; khong xay ra dong thdi néu i # j, vi néu ngugc lai, thi s& c6 phan ti
thudc hodc A4; N B;, hodc A; N B;, va nd khong thé 1a 4 cing khong thé 1a B, mau thuan. Do
do, cac bién cbd E; roi nhau,

> PE]=n-p'(1-p).

i=1

Suy ra
n n
1 2 P[UiZI El] = Zi:] ]P)[El] =n- pr(l — p)sa
s+r
TS

Bai 6. Chiing minh ring c6 mot hing sb ¢ > 0 vdi tinh chit nhu sau. Cho A 1a ma trin n x n
¢6 cdc phan tif ddi mot khac nhau, thi c6 mot hoan vi ciia cac dong clia A sao cho khdng c6 cot
nao trong ma tran hodn vi chita mot day con ting do dai it nhét ¢ \/n.

Loi gidi. Ta can chiing minh hai b6 dé sau:
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B& dé 2. Vi moi sb n nguyén duong 16n hon 1 thi

n n
n! > (—)
e

Chiing minh.. Bang quy nap, ta c6

n n+1 n
(n+1)!=n!(n+1)>(g) -(n+1)=(”+1) ( ! ) e

e n+1
¢ (1+5) ¢
O
B& dé 3. Vi n la s6 nguyén duong van > k, tacé CF < (%)k .
Chitng minh.. C* = ”("_1)",;(!"_’("'1) <t (';(—e)k O

(5"
Trd lai bai toan,
Xét hodn vi ngau nhién cic dong ctia A. C6 dinh ¢ > 0 (sé dudc gidi han sau), va ky hiéu & 1a
tap clia cac hodn vi dong cho ta it nhit mot diy con ting do dai (it nhat) ¢ y/n trong cot i. Hién
nhién ring, mdi cot trong 4 c6 C, vn day con do6 dai ¢+/n, va mdi diy con s€ la day ting véi

(c/m)!

Xac suat ,taco

1
] < . c/n
P& < ! C,V".

1 cvn
(cﬁ)!>n4-( ) ,

i < () ()

Theo cac bd deé trén, ta co

ca/n
e

c/n c
suy ra
1 20
Pl&] < —— - CV™ < (f) VA
(ca/n)! c
Do do

3
‘n4.

)2cﬁ

e

P[U,s] =X e < ¢

Theo gia thiét bai todn, tic luén c6 mot hodn vi clia cac dong ciia A sao cho khong c6 ¢t nio
trong ma trin hodn vi chita mot ddy con ting do dai it nhat ¢ ./, nén bt budc

P [U,- 5i] <1.

Vay ta chi can chon ¢ > e di 16n, suy ra diéu cin chiing minh. O
Bai 7. Ching minh ring gitta 2'°° ngudi, khong nhit thiét phai c6 200 ngudi déi mot quen
nhau hodc 200 nguoi d6i mot khong quen nhau.

80



Tap chi Epsilon, S6 04, 08/2015

LOi gidi. Ta sé cho mot cip hai ngudi bat ki quen nhau hodc d6i mot khong quen nhau bang
cach tung mot dong xu d6i xing. Trong mot nhém gdm 200 ngudi, xac suit dé ho doi mot quen
nhau hodc d6i mot khong quen nhau 1a: 2.2Cio0 = 2719899,

Vico CZ%) cich chon ra 200 ngudi, xdc sult ton tai 200 ngudi doi mot quen nhau hodc doi mot
khong quen nhau nhiéu nhit bing:

100,200 101
(2 ) —19899 __

_—. =—x<1

200! 200!
Tir day suy ra xdc suat khong ton tai 200 ngudi ddi mdt quen nhau hoidc d6i mot khong quen
nhau 16n hon 0. N6i cach khac, khong nhit thiét phai c6 200 ngudi doi mot quen nhau hoic doi
mot khong quen nhau. Bai toan dudc chiing minh. [

200 »—19899

Ta thiy & day phuong phap tdng quét d& xay dung vi du ngiu nhién: Néu xac suit clia ton tai vi
du ta can 1a duong thi ton tai vi du dé.

Bai 8. Trong mdi 6 ctia bang 100 x 100, ta viét mot trong cac s6 nguyén 1,2, ...,5000. Hon
nita, mdi mot sd nguyén trong bang xuét hién ding hai 1an. Chiing minh ta c6 thé chon dudc
100 6 ctia bang thdéa man ba diéu kién sau:

1. Mdi mot hang dugc chon diing mot 0.

2. Mobi mdt cot dude chon ding mot 6.

3. Céc s6 trong cac 6 dugc chon ddi mot khac nhau.
LOi gidi. Chon hodn vi ngdu nhién a1, ..., a0 cta {1,..., 100} va chon & thd a; trong hang
tht i. C4ch chon nhu vay théa man (1) va (2). V6imdi j = 1,...,5000, xac sut d€ chon ducc
hai 6 c6 ‘cfmg s6 j 1a O/néu?hai 0 nay cung hang hodc cung c/(f)t va la ﬁ.% trong trudng hop
ngudc lai. Do d6 xac suat dé cach chon nay thoa man (3) it nhat la:

1 —5000. >0

100.99
va ta c6 diéu phai chitng minh. O
Tiép theo ta dung tinh chét ctia xdc suit d€ gidi toan
Bai 9. Cho p, g la cic sb thuc duong sao cho p 4+ ¢ = 1. Chting minh rang:
p+pqg+pg®+pgo-=1

LOi gidi. Xét thi nghiém tung dong xu véi xdc suat ra mit nglia 12 p va miit sip 1a ¢. Ta thuc
hién cho dén khi ra dugc mit ngtra. Goi X 12 s6 1an tung, khi d6: P(X = n) = pg" L.

V& trai ciia dang thifc bang P(X = 1)+ P(X =2) +---+ P(X = n) + --- va di nhién bang
1. L]

Bai 10. (IMO Shortlist 2006) Cho S 1a tap hitu han cac diém trén mit phang sao cho khong c6
ba diém nao thang hang. V6i mdi da gidc 18i P v6i cac diém thudc S, goi a(P) 1a sb cic diém
ctia P va b(P) l1a s6 cac diém ctia S nam ngoai P . Chiing minh ring v6i moi s6 thuc x, ta c6

déng thic:
Zxa(P)(l _ x)b(P) -1
P

Trong d6 tong dugc tinh theo tit ca cac da gidc 18i c6 dinh thudc S va quy udc doan thang, mot
diém va tap réng dudc coi 1a da gidc 16i véi 2, 1, 0 dinh tuong ting).
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N P2 ~ < A . x “n . g v N N N < - ,
Loi giai. Ta t6 mau mot cach ngau nhién cac di€ém bang mau den va mau trang, trong dé cac
diém dudc t6 mau den vdi xac suat x. V6i mdi da gidc 16i P, goi EP 1a bién ¢b tt ca cic dinh
nam treenchu vi cia P ¢6 mau den va tat ca cac dinh nam ngoai P ¢6 mau trang.

Céc bién cb nay doi mot xung khic nhau, nhu thé vé trai 1a xac suit ctia su kién chin chin xay
ra: ta chi can xét bao 15i cia tat ca cac di€m mau den. O

DE tinh x4c sult ctia mot bién cb theo dinh nghia c¢d dién ta thudng phai giai quyét hai bai toan
t6 hop: tinh s6 két qua thuan 10i va tinh s6 cac két qua c6 thé. Thong thudng bai todn sau don
gian hon bai toan trudc. Va chinh diéu nay tao ra mot ting dung thu vi ctia xdc suat: Néu ta tinh
dudc sb cac két qua c6 thé va xac suit thi sé tinh dug s6 két qua thuan 10i.

Bai 11. Trong s cach chon ra ba dinh cidia hinh 1ap phuong don vi, c6 bao nhiéu cach chon
thda man diéu kién ba dinh dugc chon 1a ba dinh ctia mot tam gidc déu.

Loi gidi. Ta lan ludt chon cac dinh:

Dinh dau tién c6 thé 1a mot dinh tuy vy.

Véi dinh thit hai, khi dinh thi nhit da dugc chon thi ta c¢6 thé chon mét trong ba dinh c6 khoang
cdch +/2 dén dinh ban dau. X4c suét thanh cong 1a 2.

O ludt cudi cung, xdc suét thanh cong 1a %

Nhu vay xac suat d€ ba dinh dugc chon 1a ba dinh ciia mot tam gidc déu s& 1a 1. Vi s6 cach chon
ba dinh tr 8 dinh 1a C¢ nén s6 cich chon thda man diéu kién 3 dinh dugdc chon la dinh ctia mot
tam gidc déu s€ bang 1Cy. O

Bai 12. Trong mot ki thi ¢6 n mon thi, trong d6 c6 dé tiéng Phap va dé tiéng Anh. Thi sinh
c6 thé thi bao nhiéu mén tuy y, nhung thi sinh chi ¢6 thé chon mdt trong hai ngdén ngit cho mbi
mon thi. V6i hai mon thi bt ky, ton tai mot thi sinh thi hai mén nay bing cic ngon ngit khac
nhau. Néu méi mot mon c6 nhidu nhét 10 thi sinh dy thi. Chitng minh ring n < 1024.

LGi gidi. Ta gdn ngiu nhién cho céc thi sinh 1a "nguoi Phdp" hodc "nguci Anh". Goi E; 1a bién

¢ "moi thi sinh thi mén j" déu thi bang d& diing véi qudc tich minh dugc gan".
Vi ¢6 nhiéu nhét 10 thi sinh & mdi mon thi, ta c6 xac suit

1

PEj))>210=_—_,
(Ej) = 1024

Vi véi mon thi bat ki, ton tai mot thi sinh thi hai moén niy bang hai ngdn ngit khac nhau, nén
khong c6 hai E; nao c6 thé xdy ra dong thoi. Tu day suy ra

P (it nht mot trong cic E; xiy ra) = P(E,) + -+ + P(Ep) > ﬁ

_n_

Nhung vi xdc sudt ctia mot bién ¢ bat ki khong vugt qua 1 nén tit ddy ta suy ra 1 > 2 hay
n < 1024. [
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3. Phép chiéing minh ton tai st dung ky vong

Mot diéu hién nhién ring gia tri trung binh ctia mot tap cac sd khong bao gi vudt qua sb 16n
nhét trong tip nay. Diéu nay ciing diing cho ky vong.

Dinh ly 3. Cho X : @ — R 12 mot bién ngiu nhién sao cho tip hop S = {X(u)/u € Q} la
hitu han, va dit j 13 phan ti 16n nhét ca S. Khi dé tacé j > E[X].

Chiing minh. Theo dinh nghia cia E[X], ta c6

E[X]= Y i-P[X =i] <j-Y P[X =i] =/ Sauday séla mot sb ting dung cda dinh 1y
ieS ieS

trén trong viéc gidi quyét cic bai todn ton tai. O

Bai 13. (Szele 1943) Chiing minh ring c6 mot dd thi ddy du c6 hudng n dinh chia it nhat o2+
dudng Hamilton. Két luan gi vé sb vong Hamilton?

Loi gidi. Liy mot d6 thi day di K, va dinh huéng mdi canh ctia né mot cach ngau nhién dé
dugc mot do thi day di c6 huéng T'. Néu p 1a mdt xich Hamilton trong K,,, thi dit X ,(7) = 1
néu p tré thanh mot dudng Hamilton trong 7' va dit X,(T) = 0 néu ngugc lai. Vi p con — 1

canh, nén
1
E[X,] = T

it X = Y X, p chay khip n! xich Hamilton trong K,, thi X chinh la s dudng Hamilton
p
trong T'. Theo dinh 1y vé tinh chét ctia ky vong ta c6

n!
E[X] =n!-E[X,] = -1
va dp dung dinh ly 3 ta c6 diéu phai ching minh. V&i vong Hamilton thi chi khdc véi dudng
Hamilton 12 chiing ¢6 thém 1 canh c6 huéng. Do do, ton tai mot do thi day di c6 huéng n dinh
v6i it nhit ;’—,; vong Hamilton. [

Bai 14. Cho G 12 mdt dd thi don véi tap dinh [n], va c6 m canh. Khi d6 G chita mot do thi con

2 mang v&i it nhét % canh.

Loi gidi. bat G = (V, E), va chon ngiu nhién mot tdp con 7 C V (& day, cac biéncd x € T
1a doc 1ap 14n nhau véi xdc suét %). V6i mdt canh e cho trude, goi X, 1a bién chi cia bién cb c6
ding mot dinh ctia canh e nam trong 7. Khi d6

1
E[Xe] - 5
Néu ky hiéu X 1a s6 canh c6 diing mot dinh nam trong 7', thi
m
E[X]= ) E[X]]= .
eckE
Vay véi batki T C V, ton tai it nhat % canh c6 mot dinh trong 7' va mot dinh trong V' \ T, tao
thanh mot dd thi hai mang. O
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Tiép theo 12 mot bai toan dudc lién hé t6i mot van dé ndi tiéng trong ly thuyét phic tap, c6 thé
2oi 12 "'van deé § giira"".

Bai 15. Cho L = (L, Ly,-++, Lj) gdm céac bd ba thd tu L; = (a;, b;, ¢;) sao cho véi i bat
Ki, cdc s6 a;, b;, ¢; 1a cac phan tit khac nhau cta [1]. Tuy nhién, cac ky hiéu d6 véi cac chi s6 i
va j khéac nhau c6 thé ky hiéu cho cling mot sé.

DPit p = p1ps ... pn 12 mot n-hodn vi. Ta néi rang p thda man L; néu phan ti b; & gitta a; va
¢; trong p (khdng quan tAm dén thi ty cia 3 phan tif nay trong p 12 a;b;c; hay c;b;a;).

Chiing minh riang ton tai mot 7-hodn vi p thda man it nhdt 1 cta tit ca L; trong mdt L cho
trude.

Loi gidi. Dit Y; 1a bién chi cta bién ¢ mot n-hoan vi p dudc chon ngiu nhién thdéa man L;.
Rorang P[Y; = 1] = 1, do d6
E[Y;] =1 1—0—0 2_1
Y3 33
NéuditY =Y, + Y, + -+ Y thi Y chinh 12 s6 L; trong L dudc théa man bdi hodn vi p.
Theo dinh Iy vé tinh chit ctia ky vong ta c6

k
ElY] = Y EIY] = kB[] =

Ap dung dinh Iy trong muc 1, ta dudc diéu phai chiing minh. [

Bai 16. Cho dd thi G = (V, E). Mot tap U C V dudc goi la doc lap trong G néu khong ton
tai canh trong U. Chting minh: néu G c6 n dinh va ky hiéu d, 1a bac ciadinh v, v € V, thi G
c6 mot tap doc 1ap c6 luc lugng it nhat >, ﬁ. Hon nita, néu G c6 e canh thi G c6 mot tip
n2

ddc 1ap co lyc lugng it nhat 57 "

LGi gidi. Xét mot thit ty ngdu nhién clia cdc phan ti ctia V. Chi y ring v6i mdi v € V, thi tap
chita v va tit ca cac dinh ké véi né c6 luc luong d, + 1. Do dé

P[v ding trude tit ca cac dinh ké véi né trong thi tu trén] = FRE
v

Néu goi S 1a tap tit ca cac dinh v sao cho v diing trude tit ci cac dinh ké ctia n6 trong thif tu
trén, thi 1o rang S 1a doc lap, va

1
NS ,
vev dv +1
2 A .. A Ae oA A 1A 2 . A 1
do do6 ton tai it nhat mot tdp doc 1ap co luc lugng it nhat ;} i

v

Trudng hdp G c6 e canh. Ta chii y rang >, dy =2e,nén

Zv(d,, +1) =2e +n,

va ap dung tinh 16i ciia ham f(x) = % trén (0, +00), ta suy ra

1 1 n?
D
dy +1 Qe +n)/n  2e+n

v v

Bai toan dugc ching minh. 0
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Bai 17. (Iran Team Selection Test 2008/6) Gia st 799 di thii tham gia vio mot giai du, trong
d6 mdi cip dbi tha thi du véi nhau ding mot 1an. Ching minh ring ton tai 2 tap roi nhau A va
B gdm 7 dbi thii sao cho mdi d6i thii trong A déu thiang mbi dbi thii trong B.

L&i gidi. Giai du nay c6 thé dién ta biang mot do thi ddy di c6 huéng G c6 tap dinh E gdm
799 diém (trong mit phang hoic trong khong gian) tuong ting véi 799 d6i tha, hai dinh x, y bat
ki dudc nbi véi nhau bang mot cung tit x dén y néu dbi thii x thang ddi tha y.

Goi A 1a 7-tap con ctia E dudc chon ngiu nhién. Pt X 1a s6 dinh c6 cung di vao tir cac dinh
trong A. Ta chung minh E[X] > 7.
Goi X; 12 bién chi ctia bién c¢b dinh i c6 cung di vao tif cic dinh trong A, suy ra

Cl-
E[X;] = C7l .
799
Theo tinh chit tuyén tinh ctia ky vong, ta c6
799 7

ElX] =Y EX]=3" C‘jf .
i=1 i 799

1

798 - 799
D d = Ch = —— =1399-79,

1

diéu nay nghia 1a bic vao trung binh ctia mot dinh i bat ki diing bang 399, va dp dung tinh 15i
ctia ham f(x) = CF trén [k, +00), ta dugc:

Cy- Cj
E[X] =) ——>799- 3 ~6.025.
C CJ
;=799 799

Vi X 1a mot s6 nguyén nén ta c6 diéu phai chiing minh. [
Bai 18. Trong mot gidi cd vua c6 40 ky thii. C6 tdng cong 80 van da dudc du, va hai ky thi

bat ki ddu véi nhau nhiéu nhit mot 1an. Véi moi sd nguyén 7, chiing minh ton tai n ky chua hé
dAu v6i nhau. (Tt nhién 12 s6 n cang 16n cang tdt.)

LOi gidi. Ta gdn mot xép hang ngu nhién cho 40 ky thii, va ta chi chon ra nhitng ngudi chi choi
v6i ngudi c6 thd hang thip hon. Chd y riang bang cach nay hai ky thi bt ky dudc chon khong
d4u véi nhau. Gia st ky thi thi i chdi d; van. Vi c6 80 van diu ta c6:

di+dy+ -+ dsy =802

Ta ciing thiy, ky thd thid i dugc chon néu va chi néu anh ta dudc gan véi thit hang cao nhit gitta
chinh anh ta va nhitng ngudi anh ta choi véi, va xdc sult cla su kién nay 1a -~ . Nhu vy s6
trung binh ky thu dugc la:

1 1 402 402
4+ .o+ > = =8
d +1 dao + 1 di+dy+---+dy 160 + 40

C6 nghia 12 ton tai 8 ky thi doi mot khong dau véi nhau. O
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Bai 19. (MOP Test 2007) Trong mot ma tran n x n, mdi s6 1,2, ..., n xult hién ding n lan.
Chiing minh ring c6 mot dong hodc cot chia it nhat /n s6 phan biét.

Loi gidi. Chon mot dong hodc mot ¢t ngau nhién, c6 2n cach chon. Pit X 1a s6 phan tir khac
nhau trén dong hoic cot da chon, ta chiing minh E[X] > /n. Goi I; 1a bién chi phan ti i xuét
hién trén dong hodc cot da chon, khi do

X=> 1.
Hién nhién, E[I;] = P[/; > 1]. Pat A = {(p.q)/ phan tit 6 vi tri (p.q) 1ai} & day (p.q) ki
hiéu cho vi tri § dong thi p, cOt thit ¢ trong ma tran n x n. Khi d6 |A| = n.
Nhan thay rang s6 két qua thuan 10i d€ i xuét hién trén dong hoic cot da chon chinh 1a sé dong
hoac cot chua i. Goi

B={p/(p.q) e A}vaC ={q/(p.q) € A]}.
Vi(p,q) e Asuyrap e Bvage C,dod6 A C BxC.Ma
|B|-|C| =B xC|=|A] =n,
nén theo bat dang thiic Cosi, thi
1B+ |C| = 2V/|B|-|C| = 24/n.

St dung tinh tuyén tinh ctia ky vong va bét ding thic vita néu trén, ta dudc

N

E[X] = Xn:E[li] =n-Pl;>1]>n- o

i=1
]

Bai 20. (Russia 1996/C4) Tai Duma c6 1600 dai bi€u, thanh 1ap 16000 Gy ban. Mdi iy ban
gdm 80 dai biu. Chiing minh ring ta c6 thé tim dudc 2 ty ban c6 it nhit 4 thanh vién chung.

LGi gidi. Chon mdt cdp ty ban ngiu nhién trong s6 CZ,, cip. it X 1a s6 ngudi thudc vao ca
2 uy ban dugc chon. Chu y rang

X=X+ Xo+ -+ Xi600-

& day X; 12 bién chi ctia bién cb dai biéu thif i thudc vao ca 2 Gy ban dudc chon.
Theo tinh chit tuyén tinh ctia ky vong, ta c6

E[X] = E[X,] + E[X2] + -~ + E[X1600]-
D& tinh E[X;], dit n; 12 s6 Gy ban ¢6 ngudi thd i tham gia, khi d6

2
nj

E[X;] = P[Pai biéu thii i thudc vao 2 iy ban dudc chon] = .
16000
Ma ), n; = 16000 - 80, do d6 gia tri trung binh cla cdc n; la

_ 16000 - 80
n=————=2800,
1600
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va theo tinh 13i ctia ham f(x) = C¥ trén [k, +00), suy ra

C2 800 - 799
E[X] > 1600 - — = 1600 - ——— ~ 3.995.
Clo000 16000 - 15999
Do X 1uon 1a s6 nguyén, nén ta c6 diéu phai chiing minh. [

Bai 21. (IMO Shortlist 1999/C4) Pit A 1a tip gdm n thing du mod n2. Chi ra ring c6 mot tap
B goém n thing du mod 1?2 sao cho it nhit mot nia thing du mod n? c6 thé viét dudi dang a + b
véia € Avab € B.

LOi gidi. Chon ngau nhién, doc lap n thing du tif n2 thing du (ta c6 (n?)" cach chon) va sip
xép chiing vao mot tip B. Can chi ¥ rang, do qua trinh chon la ddc 1ap nén tap cubi ciing thu
dudgc c6 thé c6 luc lugng nhé hon n. Nhung néu van xay ra it nhit mot nita thing du biéu dién
dugc dusi dang a + b, a € Ava b € B, thi ta cé thé lam diy B dé€ |B| = n.

Goi X 1a bién ngiu nhién chi s6 thing du c6 dang a + b. Ta chiing minh E[X] > %

V6i mdi thing du i, c6 ding n cach d€ chon b sao cho A + b i (vi |A| = n). Do d6, két qua
thuan 1gi d€ thing du i khong xuét hién trong A + B 1a (n? — n)". Khi d6

2 —_ n
P[Thing du i khong xuit hién trong A + B] = <n 5 n) .
n

Do do

) n? —n\n 1\»
]P’[Thefmgdu’ixuéthiéntrongA—i—B]=1—( _ ) =1—(1——).
n n

Goi I; 12 bién chi ctia bién cb thing du i xuit hién trong A + B. Khi do,

E[X] =Y E[L] =n?-P[l; = 1] = n2[1 —(1- l)”]

n

Doe*>1+xVxeR,nénl—1 <e_nl,vélsﬁ?dunge ~ 2.718..., ta dugc

n —

n2

E[X] = n2[1 — (- %)] > n2(1 — %) >

[
Bai 22. (Taiwan 1997/9) V6in > k > 3, dat X = {1,2,...n} va F la ho cac k-tap con cia
X sao cho bit ki hai tip con trong Fj déu c6 nhiéu nhit k — 2 phan tif chung. Chiing minh ring

ton tai mot tap con My, clia X véi it nhit [log, 7| + 1 phan ti ma khong chia tap con nao trong
Fk-

LOi gidi. Chu y rang, mdi (k — 1) phan tif déu chiia trong nhiéu nhit mot tap trong Fi, mdi tip
trong Fj déu chifa ding k tap con c6 (k — 1) phan ti. Do do
n

1
|fk| E % 'Ck_l.
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Pitt = [log,n| + 1. Néut < k, ta c6 diéu can chiing minh, do d6 ta gia st ¢ > k. LAy ngiu
nhién ¢-tap con ctia [n], dit X 1a bién ngiu nhién chi s thanh phan ctia F 13 tip con cia ¢-tap.
Goi I 1a bién chi mot thanh phan F clia F chiia trong ¢-tap, tdc 1a
I — 1 néu F chifa trong -tap
7o ngoai ra.

Khi do

E[X]= ) Ellr]=|Fl -Plir = 1].

FeF

Dé F chifa trong ¢-tap da chon thi ¢-tip d6 phai 12 hop cia F va mot (1 — k)-tap trong sd n — k

phan ti. Do d6
t—k

C
Pllp = 1] = 2=k,
Gy
Hién nhién C¥ < 2! < 2n, st dung cén trén ctia | F;| va riit gon ta thu dugc

1
E[X]< — . Ck,
[]_n—k-l—l <

Chi y ring
1
n—k+1
do d6 d€ ching minh E[X] < 1, ta di chiing minh CF < 2/=! —k + 1.

Ck<leCF <2~k +1,

-1
Tacé CF = Ck '+ Ck ,ma Y Cl |, =2""1 nénsuyra
i=0

27V > CF 4 (t —2),hay CF <27 — 1 4 2.
Do
Ck<2"'—t42<2"!—k+4+1vsimoik <t—1,

nén ta chi can xét trudng hop k > ¢t — 1. C6 hai kha niing sau:
V6i k = t — 1. Ta chiing minh dudc 27 < 27! +2 Vi > 4.
That viy, khi ¢ = 4, bat dang thiic hién nhién. Gia st bt dang thic da ding véi ¢ > 4, ta chiing
minh n6 ding véi ¢ 4 1. Vi
ot _ot=1 _ pt—1 2,

nén suy ra
204 2>2" o422 42,

V6i k = t. Chiing minh tuong tu trén, ta dudc ¢ < 2/~! V¢ > 3, tiic 1a
CF<27'—k+1,k=t>3.
Vay Ctk <271 —k + 1, va do d6 ta c6 diéu can ching minh. [

Bai 23. (Pinh ly sperner) Chitng minh rang: Néu F 1a ho cic tip con cia [n] sao cho khong
ton tai 2 tip A, B € F théamin A C B, thi

2
= e
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Loi gidi. Liy o € S, 12 m6t hodn vi ngau nhién cla [1] va xét bién ngiu nhién

X =i {0(1),00),...,00) € Fl.

Dé thdy X bi chin béi 1, suy ra E[X] < 1. Cac tap {o(1),0(2),...,0(k)} € F rdi nhau véi k
phén biét. Bit Ny 14 s6 k-tap con trong F.

E[X] = ZP[{U(I),O(Z}, ok} e Fl= Z g Z CLn/ZJ
Pt k=1

Do E[X] < 1, nén suy ra
ZNk <2,

Ta c6 diéu phai chiing minh. ]
Bai 24. Cho d6 thi G = (V, E) c6 n dinh va % canh, d > 1. Ching minh ring c6 mot tip

con U goém cdc dinh doi mot khong ké nhau c6 luc lugng > .

Loi gidi. Biat S € V 1a mdt tap con ngiu nhién dugc dinh nghia bdi
Plv € S] = p,

véi p € [0, 1], cac bién cb v € S 1a doc 1ap 14n nhau. Piat X = |S| va Y 1a s6 canh ciia G trong
S.Véimdie = (i, j) € E, dit Y, labién chi cdabiéncdi, j € Ssaocho Y = Y Y,. Vi bat

P ecE
ki e nhu thé

E[Y.] = Pli,j € S] = p*,
theo tinh tuyén tinh ctia ky vong, ta c6

BlY) = Y B =" 2

ecE
R& rang, E[X] = np, do d6 theo tinh tuyén tinh ctia ky vong

nd
E[X — Y]—np—Tp

Ta st dung p = 5, d > 1, thu ducgc

n

E[X —¥]= .

Vay ton tai tap S sao cho s6 dinh trong S trit s6 canh trong S ludn 16n hon bang 2. V6i moi
canh trong S, chon mdt dinh bat ki va x6a n6, ta thu dugec mot tap, goi tip nay 1a U le it nhat
L dinh. (Tt ca cdc canh trong U déu bi pha hiy.) O

Bai 25. Cho dd thi vo huéng G = (V, E). Mot tap U C V dudc goi 1a tip bao quat trong G
néu mdi dinh v € ¥V \ U c6 it nhit mot dinh ké ciia né nam trong U. Ching minh rang: Néu G

c6 n dinh, v6i bac nho nhét § > 1, thi G ¢6 mdt tap bao quét v6i nhiéu nhét n - % dinh.
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Loi gidi. LAy ngiu nhién mot tip con X ctia V goém céc dinh dugc chon doc 1ap véi xdc suit p
(p € [0, 1] sé dudc xac dinh sau). it Y 1a tip (ngau nhién) clia tit cd cic dinhv € V \ X va
khong c6 dinh ké ndo ctia v nam trong X . Ro rang, ta co:

E[IX|] = np.
V6i mdi dinh v € V, do v c6 bic it nhit 12 § nén
Plv € Y] = P[v va céc dinh ké ciia né khong nim trong X] < (1 — p)**1.

Hon nita, néu goiY,,veV, la bién chi cta bién cb v € Y, thi ta ¢

E[Y|]=) EY,]=) PeY]<n-(1-p"*.

vev veV

Do do6
E[X UY[] <np+n(1—p) !,

ttic 12 ton tai it nhit mot cach chon X € V sao cho
X|+ Y] <np +n(l—p)°*.
batU = X U Y, thiro rang U 1a mdt tp bao quat trong G, va st dung e™? > 1 — p, ta dugc
Ul <np +n(1—p)’*T' <np+ne P+,

Doham f(p) = np+ne ?%+D dat gia tri nhd nhét tai p = ln‘(‘)fg_‘_""ll),nén lU| < f (
1 +1In(S + 1)
ne—o——>.
5+ 1

Bai 26. (Slngapore 2012) Cho a,,bj,cj, 1<j < N 1a cic s nguyen Gia st ring véi moi
j,trong basba;,bj,c; c6 mot so 18. Chiing minh rang ton tai cic s6 nguyén r, s, ¢ sao cho
ra; + sb; + tc; 1a1é véi it nhat 2 glatrlcuaj,1<] <N.

In(§ + 1)\ _
§+1 )_

O

LOi gidi. Ta xét tit ca theo mod2, vi trong bai nay chi quan tdm dén tinh chin 18. Ta c6 7 cach
chon bo (r, s, ¢) khong ddng thsi bang 0; véi mbi bd (a, b, ¢), c6 diing 4 trong 7 bd sao cho:
ra+sb+tc=1

Suy ra véi (a;, b, , ¢;) da cho néu chon ngau nhién (r,s,7) # (0,0,0) thi gid tri ky vong ctia s6
cac bidu 18 1a ¥ Nhlmg néu day 12 so trung binh thi phai c6 it nhat mot bd (r, s, 1) c6 sd nay
16n hon hay bang >

Bai toan dugc ching minh xong. [

Bai 27. (APMO 1998) Cho F la tp hop cdc bd (A;, A,, ..., A,) trong d6 mdi A;,i =
1,2,...,nlatdpconctia {1,2,..., y hiéu s6 phan tii clia tp A4, hiy tim

> A U A, U ... UA,]|
(A1,42,...,A,)eF

LOi gidi. Chu y rang tap hop {1,2,..., 1998} c6 2'9%8 tap con. Vi thé c6 tit ca 219°%" 6 hang
trong tong trén.

Bay gid ta tinh gid tri trung binh ctia mdi s6 hang. Véimbii = 1,2,...,1998, tacd i 1a phan ti
clia A; U A, U ... U A4, néu va chi néu né 1a phan tit cla it nhit mot trong cic A, A,, ..., A,.
Xdc suit ctia bién cb nay 1a 1 — 27", Do d6 gia tri trung binh ctia mdi s6 hang trong téng 1a
1998(1 — 27"), va nhu thé dap s6 21°9871998(1 — 27"). O
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4. M6t s6 bai toan Dai s6, S6 hoc

Bai 28. (Bulgaria MO 1984) Cho x;, yi(i = 1,2, ...,n) la2n s6 thuc duong sao cho x; +y; =
1. Chitng minh rdng vdi moi sé nguyén duong m, ta déu cé: (1 —x1xz...x,)™ + (1 —y™)(1 —
(L= = 1.

pH P2 z , [N , A N - X x Re o ~ A
Loi giai. Xét thi nghiém xac suat: Cho ¢y, ¢3, ..., ¢, la cac dong xu sao cho v4i moi i, xac suat
dé ¢; ra mat sap la x;. Ta tung cac xu nay mot cach doc 1ap m lan . Khi d6 (1 — x1x5...x,)" 1a
xdc suat P(A) ctia bién cb "vdi mdi mot trong m ldn tung, o it nhdt mot dong xu ra mit ngiia".

Chii y ring A = B UC, trong d6 B 12 bién c6 "tdn tai mot ddng xu ra mit ngita & mbi mot trong
m 1an tung" va C 1 bién cb "c6 it nhat mot ddng xu ra mit nglia & mdi 1an tung, nhung dong xu
nay khong gidng nhau qua méi 1an tung". Hon nita, BN C = @, do dé: P(A) = P(B)+ P(C).

Mit khac, (1 —y™)(1—y7) ... (1 —y™) la xac sult ctia bién c6 mdi mot dong xu khong ra mit

ngia trong m lan tung bang P (B), trong d6 B 1a bién cb dbictia bién cb B.

Nhu vay vé trdi cta bat dang thic da cho la:
P(A) + P(B)=P(B)+ P(B)+ P(C)=1+ P(C) > 1.
Chii y dang thifc xay ra khi va chi khin = 1. O

Bai 29. (MOP Test 2008) Gia st a, b, ¢ 1a cé4c sb thuc duong sao cho v6i moi n nguyén duong
thi: [an] + [bn] = [cn]. Ching minh rang it nhat mot trong ba sb a, b, ¢ nguyén.

Loi gidi. Gia st khong c6 sb nao trong ba sb a, b, ¢ 1a s6 nguyén. Chia hai vé cho n va cho n
dan dén vo cung ta dudc a + b = c.
Tu do suy ra {an} + {bn} = {cn} (*)
Néu x vo ty thi {xn} phan bb déu trén doan [0; 1] . Néi riéng néu ta chon n mdt cach ngiu nhién
trong {1,2,..., N} thi E{{xn}) — % khi N — oo. Mit khic, néu x 1a s6 hitu ty c6 dang tdi
gian g thi {xn} c6 ky vong tién dén

g—1 1 1

29 2 24

Nhu vdy né nam trong khoang [%; %). Tom lai, v6i moi s6 khong nguyén x, tacé E({xn}) — ¢
trong d6 ¢ € [4; ). LAy ky vong hai vé ctia () va n dan dén v0 cing, ta thdy rdng cich duy
nhit d€ c6 déng thic 1a E({an}) va E({bn}) phéi tién dén §.

Nhung cdch duy nhét d€ c6 ky vong 4 1a khi a, b hiiu ty, con cach duy nhét d€ c6 ky vong 1 1a
¢ vo ty. Nhung do @ + b = ¢ nén ta khong thé hai s6 hitu ty cong ra s6 vo ty, mau thudn. [

5. Mot sb bai tap tu luyén

Bai 30. Cho §1,S5,,...,S» € S, |Si| =1, Vi = 1,2,...,m. Chiing minh rﬁng néum <
2!=1_ thi ludn ton tai 2-td mau tip S sao cho khong c6 S; nao dudc td cing mau.
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Goi y. Tuong tu cach gidi ctia bai toan dau tién. M&i phan ti ciia S dudc td bang mdt trong hai
mau d6 hodc xanh, do d6 xac suit d€ phan ti nay dugc td do hodc xanh déu bing 3.

V6i moi i, ta co

P[S; ¢6 cung mau] = P[S; ¢ mau xanh] + P[S; c6 mau do]

P[S; bt ki c6 ciing mau] < Y P[S; 6 cling mau] = % <1

1

Suy ra P[Khong c6 S; nao dudc to ciing mau] = 1 — P[S; bat ki déu c6 ciing mau] > 0, do d6
ta c6 diéu can chiing minh. [

Bai 31. Cho G 12 mot do thi don. Néu G ¢6 2n dinh va e canh thi n6 chita mdt do thi con hai
mang véi it nhit 5%~ canh. Néu G ¢6 2n + 1 dinh va e canh thi né chita mot do thi con hai
e(n+1)
2n+1

mang véi it nhét

canh.
Goi y. Trong bai toan nay ta can chon T 12 mot n-tip con cua V. [

N o o N N ~ N X PN pre 4, 41 P . . A
Bai 32. Giastn > 4 va H la mot n-siéu do thi déu véi it nhat 43—n canh. Ching minh c6 mot
cach td mau cho céc dinh cia H bing 4 mau sao cho mdi canh déu c6 4 mau.

Goiy. Goi E 1a tap canh cia H, td mau mdi dinh ciia H bang mot trong bén mau mot cach
doc 1ap, ngdu nhién (mdi mau c6 xdc sudt dugc chon bang §). V6i mdi e € E, dit A, 1a bién cb
chi cic dinh trong canh e dudc to bang nhiéu nhit 3 mau. Suy ra

4.3
P[A.] =
4n
Ap dung
P [UeeE Aei| = ZeeE P[Ae]
va gia thiét bai todn, suy ra diéu can ching minh. O

Bai 33. (Austrian-Polish Competition 1997/8) Cho | X | = n. Tim s6 16n nhét cé4c tap con khéc
nhau ctia X sao cho mdi tip con nay c6 3 phan tif va khong c6 2 tip con nao rdi nhau.

Goi y. Taxét hai trudng hop: n < 5 van > 6 suy ra yéu cau bai toan. (Trong trudng hop n > 6,
thi day 1a mot truong hgp riéng cia Pinh ly Erdds - Ko - Rado) [

Bai 34. Mot gidi du T vé6i n dbi thii chinh 12 mot su dinh huéng cho cic canh cia K,,. Ta néi
rang T thoa man tinh chit S; néu véi bit ki k-tap ctia n dbi thu, thi ludn c6 mot d6i thi thang
tit ca cdc dbi thi con lai. Ching minh ring: néu C* - (1 —27%)"=% < 1, thi c6 mot giai déu trén
K, véi tinh chat Sg.

Goi y. Xét 1 gidi du ngdu nhién trén tap n d6i thi V = {1,2,...n} V6i mdi k-tap con K ctia
V', dit Ag 12 bién cd khong c6 dbi thii ndo thang tat ca cac dbi thii trong K. Do xac suit dé mot
dbi thii v € V' \ K khong thing tit cic cac dbi thi trong K 1a 1 — 2%, suy ra

PlAx] = (1- 2-k)"_k .
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Tiép tuc, ta chira

IP’[U AK]<1,

KcVv
|K|=k

va suy ra diéu can chiing minh. O

Bai 35. Dit p = pyps -+ pn 1a mdt n-hodn vi. Chi s6 i dugc goi la chi s6 vugt cia p néu
pi > i. Trung binh mdt n-hodn vi c6 bao nhiéu chi sb vuot?

Goi y. Dit X; 1a bién chi ctia bién ¢ i 1a mot chi s6 vudt ctia p. Suy ra

n—i

E[Xi] =

Tiép theo, ta dit X(p) 12 s6 chi s6 vudt cia p, rdi tinh E[X] va suy ra diéu can chiing minh. [

Bai 36. Cho G 1a mot dd thi cé n > 10 dinh va gia st rang: néu ta thém vao G bat ki mot canh
nao d6 khong niam trong G thi s do thi Ko clia G ting 1én. Chiing minh ring s6 canh trong G
it nhit 1a 8n — 36.

Goiy. Goi E la tap canh trong G. V6i mdi e € E, ta xay dung A., B, nhu sau:

bit B, 1a cac dau miit ctia canh e, con A, ta chon mot do thi Ko tao thanh khi canh e dudc
thém vao trong G, va dat A, 1a tap dinh ciia G khong c6 trong Ko nay.

Ta chira A, va B, thoa yéu cau, tic A, N B, = @ va ArN B, # @, suyra
E| < C2.
Tir d6 suy ra sb canh trong G 12
C}—|E|>C2—C?> ; =8n—236.
N

Bai 37. (IMO, 1970) Trén mit phang cho 100 diém, trong d6 khong c6 3 diém nao thang hang.
Xét tAt ca cc tam gidc c6 dinh tai cdc di€ém da cho. Chiing minh riang khong qua 70% céc tam
gidc nay la tam giac nhon.

Goi y. Trudc hét ta ching minh rang trong 4 diém, xac suit &€ mot tam gidc 12 nhon khong qua
75%. St dung két qua nay hiy chiing minh ring trong 5 diém thi xac suit mot tam giac 1a nhon
khong qua 70%. Cubi ciing sit dung két qua nay dé giai toan. O

Bai 38. (IMO, 1971) Ching minh ring véi mdi s6 nguyén duong m, tdn tai tip hitu han S
cac diém trén mit phang v6i tinh chit sau: V6i mdi diém A trong S, c6 ding m diém ctia S ¢
khoang cach 1 dén A.

Goi y. Chon m vector ngau nhién trén dudng tron don vi. Goi S 1a tp hdp cédc tdng ctia mdi
mot trong 2™ tap con cac vector. [

Bai 39. (China MO, 1986) Cho z1, 25, . . ., Z, la c4c s6 phitc. Chting minh ring tn tai tap con

S C{l1,2,...,n}saocho
1 n
‘sz) Ee ;Z|Zj|
j=1

jes
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Goiy. Cho r 1a mjt ia ngéu nhién xuit phat tif gbc toa do. Goi S 1a tap céc chi sb j sao cho z;
tao mot géc nhon véi r. Xét hinh chiéu ctia méi z; 1én r. Ky vong cua tri tuyét d6i clia méi hinh
chiéu 12 bao nhiéu? [
Bai 40. (IMO Shorlist, 1987) Chiing minh ring ta c6 thé t6 mau cdc phin ti cla tip hop
{1,2,...,1987} bdi 4 mau sao cho moi cip s6 cong 10 phan ti ctia tip hop nay déu khong don
sac.
Goi y. Xét mot phép td ngiu nhién céc s6 tir 1 dén 1987 bang 4 mau. Xac sudt d€ mot cip sb
cong dd dai 10 don sic bing bao nhidu? C6 bao nhiéu cp sb cong do dai 10 trong 1,2, ..., 19872
O
Bai 41. (Zarankiewicz) Chiing minh ring ton tai mot cach chia tip hop cic sé nguyén duong
thanh hai tip con sao cho mdi tap con déu khong chifa cip s6 cong véi vo sd phan ti va khong
chiia ba s6 nguyén lién tiép.
Goi y. To mau mbi sb nguyén 1¢ bang hai mau dé va xanh mdt cach ngiu nhién. To mau mdi s6
chin bing mau d6i ciia mau s 18 truée no. O
Bai 42. (IMO 1987) Goi p, (k) 1a s6 cac hoan vi cia tap hop {1,2,...,n} n > 1, c6 ding k
n
di€m bat dong. Ching minh Y kp, (k) = n!

k=0
Goiy. Goi f la mdt hodn vi ngdu nhién ctia 1,2,...,n. Xdc suit dé 1 1a diém bat dong bang
bao nhiéu? Cau héi tuong tu v6i 2? Va cii nhu thé cho dén n. Cong cic x4c suit ndy lai d€ tim
ky vong ctia sb cac diém bét dong cia f. O

Bai 43. (IMO 1998) Trong mdt cudc thi, ¢6 a thi sinh va b giam khao, trong d6 » > 3 1a mot
s6 nguyén 18. Mot giam khéo sé danh gid thi sinh "ddu" hodc "rét". Gia st k 1a sb sao cho véi
mdi cip hai gidm khao, ddnh gia clia ho tring & nhiéu nhét k thi sinh. Chiing minh rang:

k b—1
-
a— 2b

Goi y. Goi C 1a mdt thi sinh ngiu nhién. Goi p 1a s6 cac gidm khao cho C dau va f 1a sb céac
giam khéo cho C r6t. Tacé C2 + C7 > @.

Ly ky vong clia ca hai vé&. Ban c6 th€ gidi thich E(C?) thé nao theo ngdn ngit bai toan ban
dau? E(C7)? O

Bai 44. (Bay Area MO 2004) Cho 7 s6 thuc khong ddng thdi bing 0 c6 tdng biang 0. Chiing
minh rﬁng ton tai mOt cach danh sb cac sb nay laay,as,...,a, sao cho:

aa; +azas + ... +ay,—1a, +aza; <O.

Goiy. Gidstay,as,...,a, lahoan vi ngiu nhién cta cic sb ban dau. Gia tri ky vong ctia biéu
thic ve trai bang bao nhiéu? O

Bai 45. Cho p, g 1a cic s6 khong 4m c6 tong bang 1. Chiing minh rang: (1—p™)"+(1—p™)™ >
1.

Goi y. Xét mot ma trin ngiu nhién kich thuéc m x n trong d6 mbi mot 6 dudc dién sb 1 vé6i
x4c suit p va s6 0 véi xdc suat 1a g. Xdc sudt d€ moi mot dong c6 it nhat mdt s6 0 biang bao
nhiéu? [
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DINH LY FERMAT-EULER
VE TONG HAI BINH PHUGNG

V. Tikhomirov
(Tran Nam Dang dich tir tap chi Kvant — bén dich ndm 1995)

Céc ban hdy dé y xem nhiing sb nguyén t6 dau tién: 3, 5, 7, 11, 13,17, 19.... Cac s6 5, 13 va
17 ¢6 thé biéu dién dudc dudi dang tong ctia hai binh phuong:

5=12+22,13=22432,17=124142,...

con céc s6 con lai (3,7, 11, 19) thi khong thé biéu dién dudc. C6 thé bang cach nao d6 gii thich
diéu d6 hay khong? C6, va ding hon 13 ta c6 dinh 1y sau:

Dinh ly 0.1. Diéu kién cdn va di dé mét sé nguyén té co thé biéu dién duoc dudi dang tong
ciia hai binh phwong la s6 du trong phép chia sé dy cho 4 bdng 1.

(Thatthé, 5 =41+ 1,13 =43+ 1,17 =44+ 1,con3 =40+3,7 = 4.1+ 3,11 =
42+4+3,19=44+43..)

1. Déi chat vé lich sit dinh ly

Ai 12 ngudi dau tién phat hién ra diéu nay, va khi nao? Vao dip Noel nim 1640 (trong thu dé
ngay 25.12.1640) nha toan hoc vi dai Pier Fermat (1601-1665) da thong bao cho Mersenne, ban
than ctia Descartes va 13 “lién lac vién” chinh cda cdc nha bac hoc duong thdi ring “Moi s6
nguyén td c¢6 s6 du trong phép chia cho 4 bang 1 déu c6 thé biéu dién mdt cach duy nhit dudi
dang téng ctia hai binh phuong”.

Thai d6 chua c6 cic tap chi toan hoc, tin tic dudc trao ddi qua cac 14 thu va cac két qua thong
thuong chi dugc thong bao ma khong kem theo chiing minh.

Thuc ra thi sau gan 20 nim sau biic thu d6, trong bic thu gti cho Carcavi, dudc gti vao thang
8 nim 1659, Fermat da tiét 10 y tudng ctia phép chiing minh dinh ly trén. Ong viét rang y tudng
chinh ctia phép chiing minh 1a dung phuong phdp xuéng thang, cho phép tir gia thiét rang dinh
ly khong diing véi p = 4k + 1, suy ra n6 khong diing v6i mot s nhé hon ... cudi cling ta sé di
dén s6 5, ma khi d6 16 rang 12 mau thuin.

Nhiing cich chiing minh dau tién dugc Euler (1707-1783) tim ra trong khoang 1742-1747. Hon
nita, dé to 16 vi tri ctia Fermat, ngudi ma 6ng hét sic kinh trong, Euler d tim ra phép chiing minh
dua theo ding y tudng trén day ctia Fermat. Vi vay, ta goi dinh ly nay la dinh ly Fermat-Euler.
Nhitng két qua toan hoc thudng c6 mot tinh chét chung: ta c6 thé dén dudc bang nhiéu con
dudng khac nhau, c6 thé tin cong ching tif nhiéu huéng, va mdi mot con dudng nhu vy sé dem
dén cho nhiing ngudi khong biét sg khé khin nhitng khodi cam tuyét voi.

To6i mudn chiing té diéu nay trén vi du dinh ly Fermat-Euler.

Ta sé di dén dinh cao, dugc phat minh vao thé ky XVII bang ba con dudng khac nhau. Mot
trong chiing dudc tim ra vao thé ky XVIII, con dudng khéc — thé ky XIX va con dudng thif ba -
& thé ky XX.
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2. Cac cach ching minh dinh ly

2.1. Cach ching minh cia Lagrange

Céch chiing minh nay (c6 thay ddi déi chiit) hién nay dudc trinh bay trong hau hét cic cudn sach
vé ly thuyét s6. N6 dua trén b dé Wilson (1741-1793):

Néu p la s6 nguyén to thi s6 (p — 1)! + 1 chia hét cho p.

Dé khong qud di sau vao chiing minh két qua phu nay, ta chi tudng minh y tudng chinh ctia phép
chiing minh trén vi du s6 13. Véi mdi s6 nam giita 2 va 11 (ké ca nhiing s6 nay), ta tim mot s ma
tich ctia ching khi chia 13 chodu 1: (13—1)! = 12! = (2.7).(3.9).(4.10).(5.8).(6.11).12(2.7 =
14=134+1,39=27=132+1,410=40=13341,6.11 = 66 = 13.5+ 1).

Tt nhitng dang thic da viét suy ra ring s6 12! Khi chia 13 sé du 12, nghia 1a 12! 4 1 chia hét
cho 13. Truong hdp téng quét ciing c6 thé dugc chiing minh tuong tu nhu vay.

Tit b6 dé Wilson, ta rit ra hé qué sau:

Néu p = 4n + 1 la s6 nguyén té thi ((2n)!)? + 1 chia hét cho p.

That vay, bsi vi (bd d& Wilson) (4n)! + 1 chia hét cho p, bing nhiing phép bién ddi co ban, ta
thu dugc

@n)!+1=12...2n.2n+1)...(4n)+1=12...2n(p—2n)(p—-2n+1)...(p—1)+1

= C2n)!(=D*"2n)!' + pk + 1= (2n))* +1 (mod p)

tu do suy ra dpcm.

Pit N = (2n)!. Nhu viy ta da chiing minh rang N2 = —1 (mod p).

By gio ta sé phai vuot qua khé khin chinh. Xét tt ci cac cip s6 nguyén (m;s) sao cho 0 <
m,s < [ﬁ] ([ﬁ]— phan nguyén cia /p).

S6 céc cdp s6 nhu vy bang (/7 + 1)2 > p . Nhu vay v6i it nhit hai cip s6 (m1; 51) va (m2; 52),
s6 du trong phép chia m + Ns; vim, + Ns, cho p sé gibng nhau, nghia 14 s6 a + N b, trong d6
a = m;—-m,, b = s1—s, sé& chia hét cho p. Nhung khi d6, a>~N2b? = (a + Nb)(a — Nb) chia
hét cho p, va, nghia la, chi y raing N = —1 (mod p) ta thu dugc a + b2 chia hét cho p, nghia
la a® + b? = rp, r nguyén ducng. Mit khéc, a® + b < 2p,nghialar = 1 vaa® + b% = p.
Dinh ly dugc ching minh.

2.2. Ching minh cua D.Tsagir

Phép chiing minh ctia nha toan hoc duong dai D.Tsagir 1am t6i hoan toan bat ngd: day 1a mot
diéu ky diéu khi ma két qua thu dugc tudng chiing nhu khong tir cdi gi. Sau day 1a cach chiing
minh do.

Ta hay xét phép bién ddi ma mdi bd ba sd nguyén duong (x; y; z) dudc dit tuong ing vdi ba sb
(x’; y'; 2') theo quy tac:

X' =x+4+2z,y =z,7 = y-x—z, néux < y—z (1)
x' =2y-x,y =y,2 =x—y +z, néuy-—z <x <2y ()
x'=x-2y,y‘=x-y +z,z = y trong cac trudng hgp con lai (3)

Ta ky hiéu phép bién ddi nay 1a B: B(x, y,z) = (x',y',2).
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Rit dé dang chitng minh ring phép bién ddi B giit nguyén dang x? + 4yz. Ta chiing minh diéu
nay, chang han cho trudng hop (1). Ta cé

X%+ 4y =(x+22)2 +4z(y —x —z) = x>+ dxz + 42° + dzy—dzx—4z% = x* + 4yz.

Trong cic trudng hop con lai, viéc kiém tra ciing don gian nhu vy. Cé nghia la néu nhu dbi véi
mot s& p nao d6 ta c6 dang thic x2 + 4yz = p, thi dang thic nay ciing gilt nguyén sau phép
bién ddi B.

Ta kiém ching rang phép bién ddi B 1a xoan, c6 nghia 1a néu 4p dung B hai lan, chiing ta sé
quay trd lai vi tri ban dau. Ta lai 1am diéu nay cho (1).

Véix < y-z,khidox' =2z +x,y =2,z = y—z—x,twddx' +x + 2z > 2z =2y’
va nghia la phai tinh B(x', y’, z’) theo cong thic (3): x” = x'-2y" = x 4+ 2z-2z = x;y” =
xX'-y' +z =x+2z-z+ y-x—z = y;z” = y’ = z. Cac trudng hop khac clng tuong tu.

Bay gio ta gia st rang p 13 s6 nguyén t6 dang 4n + 1. Khi d6, thi nhét, phuong trinh x2 +4yz =
p ¢6 it nhat hai nghiém:

x=1lLy=nz=1lvax=y=1,z=n.

Va, thi hai, phuong trinh nay c6 hitu han nghiém (nguyén duong!). Néu nhu gia st rang trong
cdc nghiém ctia phuong trinh nay khong c6 nghiém ma y = z (néu nhu c6 nghiém nhu vay thi
dinh ly dugc ching minh: p = x2 + (2y)?), ta thu dugc ring phép bién ddi B chia tit ci cic
nghiém thanh cac cip ((x, v, z), B(x, y, z)), néu nhu, tit nhién (x, y,z) # B(x, y,z). Ta thi
tim xem, c6 nhiing cip nhu vay khong, hay, nhu ngudi ta thudng néi, ton tai ching nhitng di€ém
bat dong ctia phép bién déi B.

Néu nhin vao céc cong thifc (1) — (3) ta sé dé dang nhan thiy rang nhiing diém bat dong ciia B
12 nhiing diém ma x = y. Nhung khi x = y > 1 thi phuong trinh x> + 4yz = p khong c6
nghiém (vi p khong chia hét cho y). Nghia 1a chi c6 1 diém bat dong duy nhat (1, 1, n). Tir tat
ca cac ly luan trén ta suy ra rang s6 nghiém cta phuong trinh x2 + 4yz = p la s6 1é: c6 mot
diém bat dong (1, 1,7n), con tit ci cdc nghiém khic dudc chia thanh tiing cip.

Nhung, ta lai c6 mot phép bién ddi nita, ta ky hiéu 1a J. J thay d6i chd y va z: J(x,y,z) =
(x,z,y). Phép bién ddi nay, tit nhién, ciing giit nguyén dang x2 + 4yz va ciing xoin. Ta thit
xem, nhitng b ba s6 nio (trong nhiing nghiém ctia phuong trinh x2 + 4yz = p) ducc J giit
nguyén, tic 1a nhiing b (x, y, z) sao cho J(x, y,z) = (x, y, 2).

Ta da gid st tif trude 12 y # z. Nhung khi d6 thi khong thé c6 diém bat dong! Nghia 1a tat
c4 cdc nghiém dugc chia thanh tiing cip. Nhu vy s6 cdc nghiém 1a chin. Nhung ta vita khang
dinh ring s6 nghiém 1a 18. Mau thuin. Nghia 13, chic chan phai ton tai nghiém ctia phuong trinh
x2 4+ 4yz = pma y = z, nhu thé p 1a tdng ctia hai binh phuong. Pinh ly dudc chiing minh.

2.3. Cach chitng minh thd ba

Céch chitng minh ctia Minkowsky, dudc sita ddi doi chiit, ma chiing ta sé néi dén day, sé con
lam chiing ta ngac nhién gip boi. Pang tiéc 1a cach ching minh nay khong so cip 1am, cu thé
13, ta can biét thé ndo 12 ellipse va cong thic tinh dién tich cia ellipse.

Tat ca bat dau tir mot két qua ctia Minkowsky ma tuéng chiing nhung khong cé lién hé gi véi
dinh ly Fermat-Euler

Dinh Iy 2.1. Cho a, b, va c la cdc s6 nguyén a > 0 va ac—b*> = 1. Khi dé phuong trinh
ax? + 2bxy + cy? = 1 c6 nghiém nguyén.
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Loi giai. Ta xét hé toa do Descartes vuong goc va cho trén dé tich vo hudng bang cong thiic
((x, ), (x", ") = axx" + bxy + bx'y + cyy’
Tich vo huéng nay cho ta “khodang cach” tir gbc toa do dén diém (x, y)
d((0,0), (x,7)) = V(x,y)(x,y) = Vax? + 2bxy + cy2.

Ta tim “khoang cich” ngin nhét tir gbc toa do dén mot diém khac (0, 0) nao d6 cta ludi nguyén
(m,n) (m va n 1a nhiing s6 nguyén). Ta goi khdang cich nay 1a d* va dat tai diém (m*,n*),
nhu thé

(am™*)? + 2bm*n* + (cn*)? = d*? (4)
Tap hop nhitng diém (x, y) clia mit phang thoa man bat dang thiic

ax?® +2bxy + cy*> < d*?

la mot ellipse. T cach xdy dung cua ta suy ra rang neu vi tu ellipse nay theo ty so 3 roi dua

ellipse “co” nay dén cac tAm nam trén cac di€ém nguyén (tinh tién) thi tit ca cac ellipse thu dudc
néu c6 cat nhau thi chi cat theo nhiing diém bién.

Dé dang thiy rang dién tich phan giao clia céc ellipse v6i tam gidc cé dinh & (0,0), (1,0) va
(1, 1) bang 1 nita dién tich ctia toan ellipse. Ma dién tich nay thi bang

n(ci*)Z det (Cl b) _ ﬂ(d*)z T[(d*)z

2y
b 1 (ac —b*) =

(ac — b?)

(chd khong so cip duy nhit!). Nhu vy, dién tich phan ma céc ellipse chiém trong tam giac bang
wd*?

A e s SR S
va day chi la mdt phan cua dién tich tam giac, bang o nghia la

rd*? 1 4

<-=d¥<—

8 2 b4
Nhung d*? 12 s6 nguyén duong. Nghia 1a d*? = 1 va tit d6 d* = 1! Pinh ly Minkowsky ducc
ching minh. [

Nhung két qué tuyét voi nay thi c¢6 lién quan gi dén dinh 1y Fermat-Euler? Lién quan truc tiép
day!

) e ox e v , -1 - . A
Ta biét tlt b6 dé Wilson rang sb b2 + 1, trong d6 b = (pT)' chia het cho p, dung khong?

A ox, 2 . ~ . , 2 p - 1 N b2 + 1
Bay gio ap dung dinh ly Minkowsky cho cicsoa = p, b = 5 I'vac = . Ta thu
a

dudc ring ton tai nhitng s6 nguyén m va n sao cho
1 = am? 4+ 2bmn + cn?
tu do
a = a*m® + 2abmn + (b*> + 1)n* = (am + bn)* + n*

Nhu thé (nhé lai rﬁng a=p)
p = (am + bn)* + n?

nghia 13 p 1a tdng ctia hai binh phuong. Va mot 1an nita dinh ly dudc chiing minh.
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MOT BAT DANG THUC THU VI

Nguyén Van Huyén
(Dai hoc GTVT, Tp. HCM)

Trong bai viét nhé nay tdc gid xin dugc gidi thiéu véi ban doc mét bdt ddng thiic
rdt thii vi, c6 thé phdt biéu & nhiéu dang khdc nhau.

Bai toan 1. Tim hdng sé k 1dn nhdt sao cho bdt ddng thiic
1 1 1 k

4>
2 pta” lab + bc + cal’

(1)

luén diing vdi moi s6 thue a, b, ¢ théa man abc # Ovaa +b + ¢ = 0.
(Nguyén Viin Huyén)
Loi giai 1. Tur gia thiét, tacé ¢ = —(a + b), nén
ab + bc + ca = ab — (a + b)* = —(a* + ab + b*) < 0.
Do d6 ta cé thé viét bat dang thiic (1) lai nhu sau

1 n 1 n 1 - k
a? b2 (a+b)? " a2+ab+ b2

Tir day cho @ = b, ta dugc k < Z]. Ta s& di chiing minh k., = & tic chiing minh

1 . 1 n 1 S~ 27
a? b2 (a+b)® ~ 4(a*+ab+b?)

Ap dung bit dang thitc AM-GM ta c6
3

a’> + ab + b* > Z(a + b)?,

nén
27 - 9

4(a% +ab + b?) ~ (a + b)*

Nhu vy dé hoan tat 13i gidi thi ta can chi ra
1 1 8

> -
a2 +b2 ~ (a+b)?

La mot bit dang thic ding vi

1 N 1 8 _(a—b)z(a2+4ab+b2)>0

a2 ' b2 (a+b)? a2b?(a + b)? -
Dang thic xay ra khi (a, b, ¢) lahoan vi ctia (¢, t, —2¢) va (—t, —t, 2¢) véi t > 0. Loi gidi ctia
ta dugc hoan tt. O
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Ldi giai 2. O day, ta sé chiing minh

1 1 L1 1 27
b2 c2_4|ab+bc+ca|

That vay, ta c6 bién d6i
1 1 1 27
—(ab+ b — > —, 1.1
@b+t (43 +5) 2 5 (11)
Via+b+c=0néna?+ b%+ c? = —2(ab + bc + ca), do dé (1.1) tuong duong

1 1 1 27
(a? +b2+c2)( b2+—)_ > (1.2)

Nhu vy, thay vi ching minh (1.1) ta sé chiing minh (1.2). Dat

a b ¢ a
U=—+-—-—+—-,v=—4+ -4 -,
c a b
ta thay
c+a a+b b+c
Uu+v= =-3
b c a

Ta can chitng minh
s s 27
u-—2v+v —2u—|—327,
hay
27
u2+v2—2(u+v)+327,

9
2 2. 7
u®-+v° = 7
Ap dung bét dang thic Cauchy-Schwarz, ta c6
2
2, 2 W+V)T 9
u®+v° = —2 7
Chitng minh hoan tt. [

Qua 2 10i gidi trén ta thay diy 12 mot bai todn kha dé va khong c6 gi dé€ ban vé nhiing ching
minh clia n6 vi chiing ta chi can st dung nhiing kién thiic co ban. Tuy nhién, ching ta hiy cling
dé y dén nhung phat trién tiép theo sau day.

Via+ b+ c =0nén
2(ab + bc + ca) = —(a* + b* + ¢?) <0,

nén (1.1) con mot dang tuong ducng sau

1 1 1 27
—2(ab+bc—|—ca)( B —I——) > ER
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Khai trién vé trai ra, ta dudc

a+b+c+a+b+c+ab+bc+ca< 27
b ¢ a ¢ a b 2 a2 b2 4’
ma ching ta da biét
c a b ¢

aybiegayhie g
b ¢ a ¢ a b 7

nén ta dudc
ab bc ca - 15

cte ey
va thu dugc bai todn mdi sau day.
Bai toan 2. Vdi ba sé thicc a, b, ¢ théa mdan dong thoi cdc diéu kién abc # Ovaa+b+c = 0.
Chitng minh rang

ab+bc+ca< 15 2

c2 a2 b2~ 4

(Nguyén Dinh Thi)

Loi gidi 1. Theo nguyén 1i Dirichlet trong ba s6 a, b, ¢ sé c6 hai s6 cling dAu, gia st hai s6 d6

laa, bkhidoab > 0.Patt = tasédII(jCO<t§Z.

ab
(a+b)2°
Bing mot s6 bién di nho, ta thiy
be  ca _ c(a®+ b?) _ + b)%(a? — ab + b?) _ 1 (l _3)
a? b2 a2b? a2b? t \t ’

nén bat dang thiic (2) dudgc viét lai nhu sau
1 (1 ) 15
t——(--3)<-=.
r \t 4

, 15 1
t? 4+ —-t—-+3<0.
4 !

hay

1
V10<t§Z,néntacé

4 t 4
Chiing minh hoan tat. O

15 1 1\ 15 1
ﬂ+—~z——+35(0 +—-—4=3=0.

Loi gidi 2. Taciing gia sit ab > 0, khi d6 thay ¢ = —a — b, vao vé trai ctia (2) va 4p dung bt
dang thic AM-GM, ta co
ab ~bc ca  ab b(a+b) a(a+b)
PR S Rl iy A R R
_ab a’> b*> a b
—m‘(ﬁ+;+z+a)

1 15
<- (242 =-——,
=;-C2+2 1

Chiing minh hoan tt. O
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Do a + b + ¢ = 0 nén ta c6 dang thiic quen thudc a® + b3 + ¢3 = 3abc. St dung két qua nay,
ta c¢6 bién d6i
a>  b* a4+

bec ' ca ' ab abc =3
dan dén
9_2(@+b_c+g) _ (£+b_2+£)2_2(@+b_c+z)
¢z a? b2 bc ca ab ¢z a? b2
a* b* ct
= p2c2 + c2q? + a?b?’
Mat khac
9_2(%+b_c+%) > 33
c2 a2 b2) T 2°
nén

a* b* ct - 33

b2c2 + c2a? + azh2 — 2
Via+b+c=0,néntacéthédita =x—y, b=y —z, c =z—x (véix, y, z 1a cdc sb
thuc) va c6 dugc mot bat dang thiic kha dep mat sau.

Bai toan 3. Cho ba sé thuc x, y, z théa man (x — y)(y — z)(z — x) # 0. Chiing minh rang

x—y)* —z)* z —x)* 33

(zy) - (yz) - (2) B 3)
(y—22Ez—-x)? (-xPk-y)? &-y)PHr-22" 2

(Vé Quéc Bd Cdn, Mongolia 2010)

Loi giai. Giadsitx > y > z. Ap dung bit ding thiic AM-GM, ta c6
X—z=x=y)+ -2 22/x-»0-2),

suy ra
N 4
C-0" .16
(x=y)32(y—2)
Nén dé chitng minh (3), ta chi can chitng minh
(x —y)* P S z)*
(y—2)2(z—x)  (z—x)*(x—y)?

1
> N
-2
tuong duong voi
— )4 _ )4 )2
=y 6= Z(z X)°
(y—2? (x—y) 2
Nhung theo bit dang thiic Cauchy-Schwarz, thi
(x —y)* Lo 2t =y’ + (-2
=27 (x=y?" -2+ x-y)?
=@ —y)?+y-27>
_ 2
L=y +y—2)
- 2
(z —x)?
2
Ding thiic xdy rakhia + b = 2¢, b + ¢ = 2a, ¢ + a = 2b. Chiing minh hoan tit. O
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Nhan xét. Ta c6 déng thitc

-2)2(z-x)2 2 2(x = »)2(y — 2)2(z — x)?

(x—y)* 33 (x+y—22)2(y +z—2x)%(z + x —2y)?
Z & = .

Ta con c6 mot két qua tuong tu

y—-22%z—x)? , —-x*x—»)? | x—»?*(y—2)*> _ 129
G-y T o-of T G-0F T 16

€))

Lai st dung dang thic a® + b> + ¢ = 3abc, ta bién ddi (2) nhu sau
ab bc ca 15
- <

atatp=7
b 1+1+1 - 15
abe | =+ —=+—=|<——

¢ ad )T 4

al+b3+c3 1+1+1 > 15
3 c3 a® b3)— 4°

tuong duong voi

1 1 1 45
I B N (L S NI N WS ]
@+ +C)(a3+b3+c3)_ 4

DPén day ddibiéna = x —y, b = y —z, ¢ = z — x ta c6 bai todn sau.
Bai toan 4. Véi x, y, z la ba sé thuc doi mét khdc nhau. Chitng minh rdang

1 1 1 - E
G-y T2 (z—x)3] =T

(Nguyén Vin Huyén)

[ =)+ =2+ (z = »)°] [ (4)

Loi Gidi. Pita=x—y, b=y —2z, c =z—xthia + b + ¢ = 0. St dung hing dang thiic
quen thudc

Py +2-3xyz=(x+y+2)x*+y*+ 22 —xy —yz —zx),
ta ducc a® + b3 + ¢3 = 3abc, va

2 1 p2 4 02)3
a*b® + b3c® + c3a® = 3a?b*c® + (ab + bc + ca)® = 3a*b?*c? — @ +b +c7) .

8
Ta dua bai todn vé chiing minh
2 L p2 4 2)3
9_3(a +b* 4 ¢?) <_£’
8a?b?c? - 4
hay
(a* 4+ b* + ¢?)® > 54a*b*c>. (4.1)

Thay a = —(b + ¢) vao (4.1) ta dugc
4(b% + bc + ¢?)® > 27b%c*(b + ¢)>.
Nhung diy 1a mot bit dang thifc ding vi
4(b% 4+ be +¢?)? —=27b%c*(b + ¢)*> = (b — ¢)*>(2b + ¢)*(2c + b)*> > 0.

Chiing minh hoan tit. U
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Quay tré (1.2) via+b+c =0néntadita =x—y, b=y —z, ¢ = z — x vaviét (1.2) lai
dudi dang

1 1 1 27
N2 N2 2 - 2!
=07+ =22+ ] [ S e 2
hay
( 2L 22 ) 1 n 1 A 1 - 27
X 5 — Xy —yz —zX —,
g rY e N e S CRE Cll Rl
va dan dén mot bai todn sau.
Bai todn 5. Cho a, b, c la cdc sé thuc doi mét khdc nhau, chitng minh rdang
1 1 1 27
24 p? 2_ab—bc— > —. 5
(@ +b*>+c*—a c—ca) (a—b)2+(b—c)2+(c—a)2 2 7 (5)
Loi giai. Gidsita > b > ¢, ap dung bit dang thic Cauchy-Schwarz, ta c6
1
a’> +b*>+c*—ab—bc—ca = 5[(a—b)2-|— (b—c)*+ (c —a)?]
1 —b+b—c)?
e
3 2
=fN (c —a)?,
va theo bat dang thiic AM-GM, thi
1 1 2 8 8
+ > > = .
(a-—b?> b—-c)? " (@a-byb—c)  (a—-b+b—-c)*? (c—a)
Nhan hai bit dang thiic nay lai véi nhau, ta dugc
1 1 1 27
2 2 2
b —ab —bc — > —.
(@ +b"+c"—a c ca)[(a—b)Z+(b—c)2+(c—a)2]_4
Chiing minh hoan tat. [
Nhan xét.
(1) Bai toan (5) 1a mot két qua manh hon ciia bat déng thiic ndi tiéng
(a2+b2+cz)|:(a—lb)2+(b—1c)2+(c—1a)2i|zg' (5.1)
(Pao Hai Long)

That vay vi

@—b)24+0b-—c)+(cc—a)Y+(@+b+c)?
3

< @—b2+B-c)?+clc—a)?

= 3 bl

a’?+b>+c? =

nén ta can ching minh

a@a—>b2+®B-c)+(c—a)? 1 1 1 9
{ 3 M(a—b)z+(b—c)2+<c—a)2]22’
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hay

2022 0.2 b b 1 1 1 ] 27
(@ +b"+c”—ab—bc Ca)[(a—b)2+(b—c)2+(c—a)2 > 7
Day chinh 12 bt ding thic (5).

(2) Ta c6 thé tdng quat (5) nhu sau

[a2 +b%+ ¢+ k(ab + be +ca)} [

(R B ]>9(2—k)
a@a-5b2 B-0c)2 (c—a)2|™ 4

vdi moi s6 thuc k thuéc (—1,2).
(Trdn Nam Diing, Hello IMO 2007)
Tir bat dang thiic (4.1) ta cho a? + b% 4 ¢2 = 1, ta sé dudc bai toan sau

Bai toan 6. Cho ba sé thuc a, b, ¢ théamdna + b + ¢ = 0va a®> + b? + ¢?> = 1. Chiing
minh rang

a’bh*c? < —.
54
(Ailen MO 2009)
Loi gidi. Pitp =a+b+c, ¢ = ab+bc +ca, r = abc, khai trién bét ding thic hién nhién
(a—b)*(b—c)*(c —a)* >0,

ta dudc
p2q* —4q¢> +2p(9q — 2p*)r —27r* > 0.

Dop=a+b+c=0,nén
—4qg° —27r* > 0,

hay
4(ab + bc + ca)® + 27a*b*c* < 0. (6.1)

Mait khac via + b + ¢ = O nén
a’+b>+c?>=(a+b+c)®>—2(ab + bc +ca) = —2(ab + bc + ca).
Bit dang thifc (6.1) ldc nay tré thanh
(a® + b* + ¢?)® > 54a%b*c>.
Theo gia thiét a® + b% + ¢ = 1, nén ta dudc

a’b?c? < —.
54
Bai toan dugc chiing minh. [

Bai todn 7. Cho a, b, c la ba sé thuc bdt ky. Chitng minh rdang
15
(a—bY’b—-c)Y+bB-c)c—a)’+(c—a)Y—->b)’+ T(a —b)*(b—c)*(c —a)* <.
(Bao Qian Liu, Nguyén Viin Huyén)
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Loi gidi. Pitx =a—b, y=b—c, z =c—athix + y + z = 0. Ta can chiing minh
15
By 4B 4+ szyzzz <0
Ta co
X393 49323 + 2353 = (xy + yz 4+ 2x)° = 3(xy + y2)(yz + zx)(zx + xy)
= (xy + yz + zx)° + 3x2y%22.

Bit dang thiic trd thanh
(xy + yz + zx)* + 27x%y%z2 < 0.

Dé thiy day chinh 1a bat dang thic (6.1), nén ta c6 diéu phai ching minh. Tuy nhién tac gi lai
mong mudn tim dudc mot 15i giai doc 1ap cho mdi bai toan, khi d6 nhiing dang phat biéu khéc
nhau ctia (1) méi ¢6 nhiéu y nghia.

Tir gi thiét ta c6 x2 = (y 4+ z)> > 4yz. Suy ra

4(xy + yz + zx) +27x2y22% = 4[xy + z(x + y)]® + 27x2y%2?
= 4(xy —z2)” +27- (xy)?- 22

22 3 222
| [ 27- (=) -z2
_(4 Z)+ (4) z

Dé thiy
z?2 3 z2\? 27 27
4 - 2 27 . J— . 2 = __ ., 6 . 6 = 0.
(4 Z)+ (4) T T
Piéng thifc xay rakhia + b = 2¢, b + ¢ = 2a, ¢ + a = 2b. Chitng minh hoan tit. O

Nhan xét. Tir chitng minh trén ta thiy

—4Y @—-b>3®—-c)®=15[[@a—b)>+[]@+b—20)>.

Thong qua mdi chudi cdc bai toan & trén ban doc chic han ¢ thé dong ddng ¥ véi tac gia ring
day 1a mot bat dang thifc hét siic thi vi, mot bai toan c6 thé phat biéu & nhiéu dang va quan
trong hon § dang do ta lai tim dugc 1 hodc 2 16i giai ddc 1ap v6i nhau. Giai duge mot bai toan la
diéu hét siic thi vi, nhung khi phan tich va phat hién ra dudc ngudn gbc, xuit xii clia bai toan d6
lai cang thi vi hon. Pén day, tdc gia xin tam ditng bai viét cia minh, mong rang ban doc ciing
sé tim dudc nhitng bai todn thd vi nhu bat dang thiic nay.
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VE HAI BAI HINH TRONG KY THI IMO 2015

Tran Quang Huiing
(Truong THPT chuyén KHTN, DH KHTN, Ha Noi)

Tém tat

Bai viét gidi quyét va dua ra cic y tudng md rong cting nhidu ting dung cho céc dé hinh hoc thi IMO nim 2015.

1. Bai hinh ngay thd nhét

1.1. Mé dau

Dé thi IMO ngay thd nhét nim 2015 [1] c6 bai hinh hoc nhu sau:

Bai toan 1. Cho tam gidc ABC nhon néi tiép duong tron (O) vdi truc tam H, duong cao AF
va M la trung diém BC. Puong tron duong kinh HA cdt (O) tai Q khdc A. Puong tron duong
kinh HQ cdt (O) tai K khdc Q. Chitng minh rang dudng tron ngoai tiép cdc tam gidc KHQ
va K FM tiép xiic nhau.

Lui giAi thit nhAt. Vé dudng kinh AE va QR ciia (0). L, N 1in luot la trung diém HR, QA.

Dé thay Q, H, M, E thang hang. Tt d6 suy ra ML || ER || QA va
ML =2ER=L104= N0
S22

nén NOQM L la hinh binh hanh. Do d6, LN 1 QA. Tu d6 ta dugc LA = LQ. Mait khac,
ML || QA nén ML tiép xic dudng tron ngoai tiép ALAQ tai L (1).

Ma
HA-HF = HK-HL =HQ-HM,

nén phép nghich déo tim H phuong tich HA - HF bién
M—>Q,L—K A~ F,Q+— M.
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Do d6 tir (1) két hop véi phép nghich d4o tAm H suy ra dudng tron ngoai tiép AKHQ, AKFM
tiép xtdc nhau. O

Loi giai thit hai. Goi AE 1a dudng kinh cta (O) va D d6i xing H qua BC thi D nim trén
(0).Dé thidy Q, H, M, E thang hang. Goi tiép tuyén tai K, H ctia dudng tron ngoai tiép tam
gidc KHQ cit nhau tai X.

Ta co

/KXH = 180° —2/KHX = 180° —2/KQH
= 2(90° — ZKQH) = 2(90° — ZKAE)
=2/AEK
= 2/KDH.

Lai c6 XK = XH, tii d6 X 13 tam ngoai tiép tam gidc KDH. Do BC 1a trung tric HD nén X
nam trén BC. Tir d6 theo hé thic lugng trong tam gidc vudng ta c6

XK? = XH?> = XF - XM.
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Hay XK Ia tiép tuyén chung ctia dudng tron ngoai tiép tam giac KQH va K FM hay hai duong
tron nay tiép xudc nhau tai K. O

Loi giai thi ba. Goi dudng thang qua M vudng géc véi QM cat K H tai D.

Goi L, Z la trung diém cia HQ, HK thi L, Z nam trén dudng tron Euler (N) ma M ciing
thudc (N) nén N la trung diém L D. N ciing la trung diém OH nén OD | LH L QA.

Tt dé c6 DQ = DA va
HA-HF = HQO-HM = HK - HD.
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K& tiép tuyén K T clia dudng tron ngoai tiép tam gidc KQH ta c6

/TKF = /TKH — /HKF = /KQH — ZHAD
= /HDM — (LQAD — ZQAH)
= /HDM — /QDM + /HMF
= /HMF — /QDH = /ZHMF — ZHMK
= /KMF.

Do d6 K T ciing 1a tiép tuyén ctia dudng tron ngoai tiép tam giac K FM. Bai todn dugc chiing
minh. [

Nhan xét. Bai toan nay 12 bai todn thif 3 ctia ngay thd nhét, dugc ddnh gid 1a mot bai kho. Tuy
viy mot bai toan ching minh hai dudng tron tiép xtic ma di c6 sin tiép diém thi mic do khé
chua cao vi vay xép 1a bai s6 3 1a hop ly. Loi gidi thit nhat 1a mot y tudng kha tu nhién khi c6 hai
dudng tron tiép xiic ta nghi téi viéc nghich ddo dé di chiing minh dudng thang tiép xic dudng
tron dé€ giam s6 luong dudng tron di. Loi gidi nay cing dudc nghi ra bsi Telv Cohl va Trinh
Huy Vu hoc sinh 16p 1241 Toan THPT chuyén KHTN, ban Vu da gitp tac giai trinh bay lai
16i giai ctia minh nhu trén. Cling c6 rt nhiéu 10i gidi khac nhau da dugc dé xuat. Loi giai thid
hai trén c6 y tudng thuan tdy hinh hoc rat thong minh 1a cta Jeck Lim, nick name oneplusone
trong [1], tac gia da chinh stta mot chuit cach dung diém X va bién ddi géc gon hon. Ldi gii thi
ba thuc chét xuét phat tir mot y tudng nghich dio trong khi téc gia trao ddi cia Ho Qudc Ping
Hung da dugc tac gia chinh stia lai gon hon, bé di cach trinh bay nghich ddo va 1am lai thuan
tdy hinh hoc. Trong 15i giai nay thi diém T khong can thiét nhung ta dung nhu vy cho dep. Bai
toan c6 nhiéu ting dung va md rong, phan sau chiing toi xin gi6i thiéu mot sd ing dung va mé
rong.

1.2. Khai thac bai toan IMO

Bai todn IMO 132 mdt cAu hinh dep, trong ciu hinh d6 ta sé con thiy rat nhiéu bai toan thd vi
khéc. Bai to4n dau tién ndy dudc tac gia tim ra mot cach tinh co khi dang cb giai bai toan IMO
st dung phuong phap dong dang trung tuyén.

Bai toan 2. Cho tam gidc ABC nhon néi tiép duong tron (O) vdi truc tam H, duong cao AF
va M la trung diém BC. Duong tron duong kinh HA cat (O) tai Q khdc A. Puong tron duong
kinh HQ cdt (O) tai K khdc Q. KQ cdt duong tron ngoai tiép tam gidc K FM tai N khdc K.
Chiing minh rang MN chia déi AQ.

Loi giai. Goi L, R 12 tdm ngoai tiép tam giac KQH va K FM thi L 1a trung diém Q H va theo
bai toan 1 thi K, L, R thang hang.
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Goi P 1a trung di€ém QA, ta sé ching minh M, N, P thang hang, that viy. Goi AE la dudng
kinh cta (0) thi Q, H, M, E thing hang. Tt d6 /KQH = /KAE nén hai tam giic vudng
KQH va KAE dong dang suy ra hai tam gidc KQ A va K HE ddng dang, ching c6 trung tuyén
la KP, KM nén ZQPK = ZQMK va ZQKP = ZHKM. Cing tu d6 ti giac QPMK ndi
tiép. Ta c6

ZCMN = ZQKF = ZQKL + ZLKM + ZMKF

=/KPM + Z/RMK + 90° — ZRMF
=90°— 4ZPMK + Z/ZRMK

=90° - /ZPMK + Z/RMK + 90° — ZRMF
= 180°— 4ZBMP = ZCMP.

Tit d6 M, N, P thang hang. Ta c6 diéu phai ching minh. O

Chinh nhd ¥ tudng clia bai toan nay cho ta mot cach nhin rat thu vi khi gidu di tiép diém & bai
toan goc nhu sau:

Bai toan 3. Cho tam gidc ABC nhon vdi truc tdim H, duong cao AF va M la trung diém
BC. Puong tron duwong kinh HA cdt HM tai Q khdc A. X thuéc BC sao cho XH 1L OM.
Goi L, P la trung diém QH, QA. Puing thing qua Q song song LX cdt MP tai N. Chiing
minh rdang duong tron ngoai tiép tam gidic NFM tiép xiic dwong tron duong kinh QH.

Loi giai thi nhit. Goi (0) 1a dudng tron ngoai tiép tam gidgc ABC. Goi AE 1a dudng kinh
cia (O) thi Q, H, M, E thang hang. Goi D dbi xiing H qua BC. Pudng tron (X, XH) cat
dudng tron (O) tai K khac D. Ta co

/XKH = Z/ZXHK =90° - ZKDH = 90° — /KEA = Z/ZKAE = Z/KQE,
tr d6 K H, K X tiép xiic dudng tron ngoai tiép tam gidc QK H. Lai c6

/KQH = /ZKHX =90° — /ZKHQ,
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nén ZQKH = 90°. K thudc duong tron duong kinh Q H nén
LX 1 KH 1 QK,

suyra QK || LX | ON nén K, Q, N thang hang. Tit tam gidc KQH va tam gidc KAE dong
dang suy ra KQ A va K HE dong dang, lai c6 trung tuyén tuong ting 1a K P, KM nén tam giic
KQP va KHM dong dang hay KQH va KPM dong dang. Lai c6

XK?> = XH?> = XM - XF,
suy ra XK tiép xiic dudng tron (R) ngoai tiép tam gidc K FM. Tit d6 K, L, R thang hang. Vay
ZLKQ = /ZLOK = ZKPM =90°— ZKHQ = 90° — ZPMK,

tir day dé suy ra ZKRM = 2/N.Tudé N thudc (R) hay (R) 1a dudng tron ngoai tiép tam gidc
NFM . Hién nhién (R) tiép xtic dudng tron dudng kinh Q H. Ta c6 diéu phai chiing minh. [

Loi gidi thit hai. Goi dudng tron dudng kinh QH cit (O) tai K khac A va D d6i xiing H
qua BC. Ching minh tuong tu bai todn gbc thi QF tiép xic dudng tron ngoai tiép tam gidc
KHD ma HX 1 QF nén tim ngoai tiép tam gidc K HD nim trén HX, lai c6 X thudc trung
truc H D nén tim ngoai tiép tam gidc K HD chinh 1a X viy XH = XK. Ma dé thiy XH tiép
xtic dudng tron ngoai tiép tam gidc QHK nén XK ciing vay. Tu d6 KH 1 LX 1 QK nén
QK | LX | ON.Tudé Q, K, N thang hang. Ta c6

/OKF + /FMN = /QKL + /RKM + /MKF + /FMP
=90°— /KHQ + /ZRMK + 90° — /ZRMF + /FMP
= 180°,

hay ti gidc NKFM noi tiép. Tit d6 dudng tron ngoai tiép tam gidc NFM tiép xic dudng tron

duong kinh QH. [

Ta lai ¢6 mot y tudng khac phat trién bai toan IMO nhu sau:

Bai toan 4. Cho tam gidc ABC nhon néi tiép duong tron (O) vdi truc tdm H va duong cao
AD. Puong tron duong kinh HA cdt (O) tai G khdc A. Puong tron duong kinh HG cdt (O)
tai K khdc G. S ddi xiing véi D qua HK. Chitng minh ring dwong thdng qua S vuéng géc SK
chia doi BC.

Lai gidi. Goi M 1a trung diém BC, ta sé chiing minh ring tam gidc K SM vuong tai S.
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That vay, theo bai toan IMO dudng tr(‘zn ngo}ai tiép tam gidc KGH va KDM tiép xic nhau tai
K. Goi T thudc BC sao cho K T la tiép tuyén cung cua hai duong tron do. Ta c6
/SKM = /SKH + Z/HKM = /ZHKD + /GHK — Z/GMK
=/HKT - ZDKT + Z/GHK — ZGMK
=/HGK + /GHK — ZKMD — Z/GMK = 90°— ZHMD
=/ZDHM.

Ciing theo chting minh bai toan gbc talai c6 TK va TH 1a tiép tuyén cta dudng tron ngoai tiép
tam gidc KGH va hai tam gidc TKD va TM K dong dang. Tir d6

KS KD TK TH HD

KM KM TM TM HM’

Tir d6 dé thiy tam gidac KSM va tam gidc HDM dong dang véi nhau nén ZKSM = 90°.
Chiing minh hoan tat O

Tir hai bai todn trén ta di dén phat trién sau:

Bai toan 5. Cho tam gidc ABC nhon néi tiép duong tron (O) véi truc tam H va duong cao
AD, trung tuyén AM. Puong tron duong kinh HA cdt (0) tai G khdc A. Puong tron duong
kinh HG cdt BC tai K khdc G. KG cdt dwong tron ngoai tiép tam giic KDM tai N khdc
K.KH cdt MN tai Q. Chiing minh ring QD = QM.

Lai gii thi nhat dudc tac gia dua ra dua trén két qua bai trudc:

Loi giai thit nhit. Goi S d6i xtiing D qua KH va KS cit MM tai T. Theo chiing minh bai
trude thi M N di qua trung diém P cta GA nén

/QHM = /GHK = /KMQ.
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Tudé LZOMH = ZQKM. Vay

/HKD = 90° — ZHMD — ZHKM = 90° — ZQMD.
Tu dé

/KSD =90°— /SKH = 90° — /ZHKD = ZQMD,

suy ra td giac STM D ndi tiép. Theo bai trude thi ZTSK = 90°. Tir day suy ra ZTDM = 90°
hay T thudc AH.

Cing tt ZHKD = 90° — ZQMD = /MTD nén ti gidc KTQD ndi tiép, ta thu dugc
/DOM = /TKD hay hai tam giac QDM va KDS dong dang hay QD = QM. [

Loi gidi thit hai 13 chitng minh truc tiép ctia ban Trinh Huy Vi:

Loi giai thit hai. Vé duong kinh AR, GE cta (0). Goi I 1a trung diém GA. Tir két qua bai
trude ta da c6 I nam trén dudng thang M N. Goi X 1a trung diém HE. Ta c6 két qua quen thudc
G, H, M, R thang hang. T d6 suy ra M X | GA va

MX:%RE:%-GA:IA:IG,

viy AIM X, IGM X 1a c4c hinh binh hanh. Do d6 AX || MI va XI 1 GA.Nén XA = XG.
Goi M cat AD tai J. Liy U dbi xting A qua X.

Do XA = XG suy ra ZAGU = 90°. Do d6 U ndm trén dudng thang HM. Vay K H chia doi
MJ do MJ || AU va KH chia doi AU tai X.
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Suy ra Q la trung diém ctia M J, két hop v6i ZJDM = 90°, ta suy ra tiép QD = QM. Bai
toan dugc chiing minh. 0

Tur d6 néu ta st dung két qué bai nay thi ban Vi lai dua ra mot 16i giai khéc cho bai todn trudc
nhu sau:

Loi giai bai trude. Ta van st dung cac ki hiéu nhu 15i gidi thit hai & trén.

Tit bai toan nay ta suy ra Q la tAm ngoai tiép tam giac DM S. Suy ra
1
/ZDSM = EADQM .

Ta co
1 1
HK-HX=HK-EHEzHG-EHR:HG-HM = HA-HD.
Suy ra tif gidc AXDK noi tiép. Do d6 ta c6
/KSD = ZKDS =90°— /DKH = 90° — /DAX

1
=90°—ZDJM = 90° — 5 ZDOM
=90°—-4ZDSM.
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Vay ZKSM = ZKSD + ZDSM = 90°. [
Néu sit dung thém dinh ly con buém ta cé hai khai thac sau:

Bai todn 6. Cho tam gidc ABC nhon vdi tdm ngoai tiép O vdi truc tdm H, duong cao AD va
trung tuyén AM. G la hinh chiéu cia A lén HM. L la trung diém HG. K déi xiing véi G qua
OL. KL cdt trung truc DM tai S. KG cat BC tai T. Ldy X thuoc MK saocho TX 1 ST, Y
doi xing X qua T. P la trung diém AG. Chitng minh rang KG, YD, MP dong quy.

Ta ciing c6 th€ phat bi€u bai toan trén cach khéc, va nd cling ¢6 nhicu gid tri.

Bai toan 7. Cho tam gidc ABC nhon véi tdm ngoai tiép O vdi truc tam H, duong cao AD va
trung tuyén AM. G la hinh chiéu ciia A lén HM. L la trung diém HG. K déi xiing véi H qua
OL. KL cdt trung truc DM tai S. P la trung diém GA. N la doi xvng ciia M qua hinh chiéu
ciia S 1én MP. NG cdt BC tai T. Ldy X thuoc ND sao cho XT L ST. Y débi xiing véi X qua
T. Chitng minh ring cdc dwong thang MY, NG, KL dong quy.

Nhu viy tif mo6 hinh bai todn gdc ta da thu dudc mot sd bai toan khac nhau déu la cac két qua
dep va c6 gia tri.

1.3. M@ rong bai toan IMO

Bai toan IMO nay 12 mot bai toan hay theo nghia c6 nhiéu phat trién md rong. Trong [1] ciing
dua ra nhiéu md rong nhung trong bai viét nay toi chi viét v& cdc md rong clia minh, ta di téi

md rong dau tién nhu:
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Bai toan 8. Cho tam gidc ABC nhon néi tiép duong tron (O). P la mot diém trong tam gidc
sao cho ZBPC = 180° — ZA. Gid sit PB, PC cdat CA, AB ldan luot tai E, F. Puong tron
ngoai tiép tam gidc AEF cdt (O) tai G khdc A. Puong tron duong kinh PG cdt (O) tai K
khdc G. D la hinh chiéu ciia P lén BC va M la trung diém BC. Chiing minh rdang duong tron
ngoai tiép cdc tam gidic KGP va K DM tiép xiic véi nhau.

Loi gidi. Goi O 1a dbi xting ctia P qua D, thi Q nam trén (O). Goi GP cat (O) tai N khac G.
Ta thiy
/ZNPC = /ZFPG = /FAG = ZBNP,

suyra BN || PC. Tuong tu, CN | BP.

Tt d6 M 1a trung diém ctia PN. Goi AS, NR 1a dudng kinh ctia (O). Ta dé thiy ZPQN = 90°
viynén P, Q, R thang hang. Tit d6, GN la tiép tuyén ctia dudng tron ngoai tiép tam gidc KPQ.
Goi tiép tuyén tai K, P cta duong tron ngoai tiép tam gidc KP G cit nhau tai 7. Ta c6

ZKTP =180°—2/KGP =2(90° — ZKRN) =2/RNK =2/KQP,

va TK = TP. Ti d6 T 1a tAm ngoai tiép tam giac KPQ nhung vi BC 1a trung truc PO nén T
thuoc BC. Do d6 TK? = TP?> =TD -TM.

Suy ra TK 1a tiép tuyén chung ctia dudng tron ngoai tiép cic tam giac KDM va tam giic
K HM, hay hai dudng tron d6 tiép xidc nhau tai K. O

Nhan xét. M rong trén 1an dau dudc tic gidi ding trong [1] va sau d6 tac gia ciing chinh sira
lai cho ngin gon hon nhu trén. Khi cho P 1a truc tam hoic khi cho géc A dic biét ta sé thu dudc
nhiéu trudng hop riéng gid tri. Mot cach nhin khac dé dang hon khi dé thay P 1a truc tAm tam
gidc RBC nén ta ap dung truc tiép bai todn gbc trén tam giac RBC thi thu bai toan trén. Sau
day la mot mé rong khac cia tdi cho bai toan nay.
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Bai toan 9. Cho tam gidc ABC néi tiép duong tron (O). P la diém thuéc cung BC khong
chita A. AP cdt BC tai D. Q déi xiing véi P qua D. Puong tron duong kinh AQ cdt (O)
tai G khdc A. Puong tron dwong kinh GQ cdt (0) tai K khdc G. GQ cdt dwong thing qua
O song song vdi AP tai M. Chitng minh rdang duong tron ngoai tiép cdc tam gidc KGQ va
K DM tiép xiic véi nhau.

Loi gidi. Goi GQ cit (0) tai S khac G, do ZAGQ = 90° nén AS la dudng kinh ctia (O). Do
OM || AP va O la trung diém AS nén M la trung diém QS. Ta d6 DM || PS L PA nén
DM 1a trung truc PA. Lai co

/KQG =90° — /KGQ = 90° — /ZKAS = ZASK = LQPK.

Tt d6 GS tiép xtic dudng tron ngoai tiép tam gidc KQP. Goi tiép tuyén tai K, Q ctia dudng
tron ngoai tiép tam gidc GK Q cit nhau tai 7. Ta c6

/KTQ =180° —2/KGQ =2/KQG = 2/KPQ.

Tut d6 T 1a tAm ngoai tiép tam gidc K P Q. Ta da chiing minh DM 1a trung tric PQ nén T thudc
DM. Tu day ta c6
TK>*=TP>=TD-TM,

suy ra TK 1a tiép tuyén chung clia dudng tron ngoai tiép cic tam gidc KGQ va KDM hay hai
dudng tron d6 tiép xiic nhau tai K. U

Nhan xét. M3 rong nay kha quan trong vi né dua trén mot mo hinh rat gidng bai toan gbc. Do
d6 nhitng ng dung ctia bai todn gbc déu c6 thé phat trién trén mo6 hinh nay. Tuy nhién ta ciing
c6 thé c6 cai nhin don gian hon khi kéo dai trung truc PQ cat (O) tai hai diém Y, Z thi Q 1a
truc tAm tam gidc AY Z nén 4p dung bai todn gbc IMO vao tam gidc AY Z. Ta thu dudc bai todn
nay. Mot céach tuong tu cic ban c6 thé 1am véi md rong sau:
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Bai toan 10. Cho tam gidc ABC c6 P la hai diém trong tam gidc. X, Y, Z la déi xiing ciia
P qua BC, CA, AB. PX cat duong tron (Q) ngoai tiép tam gidc XY Z tai T khdc X. Duong
tron duong kinh PT cdt (Q) tai G khdc T. Puong tron duong kinh PG cdt (Q) tai K khdc
G. D, M la hinh chiéu ciia P, Q lén BC. Chiing minh rang duong tron ngoai tiép tam gidc
KDM va KPG tiép xiic nhau.

Nhu viy qua hai bai toan trén c6 thé thiy bai todn IMO gbc van déng mot vai tro rit quan trong,
khi 4p dung bai todn d6 vao cac mo hinh khic nhau sé cho ta nhiéu bai toan phat trién mdi rat
thu vi.

Ta tiép tuc di t6i mot s khai thac cia bai todn tdng quét gidng nhu céc khai thac clia bai toan
IMO.

Bai toan 11. Cho tam gidc ABC noi tiép duong tron (O). P la diém thuéc BC khong chita
A. AP cdt BC tai D. Q dbi xiing véi P qua D. Puong tron duong kinh AQ cdt (O) tai G
khdc A. Puong tron dwong kinh G Q cdt (0) tai K khdc G. GQ cdt duong thing qua O song
song vdi AP tai M. KG cat duong tron ngoai tiép tam gidc K DM tai N khdc K. Chiing minh
rdng M N chia déi GA.

Loi giai. Goi AE la dudng kinh cuia (O).

Chitng minh tuong tu bai todn 1.9 tacé G, Q, M, E thang hang va M 1a trung diém QFE. Tu
d6 dé c6 cac tam gidc vuong KG Q va KAE dong dang, suy ta gidc KGQ va KQE dong dang.
Goi R 1a trung diém GA thi hai tam gidc KGR vda KQM dong dang. Tir d6 dé thiy ti gidc
KGRM ndi tiép. Ta c6

ZDMN = 180°— ZDKN = 180° — (/GKS + ZTKM + /MKD)
= 180° — (90° — ZKMR + ZTMK + 90° — ZTMD)
= /ZDMR.
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Tit d6 ta cé6 M, N, R thang hang. O

Bai toan 12. Cho tam gidc ABC ndi tiép duong tron (O). Gid sit P la diém thuéc cung BC
(khong chita A). AP cdt BC tai D. Q débi xiing véi P qua D. Puong tron duong kinh AQ cdt
(0) tai G (khdc A). GQ cdt duong thdng qua O song song vdi AP tai M. Puong thing qua
O vuong goc GM cit DM tai T. S, R ldn luot la trung diém ciia GQ, GA. Puong thing qua
G song song ST cat MR tai N. Chiing minh rdng dwong tron ngoai tiép tam gidc MND tiép
xuc duong tron duong kinh G Q.

Ta con xay dung thém cac md hinh khéac ntra cho bai toan IMO.

Bai toan 13. Cho tam gidc ABC vuéng tai A. P la mét diém trén BC. Puong tron duong
kinh BP cat duong tron (K) ngoai tiép tam gidc AP C tai Q khdc P. Goi M, N la trung diém
cua BC, AB

(a) Chitng minh rdng duong tron ngoai tiép tam giic QM N va QPB tiép xiic nhau.

(b) Goi PQ cdt duong tron ngoai tiép tam giic QM N tai R khdc Q. MR cdt duong thing
qua P vuoéng goc BC tai S. Chiing minh rang K S || BC.

(¢) Goi T doixiing N qua BQ. Chitng minh rang ZQTM = 90°.
(d) Goi BQ cat ST tai L. Chiing minh rang tam gidc LM N cdn.

Loi gidi. Goi AB cat (K) tai X khac A vi M N ciat (K) tai Y, Z. Dé thay B la truc tim tam
giac XY Z.
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Ap dung céc bai toan da xay dung cho tam gidc XY Z truc tim B ta thu dudc diéu phai ching
minh. [

Ta lai stt dung cich da 1am d€ giau di tiép diém ta thu dudc bai ton thd vi sau:

Bai toan 14. Cho tam gidic ABC vuéng tai A. M, N la trung diém BC, AB. Mot dudng
thing vuong géc BC tai P cdt AB tai X. S, T la trung diém PB, PX. Ldy diém L thuoc MN
sao cho BL 1. BC. Ldy R thuéc M T sao cho PR || LS. Chitng minh ring duong tron ngoai
tiép tam gidc RM N tiép xiic duong tron dwong kinh PB.
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Ngoai ta téi con thu dudc mot bai toan tdng quat kha la rat thi vi nhu sau:

Bai toan 15. Cho tam gidc ABC noi tiép duong tron (O). Puong tron (K) di qua B, C cdt
CA, AB tai E, F. BE cdt CF tai H. Puong tron ngoai tiép tam gidc AEF cdt (O) tai G khdc
A. Buong tron duong kinh HG cdt (O) tai L khdc G. D la hinh chiéu ciia K lén AH. GK cdt
BC tai M. ML cdt KD tai N. Chiing minh rang cdc duong tron ngoai tiép tam gidc LHG va
LDN tiép xiic nhau.

Mt khac bai todn gbc van con nhiéu phat trién va mé rong khéc cdc ban hay luyén tip cac bai
sau:

Bai toan 16. Cho tam gidc ABC ndi tiép duong tron (O) cé duong kinh AD. M la mot diém
trén BC. MD cdt (O) tai G khdc D. Q la doi xiing ciia D qua M. Duong tron dwong kinh
OG cdt (0) tai K khdc G. N la hinh chiéu ciia M lén AQ.

(a) Chiing minh rang duong tron ngoai tiép tam gidic KM N va KQG tiép xiic nhau.

(b) Goi KG cdt duong tron ngoai tiép tam gidic KM N tai P khdc K. Chitng minh rang M P
chia doi AG.

(¢) Goi R dbi xing N qua QK. Chitng minh rang Z/KRM = 90°.
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Bai toan 17. Cho tam giic ABC c¢6 /A = 60° va ni tiép duong tron (O). Puong cao
BE, CF cat nhau tai H. M la trung diém cung BC chita A. Gid sit MH cdt (O) tai N (khdc
diém M). Puong tron duong kinh HN cdt (O) tai K khdc N. P la dbi xiing cia H qua EF
va Q la trung diém HM.

(a) Chitng minh rdang duong tron ngoai tiép cdc tam gidc KPQ va KH N tiép xiic nhau.

(b) Goi KN cdt duong tron ngoai tiép tam gidc KPQ tai L khdc K va R la trung diém cung
BC khéng chita A. Chitng minh rang QL chia doi KR.

(¢c) Goi Z ddi xitng P qua K H. Chitng minh rang /K ZQ = 90°.

Loi giai. Goi S, T dbi xtiing H qua F, E va MR 1a duong kinh cta (O). Tt ZBAC = 60° ta
thiy H 1a truc tAm tam gidc RST. Tt d6 ap dung céc bai toan da biét trén tam giac RST.

A M

Ta thu dudgc diéu phai chiing minh. O
Bai toan 18. Cho tam gidc ABC néi tiép duong tron (O) tdm néi tiép I. Puong tron A-
mixtilinear tiép xiic (O) tai P. Duong tron duong kinh PI cdt (O) tai K khdc P. N la trung
diém AI va trung truc Al cdt PI tai M.

(a) Chiing minh rdang duong tron ngoai tiép cdc tam gidic KM N va KP1 tiép xiic nhau.

(b) Gid sit KP cdt duong tron ngoai tiép tam gidc KM N tai L (khdc diém K). Al cdt (O)
tai D khdc A. Chitng minh rang M L chia déi PD.

(c) Goi Q doi xitng N qua K 1. Chiing minh rang ZKQM = 90°.
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Bai toan 19. Cho tam gidc ABC nhon néi tiép duong tron (O) cé duong cao BE, CF. K, L
doi xiing O qua CA, AB. KE cat LF tai H. T thuoc trung truc BC sao cho HT | OA. M
la trung diém AT. MO cdt tiép tuyén qua A ciia (O) tai N. Puong thing qua N song song OA
cdt duong thing Euler ciia tam gidc ABC tai P.G la hinh chiéu ciia T lén NH. Q la trung
diém HG. S doéi ximg G qua PQ. TH cdt AN tai D.

(a) Chitng minh rdang duong tron ngoai tiép cdc tam gidc SDN va S GH tiép xiic nhau.

(b) Goi GS cdt dwong tron ngoai tiép tam gidc SDN tai R khdc S. Chitng minh rang NR
chia doi TG.

(c) Goi W dbi xiing véi D qua SH. Chiing minh ZSWN = 90°.
Cudi cung 12 mdt mo6 hinh mé rong da c6 trong [1] dudc tim ra bdi ban Trinh Huy Vii.

Bai toan 20. Cho tam gidc ABC néi tiép duong tron (). Mot duong tron (D) bdt ki di qua
B, C citCA, AB tai E, F. Dung duong kinh AP clia dwong tron ngoai tiép tam gidc AEF. K
la hinh chiéu ciia D trén AP. Puong tron ngoai tiép tam gidc AEF cdt (O) lan thit hai tai G.
DPuong tron duong kinh GP cdt (O) ldn thit hai tai J .

(a) Chitng minh rdang duong tron ngoai tiép tam gidc JGP va JK D tiép xiic nhau.

(b) Pdt JG cdt duong tron ngoai tiép tam gidc JKD ldn thit hai tai M. Chitng minh rdang
DM chia doi GA.

(c) Goi L dbi xitng K qua JP. Chiing minh rang ZJLD = 90°.

2. Bai hinh ngay thua 2

2.1. Mé dau
Pé thi IMO ngay thit hai nim 2015 [2] c¢6 bai hinh hoc rét thd vi nhu sau.

Bai toan 21. Cho tam gidc ABC ndi tiép duong tron (O). Puong tron (A) tdm A cdt BC tai
D, E vacdt (0) tai G, H sao cho D nam gita B, E va tia AB nam giita tia AC, AG. Puong
tron ngoai tiép tam gidc BD G va CE H ldn luot cit AB, AC tai K, L khdc B, C. Chitng minh
rang GK va HL cdt nhau trén AO.
Toi xin trinh bay 16i giai cia minh cho bai toan nay.
Loi gidi. Goi GK cat LH tai X ta dé thiy AO 1a trung truc GH. Ta chi can ching minh X
thuodc trung truc GH 12 bai todn hoan tat, that vay. Ta thiy
/EHC = /GHC — /GHE = 180° — Z/GBD — /GDB = /BGD.
Tu do
/XGH = /XGD — Z/HGD = /KBD — ZHEC

= 180° - (/GBA + /BGD + /BDG)— ZHEC

=180°-(L/HCA+ /EHC + ZEHG)—- Z/HEC

=/ACB - /GHE = /XHE — /GHE

= /XHG.
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Tir d6 tam gidc XGH can ta c6 diéu phai chiing minh. [

Nhén xét. Bai todn nay 1a bai todn thi 4 cla ngay thi hai duge danh gid 1a bai 6 mdc do dé. Loi
giai dung céc ky thuat cong géc rat co ban. Pay 1a bai toan dep, cau hinh khong phic tap ma
don gian, c6 rit nhiéu y nghia trong kiém tra danh gia ciing nhu phat trién tu duy. Bai todn ciing
c6 mot s6 md rong va ting dung, ching ta hiy theo doi & phan sau.

2.2. MA@ rong va khai thac

Dau tién ta thly c6 thé thay thé dudng tron tim A thanh mot dudng tron tAm bat ky trén dudng
thang AO bai toan c6 15i gidi hoan toan tuong tu. Ching ta di vao mot md rong khac ¢é y nghia
hon.

Bai todn 22. Cho tam gidc ABC néi tiép duong tron (O), duong cao AD.. (A) la duong
tron bdt ky tam A. Goi E, F la hai diém thuéc (A) sao cho E, F déi xiing qua AD va tia
AE ndm giita AB, AF. Puong tron (A) cdt (0) tai G, H sao cho tia AB ndam giita tia
AG, AC. CE, BF ldn luogt cat duong tron (A) tai P, Q khdc E, F. Puong tron ngoai tiép
tam gidc BPG va CQH lan luot cit BA, CA tai K, L khdc B, C.. Chitng minh rang GK va
HL cdt nhau trén AO.

Lui gidi. Trudc héttacé EF | BC nén LQPE = /EFB = /FBC.
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Tt d6 td giac PO CB ndi tiép. Lai c6
/EHC =180° — Z/GBC — /GHE
= 180° — /GBP — /PBC — /GFE
= /BGP + /GPB — (180° — /BPC — Z/PCB) + 180° — Z/GPE
= /BGP + /FEC = /BGP + /PGF

= /ZBGF.
Tur do
/LHGX = /HGP — Z/PGK = ZHEC — ZPBK ()
=/HEC — (L/GBF — Z/GBA — ZPBF), '
tuong tu
/GHX = /GFB —(L/HCE — ZHCA — ZQCE). (2).
Lai dé ¢c6 /GBA = /HCA, /PBF = /QCE va /BGF = /ZCHE nén
/ZGBF + /GFB = /ZHEC + ZEHC.
hay
LHEC — ZGBF = Z/GFB - ZEHC. (3)
Tu (1), (2), 3)tadé suyra ZHGX = /GHX. ]

Nhén xét. Bai toan téng quat van diing khi thay thé dudng tron (A) thanh dudng tron bat ky tam
thudc OA vé6i cach gidi bién ddi goc tuong tu. Ta dé y k¥ 1a trong 18i gidi nay ciing nhu 16i giai
bai todn gdc thi viéc bién d6i goc d€ chira ZEHC = /FGB 1a mot budc quan trong.

C6 thé thiy ring thuc chét viec G, H nidm trén (O) cling khong miy quan trong, ta di téi bai
todn tong quat hon nhu sau.
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Bai toan 23. Cho tam gidc ABC ndi tiép duong tron (0), duong cao AD. (A) la duong tron
bdt ky tam A. Goi E, F la hai diém thuéc (A) sao cho E, F doi xiing qua AD va tia AE nam
giita AB, AF. Trén duong tron (A) ldy hai diém G, H sao cho GH 1 OA déng thoi tia AB
nam giita tia AG, AC. Goi CE, BF ldn luot cdt duong tron (A) tai P, Q khdc E, F. Puong
tron ngoai tiép tam gidc BP G va CQH ldn luot cdt BA, CA tai K, L khdc B, C. Chiing minh
rdng GK va HL cdt nhau trén AO.

Hon nita ta c6 thiy trong bai todn trén ta c6 thé thay dudng tron (A) thanh mot dudng tron bat
ky c6 tim trén OA. Tir d6 ta nghi rang ta c6 thé thay dudng thang OA thanh trung truc ctia mot
day cung cua (0), ta lai c6 bai toan sau.

Bai toan 24. Cho 1t gidc XY BC néi tiép duong tron (0O). (A) la duong tron bdt ky tdm voi
tam A thuoc trung truc XY. D la hinh chiéu cia A lén BC. Goi E, F la hai diém thuéc (A)
sao cho E, F déi xing qua AD va tia AE ndm giita AB, AF. Trén duong tron (A) ldy hai
diéem G, H sao cho GH 1 OA déng thoi tia AB nam gita tia AG, AC. Goi CE, BF lan luot
cdt duong tron (A) tai P, Q khdc E, F Duong tron ngoai tiép tam gidc BPG va CQH ldn
lugt cdt BY, CX tai K, L khdc B, C. Chitng minh rang GK va HL cdt nhau trén AQ.

Nho d6 ta c6 thé c6 nhiéu cach khai thac bai toan, ssu ddy chiing toi trinh bay mot sd khai thac
trén mo hinh bai todn nay.

Bai toan 25. Cho tam gidc ABC ndi tiép duong tron (O). Puong tron (A) tdm A cdt BC tai
E, Fvacdt (0)tai G, H sao cho E ndm gifta B, E va tia AB nam giita tia AC, AG. GH cdt
duong tron ngoai tiép cdc tam gidic BEG va CFH lan lugt M, N khdc G, H. Goi GE, HF
lan lugt cat BM, CN tai P, Q. Goi ME, GB lan lugt cat NF, HC tai S, T. Chiing minh
rang ST chia déi PQ.
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Loi gidi. Theo chiing minh bai to4n gbc ta da chira /BGE = ZCHF.
A

Tu do6 co
/FNH = /FNC + /CFH = /FHC + Z/CFH
=/EGB + /ZEGM = Z/BGM
= /LMEF.
T d6 td giac M N FE noi tiép. Dé thiay
/HNC = /HFC = ZEGH = ZMBE,
suy ra ti gidc BM NC noi tiép.

Goi (K), (L) 1a dudng tron ngoai tiép tam gisc BEG va CFH thi tif céc ti gidic EMNF va
BGHC noi tiép ta suy ra ST 1a truc dang phuong ctia (K) va (L).

Talai c6 ZGEB = /GMB = /NCB nén GE | NC, tuong ti HF | MB. Goi BM, GE lan
lugt cit CN, HF tai U, V thi PUQV la hinh binh hanh nén UV chia déi POQ.

Ciing tit cdc tif gidlc BMNC va GEFH ndi tiép ta suy ra U, V ciing thudc truc ddng phucng
cua (K), (L)1a ST.

Vay tir d6 ST chia doi PQ. O
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Mot cach hoan toan tuong tu, ta thu dugc mot bai toan chia doi doan thﬁng thud vi trén mo hinh
bai todn tdng quat.

Bai toan 26. Cho tam gidc ABC ndi tiép duong tron (0O), duong cao AD. (A) la duong
tron bdt ky tdim A. Goi E, F la hai diém thuéc (A) sao cho E, F dbi xiing qua AD va
tia AE ndm giita AB, AF. Puong tron (A) cdt (O) tai G, H sao cho tia AB nam giita tia
AG, AC. CE, BF lan luot cdt duwong tron (A) tai P, Q khdac E, F. GH cdt duong tron ngoai
tiép tam gidc BPG va CQH lan luot tai M, N. MP, GB lan luot cat NQ, HC tai S, T. Ldy
cdc diém U, V trén dwong thing MB, NC sao cho UG | NC va VH || MB. Chiing minh
rang ST chia doi UV.

Néu biét st dung phép nghich dao cac ban c6 thé 1am thém bai toan sau dé luyén tap.
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Bai toan 27. Cho tam gidc ABC noi tiép duong tron (O). Puong tron (A) tdim A cdt BC
tai E, F va cdat (0) tai G, H sao cho E nam giita B, F va tia AB nam giita tia AC, AG.
Puong tron qua H, C tiép xiic HA cdt CA tai Q khdc C. Puong tron qua G, B tiép xiic GA
cdt AB tai P khdc B. Puong tron ngoai tiép tam gidc GPE va HQF cdt AB, AC tai M, N
khdc P, Q. Chiing minh rdang bdn kinh ngoaqi tiép hai tam gidc AGM va AHN bdng nhau.

F

3. Két luan

Ky thi IMO nim nay lai tiép tuc c6 hai bai hinh 1an ludt & vi tri s6 3 va sb 4. Hai bai todn hinh
hoc thi IMO nim nay déu 14 c4c bai toan hay c6 gi4 tri cao. Ngoai viéc dua ra nhiitng mé rong
khéc nhau bai viét con c6 ting dung céc bai todn thi nay vao nhiing bai todn chia d6i doan thang
dep mét. Ciing tlt bai toan chia doi doan thang clia ngay thit nhét ta thu dugc mot cach phat bicu
thd vi vé& hai dudng tron tiép xiic nhau tif cic cach phat biéu méi thu dudc lai ¢6 thé ing dung
phat biéu cho bai toan téng quat thi hai, diéu nay 1am ting su hip din cho bai toan thi. Bai todn
chia doi doan thang trong phat trién ngay thi hai cling khong kém phan thd vi, d6 1a su két hop
ting dung ctia truc dang phuong va hinh binh hanh. Hai bai ton hinh ctia ky thi nim nay dep va
c6 tinh gdi md va phat trién cao, rat xing dang 1a dé bai thi IMO.

Cubi cung tac gid mudn dugc néi 18i cdm on t6i ban Trinh Huy Vi hoc sinh 16p 1241 Toan
THPT chuyén KHTN hoc tro ciia tac gia, ngudi di c6 nhiéu dong goép cho bai viét va gidp tic
gia chinh stta mot s6 16i trong bai viét.
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Tai liéu tham khao

[1] Topic Problem 3.

http://www.artofproblemsolving.com/community/
c6t48f6hl1112748_problem3

[2] Topic Problem 4 :

http://www.artofproblemsolving.com/community/
c6t48f6ohl1113163_problem_4
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Tap chi onli ong dong
hitng nguoi toan

MG RONG CAC BAI TOAN HINH HOC BANG
PHEP QUY NAP

Nguyén Van Linh
(Hé Ngi)

1. Mé dau

Quy nap la mot phuong phap quen thudc trong todn hoc. N6 cho phép ta rit ra quy luét tdng
quét dua trén nhiing trudng hop riéng. C6 thé st dung phép quy nap d&€ md rong rat nhiéu dinh
ly hinh hoc, xay dung céc dinh nghia mdi.

Trong bai viét ndly, tac gia xin gidi thiéu t6i ban doc mot s6 dinh 1y hinh hoc hay ciing nhu nhiing
tim toi cua tac gia khi st dung phép quy nap trong hinh hoc.

2. M6t s6 vi du

Chiing ta bat dau tit mot dinh ly quen thudc vé diém Miquel:

Trén mit phang cho 4 dudng thang cit nhau tao thanh 4 tam giac. Khi d6 dudng tron ngoai tiép
4 tam giac dong quy tai mot di€ém goi 1a diém Miquel ctia 4 dudng thang.

Migquel ciing chiing minh trong trudng hop 5 dudng thang rang:

5 diém Miquel ctia mbi bd 4 trong 5 dudng thang cling nam trén mdt dudng tron, goi 1a dudng
tron Miquel ctia 5 duding thang.

Ciing xin néu mot trudng hop rit dep 1a dudng tron Miquel ctia hinh sao nim canh, dugc phat
biéu nhu sau:

Cho ngii giac 16i By B, B3 B4Bs. Goi A1, A, Az, A4, As 1an ludt 12 giao diém clia cic ciip dudng
thang

(B2B3, B4Bs), (B3 By, B1Bs), (B4Bs, B1 By), (B2 B3, BsB1), (B1 B>, B3 By).

Goi C; 1a giao di€m ctia (A4 B B,) va (A3 B Bs).

Tuong tu ta xac dinh C,, C3, Cy4, Cs. Khi d6 5 diém Cy, C,, Cs3, Cy4, Cs cung thudéc mot dudng
tron (xem [2]).

Mot cau hoi dit ra 1a liéu ¢6 thé tdng quat dinh 1y néu trén khong?
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Nim 1870, W.K.Clifford, mot nha toan hoc Anh, di tong quat bai todn cho n dudng thang. Cu
thé,

1. v6in = 6, tacé 6 dudng tron Miquel ctia mdi bd 5 trong 6 dudng thang dong quy tai mot
diém, goi l1a diém Clifford ctia 6 dudng thang.

2. V6in = 7, tacé 7 diém Clifford ctia mdi bd 6 trong 7 dudng thang cung thudc mot dudng
tron, goi 1a dudng tron Clifford ctia 7 dudng thang.

3. V6in = 8, ta c6 8 duong tron Clifford ctia mdi bo 7 trong 8 dudng thang dong quy tai
mot diém, goi 1a diém Clifford ctia 8 dudng thang.

Bai todn ciing ding véi trudng hop n bat ki 16n hon 3. C6 hai trudng hop xay ra nhu sau:

1. Néu n chin, n dudng tron Clifford cia mdi bd n — 1 trong n dudng thang ddng quy tai
diém Clifford ctia n duong thang.

2. Néu n 18, n diém Clifford cia mdi bd n — 1 trong n dudng thang ciing thudc dudng tron
Clifford ctia n dudng thang.

Quay lai dinh 1y vé diém Miquel, sit dung phép nghich ddo phuong tich bt ki c6 tim 1a diém
bét ki nam ngoai 4 dudng thang va khong nam trén 4 dudng tron ngoai tiép 4 tam giac. Dinh 1y
Miquel tré thanh bai toan:

Cho mot diém P bét ki trén mit phiang va 4 dudng tron C;(i = 1,4) di qua P. Goi P;; la
giao di€ém thy hai ctia C; va C;; Cyjx 1a dudng tron qua 3 diém P;;, Pjg, Pix. Khi d6 4 dudng
tron Caz4, C134, C124, C123 dOng quy tai di€m Pjp34 goi 12 diém Clifford cta 4 dudng tron
Ci(i =1,4).

Bing mot s6 suy luan don gian ta ciing nhan thay P 1a diém Clifford ctia 4 dudng tron Caz4, C34,
C124, C123. St dung phép nghich d4o tuong tu trong trudng hop 5 dudng thing, goi Cs 1a dudng
tron thu 5 di qua P.Khi dé5 dlém P2345, P1345, P1245, P1235, P1234 Cf]Ilg thUC)C dll‘bl’lg tron
C12345 goi la dudng tron Clifford cta 5 dudng tron.

Tong quat, cho n dudng tron C;(i = 1,n) di qua P. Trudng hop n chin, n dudng tron
C3..n. C13..m+ - - .- Cra..n—1 dOng quy tai di€m Py»_,. Truong hop n 18, n di€m Pa3. . P13,

..., P51 cung thudc dudng tron Cj,._,. D6 1a dang phat biéu thit hai ctia dinh ly vé chudi
duong tron Clifford.
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Sau day chuing ta sé ching minh dang phat bi€u thit hai ctia dinh ly chudi dudng tron Clifford.
Ban doc ciing c6 thé tim thiy 15i giai khac cho dang phat biéu thi nhit trong [7].

Chuing minh. Truong hop n = 4 1a mdt dinh ly quen thudc nén xin nhuong lai cho ban doc. Véi
n =>5. GOl Cla dubng tron qua 3 dlém P2345, P1345, P1245.

C6 4 dudng tron qua diém Po345 12 C, Cass, Cass, Cazs. Ta thay rang:

3 dubng tron C345, C245, C235 co cac giao d1é°m tha hai lél'l llIQt la P45, P35, P25. D(A\)l’lg thoi 3
diém nay cung thudc dudng tron Cs.

3 dlI6Dg tron C, C345, C245 cb cac giao dlém tha hai 151’1 hl'Qt lIa P1345, P1245, P45. Déng thoi 3
diém nay cung thudc dudng tron Ciys.

Lai c6 Cs giao Ci4s tai 2 diém P;s va P4s. Nhu vy P;s la diém Clifford ctia 4 dudng tron
C, Cas5, Caas, Ca3s.

Mit khéc, 3 dudng tron C, Csys, Ca3s giao nhau tai 3 diém Pjsss, X, P35 (2.1). Tasuy ra X
thudc dudng tron qua 3 diém Pj34s, P35, P15 (dudng tron Cy3s). Lai ¢c6 X thudc duong tron
C235 nén X la dlém P1235 hOéC P35. Do X va P35 phﬁn blét theo (21) nén X la P1235, tic la
P>345, P1345, P1245, P1235 cung thudc mot duong tron. Tuong tu suy ra truong hgp n = 5 dung.

V6in = 6, ta chiing minh Cy3456, C13456, C12456, C12356 déng quy.

e Giao dlém cua C13455, C12456, C12356 15.1’1 lLth la P1456, P1356, P1256. Khi dé, 3 dlém néy
cung thudc duong tron Cjse.

e Giao dlém cua C23456, C12456, C12356 1?111 llIQt la P2456, P2356, P1256. Khi dé, 3 dlém Ilély
cung thudc duong tron Cse.

o Giao dlém cua C23456, C13456, C12356 lﬁn lu’Qt la P3456, P2356, P1356. Khi d(), 3 dlél’n l’léy
cung thudc duong tron Csse.

o Giao dlém cua C23456, C13456, C12456 151’1 llI(_jt la P3456, P2456, P1456. Khi d(), 3 dlém néy
cung thudc duong tron Cyse.
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4 duong tron Cise, Case, C3s6, Case cung di qua Psg nén dp dung dinh ly diém Clifford cta 4
duong tron ta thu dudc Ca3456, C13456, C12456, C12356 déng quy tai di€ém Clifford cta 4 dudng
tron Cis6, Cas6, C3s6, C456. Chling minh tuong tu suy ra truong hop n = 6 dung.

Trudng hdp tdng quat hoan toan chiing minh tuong tu hai trusng hop n = 5;6. Bing phép
nghich ddo suy ra dang phat biéu thd nhat ctia dudng tron Clifford diing. Bai ton dugc chiing
minh. [

Nhan xét.
Mot diéu thd vi 12 ta da xay dung mot tap hop gom

Cl4+C?+ ...+ CHO=D/2AFL — 271 qygng tron va
C2 4+ CH+ .- 4 CHn/2 = 21 diém.

Trong d6 mdi dudng tron déu di qua n diém va mdi diém déu ndm trén n dudng tron.
That vay, xét dudng tron bat ki Cyk,..k, (kq € {1.2,...,n},q = 1, j). Khi d6 Ck,k,..k, di qua
ijk’z...k}_l(kfl € {ky, ko, ... ,kj},q =1,j—1)va Pklkz...k_,-k,- (i e{l,2,...,n},i > j).Nhu
vay Ci k,..k; diqua j + (n — j) = n diém.
Tuong tu ta cling chiing minh dugc mdi diém déu thudc n dudng tron. Tiép theo, chiing ta dén
vGi mot bai toan cia tap chi Toan hoc va tudi tré.

Bai toan 1. Trong mdt phing cho 4 diém Ay, A,, As, Ag va mot diém P bdt ki. Khi dé duong
tron pedal cia P iing vdi cdc tam gidc Ay A3 Ay, A1 A3 Ay, A1 Ar Ay, A1 As Az dong quy tai mot
diém (xem [8]).

Loi gidi. Goi C;, C», C3, C4 1an luct 1a dudng tron dudng kinh PA;, PAs, PAs, PA4. Ki hiéu
P;; 1a giao diém | thit hai cia C; va C;(i;j = 1,4). Cjjx la dudng tron ngoai tiép tam gidc
PijPjx Pri(k = 1,4).

Theo dlnh 1}7 du’6ng tron Clifford ta thu dlfQC C234, C134, C124, C123 dé)l’lg quy tE_li P1234.

Miit khéc, ta nhan thy P; i Pk Pri 1a tam gidc pedal cia tam gidc A; A Ax(k = 1, 4). Tir d6 suy
ra dpcm. O
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Nhan xét.
Bai toan 1 ¢6 thé coi 12 mot dang phat biéu khac ctia dudng tron Clifford. Mot cach tuong tu ta
c6 thé tdng quat bai toan 1 cho n diém A, (i = 1,n) nhu sau.

Bai toan 2. Vdin = 5, cho diém P va 5 diém A;(i = 1,5). Goi Pijxm la giao diém ciia cdc
duong tron L
Cjkm,Cikm,Cijm’ Cijk(i9jvk,m = 195)

Khi do, 5 diém Ps345, P1345, P124s, P123s, P123a Cl:tl’lg thuéc dwdng tron Cia345. Cdc diém va
duong tron duoc dinh nghia tuong tw véi n bdt ki (n > 3), chia ra hai truong hop n chdn hodc

?

le.

Dua vao bai toan 1 va dinh 1y vé diém Euler-Poncelet (sé& gi6i thiéu sau), tic gid tim ra mot bai
toan mé rong khac, xin néu ra va khong ching minh.

Bai toan 3. Trong mdt phdng cho 4 diém Ay, A», Az, A4 sao cho bét ki 3 diém nao trong sé do
déu khong thdng hang va khong cé diém nao la tric tdm ciia tam gidc tao bdi ba diém con lai.
Ta dinh nghia diém A, la truc tdm ciia tam gidc A; A;Ax(1 <i < j <k <n—1,n>4). T
do tao thanh tép hop diém {A,, As, ..., Ap}. Khi d6 tdt cd duong tron pedal ciia bdt ki diém A;
ng véi tam gidc tao bdi 3 trong s6 n — 1 diém con lai va tdt cd dwong tron Euler ciia cdc tam
gidc tao bdi 3 trong s n diém dong quy. Nhu vdy chiing ta c6 nC2_, + C? duong tron dong
quy tai mot diém.

Nam 1877, G. de Longchamps dua ra bai toan nhu sau.

Trong mit phang cho n dudng thang. V6i n = 4, 4 dudng thang cit nhau tao thanh 4 tam giic.
Khi d6 tdm clia cac dudng tron ngoai tiép 4 tam gidc nay cing thudc mot dudng tron, goi la
dudng tron Morley ctia 4 dudng thang. Pudng tron Morley ciing dong thdi di qua di€ém Miquel
clia 4 duong thang d6. Véi n = 5, 5 dudng tron Morley ctia mdi bd 4 trong 5 dudng thang dé
ddng quy tai mot diém goi 12 di€ém de Longchamps ctia 5 dudng thang, ddng thoi tim cla 5
dudng tron Morley cung thudc mot dudng tron, goi la dudng tron Morley ctia 5 dudng thang.
Tong quat véi n bat ki (n > 4), n dudng tron Morley ctia mdi bd n — 1 trong n dudng thang
d6 dong quy tai mot diém goi 1a diém de Longchamps ciia n dudng thang, dong thdi tim ctia
n dudng tron Morley ciing thudc mot dudng tron, goi la dudng tron Morley clia n dudng thang
(xem [3]). Loi giai sau day dua theo [S] hoac [6].
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Loi giai. Trudc tién cho n dudng thang [;(i = 1,n). Ki hiéu C; 1a dudng tron Morley ciia tip
hgp n — 1 dudng thang ngoai trlt /;; O; 1a tim ctia C;; C;; 1a dudng tron Morley ctia tap hop
n — 2 duong thang ngoai trit /;, /;; O;; 1a tam ctia C;;; P;; 1a giao diém cta [; va ;.

Trudng hdp n = 4. Ta c¢6 Cy, C,, C3, C, ddng quy tai M 1a diém Miquel ctia 4 dudng thang.
Do 0203 1 P14M, 0103 1 P24M nén

(0307, 030:) = (MP14, MPyy) = (P12 P14, P12P2s) = (I1,12) (mod 7).

Tuong tu (040,, 0,0,) = (I1,1;) (mod 7). Tu d6 suy ra Oy, O,, O3, O4 cung thudc mdt
dudng tron C. Két qua C di qua M thu dudc tif mot sd bién dbi goc don gian, xin khong trinh
bay G day.

Nhu trén ta da ching minh (040,, 0,0;) = (I1,1;) (mod ) hay tdng quat (O O;, 0x O;) =
(li,1;) (mod m)(2.1) ding v6in = 4.

Gia st (2.1) ding v6i n — 1 dudng thang (n > 5) , ta ching minh né ciing ding v6i n dudng
thang.

That vay, xét truong hop c6 n duong thﬁng. Hai duong tron C; va C, giao nhau tai O, va mot
diém L. Tacéd

(LO23, LO13) = (LO23, LO12) + (LO12,LO;3)  (mod 7).

Do L, 015, O3 € C, vatheo diéu gia st (4.1) ding véi n—1 dudng thang nén (L 0,3, LOy,) =
(I3,17) (mod m). Tuong tu (LO;2, LO13) = (I, [3) (mod 7). Suy ra

(LO33,L013) = (I5,13) + (I3,11) = (I,11) (mod 7).

Tt d6 L € Cs, tuong tu suy ra n dudng tron C;(i = 1,n) ddong quy tai L.

Mét khac do Cl va C2 giao nhau tai 012 va L nén 01 02 1 L012. TUOHg tu, 01 03 1 L013.
Tu do
(0103, 0103) = (LO12, LOy3) = (I2,13)  (mod )

Tuong t (O; 02, 0; 03) = (I, 13) (mod 7). Ta thu dugc n diém O;(i = 1, n) cing thudc mot
duong tron.

DPodng thdi ciing suy ra (2.1) ding v6i n dudng thang. Theo nguyén ly quy nap bai toan dudc

ching minh. [

Tiép theo chiing ta dinh nghia lai dudng tron Euler nhu sau: dudng tron Euler ctia diy A; A, cia
. R

(0, R) 1a duong tron di qua trung diém A; A, c6 ban kinh X

DPudng tron Euler clia tam gidc A; A> Az ndi tiép (0) 1a dudng tron c6 tAm 12 giao diém cuia ba

duong tron Euler cia ba day A, A4,, A, A3, A1 A3, ban kinh 3 Cau hoi dit ra 1a c6 thé tdng quat

theo c4ch tuong tu nhu vy khong? Chung ta c6 dinh ly sau vé diém Euler-Poncelet cta tif diém.

Bai toan 4. Cho 4 diém A, B, C, D bdt ki sao cho khong cé 3 diém nao thdng hang. Khi do
duong tron Euler ciia 4 tam gidc ABC, BCD,CDA, DAB déng quy tai mét diém goi la diém
Euler-Poncelet cia 4 diém A, B, C, D.
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Phép ching minh dinh ly nay kha don gian, st dung géc dinh hudng, vi vdy xin danh lai cho
ban doc.

Bay gid ching ta cho 4 diém A, B, C, D clng nim trén mot dudng tron c¢6 ban kinh bing R.
Khi d6 hién nhién dudng tron Euler ctia 4 tam gidc

ABC,BCD,CDA,DAB

N R X X 4 2 o2
cung c6 ban kinh bang Ex dong thoi chung dong quy tai diém Euler-Poncelet P cua 4 diém
A,B,C,D.

o . . , B AN . R .o RO
Do d9, tam dudng tron Euler ctia 4 tam giac déu nam trén dudng tron (P, 5) Ta goi (P, 3) la
dudng tron Euler ctia tf gidc ndi tiép ABCD.
Tit d6 d4n dén bai todn téng quat.
Bai todn 5. Puong tron Euler ciia n—gidc A1 A, ... A, noi tiép (0) la dudng tron cé tam la
giao diém ciia n duong tron Euler cia (n — 1)—gidc c6 dinh lan — 1 trong n dinh A; (i = 1,n),
bdn kinh bdang —. Pong thoi dwong tron Euler ciia n—gidc néi tiép di qua tam ciia n duong tron

Euler cua (n — 1)—gidc co dinh la (n — 1) trong n dinh trén.
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Loi giai. Gia st bai todn ding véi (n — 1)—giac. Ta chitng minh bai toan ding véi n—giac.

Tru6e tién cho n—gidc A; A, ... A, noi tiép (O). Ta ki hiéu C;
(n — k)—giac c6 dinh thudc tap hgp

Lia..i; 12 duong tron Euler cla

{A17 A2$ oo 9An/Ai17 Aiza oo 9Aik}(ilai27 .o ’ik € {1,2’ o 7n})’ Oiliz...ik

la tim cua Ci1i2...ik .
Nhu vy ta chi can chiing minh n dudng tron C;(i = 1, n) ddng quy.

Tt gia thiét quy nap suy ra ba dudng tron C,3, Cy3, Cy, dong quy tai Oj»3 va Oy, O,, O3 lan
ludt 1a giao diém cta Cj, va Cy3, Ciz va Cas, Cr3 va Cas.

N R R .
Do Cy,, Cy3, Cy3 c6 ban kinh déu bang ) nén (0123, 5) la dudng tron ngoai tiép cua tam giac
023013013.

C23 va C12 giao nhau tf;li 0123 va 02 nén 02 la dlém dél xfl’ng véi 0123 qua 012 023. Tu’dng tu
01, 05 lan luot 12 diém dbi xing v6i 0123 qua 013012, O13023. Theo mot két qua quen thude
Ci,Cy,Cs déng quy tai tryc tdm cua tam giac 0,3 013015>.

Chitng minh tuong tu suy ra n dudng tron C; (i = 1,n) dong quy. Tit d6 suy ra diéu phai chiing
minh. 0

Trén Group BAI TOAN HAY- LOI GIAI DEP- PAM ME TOAN HOC, tic gid Tran Viét
Hung da dua ra mdt mé rong cho dudng thang Simson ma bat ngudn tit bai toan T7/351 nim
2006 trén tap chi Todn hoc va Tudi tré. Bai todn ndy cling tiing xuAt hién trong [6], tuy nhién
tac gia cudn sach khong dua ra chiing minh ma chi dan 15i giai trong mot cudn sach khac vé s6
phuc trong hinh hoc (xem [9]).

Bai toan 6. Cho it gidc A1 A, Az A4 ndi tiép trong duong tron (O). Goi P la diém bdt ki trén
(0).

a) Chuing minh hinh chiéu ciia P trén cdc dwong thdng Simson ciia P iing vdi tam gidc A, A3 As,
A1A3Ay, A1A2 A4, A1 AL A5 thcfng hang, goi la duong thcfng Simson cua P ting vdi tir gidc
A1A2A3A4.

b) Chiing minh ring ton tai dwong thdng Simson ciia P iing vdi n—gidc noi tiép A1 A>As . .. Ap,
nghia la hinh chiéu ciia P trén duong thdng Simson ciia P iing vdi cdc n — 1 gidc cd dinh la
n — 1 trong n dinh trén thang hang.

L&i gidi. a) Dé thiy 4 dudng thang Simson ctia P tao thanh mot tif gidc toan phan nhan P lam
diém Miquel nén hinh chiéu ctia P trén cdc dudng thang nay nam trén dudng thang Simson clia
P {ing véi tii gidc toan phan doé.

b) Nhu vdy bai toan ding véi n = 3, 4. Gia su bai toan dung véi n — 1, ta chiing minh bai toan
dung véi n.
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Goi d; 1a dudng thiang Simson clia P dng v6i n — 1 gidc khong chia dinh 4;. d;; 1a dudng thang
Simson cta P tng v6i n — 2 gidc khong chiia dinh 4;, 4 ;. Goi 4;; 12 hinh chiéu cta P trén d; .
Dé thdy A;; 1a giao clia d; va d;.

Xét 3 duong thang d;,d;,dy (i, j.k = 1,n,i # j # k). 3 dudng thing nay giao nhau tao
thanh tam giac A;; Aix A jk.

Do d;;, dik, djx dong quy tai Ajjk- hinh chiéu cia P trén dijr 1a dudng thazmg Simson cua P
ung v6i n — 3 giac nén A;;, Aik, Ajk cung nam trén duong tron dudng kinh PA;j.

Chitng minh tuong tu suy ra n dudng thang di, d, . . ., d, c6 chung diém Miquel P. Vay hinh
chiéu ctia P trén dy,d>, ...,d, cing nam trén dudng thang Simson ctia P dng vi n—giic
Aj1A, ... Ay. Theo nguyén ly quy nap ta c6 dpcm. [

Nhan xét. Ti bai todn nay, chiing ta da xay dung dudc mot tip hop n dudng thang sao cho dudng
tron ngoai tiép moi tam gidc tao bdi 3 trong n dudng thang déu ddng quy tai mot diém. Chiing
ta biét ring dudng thang Steiner la anh ctia dudng thang Simson qua phép vi tu tim P ti sd 2,
do d6 truc tAm ctia moi tam gidc tao bdi 3 trong n dudng thang déu thang hang.

Tiép theo chiing ta dén v6i mot dinh 1y quen thudc vé diém Miquel ctia tam gidc nhu sau: Cho
tam gidic ABC. X,Y,Z la 3 diém bdt ki lan luot nam trén BC,CA, AB. Khi dé duong tron
ngoai tiép cdc tam gidc AYZ,BXZ,CXY dong quy tai mot diém goi la diém Miquel cia tam
gidc ABC iing vdi bo diem X,Y, Z.

Bing cach phat biéu ngudc bai toan va ting sb dudng tron dong quy, ta thu dudc bai toan tdng
quat nhu sau.

Bai todn 7. Cho n duong tron C,,C,, ..., C, cung di qua diém O. Goi A;j la giao diém ciia
Civa C;. By la diém bdt ki trén C,. By Ay, cdt C, ldn thit hai tai B,. Tuong ty ta thu duoc
B3, By, ..., By, Byy1. Chitng minh rc?ng B,+1 = B;.
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Loi giai. Goi Oy, O,, ..., O, lan luot 1a tim cia Cy, C,, ..., C,. Dé ching minh hai tam giac
0,00, va A; OA, dong dang cung huéng. Do d6

(OA1,043) = (001,00,) (mod ).
Chiing minh tuong tu suy ra

(0OA1, OA,41) = (0A1, OAy) + (OAy, OA3) + ... + (OA,, OA, 1)
= (001, 002) + (002, 003) +y- (OOn, 001) =0 (mod T[).
Vay Ap+1 = A1 [
M& rong bai todn hon nita khi n dudng tron déu khong dong quy tai mot diém, ta thu dugc bai
toan mdi.

Bai toan 8. Cho n duong tron Cy,C,, ..., C, théa mdn cdc cdp duong tron C; va Ciy, déu
cdt nhau tai hai diém Aii+1) va Bii+1). Goi Py la diém bdt ki trén Cy. Py A1, cdt Cy lan thit
hai tai P,, P>As; cdt C; tai Ps, tuong tu ta co Py, Ps,..., Py, Pn+1. Pn+lBIZ cdt C, lan thie
hai tai Py, tuong twta cé Pyys, ..., Panit1. Chitng minh rang Popiq = Py.

Loi giai. Ta co Py, P,y 1, A2, Bis déng vién, P, P45, A12, B12 déng vién nén theo dinh ly
Reim, Py Pyyy || P2 Ppyo.

Chting minh tuong tu suy ra
PPy || PaPugo || P3Puys || ... || Pog1iPongr-
DOd6P2n+1EP1. O

Trong dot tip huin doi tuyén chuin bi cho ki thi toan qudc t& nim 2014, ban Nguyén Huy
Tung, HS THPT chuyén Tran Phi, Hai Phong, da phét hién ra mot bd dé kha tha vi.

Bai toan 9. Cho tit gidc ngoai tiép ABCD. Goi E la giao diém ciia AB va CD, F la giao
diém cia AD va BC. Khi do ton tai mét duong tron tiép xiic voi 4 duong tron ngoai tiép cdc
tam gidac EAD, EBC, FAB, FCD.

Tac gia da thi b sung thém diéu kién ti gidc ABCD vita ngoai tiép vita noi tiép, két qua thu
dudc kha thu vi.

Bai toan 10. Cho tit gidc luéng tim ABCD c6 tdm duong tron ngoai tiép la O. Goi E, F ldn
luot la giao diém ciia AB va CD, AD va BC. Chitng minh rang tén tai mét duong tron taim O
tiép xiic vdi bon duong tron ngoai tiép cdc tam gidgc EAD, EBC, FAB, FCD.
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Bai toan nay da dudc Tran Minh Ngoc, SV Dai hoc Su pham TP HCM, mé rong cho n—giac
luong tdm nhu sau.

Bai toan 11. Cho n—gidc ludng tim A1AzAs...An. Goi Aji+1) la giao ciua Ai—1A; va
Aig1A4i42( = 1,n). Chitng minh rdng tén tai hai duong tron tiép xiic véi duong tron ngoai
tiép cdc tam gidc AiAig+1Ais.

Loi gidi. Ta chiing minh két qui manh hon:
Néu A Ay, AxAs, ..., A Ak 41 1an luot 12 cac tiép tuyén ké tit A, A4, ..., Ak nam trén (O) téi
duong tron (1) bat ki chida trong (O) thi ton tai hai dudng tron tiép xic vé6i

(A141243), (A242343), ..., (Ak—1 A1k Ak).

That vay,

Goi Dj+1) 1a tiép diém cta (1) v6i A; Ajt1, Xig+1) 12 giao diém thd hai ctia A;41)] v6i
(Ai Aig+1)Ai+1), Oig+1) latdm cua (4; A +1)Ai+1)-

Do X+ la diém chinh giita cung A; A;;, cla (Oiti+1) nén Ojiy+1)Xii+1) dong quy tai O.
Goi B; 1a giao cla tiép tuyén tai X—1); clia (Og—1);) va tiép tuyén tai X;i+1) cia (Og+1))-

Do 7 1a tAm dudng tron bang tiép cia cic tam gidc A Aii+1)Ai+1 nén X;;4+1) 1a tam ngoai
tiép tam gidc A;Ai+11. biéu nay nghia la X;_1); Xii+1) vuong goc v6i A; I hay X 1) XiG+1)
song song v6i D;—1); Dig+1)-

Tur do, hai tam giac B; X(i—1)i Xi@+1) va Ai D—1)i Dii+1) cO canh tuong ng song song hay
dong dang v6i nhau. Suy ra B; X—1)i = Bi Xi+1)-
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Tu do, hai tam giac vudng OB; X(;—1); va OB; X;+1) bﬁng nhau, suy ra OX;_1); = OX;i+1).
Nhu viy tOn tai mot dudng tron tam O tiép xtic v6i tht cd cdc dudng tron (O;i+1)) (i =
l,k—1).

Dé théy hai duong gip khic A, A4, ... Ax_, va B1B, ... Bx_; déu c6 dudng tron tiép xic véi
cac canh va ¢ canh tuong tng song song nén chung vi tu nhau theo tam P.

Do B X(-1)i = BiXi@+1) nén B; nam trén truc dzzlng phuong cta (Og—1);) va (Oii+1)). Tu
d6, P 1a tam dang phuong cta cic dudng tron (O;(i+1))-
Xét phép nghich dao

Pp/(Oii
TP (0141) > (Oian)s (0, OXiirny) > (O).
Nhu vay (O') 1a dudng tron thi hai tiép xidc véi cdc dudng tron (O;(i+1))- O

Nhan xét. Chiing ta c6 thé chiing minh dudng tron ngoai tiép cac tam gidc A A3 Ay, Az AzsAs,
eooy A2 A(k—1)k Ak +1 cling tiép xic v6i hai dudng tron (O, OXii+1)) va (O).

Trong bai viét téc gia chi chiing minh cc dudng trdon ngoai tiép nay tiép xic vdi (O, OX;¢+1)),
phan ching minh (O’) ¢6 thé di theo huéng sau: Chiing minh cdc dudng tron ngoai tiép cic
tam gidc A;Ax3As, AzAsaAs, ..., Ax—2Ag—1)kAk+1 c6 chung tm dang phuong 1a Q va
(QPOO') = —1.

Tit d6, ton tai phép nghich dio tim Q gitf nguyén k — 2 dudng tron va bién (O) thanh (0’).

Goi X4 12 giao diém thi hai clia A>3 X3 V6i (A1 42344). Goi K, L, M 1an luct 12 trung diém
clia A1 Ay, A3A4, X23X14. St dung ti sb phuong tich ctia hai dudng tron ta c6

Pk /(A2A23A3) KAz KAj;

= = —1.
Pr/(A1A2344) KA, - KA
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Chiing minh tuong ty suy ra

Px/(AsAz3A3) _ Pr/(A2AnsAs) _ Par/(Ardsds)
7DK/(141AZ3A4) PL/(A1A23A4) 7DM/(1411423144) .

Suyra K,L,M nam trén dudng tron dong truc v6i hai dudng tron (A, A23A43) va (A1 Az3As).
Hién nhién K, L nim trén duong tron dudng kinh OA,3 nén M ciling nam trén (OA,3), suy ra
oM L A23M hay OX23 = OX14.

Slly ra Xi4 € (0, 0X23).

Do O va X4 déu ndm trén trung truc ctia A; A4 nén (0, OX»3) tiép xiic véi (A1 Ax3A4).
Chiing ta tiép tuc xem xét hai bai toan kh4 quen thudc sau.

Bai toan 12. Cho tit gidc ABCD néi tiép duong tron (O). Goi I, I, I3, 1, ldn luot la tam

duwong tron noi tiép cdc tam gidgc ABC, BCD,CDA, DAB. Ching minh rang 11,1514 la hinh
chir nhit.

Bai toan 13. Cho nit gidc ABCD ngoai tiép duong tron (0). Goi P la giao diém cia AC va
BD; I, I,, I3, I lan luogt la tam dwong tron noi tiép cdc tam gidic APB, BPC,CPD, DPA.
Chitng minh rang cdc diém I, I,, I3, 14 cing thudéc mot duong tron.

Hai bai toan trén khd giéng nhau, két hop chiing lai ta thu dugc bai toan mdi.

Bai toan 14. Cho ti gidc luong tam ABCD. Goi P la giao diém ciia hai dwong chéo AC va
BD. Chiing minh rang tdm ndi tiép ciia 8 tam gidc ABC, BCD, CDA, DAB, APB, BPC,
CPD, DPA cung thudéc mot duong tron.

Mot cau hoi dit ra 12 liéu c6 thé tdng quat cho nhiing da gidc ludng tAm c6 nhiéu hon 4 canh
khong? Sau mot sb bién déi tac gia da chitng minh dudc bai todn ding véi ngii gidc ludng tim
va nhén ra rang 15i giai cho trudng hdp ngi gidc hoan toan ap dung dudc cho trudng hop da giac
n canh bat ki.

Bai toan 15. (Mathley round 10) Cho n—gidc luéng tdim AyAAs ... A,(n > 3). Ki hiéu
I; la tdm duong tron ndi tiép ciia tam gidc Aj_1A; Ait+1; Aig+1) la giao diém ciia A; Aj 1 va
Ai—1Ais1; Lig+1) la tdm duong tron néi tiép cia tam gidc A; Aig+1yAit1( = 1,n). Chiing
minh riing 2ndiém Iy, I, ..., I,, 112, I»3, . .., I,1 ciung thuéc mot duong tron.
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I

b

Loi gidi. Goi O; 1a diém chinh giita ctia cung 4; A; 1. Do I, I, 1an ludt 1a tAm dudng tron ndi
tlép cda tam gléC AnAlAz, A1A2A3 nén 01A1 = 01A2 = 01]1 = 0112 hay Al, Az, 11, 12
cung thudc (Oy, Oy Ay). Tuong tu véi cac dudng tron (O3), (03), ..., (0y).

Laicé A1, Ax D, ..., A, I, dong quy tai tém_duéing tron noi tiép I ctia n-gidc A A, A5 ... Ay,
nén phép nghich dio tdm 7, phuong tich 1 A,.11; bién dudng tron ngoai tiép n-gidc A, 4> ... A,
thanh duong tron di qua /Iy, 15, ..., I, hay Iy, I», ..., I, cing thudoc mot duong tron.

Mat khac, goi K la giao cua I11, va A1 A3. Tacd
LK1 15 = Z1,A1Ay = LKA I,
nén ti giac 114,11, K ndi tiép. Tu d6
LI 11, Ay = L1 KA, = ZIL, LT — Z11 A1 As.

Ma 411112 = ZAlAzlz = 412A2A3 = 412131,411141143 = 41113I,tathudIIQc 4111121‘11 =
412131 —411]3] = 411]312.

Vay I, nam trén (I, 1,13). Chiing minh tuong tu suy ra dpcm. O

DE két thiic bai viét, xin gidi thiéu mot bai todn kh4 thu vi vé cac dudng tron ndi tiép tam gidc
¢6 ban kinh bang nhau.

Bai toan 16. Cho tam gidc ABC va hai diém D, E ndam trén canh BC sao cho D nam giita
B va E. Gid si dwong tron néi tiép cia 3 tam gidc ABD, ADE, AEC c6 bdn kinh bdng nhau.
Chitng minh rang bdn kinh ciia duong tron néi tiép hai tam gidc ABE, ACF c6 bdn kinh bdng
nhau.
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OO

S

Khong khé dé€ nhan ra bai todn nay c6 thé mé rong cho trudng hop n dudng tron nodi tiép nhu
sau.

Bai toan 17. Cho mét diém P trong mdt phing va n diém Ay, A, ..., A, lién tiép trén mot
duong thdng khong di qua P. Gid sit duwong tron ndi tiép ciia n—1 tam gidc PA1A,, PA>As, ...,
PA,_1 A, c6 bdn kinh bdng nhau. Chitng minh rdng duong tron ndi tiép cia hai tam gidc
PAjAijvgva PAjAjx (i,j = 1,n—1,i # j,k = 1,n—2) 6 bdn kinh bang nhau.

Loi giai. (Dua theo Jean-louis Ayme)
Trude hét, ta sé chiing minh cic bd dé sau:

B6 dé 1. Cho i gidgc ABCD ngoai tiép dudng tron (I). AB giao CD tai E, AD giao BC
tai F. Cac diém M, N, P, Q lan luot nam trén AB, BC,CD, DA sao cho M P di qua F, NO
diqua E. MP giao NQ tai S. Khi d6 ti gidc AM SQ ngoai tiép khi va chi khi ti gidc CNSP
ngoai tiép.

Chuing minh.

Tit gidc AM SQ ngoai tiép khi va chi khi ti gidc 16m EAFS ngoai tiép. Theo dinh ly Pythot
suy ra diéu nay tuong duong EA — FA = ES — FS. (1)

Do tid gidc ABCD ngoai tiépnén EA— FA = EC — FC. Suyra (1) tuong duong ES — FS =
EC — FS, khi va chi khi tii gidc 10m FCES ngoai tiép hay ti gidc C NSP ngoai tiép.
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B6 dé 2. Cho tam gidgc ABC va D, E nim trén BC. Goi (1), (1), (I3), (I+) 1an lugt 1a dudng
tron ndi tiép cac tam giac ABD, ACD, ABE, ACE. Khi d6 hai cip ((11), (13)) va (1), (I3))
c6 chung tam vi tu ngoai.

Chiing minh.

Goi P 1a tAm vi tu ngoai cia (/,) va (I3). Tiép tuyén chung ngoai khac BC ctia (I,) va
(I5) cit AB, AC, AD, AE lan luct tai M, N, U, V. Tiép tuyén thi hai k& tit P dén (/) cat
AB,AC,AD, AE lanlugttai S, R, X, Y.

Ap dung b dé 1 cho tit gidc ngoai tiép BM VE ta c6 ti gidc BSXD ngoai tiép nén tif giac
UVYX ngoai tiép. Lai 4p dung bd dé 1 cho i gidc ngoai tiép DUV C suy ra ti gidc EYRC
ngoai tiép. Tt d6 PS ciling 1a tiép tuyén clia (1) hay P 1a tAm vi tu ngoai cta (1) va (1,).

Tré lai bai toan.

Goi duong tron ndi tiép cua tam gidc PA; A; 4k 12 wii+k). Xét 4 dudng tron wi2, w34, W13, Wa4.
Ap dung bS d& 2 suy ra 2 cip duong tron (w12, w34) Va (w13, w24) c6 chung tim vi ty. Do
w12 = w34 Nén tam Vi ty cdia ching & vO cung. Suy ra w13 = w,4. Chiing minh tuong tu suy ra
Wi(i+2) = @j(j+2)-

Tiép tuc chiing minh bang phép quy nap ta c6 dpcm. [
Nhan xét. Theo cach gidi trén chiing ta c6 thé tdng quat bai toan hon nita véi gia thiét cac dudng

tron wj(;+1y déu ¢6 chung tdm vi tu ngoai P, khi d6 cac bd dudng tron w; 4+ cling c6 chung
tam vi tu ngoai P.

Qua mdt s6 vi du trén c6 18 ban doc di c6 cdi nhin tudng tin hon vé cic bai toan hinh hoc st
dung phép quy nap. Pay 12 mot dang todn kh4 phtic tap vi rd rang nhiéu bai toan khong thé vé
hinh trong trudng hop téng quat. Tuy nhién diéu nay kh4 thi vi khi rén luyén dugc cho ching ta
tu duy khong phu thudc vao hinh vé va gitp sang tao ra nhiing bai toan méi.

Tai liéu tham khao

[0] Clifford’s Circle Theorem, from Wolfram Mathworld
http://mathworld.wolfram.com/CliffordsCircleTheorem.html

[0] Miquel’s Pentagram Theorem, from Wolfram Mathworld
http://mathworld.wolfram.com/MiquelsPentagramTheorem.html
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[0] L.I.Golovina, I.M.Yaglom, Phép quy nap trong hinh hoc, NXB Giao duc, 1997.
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[0] Tong tdp Mathley 2011-2012, Trung tAm Todn va Khoa hoc Hexagon.
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[0] J-L. Ayme, Equal incircles theorem or More incircles, a new adventure, Ayme’s Geometry
blog.
http://jl.ayme.pagesperso—-orange.fr/

151


http://www.artofproblemsolving.com/Forum/viewtopic.php?f=50t=14525
http://www.artofproblemsolving.com/Forum/viewtopic.php?f=50t=14525
http://www.hexagon.edu.vn/mathley/tong-tap-mathley-17.html
http://jl.ayme.pagesperso-orange.fr/

Tap chi Epsilon, S6 04, 08/2015

152



2

psilon

Tap chi online ctia cong dong
nhitng nguoi yéu toan

LOI GIAI VA BINH LUAN DE THI IMO 2015

Ban bién tap)

Dénh gid mot cach téng quan thi d& thi nim nay 12 mot dé thi khé. Ngay ca bai 1 va bai 4, cic
bai truyén thdng 12 "cho diém" thi nim nay ciing khong don gian chiit nao, dic biét1ay 1 — (),
ttic 13 ching minh khong ton tai hé diém can bang khong tim c6 s6 diém chin. Céc bai 2 va 4
khong khé vé y tudng nhung doi hdi c6 k¥ thuat xi 1y diéu luyén. Bai hinh sb 3 khong qua khé
nhung ciing 14 mdt cta 4i khé nhan. Bai 6 dudc danh gia 1a kho nhit ky thi, 1a mot bai nam giita
dai s6 va t8 hop, phai c6 thdi gian dé€ ngdm tinh hudng méi c6 thé xi 1y ndi.

Di chi tiét vao tiing bai. Bai 1 12 mot bai todn hinh t6 hop. Pay 1a mot bai toan hay, du y (a) ¢6
thé 12 da dugc biét trude. Y (b) 1a y méi va 16i giai thong qua phép dém rit thi vi. Phai néi day
12 mot bai toan dep, don gian nhung khong hién nhién. Rat IMO. Chi tiéc 1a nhu mot sd ban da
nhan xét, y (a) da tiing xuit hién trong céc cudn sach olympic.

Bai 2 1a mot bai todn sd hoc. Bai nay dudc chon c6 1& do cach phat biéu dep va dbi xiing clia né.
Di siu vao 16i giai ctia n6 thi khong con dep 1am, chii yéu 1a vin dung cac xi Iy k§ thuat phiic
tap nhung khong méi, khong c6 y nao hay. Nhiing dé toan thé nay sé thuin 1di cho céc doi dudc
on luyén nhiéu, quen tay. Tuy nhién, bai todn ciing c6 mot vu diém 1a bai thuan tdy sb hoc, vi
nhiéu nim qua thi bai s6 hoc thuan tdy bi "xdm Idn" bdi cac bai toan "sé hoc t6 hop". Vi du bai
cdc dong xu nim ngodi & Nam Phi dudc tinh 13 bai s6 hoc nhung ban chit 1a t& hop.

Bai s6 3 1a mot bai toan hinh hoc. Bai nay khong qua khé nhu nhiing bai sb 3 trudc d6. Bai nay
c6 thé gidi kha dé dang néu dung phép nghich dao. Néu dung sb phtc thi du tinh todn phtc tap
hon mot chit nhung huéng di kha rd rang. Py c6 1€ 1a xu thé ra dé cia ban gidm khdo IMO
nhiing nim gan day, ho chon céc bai déu hon thay vi rit chénh léch nhu trudc, bai 1 nang do
kho 1én va bai 3 giam do khé xudng, khong con "killing" nhu trudc.

Bai s6 4 1a mot bai toan hinh hoc dé. D phat biéu kha dai dong véi nhiéu yéu t6 nhung chi can
chii y mot chut 12 tim dugc y gidi. Loi gii chi dung bién ddi géc. C6 thé coi bai nay 1a bai dé
nhét ky thi.

Bai s6 5 12 mot bai phuong trinh him, thudc phan mon dai s6. Bai nay ciing thuan tdy ky thuat,
giai bang cac phép thé lién tiép. Bai nay ciing khong cé y gi méi. Bai nay c6 thé danh gid ngang
v6i bai 2 vé moi miit.

Bai s6 6 1a bai kho nhét ctia ky thi, bit ding thiic rdi rac. Y cd ban can khai thic 1a néu dit
ci =a; +i—1thii <a; <i+ 2014 vacac ¢; ddi mot khac nhau va ¢; chita moi sb nguyén
duong ngoai trit b s6. PE hinh dung dudc 15i giai, ta cti thay 2015 bang 1 s 18 bt ky va xét cac
s6 nho trude, sé thiy dudc hudng di rd rang hon.

Bai todn nay c6 1& dudc xuat phat tit khai niém tung hing ludng ti (Quantum juggling, hay
Siteswap) en.wikipedia.org/wiki/Siteswap trong k¥ thut, lién quan dén nhém Weyl
a-phin trong toan hoc hién dai: hdy tudng tugng la ching ta tung cac qua bong vao thdi gian i
1én do cao a; — 1 va roi xudng vao thdi gian a; — 1 + i. Ching ta hdy ciing di vao nhiing 1i giai
chi tiét d€ hi€u r6 hon cdc van dé.
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Bai toan 1. Mot tdp hop hitu han S cdc diém ndm trén mdt phdng la “cdn bang” néu nhu vdi
hai diém A, B phdn biét thuoc S, luon ton tai mot diéem C thuoc S ma AC = BC. Ta goi tdp
hop S la “khéng tam” néu nhu véi moi b ba diém A, B va C thudc S, khong tén tai diém P
thuéc S sao cho PA = PB = PC.

(a) Chitng minh rdng véi moi sé tw nhién n > 3, ton tai mot tdp hop cdn bang cé n diém.

(b) Tim tdt cd cdc sé tw nhién n > 3 sao cho ton tai mot tdp vita cdn bdng, vica khong tam va
co n diém.

Loi giai. (a) Ta xét 2 trudng hop:

e Néunlasdlé, ditn =2k + 1v6ik > 1.

Ay

Ak+1 Ag

Xét da gidc déu c6 s 1€ canh 12 2k + 1. Ta sé chiing minh ring tip hop S gdm cic dinh
clia da giac nay can bang.

Véi 2 dinh tlly y nao d6 trong sb 2k + 1 dinh clia da gic trén, gid st 1a A va B. Ta thiy
cic diém da cho sé bi dudng thang ndi A, B chia thanh 2 phan c6 s6 luong la x va y véi
x 4+ y =2k —1.Do 2k — 112 s6 1 nén trong hai s6 x, y phai c6 mot s6 1a 18. Khi do,
diém chinh gitta trong phan c6 s6 1& diém sé cach déu 4, B.

e V6in 1a sb chan, ditn = 2k véi k > 2.

Xét dudng tron ¢ tam A; va cac di€ém A,, As, ..., A nam trén duodng tron, trong do
Ay, Az, A4 dudc chon dé thda man A; A, A3 va Ay A3 A4 13 cac tam gidc déu.
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Céc cip diém As — Ag, A7 — Ag, ..., Asx_1 — Ay dudc chon tuy y va phan biét nhau
trén dudng tron sao cho 2 diém trong mot ciip cuing tao véi A; mot tam gidc déu. Tap hop
di€ém nay ciling cAn bing.

That vay, ta thdy ring néu chon 2 diém tiy y khic A;, gia st 1a A;, A; thi cé A;4; =
Ay A ;. Néu chon 2 diém ma trong d6, c6 1 diém 1a A, diém con lai 1a A;, ta chi can chon
thém diém thit 3 ma A, A; va diém d6 tao thanh tam gidc déu thi rd rang diém d6 cach
déu Al, Al'.

Vay trong ca 2 trudng hop 7 chén va 18, ludn ton tai tip hop S théa man.

(b) Ta sé chiing minh rang chi c6 cdc gid tri n > 3 18 théa man dé bai.

That vay, v6i n 18, ta chi cAn chon mot da gidc c6 1é dinh nhu phan (a). Dé thiy ring véi 3 diém
tiy y, khong c6 di€ém nao cich déu chiing (do tAm ctia da giac khong dudc chon) nén tip hop dé
1a khong tam. R& rang né ciing da can bang nén chinh 1a mot tip hop can tim.

V6i n chin, gia st ring c6 mot tp hgp S thda min dé bai.

nn—1) n(n n(n—1)
2

Ta thdy ring c6 tht ca C? = cip diém (A4, B) trong S nén tuong Ung, cling phal co
diém C, tam goi 1a “cdu n6i”, ma CA = CB (néu c6 nhiéu diém nhu thé thi chi can chon mQt
trong sb chiing). Goi k 1a sb 1an nhiéu nhit ma mot diém dudc chon lam cau ndi, suy ra

nn-—1) n—1
k> — & —_—.
=" =2

> 2. Goi P 1a mdt di€m nao dé trong S ¢6 s6 lan dugc chon
lam cau néi 12 k.

Ngoai diém P ra, con n — 1 diém nén néu chiing dudc chia thanh cac cip rdi nhau thi phai c6 it
nhit 2k > 2 -2 = n di€m phan biét, mau thudn. Suy ra, phéi ¢6 2 cip nao d6 c6 di€ém chung,
gia str1a (A, B) va (A, C). Khi d6, PA = PB = PC nén tap hdp nay khong thoa man tinh
chit khong tam.

Vay diéu gia st 1a sai va khong c6 tap hop S nao c6 sd chin phan ti thdéa man. Do d6 cau tra 1oi
lan >3 vanlasdlé. O
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Binh luan.

DAy 12 mdt bai hinh hoc t6 hop va ci 2 yéu cu clia dé déu doi hdi phai xdy dung cdc mo hinh
thda man. Ta c6 thé thiy ri“mg viéc chon dugc vi du 1a mot tap hop c6 s6 1é diém khong qua khé
vi chi can xét da gidc déu mot cach rit tu nhién va kiém tra ciing sé tuong dbi nhe nhang. Hon
thé nita, chinh mé hinh d6 da gidi quyét dudc mot phan cho ca 2 y a va b ctia bai toan.

C6 thé thiy bai toan ny & miic do trung binh, khong phai qua khé dé gidi quyét tinh hudng 18,
nhung ciing khong phai qui dé d€ nghi ra viéc phan chia chan — 1 ciling nhu chiing minh khong
ton tai mot tip can bing, khong tim c6 s6 chin diém.

Céc md hinh dua ra ¢ day ciing khong thuc su phong ph, cu thé 1a khong dé dang d€ tim dugc
cac md hinh c6 tinh chét tuong tu nhu da néu & trén.

Y tudng dém bing 2 cach dung 6 ¥ (b) ciing dd mot 1an xuit hién trong dé IMO 1989 :

(IMO 1989) Cho n, k la cdc sé nguyén duong va S la mét tdp hop cé n phan tit théa man cdc
diéu kién sau:

(a) Khong cé 3 diém nao trong S thdng hang.

(b) Vi méi diém P thudc S, ton tai it nhdt k diém nita thudc S ma cdch déu P.
Chitng minh rang k < % + +/2n.
Ngoai ra, dudi day ciing 12 mot s6 bai todn tuong tu:
(IMO 1999) Mét tip hop S trong khong gian duoc goi la “doi xvng ddy dit” néu véi 2 diém
A, B tity ¥ ndao dé trong S thi mdt phdng trung truc ciia AB ciing la mdt phdng déi xiing ciia
toan bo cdc diém cia S. Chitng minh rdng néu S hitu han thi ton tai cdc diém la dinh ciia mot

da gidc déu, hodc la cdc dinh cua mét tit dién déu, hodc la cdc dinh cua mot bdt dién déu.

(Viét Nam TST 1992) Trong mdt phdng, xét tap hop S gom n diém phan biét (n > 3) thod man
dong thoi cdc diéu kién sau:

1. Khodng cdch giita hai diém bdt ky thudc S déu khong vuot qud 1 don vi dai.

2. Méi diém A thuéc S c6 ding hai diém "ké véi né", nghia la hai diém thudc S cé cing
khodng cdch bang 1 dén diém A.

3. Véi hai diém tuy y A, B thuoc S goi A', A" la hai diém ké véi A. Goi B', B” la hai diém
ké véi B thi /A'AA” = /B 'BB".

Hodi ¢6 ton tai tdp hop S khong trong truong hop n = 1991 va n = 2000? Hdy gidi thich cdu
trd loi.
Bai toan 2. Xdc dinh tdt cd bé ba (a, b, ¢) cdc sé nguyén duong sao cho cdc sé sau

ab—c, bc—a, ca—b,

deu la cdc lity thita ciia 2.
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Loi gidi. Trudc hét ta xét a = b, khi d6 a®> — ¢ vaa(c — 1) 1a liiy thita ctia 2. Suy ra
a=2Fc—1=2mva2*k_om_1=2"

Tu day,tasuyram = 0, n = k = l hoacn = 0, m = k = 1. Do d6, trudng hgp nay ta co
(a, b, c) =1{(2, 2, 2), (2, 2, 3)} vahoan vi.

Giasta <b <c.Datbc —a = 2* vaca —b = 2% khi d6
22V = (h—a)(c+1) > 0.
Suyrax > y vd (b —a)(c + 1) chia hét cho 2”. Lai c6
2¥ 4 2Y = (c— 1)(a + b),

nén (¢ — 1)(a + b) chia hét cho 2”. Vi trong hai s6 ¢ — 1 va ¢ + 1 ¢6 mdt s6 khong chia hét cho
4 nén 2(a + b) hodc 2(b — a) chia hét cho 2”. Suy ra
a+b>2"1,
Ma ta c6
alb+1)<ac=b+2" <2(a+b)+0b.
hay ab <a + 3b < 4bsuyraa < 4.

e Néua = 3 thi
22 =3hb—¢,2" =3c—b>2c+1> 4,
suyray > 3. Taco
b_2y+3-2z 3.2V 427

=— ¢
8 8

Dob <cvay>3nény >z > 3.Laico
2 =bc—3=(3-27742"7)(3- 227 +277%) -3.
Néu z > 3 thi bc — 3 1as61é nén ta c6 z = 3. Khi do
2 =2"7(10+3-2"77).
Tu day,suyray —3 =1hayy =4.Suyrab=5,¢c=7.
e Néua =2thi2? =2b—cva2’ =2c—b>1nény > 0.Tacé

2y _|_2z+1 2y+1 +2z
b=————c=—7—.
3 3
Néu z > 0thi b, ¢ 1a cic s6 chn nén bc—2 khong chia hét cho 4. Mahc—2 > 2.:3—-2 = 4
nén hc — 2 khong thé 1a liy thira ctia 2. Suy ra z = 0, khi d6
2+ 4 5.0Y — 16
5 .
Vi bc — 212 s6 nguyén nén y 1a s6 chin. Hon nita néu y > 6 thi 32 khong 1a uéc ctia

bc —2 =

22Tl 4L 5.2 _ 16> 16-9,

nén bc — 2 khong thé 1a lay thira cta 2.
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o Nbuy =2tac6b=2,c=23.
o Néuy =4tac6bh =6,c=11.

Viy (a, b, ¢) = {(2, 2, 2), (2,2,3), (3,5,7), (2,6, 11)} cung cac hoan vi la tat ca nhiing
gid tri can tim. O

Binh luén

1. Pay 1a mdt bai toan dudc phat biéu kha dep. Tuy nhién 15i gii thi kha ky thuat, phai xét
nhiéu trudng hop, danh gid phan tich Iy thita. C6 1€ vi 1y do d6 ma bai todn nay 1a mot
bai todn gay khd nhiéu khé khin cho cic hoc sinh, trong d6 ¢ céc hoc sinh doan Viét
Nam.

2. Tuy vy, day 1a mot bai toan sd hoc thuin tdy nhit trong cac bai toan sd hoc nhitng nim
gan day. Xu thé cac dé s6 hoc ctia dé thi IMO va ca cac dé thi VMO, Vietnam TST nhiing
nim gan diy thudng lién quan dén tu duy t5 hgp. Chang han bai toan s6 hoc ctia IMO
2014 c6 thé coi 1a t& hop nhiéu hon s6 hoc.

Bai toan 3. Cho tam gidc ABC nhon noi tiép duong tron (O) vdi truc tam H, duong cao AF
va M la trung diém BC. Duong tron duong kinh HA cdt (O) tai Q khdc A. Puong tron duong
kinh HQ cat (O) tai K khdc Q. Chitng minh rdang dwong tron ngoai tiép cdc tam gidc KHQ
va KFM tiép xiic nhau.

Loi giai thit nhat. V& dudng kinh AE va QR cia (0). L, N 1an luot 1a trung diém HR, QA.

Ta c6 két qua quen thudc Q, H, M, E thang hang. Ti d6 suy ra ML || ER | QA va
1 1
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nén NOQM L la hinh binh hanh. Do d6, LN L QA. Tu do6 ta dugc LA = LQ. Mit khac,
ML | QA nén ML tiép xtic dudng tron ngoai tiép ALAQ tai diém L (1).
Ma dé thay
HA-HF = HK-HL=HQ-HM,
nén phép nghich dao tim H phuong tich HA - HF bién

M—>Q,L—K A~ F,Q+— M.

Do dé6 tir (1) két hop v6i phép nghich dao tam H suy ra dudng tron ngoai tiép AKHQ, AKFM
tiép xuc nhau. [

Loi giai thd hai. Goi AE 1a dudng kinh cta (O) va D dbi xing H qua BC thi D nim trén
(0). D& thdy Q, H, M, E thang hang. Goi tiép tuyén tai K, H cta dudng tron ngoai tiép tam
gidgc KHQ cat nhau tai X.
Ta cé
/KXH =180°—-2/KHX = 180°-2/KQH

=2(90°— ZKQH) =2(90° — Z/KAE)

=2/AEK =2/KDH.
Lai c6 XK = XH, tii d6 X 1a tam ngoai tiép tam gidc K DH. Do BC 1a trung tric HD nén X
nam trén BC. Tit d6 theo hé thic lugng trong tam gidc vudng ta cé

XK? = XH? = XF - XM.

Hay XK 1a tiép tuyén chung ctia dudng tron ngoai tiép tam giac KQH va K FM hay hai dudng
tron nay tiép xudc nhau tai K. O

Loi giai thi ba. Goi dudng thang qua M vudng géc v6i QM cat K H tai D.
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Goi L, Z la trung diém ctia HQ, HK thi L, Z nam trén dudng tron Euler (N) ma M ciing
thudc (N) nén N la trung di€ém L D. N ciing la trung diém OH nén OD | LH L QA.

Tudéoco DQ = DA va
HA-HF = HQ-HM = HK - HD.
K& tiép tuyén K T clia dudng tron ngoai tiép tam gidc KQH ta c6

/TKF = /TKH — /HKF = /KQH — /HAD
= /HDM — (LQAD — ZQAH)
— /HDM — /QDM + /HMF
= /HMF — /QDH = /HMF — /HMK
= /KMF.

Do d6 K T ciing 1a tiép tuyén clia dudng tron ngoai tiép tam giac K FM. Bai toan dudc chiing
minh. ]

Nhan xét. Bai toan nay 12 bai todn thii 3 ctia ngay thd nhét, dugc ddnh gid 1a mot bai khé. Tuy
viy mot bai toan ching minh hai dudng tron tiép xtic ma di c6 sin tiép diém thi mic dd khé
chua cao vi vay xép 1a bai s6 3 1a hop ly. Li gidi thi nhat 1a mot y tudng kha tu nhién khi c6 hai
dudng tron tiép xic ta nghi téi viéc nghich déo dé di ching minh dudng thang tiép xic dudng
tron dé€ gidm s6 lugng dudng tron di. Loi giai nay cuing dugc nghi ra bsi Telv Cohl va Trinh
Huy Vu hoc sinh 16p 1241 Toan THPT chuyén KHTN, ban Vu da giup tac gia trinh bay lai
16i giai ctia minh nhu trén. Cling c6 rt nhiéu 10i gidi khac nhau da dugc dé xuat. Loi giai thid
hai trén c6 y tudng thuan tdy hinh hoc rat thong minh 12 ctia Jeck Lim, nick name oneplusone
trong [1], tac gia da chinh stta mot chit cach dung diém X va bién d6i goc gon hon. Lai giai thi
ba thuc chit xuét phat tir mot y tudng nghich dio trong khi téc gia trao ddi cia Ho Qudc Ping
Hung da dugc tac gia chinh stia lai gon hon, bé di cach trinh bay nghich ddo va lam lai thuan
tdy hinh hoc. Trong 15i gii nay thi diém 7 khong can thiét nhung ta dung nhu vay cho dep. Bai
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toan c6 nhiéu ting dung va md rong, phan sau chiing toi xin gi6i thiéu mot sd tng dung va mé
rong.

Bai toan 4. Cho tam gidc ABC noi tiép duong tron (O). Puong tron (A) tdm A cdt BC tai
D, E vacdt (0) tai G, H sao cho D nam giita B, E va tia AB nam giita tia AC, AG. Puong
tron ngoai tiép tam gidc BDG va CEH ldn luot cdt AB, AC tai K, L khdc B, C. Chitng minh
rang GK va HL cdt nhau trén AO.

Loi giai. Goi GK cat LH tai X ta dé thiy AO la trung truc GH. Ta chi can chiitng minh X
thuoc trung truc GH 1a bai todn hoan tt, that vay.

Ta thiy
/EHC = /GHC — Z/GHE = 180° - Z/GBD — Z/GDB = ZBGD.
Tu do
/XGH = /XGD — Z/HGD = /KBD — ZHEC

= 180° — (L/GBA + /BGD + /BDG) — Z/HEC
=180°-(/HCA+ /EHC + /ZEHG)— Z/HEC
=/ACB - /GHE = /XHE — Z/GHE
= /XHG.

Tir d6 tam gidc XGH can ta c6 diéu phai chiing minh. [

Nhan xét. Day 1a bai todn thi 4 clia ngdy thi hai dugc danh gia 1a bai & miic do dé. Loi gii
dung cac k¥ thuat cong géc rat co ban. Pay 1 bai toan dep, cAu hinh khong phiic tap ma don
gian, c6 rit nhiéu y nghia trong ki€m tra danh gid ciing nhu phat trién tu duy. Bai todn c6 mot
s6 mé rong va ding dung.
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Bai toan 5. Tim tdt cd cdc ham s6 f : R — R théa mdn

fx+fax+»)+fey)=x+fx+y)+y- f(x). Vx,yeR (1)
Loi giai 1. Thay x = 0 vao (1), ta dudc
F(fD)+ f(0)= f(»)+y-f0), VyeR. ()

Néu £(0) # 0 thi tif (2) ta dé dang suy ra f don anh. Tit d6, bang cach cho y = 1, ta thu dudc
f(f(l)) = £(1) vanhu thé (1) = 1. Tiép tuc, bang cich thay y = 1 vao (1), ta c6

flx+fx+D)=x+ f(x+1), VxeR (3)

Trong (2), ta thay y bdi x + f(x + 1) va st dung (3) thicoé x + f(x + 1) = 1, ti d6 suy ra
f(x) =2—x, Yx € R. Thi lai, ta thly day 12 mot nghiém ctia phuong trinh da cho.

Tiép theo, ta xét trudng hop f(0) = 0. Trong (1), thay y bdi y — x thi thu dugc
f+ D)+ fxy—=x)=x+ f)+ G —x)- f(x), Vx,yeR (4)
Thay y = x vao (4), ta dudc
flx+ f(x) =x+ f(x), VxeR. (5)
Thay y = 0 vao (4), ta ¢6
FX)+ f(=x) =x —x- f(x), VYxeR. (6)

Trong (6), ta cho x = —1 thi tinh dugc f(—1) = —1. Tiép tuc, cho x = 1 vao (6), ta tinh dudc
f(1) = 1. Thay x = 1 vao (6), ta cod

fA+/M)+fy—1)=f(»)+y. VyeR (7)

Trong (7), ta thay y bdi y + f(y) va st dung céc két qua (5), (3) (chd y ring (3) ciing diing
trong truong hgp f(0) = 0), ta thu dugc

f+1+/)=2y+2-fO)—f(y—14+f»)
=2y +2-f)—(y—1+ f(») (8)
=y+1+4+ f(y), VyeR

Bay gio, trong (4), ta thay x b6i x 4+ 1 va thay y = x thico
flr+1+ )+ f(=x—1)=x+14+ f(x)— f(x+1), VxeR (9)

Két hop (8) va (9), ta suy ra f 1a ham 1&. Tir d6, dang thic (6) c6 thé dudc viét lai thanh

f(xX)— fx>)=x—x-f(x), VxeR. (10)
Trong (10), ta thay x bdi —x va st dung tinh 1é ciia f thi ciing c6
—f(x)— f(x) =—x—x- f(x), VxeR (11)

Trir tiing vé hai dang thic (1) va (2), ta thu dugc ngay f(x) = x, Vx € R. Thi lai ta thiy théa.
Vay bai toan c6 hai dap sd 12 f(x) = x va f(x) =2 — x. O
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Nhan xét 1. T (1) va (2), ta c6 thé chi ra cu thé céac gia tri c6 thé cia f(0) ludn ma khong
can phai chia trudng hop ki€u nhu trén. That vay, néu dita = f(0) thi tir (2) ta c6

f(f»)=f) +ay—a
va f(a) = 0. Tiép tuc, néu thay y = a thi ta sé c6
a=f0) = f(f@)=f@)+a*—a=da.

Tir do, ta dé dang tinh dudc @ = 0 hoidc a = 2.

Tit (6), ta nghi dén mot y tudng 1a ching minh f(x) 13 ham 1@ (trong trudng hop £(0) = 0).
Vi khi d6, bang céach thay x bdi —x dé giita nguyén gid tri cia f(—x2) va st dung tinh 18, ta sé
dang tim dugc cong thic cu thé cho ham f.

Chinh tif y tudng nay da goi cho ta nghi dén phép thay y = —1 vao (1) d€ c6 f(—x) va f(x)
ciing xuét hién trong mot dang thic:

fx+fx=D)+ f(=x)=x+ f(x = 1) = f(x).
Nhu vy, dé chitng minh £ 18, ta chi cAn chiing minh
flx+ fx=1)=x+ f(x—1),

1a dudc. Tuy nhién, néu d€ dang thifc & dang nhu thé nay thi sé kho lién két v6i dang thiic (3) &
trén. Do do, ta sé tinh tién x 1én 1 don vi d€ viét dang thic lai thanh

flx+14 f(x) =x+14 f(x).

Pay chinh 12 ngudn gbc ¥ tudng cho viéc thiét 1ap dang thic (8) trong 15i giai trén, va no cling
chinh 1a chia khoa cho 16i gidi. Ngoai cach gii da trinh bay & trén, ta cling c6 thé st dung
phuong phap thiét 1ap nhiing dang thic kiéu truy hoi dé giai nhu sau:

Lai gidi 2. Trong truong hop f(0) # 0, ta c6 thé xét tuong tu nhu 16i giai 1. O day, ta chi xét
truong hop f(0) = 0. Lic nay, ta c6 thé tim dudc két qua (6):

fE)+ f(=x*)=x—x-f(x), VxeR
va f(—1) = —1, f(1) = 1. Bay gio, thay x bdi —x vao (6), ta ciing c6
f(=x)+ f(—x?) = —x+x- f(-x), VYxeR. (12)
Tri tuong ting vé v6i vé hai dﬁng thuc (6) va (12), ta thu dugc
(I4+x)-f(x)—(1—x)- f(—x) =2x, VxeR. (13)
Trong (1), thay y = 1 — x, ta thu dugc
fx+D+ fx—x)=x+1+1-x)- f(x), VxeR. (14)
Trong (1), thay x bdi —x va thay y bdi —1 4 x rdi st dung (13), ta dudc
fl=x—=D+ f(x=x*)=—x—-14+x=1)f(—=x) =x—1—(1+x) f(x), VYxeR. (15)
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Trit tuong dng vé véi vé hai dang thiic (14) va (15), ta thu dudc
FO+1)— f(=x—1)=242- f(x), VxeR.
Tuy nhién, do (13) nén ta c6

2x — (1 +x)- f(x)

f(—x) = Vx # 1.
x—1
Do do,
f(_x_l):2x+2—(x-;2)'f(x+1)’ Vx 0.
Thay vao (16), ta thu dudc
f(x+1)—2x+2_(x+2)'f(x+1)=2+2-f(x),

X

tu do suy ra
x+D-fx+D)=2x+1+x-f(x), Vx#O.
Do f(1) = 1 nén ta d& thiy dang thiic trén ciing diing khi x = 0, do d6 ta cé
x+D-fx+1D)=2x+1+x-f(x), VxeR.
Thay x bdi x — 1 va thay y bdi —x vao (1), ta co
fx=2)4+ f(x—x*)=x—-2—x-f(x—=1), VYxeR.
Tru hai d:fmg thic (14) va (18) theo vé, ta dudc
f(x+1D)—f(x=2)=3+0—x)- f(x)+x-f(x—1), VxeR.
Trong dang thiic trén, ta thay x bdi x + 2 thi thu dugc
fx+3)—fx)=3+x+2)- f(x+D)—-(x+1D-f(x+2), VxeR
Tu (17), ta suy ra
x+2)-fx+2)=x+1D) - fx+D+2x+3=x"-f(x)+4x + 4

va
x+3)- fx+3)=x+D-f(x+1)+4x+8=x-f(x)+6x+9

(16)

(17)

(18)

(19)

(20)

(21)

Nhan hai vé ctia (19) véi (x + 1)(x 4 2)(x + 3) va st dung cac két qua (17), (20), (21), ta dudc

(x+Dx+2)[x- f(x)+6x+9]—(x+D(x+2)(x+3) f(x) =

=3(x + D(x +2)(x +3) + (x +2)*(x + 3)[x - f(x) +2x + 1]

—EoaeEmi&igh 3)[x - f(x)+4x + 4].
Sau khi khai trién va riit gon, ta viét dudc dang thic trén dudi dang

2(x3+6x2+9x+3)[f(x)—x] =0, VxeR.

Nhu vay, trong cac trudng hop ma x> + 6x2 + 9x + 3 # 0 thi f(x) = x. Noi riéng, ta c6
f(x) = x, Vx > 0. St dung két qua nay cho (6) (xét x > 0), ta dudc f(—x?) = —x2. Do do,

taciing c6 f(x), Vx <0.Laicé f(0) =0néntacod f(x) =x, Vx € R.
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Nhan xét 2. Ldi giai nay bé ngoai phic tap hon 18i giai 1, tuy nhién xét vé mit y tudng thi
lai kha tu nhién va don gian. Sau khi da tinh dugc f(1) = 1 va f(—1) = —1, I€ di nhién ta sé
mudn tan dung ching, do d6 viéc thay cac giatri y = 1 — x v y = —1 — x 1a diéu hoan toan
c6 thé nghi dén. Khi d6, ta thu dudc cac dang thic

fx+D+ fx=x)=x+1+10-x) f(x)

va

Ja=D+ f(=x=x*) =x—1—(1+x) f(x).
Tuy nhién, cic dai luong f(x —x?) va f(—x — x?) kha phtc tap va gy can trd cho cac bién ddi
ctia ta. Do d6, y tudng & ddy 1a tim cic sb6 y sao cho —y — y2 = x — x? d€ ta c6 thé chuyén ddi
hai biéu thifc khé & hai dang thic vé dang giéng nhau va triét tiéu chiing bang phép trir tucng
ting. Cacsd ydélay = —xvay = x — 1.
Day chinh 1a cdch d€ tim ra cac dfmg thuc (14), (15), (16), (18) va (19). Tu (19), ta ndy ra mot y
tudng 12 tim cach biéu dién cic biéu thic f(x + 3), f(x +2), f(x + 1) vé dang theo f(x) dé
dua vé mot phuong trinh ctia f'(x). Bang viéc giai phuong trinh d6, ta sé tim dudc cong thiic cu
thé cia f(x). C6 thé thdy, tit ci biéu thic trén déu c6 thé tinh dudc néu ta tim dudc su lién hé
ctia f(x 4+ 1) va f(x). Piéu d6 dudc thé hién 16 & dang thiic (16).
Chii y rang —x — 1 = —(x + 1) nén d€ dua vé& mot dang thifc chi chiia f(x + 1) va f(x), ta c6
thé nghi dén viéc st dung (13). Va d6 chinh la cach dé tim ra (17), dang thic chia khéa dé tinh
f(x+3), f(x +2), f(x + 1) va gitp ta hoan tat 1di gidi nhu & trén.
Phuong phap thiét 1ap nhiing dang thic thé hién cdc gid tri f lién tiép nhu trén, ta tam goi la
phuong phap dung dang thiic kiéu truy hdi. Pay 13 mot phuong phap hiéu qua c6 thé gitp chiing
ta gidi dugc nhiéu bai toan khé. Sau diy 1a mot vai vi du (ban doc c6 thé thit siic).

Bai tap 1. Tim tit ca cic ham sb f : R — R théa man diéu kién:
fy)=fx)- f()—fx+y)+1. Vx,yekR

Bai tap 2 (Bulgaria, 2005). Ky hiéu R* Ia tap cac s6 thuc khac 0. Tim tht c& cidc ham sb f
x4c dinh trén R* va nhan gid tri trong R* thdéa man diéu kién:

4y = 20+ 18D iy eRrt y £ -
)

Bai tap 3 (IMO, 2012). Tim tit ca cac ham s f : Z — 7 thda man diéu kién: Néu a, b, c la
céc s6 nguyén thdamana + b + ¢ = 0, thi

f2@) + f2(b) + f2(e) =2[ f(a)- f(b) + f(b)- f(c) + f(e)- f(@)].
Bai tap 4 (Balkan, 2009). Tim tt cd cdc ham s6 f : N* — N* thoéa méan
F(f*(m)+2- f>(n)) =m>+2n> Vm,neN.

Ngoai hai cach gidi néu trén, bai ny con c6 mot cach tiép can khéc ciing rat thad vi 1a sit dung
diém bat dong (cdc diém x ma f(x) = x) nhu sau:
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Loi giai 3. Ciing giébng nhu 15i gidi 2, ta chi xét tf trudng hop £(0) = 0. Liic nay, ta da c6
f(=1) = —1, f(1) = 1 va thiét 1ap dugc

I+x)-f(x)—(1=x)- f(—x) =2x, VxeR. (13)

Goi F la tap hop cac diém bit dong ctia f. D& thdy 0 € F nén F # @. Tit (13), ta thy rang néu
xeF, xF1thi(l—-x)- f(—x)=(1+x)- f(x) —2x = —x(1 —x),suyra f(—x) = —x.
Diéu nay c6 nghiala —x € F. Ngoaira, do 1, —1 € F nén véi moi x € F thi —x € F.

Thay y = 0vao (1),tacé f(x + f(x)) =x + f(x) nénx + f(x) € F.

Thay x = 0 vao (1), ta cling c6 f(f(x)) = f(x)nén f(x) € F.

Theo ly luan & trén, ta cling ¢c6 — f(x) € F va—x — f(x) € F.

Bay gid, giasicodsbamaa # f(a), tathay x = a vd y = f(a) —a vao (1) thi dugc

f(a[f(@ —a]) = [f(@) -] - f(@).

Thay x = —avay = a — f(a) vao (1), ta cling c6
f(alf@=a]) = [a - f@]- f(-a).

Két hop hai két qua trén véi chiy a # f(a), tasuy ra f(—a) = — f(a). Thay x = a vao (13)
va st dung két qua nay, ta lai thu dudc f(a) = a, mau thudn. Do d6, sb a néi trén khong ton
tai. Noi cach khac, tacod f(x) = x, Vx € R. ]

Nhan xét 3. Day c6 1& 12 15i giai ngan gon va dep nhit cho bai toan nay. Phuong phép st dung
ly luan dua trén tap hop nhu trén 1a mot trong nhitng phuong phdp quan trong rét hay dudgc st
dung ctia phuong trinh ham. Ban doc c6 thé cling thi stic v6i cic bai todn sau dé thiy kha ning
tng dung clia phuong phap.

Bai tap 5 (IMO, 1994). Goi S la tap hdp cac sb thuc 16n hon —1. Tim tit c4 cdc ham s6
f : 8 — S théa man dong thdi céac diéu kién:

@ f(x+f)+x-f()=y+f(x)+y- f(x)vdimoix, yeS;
(b) @ tang ngat trén hai khoang (—1, 0) va (0, +00).
Bai tap 6 (Trung Qubc, 1996). Xét ham sé f : R — R thoa man diéu kién:
f&P ) =@+ [ 2@ = f) - fO)+ ()], Vx, yeR
Chiing minh rang £(1996x) = 1996 - f(x) véi moi x € R.

Bai tap 7 (IMO Shortlist, 2013). Tim tit ca cac ham s6 f : N — N thda man

f(f(f(n))) =fmn+1)+1, VneN.

Va mot bai toan khdc, cling rat thd vi, 1a ting dung ctia phuong phap diém bét dong la:

Bai tap 8. Tim tit ca cdc ham lién tuc f : R — R thda min

f(f(x) + f(x) =2x, VxeR
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Néu chi nhin tir 15 giai 1 va 2, c¢6 thé thdy bai s6 5 trong dé IMO chi 12 mot bai thuan tiy ky
thuat tinh todn, khong c6 gi dic sic. Nhung 19i giai 3 lai cho thiy mot nét dep quyén i tir bai
todn, c6 1& ddy ciing chinh 14 ddp 4n chinh thifc ctia bai todn va rat ¢6 thé né ciing 13 1i do ma bai
toan nay dudc chon 1am bai s 5 clia dé thi.

Va thuc su diy ciing khong phai 12 mot bai todn dé, két qua ctia ky thi da chiing to diéu d6. S6
thi sinh 1am dudc bai s6 5 khd it, chi ¢6 37 em trong 577 thi sinh dat s6 diém ti 5 trg 1én. Tuy
nhién, doi Viét Nam ctia ching ta c6 4 ban nam trong s6 nay, mot két qua rat dang khen.

Bai toan 6. Cho ddy a,, a,, ... cdc sé nguyén thod man cdc diéu kién:

(@) 1 <a;j <2015vdimoi j > 1.
(i) k+ar #l4+a;viimoi 1 <k <.
Chitng minh rdng tén tai hai s6 nguyén duwong b va N sao cho

n
> (aj —b)| <1007,
j=m+1
VOi moi 50 nguyén m, n thod mann > m > N.
Loi giai. Loi gidi bai toan dya vao hai nhan xét quan trong sau:
Nhan xét 4. Dit ¢, = ap + k thi ta c6 {ck} 1a diy vo han céc sd nguyén duong thda min
diéu kién 1 < k < 2015. Ta néi s6 nguyén duong I 1a “tw do” néu I # c; v6i moi i. Gia st
rang ton tai 2016 s6 tu do khac nhau va goi X 14 s6 16n hon tit ca cac sb d6. Xét ¢y, ca, ..., cx
1a cic sb nguyén duong phan biét nam trong doan [1, X + 2015], va 2016 sb trong céc sb nay
12 tu do, mau thuin. Ngoai ra thi sd 1 ciing tu do, do d6 s b céc s tu do thoa man diéu kién
1 <bh<2015.Ta khzzlng dinh ri“mg s6 b nay théa man diéu kién dé bai khi N 16n hon tit ca cac
s6 tu do.
Nhan xét 5. Ly x > b va xét m > N va lay hai day
€1, Cay - .., Cpy (day 1),

Cm—i—l, Cm+2’ cee Cm—l—x (déy 2)'

Céc s6 nay nam trong doan [1, m + x + 2015]. Ta tach doan nay thanh 2 doan
(I, m+1]U[m+2, m+ x +2015] := [, U I,.

Day 2 chiém x s6 trong I», con day 1 chiém b — 1 s6 trong I,, va tit ca cac s6 ma ddy 1 chiém

< m + 2015. Hon nita, diy 2 chiém tat ca cdc s6 thudc [m + 2016, m + x + 1], vi cdc s6 nay

khong thé dudc chiém bdi bit cii mot ¢ nao khac khong nam trong diy 2.

DE tong cac sb trong ddy 2 1a 16n nhét, ta phai bd qua b — 1 gid tri nhd nhét trong [m + 2, m +

2015], 14y moi gia tri trong [m + 2016, m + x + 1] va bd qua 2015 — b gid tri nhd nhét trong

[m+ x 4+ 2, m+ x + 2015]. bat
A=m+24+b—-1)+---+(m+x+1),
B=(m+x+2+2015-b) 4+ (m + x +2015),
C=m+1+b)+ - +[m+x+1-b)+b],
D=[m+x+2->b)+2015]+---+ (m + x + 2105),
E=m+1+4b)+-+[m+x+1-b)+b],
F=[m+x+2-b)+b]+- -+ (m+x+b).
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Nhu viy t8ng ctia chiing ta 16n nhit bing A + B = C + D, léch so v6i gid tri ky vong E + F

la

(2015 —b)(b — 1) < 10072,

Dé tdng cac sd trong ddy 2 13 nho nhét, ta phii bd qua b — 1 gia tri 16n nhit trong [m +
2, m + 2015], iy moi gi4 tri trong [m + 2016, m + x + 1] va bd qua 2015 — b gia tri 16n nhét
[m+ x + 2, m+ x 4+ 2015]. Lai dat

A =@m+2)+-+[m+2015— (b —1)],

B = (m 4 2016) + --- + [m + x + 2015 — (2015 — b)],
C'=m+1+41)+--+[(m+2015—b) + 1],

D =[m+2015—b+1)+bl+---4 (m+x+b),
E =(@m+1+b)+ -+ [(m+2015—b) + b],

F =[(m+2015—b+1)+b]+---+ (m + x + b).

Nhu vy tong ctia ching ta nhd nhét nhit bing A" + B' = C' + D', 1éch so véi gid tri ky vong
E'+F la

(2015 — b)(b — 1) < 1007,

Tir d6 ta c6 diéu phéi chiing minh. O

Binh luan.

1. Tacéax —b = c; — (k + b). Ta can do tdng dd l1éch ctia day ¢ so v6i ddy “trung binh”

k + b ma ta goi 1a tdng ky vong. Tit d6 chuyén sang bai toan tim gid tri 16n nhét va gid tri
nhé nhit cia téng cic ¢ trén mot doan da cho.

. Loi giai dugc trinh by & trén dudc tham khéo tir 16i gidi ciia Juan Ortiz trén dién dan

Artofproblemsolving véi nhiing diéu chinh khong dang ké cho dé hiéu. Pay 1a ciing 1a y
tudng clia oneplusone nhung trinh bay chi tiét hon.

. Cing trén dién dan nay, ngudi dung c6 tén fph di c¢6 nhan xét thi vi sau: Bai todn nay

hinh nhu 12 ¢6 lién quan dén khai niém tung hing c6 tén la siteswap https://en.
wikipedia.org/wiki/Siteswap. Y tudng la a; — 1 biéu thi d6 cao ma ta tung
qua bong 1én tai thdi diém ¢ : Ngudi dién vién tung hing tung qua bong & thdi diém 7 va
qua bong sé rdi xubng vao thsi diém ¢ + a, — 1. Vi du quy tac tung hing thuong gip nhit
tuong ung véi a, = 4 v6i moi ¢, nghia la trong ky hi€u cua chung ta 3, 3, 3, 3, ..., cling
c6 nghia 13 véi mdi ¢, qua bong dudc tung & thoi diém ¢ sé roi xudng & thoi diém ¢ + 3
(sau d6 no6 lai dugc ném 1én). Trong bai toan cla ching ta, ngudi dién vién tung hiing
trong thdi gian vo han, va cac qua bong duge tung 1én 6 dd cao 0 < a;, — 1 < 2014, trong
d6 0 nghia 12 khong c6 qua béng nao dudc tung. Sau d6 fhp da dé xult hudng gidi quyét
bai toan nhu sau:

DE don gian, ta gia si rang cac qua bong khong bay theo hinh parabol, ma thdi diém ¢,
ngudi tung hing “ddr” né 1én d6 cao a; — 1. Tit ca cic qua bong khac gidm dd cao xudng
1. Goi b 12 56 cdc qua béng (mot cach chon phi hop!).

Bay gio, dai luong ky bi ma ta sé xem xét 12 téng cic do cao clia tit cd b qua béng &
thoi diém ¢, S;. Pai lugng ma ta can danh gia 1a |S,, — S,|. O dé bai Now, the magic
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quantity to consider is the sum of the heights of all » balls at each time ¢, S;. The
quantity that we have to bound is |S,, — S,|. That viy, tai mdi thoi diém, tit ca b qua
béng sé gidm do cao xudng 1 don vi, vd qua bong nao xudng t6i 0 s& dudc “ddr” 1én do
cao a;.

Gia tri 16n nht va gid tri nhd nhét clia S; bang bao nhiéu? Gia tri nhé nhét 1a 1424 -+b,
vi néu khac di thi sé c6 hai qua béng roi xudng cing mot lic. Gid tri 16n nhat dat dudc
khi tung tit ca cac qua bong 1én do cao 2014 & cac thoi diém lién tiép, tiic 12

2014 + 2013 +--- + (2014 — b + 1).
Hiéu gita hai gia tri nay la
(2014 —1) + (2013 —=2) 4+ --- + (2014 — 2D + 1).

Day 1a tdng ctia cac s6 18 lién tiép. DE dat gia tri 16n nhét, ta ding lai & chd cac s6 nay bat
dau am, vy b = 1007 va tng nay chinh 1a

1+3+---42013 = 1007°.

4. Ivan Guo, mot trong hai tdc gia cGa bai todn nay (tic gia thd hai 1a Ross Atkins, Uc) da
¢6 binh luan nhu sau:

Laoi giai chinh thic cling tuong tu nhu 10i giai cia fph, nhung khong dung ngén ngti tung
hiing. Cu thé, ban chia cic s6 hang ctia ddy s thanh céc 16p tuong duong (hay t6 mau
chiing, néu ban muén) theo quy tic @; ~ a; néu a; + I = j (nhu thé mdi 16p/mau
sé tuong Ung v6i qua béng nao do). Bay gid goi b 12 sd cac 16p/mau va tinh todn tudng
minh/danh gi4 tdng da cho, dau tién trong tiing 16p/mau, sau d6 12 tit cd. Chin trén sé la
(2015 — b)(b — 1) va cach minh hoa “tong chiéu cao ciia cdc qud bong” cta fhp that 1a
dep.

C6 mdt cich tiép can khac thé nay. Xét diy s6 d; = a; + i va sip xép céc d; theo thi tu
tang dan bang cach d6i chd min(d;, d;;) Vi d; sau khi sap xép day sé méi a; = d; — i
van thda man diéu kién 1 < a; < 2015 va sé chic chan 1a diy hing ké tir mot s6 hang
nao d6. Chon hing sd nay 12 b. Tong da cho 1a hiéu giita diy ban dau va diy mdi, c6 thé
dugc danh gia bang cach theo déi cac thay d6i ¢ mdi 1an ddi chd. Céc thay ddi bi chin bdi
2015 — b va c6 nhiéu nhat b — 1 thay ddi nhu vay.

Tai liéu tham khao

[1] Topic Problem 3.

http://www.artofproblemsolving.com/community/
c6t48£f6hl1112748_problem3

[2] Topic Problem 4 :

http://www.artofproblemsolving.com/community/
c6t48f6ohl1113163_problem_4
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BAI TOAN HAY - LOI GIAI DEP:
VE BAI TOAN IMO 1988

Alon Amit
(Tran Nam Ding dich)

Chuyén muc nay dugc 1dy cAm hing tir bai viét cia thay Nguyén Duy Lién & s6 bdo trude vé bai
toan sd 6 trong ky thi IMO 2001 véi 5 cach giai khac nhau. Muc nay sé dé danh viét vé nhiing
bai toan hay, 10i giai dep va nhiing cau chuyén thu vi xung quan nhiing bai toan va 16i giai do.

Tén cua chuyén muc dugc mudgn tur tén cia mot nhém nhiing ngudi yéu todn trén Facebook do
anh Nguyén Vin Ldgi séang 1ap '"Bai toan hay — Lgi giai dep — Pam mé Toan hoc''. Chuyén
muc ghi nhin cdc dé ¢t cia ban doc va s& chon ding mdi ky 1, 2 bai toan.

Ky nay BBT gidi thiéu v6i ban doc phan tra 16i ctia TS. Alon Amit trén quora.com vé mot
bai toan s6 hoc thd vi.
Céu hoi trén quora . com:

2 2

Cho a, b 1a cic sb nguyén duong sao cho ab + 1 chia hét a®> + b2. Tai sao T
a

chinh phuong?
Cau tra 10i ciia Alon Amit, TS Toan, ngudi dian CLB Toén.

DAy c¢6 18 bai toan ly thuyét sb so cap ndi tiéng nhat trong nhiing nim gan day, dudc thao luan &
rit nhiéu céc dién dan nhu:

artofproblemsolving.comhay math.stackexchange.com/

va dau d6 nita. Pay 1a bai toan s6 6 ctia IMO 1988. Khi tdi n6i "so cap" tdi c6 ¥ néi rang né co
thé giai ma khong can ding dén cac k¥ thuit cao cip thuong thiy trong 1y thuyét sb hién dai.
Toi khong c6 y néi rang né dé. Cac 16 gidi cho ban toan nay déu c6 thé hidu dudc néu c6 hiéu
bién vé cc khdi niém co ban ctia ly thuyét s6, nhung tim ra 15i giai thuc su 1a rat, rat kho.

Tai sao toi biét?

DAy, minh chiing day. Bai to4n niy da dudc Tay Diic gii dén cho Ban chon dé ctia IMO bdi
(Téi doan 1a Don Zagier c6 thé c6 doi chiit lién quan). TAt ca 6 thanh vién ban chon dé chinh
xdc 1a khong ai giai dugc. Bai toan sau d6 dudc giii cho bon nha ly thuyét sé hang d4u cia Uc,
va khong ai trong s6 ho giai dudc trong vong 6 gid. Bai toan ndy dudc phan loai 13 “cuc kho”
nhung cudi cling van dugc chon lam mot bai todn cta ky thi (vé diéu nay c6 thé xem chi tiét
trong cudn sach ""Problem-Solving Strategies' ctia Arthur Engel).

Trong ky thi, bai todn dudc giai quyét tron ven bdi 11 thi sinh. Mot trong s6 d6 1a Ngo Bao
Chéau, ngudi sau d6 da gianh giai thuéng Fields vao nam 2010. Hai nguoi khac la Ravi Vakil,
nay nha todn hoc ctia Stanford v6i nhiéu gidi thudng, va co gdi doc ddo Zvezdelina Stankova, nay

171


quora.com
quora.com
artofproblemsolving.com
math.stackexchange.com/

Tap chi Epsilon, S6 04, 08/2015

12 nha nghién ctiu ndi tiéng va chi nhan ctia CLB toan Berkeley hiing manh (Toi ciing khong
thé cudng lai y mudn nhic & day 1a Ravi 1 thanh vién hoi dong quén tri ctia Proof School va
Zvezda nam trong hdi dong tu vén).

Mot trong nhiing ngudi khong giai dudc bai nay, tin hay khong tuy ban, d6 la Terence Tao
(chiing ta c6 thé tha thii cho anh 4y - lic ddy anh 4y méi 13 tudi).
Con bay gio ta sé danh thdi gian cho 16i gii ctia bai todn Ta phat biéu lai bai todn. Ta can chiing
minh rang néu a, b 1a cic s6 nguyén duong sao cho ab+1 chia hét a2 + b2, thi ty s6

a’ + b?

ab +1
khong chi don gian 1a s6 nguyén - né 1 s6 chinh phuong.
Ta sé st dung phuong phap xudng thang.

Phuong phap nay, thudng dudc gin véi tén cia Fermat, nhu sau: dé chitng minh khong ton tai
mot sb nguyén duong n théa man mat tinh chit nao d6, ta gia st rang c6 mot sb6 nhu thé, va st
dung céc thong tin ma ta c6 dé tao ra mot s6 nguyén duong méi ma A) ciing c6 tinh chat d6 va
B) nho hon n. Vi ta c6 thé 1am dudc mot 1an nhuu thé nén ta c6 thé 1am dudc tiép va ta sé ¢
mot diy gidm nghiém ngit cic sd nguyén duong. Nhung khong ton tai ddy gidm nghiém ngit
céc s6 nguyén duong. Do d6, diéu gia st ban dau clia ching ta Ia sai.

Mot cach khac dé phat biéu y tudng tuong tu nhu sau: néu ton tai mot sd nguyén duong cé tinh
chit di cho, thi s& c6 sd nhd nhit c6 tinh chat nhu vay. Ta chon s6 nay, gia s 1a n, va st dung
n6 dé tao ra mdt sd nhé hon ciing c6 tinh chét nhu vay. Nhung diéu nay mau thuin vdi tinh nhé
nhét. Do d6 khong ton tai sb nguyén duong thda man tinh chit clia chiing ta.
Quay tré lai bai toan:

)

b
% khong chinh

phuong, ta chon cip s6 c6 @ + b nhé nhit. Néu c6 nhiing cip nhu vay, chiing sé c¢6 cic tong
a + b khac nhau va trong tit ca cdc tdng nay ta chon téng nhd nhéat va cb dinh cip sb a, b véi
t6ng nhd nht.

Trong ciip s6 nguyén duong a, b thda min diéu kién bai toan va ty sb k =

Vi vai trd clia @ va b 1a dbi xiing nén ta c6 thé gia st a > b. Trong trudng hop ngudc lai ta chi
can d6i chd chiing.
Ta viét lai dang thifc:
_at+b?
-~ ab+1
dudi dang:
a* —kab + (b*> —k) = 0.

No6i cach khac, a 1a nghi€ém cta phuong trinh bac hai:
X? —kbX + (b* —k) = 0.

Néu ta da c6 mot nghiém clia phuong trinh bic hai, ta sé c6 nghiém thi hai. Ta gon nghiém nay
1a a’. Tit c4c tinh chét co ban clia phuong trinh bac hai (dinh ly Vi-ét cho phuong trinh bac hai),
ta c6 thé x4c dinh tdng a + a’ va tich aa’ mot cach dé dang:

a+a =kb.

aa' = b* —k.
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Tit phuong trinh dau ta c¢6 a’ 1a s6 nguyén (Diéu nay khong ngac nhién, phuong trinh bac hai
don khdi v6i hé sd nguyén hoic c6 hai nghiém nguyén, hoic hai nghiém vo ty, né khong thé c6
1 nghi€ém nguyén va mot nghiém khac hitu ty nhung khong nguyén).

Tt phuong trinh thit hai suy ra a’ khéac 0. Vi sao? Vi ta hdy nh6 lai, k khong 14 s chinh phuong
nén khong thé bing h2.

Ta cling chd y ring a’ ciing khong thé 12 s6 am. Vinéu a’ < 0thi 0 = a’?> — kba’ + (b> — k)
s& 16n hon a’? + k + (b? — k) (ta thdy —kba’ 1a s6 16n hon k néu a’ < 0), hay don gian 12
a’? + b? < 0, mau thuan.

Do d6 a’ 1a s6 nguyén duong. Hon nifa, chu y riang

/

b> —k
a =

a

<a

vi ta da gia st la @ > b. Cubi cung, do a’ ciing 1a nghiém cta phuong trinh bac hai & trén, ta
thiy ring a’, b cling tao ra ty s6 giébng nhu a, b 1a:

_d?+b?

ab+1

va diéu nay 12 mau thuln vi ciip a’, b c6 tdng nhd hon cip a, b da dudc chon c6 téng nhd nhét
(dpcm).
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pOI NET VE KY THI APMOPS

Pham Van Thuan, Nguyén Tién Lam
(Ha Noi)

1. Gidi thieu APMOPS

Ky thi Olympic Toan chau A Théi Binh Duong APMOPS 1a ky thi dugc t6 chifc hang nim, thu
hut gﬁn 8000 thi sinh du thi tai nhiéu nuéc (Singapore, An b9, Brunei, Dai Loan, , Hong Kong,
Indonesia, Malaysia, Phillipine, Trung Qudc, Thdi Lan, Viét Nam) nhiam tao co hdi cho hoc
sinh gidi todn dudc thi siic va tranh tai. Lita tudi hop 1& dé tham gia APMOPS la céc chdu 12,
13 tudi (dang hoc 16p 6, 7). Pon vi ding cai td chiic chinh, chiu trach nhiém chuyén mon, hau
can cho ky thi 12 Hoc vién Hwa Chong Institution, Singapore.

Tién than ciia APMOPS 1a ky thi hoc sinh gidi toan tiéu hoc SPMOPS ctia Singapore, SPMOPS
dudgc t& chiic 1an dau nim 1990. Co ciu gidi thudng cia APMOPS 1a: 2% thi sinh dat diém cao
nhat sé& nhan giai Bach Kim, 5% tiép theo nhan HCV, 5% tiép theo dat HCB, va 10% tiép dat
HCD.

Tt nim 2001, SPMOPS dudc dong nhit va chuyén thainh APMOPS, mé rong pham vi d6i tugng
cho ca céc thi sinh ciing d6 tudi & cac nu6c trong khu vuc cling tham gia. Ban t3 chiic gii dé thi
niém phong cho cic don vi dong t6 chiic tai cic nudc, ddm béo tit ca cic thi sinh cung thi va
két thic & khoang thdi gian tuong duong. Nam 2011, APMOPS c6 8000 thi sinh tham gia.

1.1. Tai sao APMOPS lai thanh cong dén vay?

O chau A, Singapore chic chin 1a mot cudng qudc vé gido duc: thanh tich xép hang theo cic
don vi khéo thi doc 1ap, uy tin cac trudng trung hoc, dai hoc trong xa hoi cao. Riéng ky thi tuyén
vao cédc trudng cong 1ap, Singapore thu hit hang ngan tng vién tif cdc nudc lang giéng tham
gia. V6i gido duc toan hoc, Singapore cling ¢6 nhiéu thanh tich rat ding né. Cac bd sach gido
khoa & Singapore tham chi con dugc nhiéu nudc tham khéo, st dung. Bo gido duc Singapore rat
coi trong viéc gido duc todan hoc va phong trao hoc sinh gidi. Cép tiéu hoc, cic em c6 sin chdi
1a APMOPS, 1én trung hoc co s& va phd thong, Hoi Toan hoc Singapore (SMS) t6 chiic Ky thi
Olympic Todn Qudc Gia véi hai nhém tudi (15-16 va 17-18). Niam 2012, SMO c6 9742 thi sinh
tham gia, tif 148 trudng trung hoc ctia Singapore. Sau mdi ky thi SMS déu c6 xuit ban dé thi,
16i gidi, cting cdc thong ké vé ky thi. Cac ky thi hoc sinh gidi clia Singapore thuc su 1a san choi
tu do: ai diing d6 tudi déu c6 thé du thi, 1¢ phi thi 12 5 do la (nha trudng sé tra cho), cdi nay thi
Singapore chon cach lam ctia My, chi khong 1ap doi tuyén cac cip trudng, quan, tinh nhu & ta.
Phong cach céc bai toan Olympic ctia Singapore pha tron hai ki€u: ki€u My & tinh da dang va
dai, ki€u Trung Qudc & dd khé. Nhiéu bai todn (dit don gian) ciing c6 y tudng t6t va dudc phat
biéu dudi hinh thiic hip dan. O c hai ky thi trong yéu la APMOPS va SMO, cic dé thi déu la
san phim tri tué tap thé. Cac yéu td khac gép vao thanh cong cia APMOPS nhu sau

e mot nén gido duc tdt (gian 1an trong hoc tap 1a diéu rat hiém gip & céc trudng Singapore)
véi phong trao hoc tap rong khap,
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e cong tac t6 chiic phong trao thi c6 tinh ké cén lién tuc, rong khap,

e noi dung cic bai toan c6 chit luong tdt, c6 sic cudn hiit va giy hing thi, to mod & hoc
sinh.

1.2. Ty do va déanh gia

Nhitng ngudi 1am dé thi hoc sinh gidi tai Singapore dudc hudng tu do hoc thuit tuyét dbi. Ho
thuong dén tir hai noi 1a Khoa Todn tai Pai hoc Qudc Gia Singapore, Vién Toan hoc, va Vién
Gido duc Qudc gia Singapore (dit tai NTU). Noi dung dé thi dudc khuyén khich ddi méi, va
gan nhu khong c6 quy dinh gidi han ndi dung, hay mic do kho.

2. Gidi thiéu mot sb bai toan APMOPS

2.1. Téng quan vé dé thi

Pé thi APMOPS gdm 30 cau hdi dudc viét bang tiéng Anh. Hoc sinh 1am bai thi du6i hinh thiic
viét dap sb (short answer). Mot cach tuong dbi, dé thi dugc chia lam ba phan tir d& dén khé, cu
thé

e Dé&: Tir cdu 1 dén cau 10. Biéu diém cho mdi ciu 12 4.
e Trung binh: T cAu 11 dén cau 20. Biéu diém cho méi cau Ia 5.
e Khé: T ciu 21 dén cau 30. Biéu diém cho mdi cau 1a 6.

Nhu viy, diém tdi da cho toan bai thi 12 150 diém véi thoi gian 1am bai 1a 2 tiéng. Dé thi
APMOPS kha phong phi vé ndi dung, bao gdm céc bai toan vé sd hoc, hinh hoc, t6 hop va
16gic (dic biét chu trong cac bai toan dém). O miic d6 nao d6, ndi dung dé thi v& co ban 1a phu
hgp v6i chuong trinh cac 16p 6, 7 6 nudc ta; bén canh d6 cliing cé nhitng ndi dung khong cé
trong chuong trinh sach gido khoa cac 16p 6,7 nhu céc bai toan dém, t6 mau hay cic bai toin
suy luan 16gic. Cac bai toan trong dé thi APMOPS thudng c6 phat biéu & dang don gian, nhiéu
bai todn gan vé6i cdc nodi dung thuc té va thudng doi hdi hoc sinh phai suy luan tét, sang tao cao
trong cach giai.

Qua theo déi trong nhiéu nim, chiing to6i nhan thy dé thi thudng bao gdm cic ndi dung

e S hoc: cic bai todn vé udc, boi, diu hiéu chia hét, s6 chinh phuong, s6 nguyén tb, ciu
tao s0, tong cdc chit so...

e Dai sb: cac bai toan c6 ndi dung thuc té, dua vé 1ap cac phuong trinh bac nhét nhiéu 4n &
muc do don gian...

e Hinh hoc: cdc bai toan ve tinh goc, dién tich, chu vi, do dai...
e TG hop: cic bai toan dém, t6 mau...

e Logic: cac bai toan lién quan dén tinh dung, sai cia ménh de...

Nhu vdy, ngoai phan 16n ndi dung thi 1a phit hgp véi chuong trinh sach gido khoa cac 16p
6,7 cia Viét Nam (S6 hoc, Hinh hoc, Pai s6) thi ¢6 hai ndi dung 1a T8 hop va Logic 1a
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chua dugc dé cap trong sach gido khoa céc 16p 6,7 & nudc ta (tham chi 13 sach gido khoa
bac Trung hoc co s6). Can nhin manh 1a cic bai todn TS hop, dic biét 1a cac bai toan dém
va bai todan T6 mau hau nhu nim nao ciing xuat hién trong dé thi.

2.2. Gidi thiéu mét sb bai toan APMOPS

Trong muc nay, ching toi xin gidi thiéu t6i doc giai mot s6 bai toan APMOPS ma theo chiing
toi thi ddy 12 nhitng bai todn hay va thi vi. L&i gidi cdc bai todn nay c6 khi rit don gian va truc
quan, ciing c6 khi doi hdi su sdng tao cao. Do pham vi dé thi chi danh cho cdc em 16p 6, 7 nén
trong c4c bai toan dudi ddy chiing toi dua ra nhitng 15i gidi phit hop nhit cho 1¢a tudi hoc sinh
cac 16p 6,7.

Bai toan 1 (APMOPS 2011-P14). Trong hinh vé dudi day, xét tam gidc ABC vdi BC = 8
cm. D va E la hai diém ndm trén canh AB sao cho khodng cdch theo phwong thing diing giiia
D va E la 4 cm. Tinh dién tich tam gidc t6 dém CDE theo don vi la cm?.

A

B

Loi gidi. Goi hy, h, 1an lugt 1a chiéu cao ké tit dinh D va E xubng day BC ctia tam gidac DBC
va EBC. Lic d6 dién tich phan t6 dugc tinh 14 hiéu dién tich cta hai tam gidc vira néu. Tic 1a
bing 8 X h1/2 — 8 x hy/2 = 4(hy — hy) = 4 x 4 = 16 (cm?). O

Nhan xét. Giai bai nay chi can cong thiic dién tich tam gidc, dung & 16p 4, 5, nhung hoc sinh
thudng thiy khé nhét & chi tiét 12 khong biét khai thac dif kién 4 cm da cho trong dau bai.

Bai toan 2 (APMOPS 2011-P19). Xét hinh chit nhdt & hinh vé dudi ddy vdi dién tich cdc
phan lan luot la 5 cm?, 6 cm?, 10 cm?, 54 cm? va x cm?. Tim gid tri ciia x.

54

10

Loi gidi.. Dittén cac diém nhu hinh vé. Chu y rang theo gia thiét thi (EHJ) = 6, (GHI) = 5,
(FLC) = 10, dit (BLC) = b, (HJKI) = a, (IKFD) = x, va (JBLK) = 54. Nhan thiy
tong dién tich ctia tam giac (DEF) va tam gidc (BFC) bang dién tich ctia tam gidc (GBC) vi
cuing bang mot nita dién tich ctia hinh chit nhat ABCD.
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E
4 B
6 \ J
H
G‘ 5 a 54
I
b
x K
L
10 c
D
F

T do, ta c6 lién hé
6+a+x+104+b=5+a+54+5b,
hay la
5454=6+x+ 10.

Suyrax =59 —16 = 43.
O]

Nhan xét. Bai nay chi can sit dung mdi lién hé giita dién tich clia tam gidc vé6i hinh chit nhat
ngoai tiép né 1a sé ra dudc dap sd. Dy c6 18 1a bai toan hay va thud vi, doi héi hoc sinh phai tinh
y trong quan sat hinh vé, néu khong 16i giai sé rac r6i va phiic tap.

Dudi ddy 12 mot trong nhiing bai toan dep, dic sic cia APMOPS, khi né khai thic tinh déi xiing
clia dudng tron. Ddi dién véi bai todn ndy, in tuong ban dau 1a ngudi ta sé thiy bdi rdi, khé kiém
soat. Bang cac vé cac hinh phu, d6i xiing, ta c6 thé tinh toan dugc bai nay.

Bai toan 3 (APMOPS 2004-P28). Xét mot duong tron co hai duong kinh AB, CD vudng goc
véi nhau (xem hinh vé dudi ddy). Néu dich dwong kinh CD sang phdi 3 cm va dich duong kinh

AB [én trén 2 cm thi hiéu so dién tich phadn t6 ddm va phdn khong t6 ddm la bao nhiéu?

C

2 cm

Goi y.. Ta sé st dung tinh dbi xding d€ gidi bai todn nay bing cich vé thém hai day cung ddi
xung ciia C’'D’ va A’B’ qua hai dudng kinh CD va AB tuong ting. Cac diy cung mdi nay s€
tao v4i hai diy C’'D’, A’ B’ mot hinh cht nhat M N P Q kich thudc 4 x 6 (xem hinh vé dudi ddy).
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C
K C’
M N
A 0 B
[0 P
N ’
D

Tit d6 so sanh cdc phan dudc to va khong td, hiéu dién tich phan t6 dim v6i phan khong to sé
bang dién tich cta hinh chit nhat M N PQ va bang 24 cm?. O

Bai toan 4 (APMOPS 2010-P17). Cho

1
ST e ——
2001 ~ 2002 2010
hdy tim s6 nguyén I6n nhdt khong vuot qud S.
Loi gidi. Tacé danh gia
10 1 < 1 + : + e+ 1 < 10 :
2010 2001 2002 2010 2000
hay
1 - 1 n 1 by 1 - 1
201 2001 = 2002 2010  200°
Suy ra 200 < S < 201, d4n dén s6 nguyén 16n nhét khong vuot qua S 1a 200. O

Nhén xét. Thuc chét ctia bai todn nay 13 tim phan nguyén ctia S. Thudng thi ta sé tim c4ch chin
S giita hai s6 nguyén lién tiép. O bai toan nay, ta da st dung phuong phap lam trdi va lam gidm
d€ danh gid chdn trén va chin duéi cho S, mot phuong phap kha quen thudc véi cac em hoc sinh
16p 5,6.

Tiép theo, ta xét mot bai todn dém kinh dién ma dbi v6i hoc sinh cip 3 chuyén Todn thi diy 1a
bai toan quen thudc va co ban.

Bai todan 5 (APMOPS 2013-P16). C6 bao nhiéu cdch chia 8 thanh sé-cé-la (giong hét nhau)
cho 4 em bé sao cho méi em co it nhdt mét thanh sé-co-la.
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Loi gidi. Cdch 1. Mot cach tu nhién nhit, ta c6 thé nghi t6i phuong phap liét ké tat ca cac kha
ning. Ta c6 cic cach phan tich s 8 thanh téng clia cic s6 nguyén duong nhu dudi day

8=14+1+14+5=14+142+4=14+14+34+3=14+2+24+3=2+24+2+2.
° fJ’ng v6i bo (1;1; 1;5) c6 4 cach chia so6-co-la.
° Ung v6i bo (1;1;2;4) c6 12 cach chia s6-co-la.
° U’ng v6i bo (1;1;3; 3) ¢6 6 cach chia s6-co-la.
e Ung v6i bo (1;2;2;3) ¢6 12 cach chia s6-co-la.
° U’ng v6i bd (2;2;2;2) ¢6 ding 1 cach chia s6-co-la.

Do d6, tdng sb cach chia sd-co-lala 4 + 12 4+ 6 + 12 4+ 1 = 35 céch chia 8 thanh s6-cd-la cho
4 em bé sao cho mbi em c6 it nhat mot thanh s6-cd-la.

Cdch 2. RO rang cach 1 s& to ra khong hiéu qua néu sb thanh so-co-la 1a 16n. Loi gidi nay sé
khac phuc dudc diéu d6. Trudc hét ta dua ra hai nhan xét don gian.

Nhdn xét 1. Chia n > 2 thanh sd-c6-la (giébng hét nhau) cho 2 em bé sao cho mdi em c6 it nhit
mot thanh so-co-la thi sd cach chiasélan — 1.

That vay, néu goi s thanh s6-cd-la nhan dudc ctia hai em 1an ludt 14 a; b thi cip (a; b) sé nhan
mot trong cac gia tri (1;n — 1), (2;n —2),--- ,(n —1;1). Do do, sb cach chia sé 1an — 1 cach.
Nhdn xét 2. Chia n > 3 thanh sd-c6-la (giébng hét nhau) cho 3 em bé sao cho mdi em c6 it nhit
n—2)(n-1)

Zz 7z 2 2 ' 7z 7z

That vay, so thanh s6-c6-la cua em thu nhat chi cé thé 1a 1;2;--- ;n — 2. Neu em thi nhat dugc
1 thanh s6-c6-1a thi theo nhan xét 1 s€ c6 n — 2 cach chia n — 1 thanh s6-c6-la con lai cho 2 em
con lai; néu em thid nhét dugc 2 thanh thi ciing theo nhan xét 1 s& ¢6 n — 3 cach chia n — 2 thanh
con lai cho 2 em con lai; cti thé... Do d6, tdng sb céach chia sé& 1a

mot thanh so-co-la thi sd cach chia sé 1a

(n—-2)(n—-1)

n—-24+n-34---4+1= >

Tré lai bai todn, ta bat dau chia s6-c6-la cho em thid nhat. C6 cac kha nang

e Em thi nhit nhan dudc 1 thanh so6-co-la; con 7 thanh con lai chia cho 3 em thi theo nhin

5.6
xét 2 ta co > = 15 cach chia.

e Em thif nhit nhan dudc 2 thanh so6-c6-la; con 6 thanh con lai chia cho 3 em thi theo nhin

) 4.5 . .
xét 2 ta cod - = 10 cach chia.

e Em thi nhit nhan ducc 3 thanh so6-co-la; con 5 thanh con lai chia cho 3 em thi theo nhan

. 34 ) )
xét 2 ta co > = 6 cach chia.

e Em thi nhit nhan dudc 4 thanh sd-co-la; con 4 thanh con lai chia cho 3 em thi theo nhan

) 2.3 ) .
xét 2 ta cod 7 = 3 cach chia.
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e Em thif nhit nhan dudc 5 thanh so-c6-la; con 3 thanh con lai chia cho 3 em thi theo nhin

1.2
xét 2 ta co - = 1 céch chia.
Do d6, tdng sb cach chia thda man dé bai sé 1a
1
52423 +3.4+45+56) =35

O

Nhén xét. Dbi v6i hoc sinh céc 16p 6,7 thi bai todn trén khong phii 12 bai todn dé. Cach 1 1a
cach don gian nhung hoc sinh s& dé dém sai. C4ch 2 tuy dai hon nhung cach giai nay c6 thé giai
cdc bai todn trong trudng hop s6 thanh sd-co-la hay sé em bé ting 1én.

Thuc ra, bai toan trén 1a mot trudng hop cu thé clia bai todn chia keo ctia Euler: C6 n céi keo
chia cho k em bé sao cho mdi em c6 it nhat mot cdi keo thi s6 cich chia sé 1a C*¥~!. Trong 15
giai ctia bai todn trén, ta da chiing minh dudc s cach chia n cdi keo cho 3 em bé sao cho mdi

s £ A . N (7’1—2)(1’1—1) 2 ~, ~ Npr t2e A £
em co it nhat mot cai keo la — = C;_,. Hon nta, cing trong 10i giai trén xuat
hién mot tong kha quen thudc

1.2 2.3 m—1Dn @m—=Dnnr+1)
> + > + -+ > = ; .

. . (k=1 —1 1 . .

nén néu viét kZDk_ CZ con (n=Dn@t 1) _ C,,, thi dang thic trén dugc viét lai la

6
C;+Ci4+Ci+--+Cr=C,y.

Bai toan 6 (APMOPS 2014-P29). Tir 2014 dén 6999, cé bao nhiéu s6 nguyén duong ma tong
cdc chit sé ciia méi s6 do déu chia hét cho 5.

Loi gidi. Trude hét, ta c6 nhan xét sau day

Nhdn xét. Trong 10 s6 tu nhién lién tiép bat dau bdi s6 c6 dang A0 dén A9 c6 ding hai sb ¢
tong céc chit s6 chia hét cho 5.

That vy, goi tdng céc chit s6 ctia 10 s6 néi trén 1an ludt laa,a + 1,a +2,--- ,a + 9. Chi can
xét cc trudng hop a € {5k; 5k + 1;5k + 2;5k + 3;5k + 4} v6i k € N, ta c6 ngay diéu phai
ching minh.

Tré lai bai todn, tir 2020 dén 6999 ta chia thanh cic doan gdm 10 s tu nhién lién tiép nhu sau:
[2020; 2029], [2030; 2039], - - - , [6990; 6999], c6 tit ca 1a 498 doan nhu thé, mdi doan c6 diing
hai s6 c6 tdng céc chif s6 chia hét cho 5. Hon niia, tit 2014 dén 2019 c6 diing 1 sb c6 tdng cac
chit sb chia hét cho 5 (12 s6 2017). Do d6, tir 2014 dén 6999, ¢6 498 x 2 + 1 = 997 sb ¢6 tong
céc chit s6 chia hét cho 5. [

Nhan xét. Bai todn trén dudc xép vao nhém bai toan khé nhit ctia dé thi nim 2014 (bai s6 29
trong dé thi). Nhan xét trong bai todn gitip ta dém dudc kha nhanh chéng va nhan xét niy c6
dudc nhd viéc quan sét cdc trudng hop cu thé dé tit d6 dua ra tinh chit tdng quat. Pdi véi hoc
sinh trung hoc phd thong, ta c6 thé giai bai todn bang phuong phap dém truy hdi hoic st dung
ham sinh. Loi gidi trén phu hop véi hoc sinh cip 2 hon.
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Bai toan 7 (APMOPS 2014-P23). Xét ba loai nudc mdm A, B, C vdi ham lwong mudi tuong
vng la 5%, 8% va 9%. Gid sit ban dau cé 60 gam nudc mam loai A; 60 gam nudc mam loai B
va 47 gam nude mam loai C. D thu dwoc 100 gam nudc mam ham luong mudi 7%, nguoi ta
tron cd ba loai nude mdam lai véi nhau, héi phdi ding nhiéu nhdt va it nhdt la bao nhiéu gam
nudc mdam logi A.

Loi gidi. Goi x, y, z 1an lugt 1a khdi lugng nuéc mam loai 4, B, C can dung d€ tron vao nhau.
Tron ba loai v6i nhau ta dude 100 gam nuéc mam cé ndng dd mudi 1a 7% nén x + y +z = 100
va 5x 4+ 8y + 9z = 700. L4y dang thifc thd nhit nhan 8 rdi trit dang thic thit hai cho ta
3x —z = 100, hay 3x = z + 100. Chi y la khdi luong nu6c mam loai C thém vao khong vugt
qua la47 gam nén z < 47, kéo theo x < 49. Hon ntia, thay z = 3x — 100 vao x + y +z = 100
ta dugc 4x = 200 — y. Vi lugng nuéc mim loai B thém vao khong vuot qua 60 gam nén
y < 60, dan dén x > 35. Vi viy, khdi lugng nuéc mam loai A thém vao khong nhoé hon 35 gam
va khong 16n hon 49 gam.

Cach tron 49 gam nudc mam loai A véi hai loai B, C dé dugc 100 gam nudc mam ndng do 7% :
Lan ludt 1y 49 gam nuéc mam loai 4, 4 gam nu6c mam loai B, 47 gam nuSc mam loai C.
Céch tron 35 gam nuéc mam loai A véi hai loai B, C d€ dudc 100 gam nuéc mam ndng do 7% :
Lan ludt 1ay 35 gam nudc mam loai A, 60 gam nuéc mam loai B, 5 gam nuéc mam loai C. [

Nhan xét. Day 1a mot bai toan tdi uu, hay. Tuy nhién viéc tim ra dugc mot chin trén va chin
dudi cho x khong phai 1a qua quen thudc dbi v6i hoc sinh 16p 6,7 nén & miic do nao dé thi day
ciing 12 mot bai todn khé trong dé thi. Bai toan nay ciing khang dinh vé mic d6 phong phu dang
toan cua ki thi APMOPS.

Bai toan 8 (APMOPS 2015-P28). Xét 49 s6 nguyén duong ddu tién 1,2,--- ,49, héi c¢6 thé’
chon ra nhiéu nhdt la bao nhiéu sé dé’xép trén mot vong tron sao cho tich ciia hai sé ké nhau
bdt ky luén nhé hon 100.

Loi giai. Ta chiing minh xép dudc nhiéu nhit 13 18 s6 théa min yéu cau bai toan. That vay, dé
dang xép duoc 18 s6 dau tién 1,2, --- , 18 trén vong tron théa man tich hai sb ké nhau tiy y nhd
hon 100: Xép cac s6 theo chiéu kim déng ho1,18,2,17,3,16,4,---,8,11,9, 10.

Bay gid ta chitng minh s6 18 12 s6 16n nhit c6 thé. Néu c6 it nhét 19 sb thi trong d6 sé c6 it nhét
10 s6 ¢6 hai chit s, nhiéu nht 9 s6 c6 mot chit s6. RG rang hai s6 ¢6 hai chit s6 khong thé diing
canh nhau nén mdi s6 6 hai chit s6 phai xép & gitta hai s6 c6 mot chit s6. Vi ¢6 nhiéu nhat 9 sb
c6 mot chit s6 nén 9 s6 nay sé tao ra nhiéu nhit 9 khoang tréng, trong khi d6 lai c6 it nhit 10 s6
c6 hai chit s6 nén ton tai it nhat hai s6 c¢6 hai chit s6 dugc xép vao cing mot khoang tréng (vo
1i). O]

Nhan xét. Trong 15 gii trén, ta da st dung nguyén tic Dirichlet d€ suy ra khong thé chon 19 s
thda man yéu cau bai toan. Nguyén tac Dirichlet dugc phat biéu kha don gian, dé hiéu va quen
thudc véi hoc sinh cap 2.

D& két thiic bai viét, chiing tdi xin gidi thiéu v6i doc gia bai s6 12 trong dé thi APMOPS 2013.

Bai toan 9 (APMOPS 2013-P12). Trong hinh vé dudi ddy, mét con kién di ti dinh A dén
dinh B ciia ludi 6 vuéng. Néu con kién chi dugc phép di sang phdi hodc lén trén doc theo cdc

duong luéi thi héi ¢ bao nhiéu duong di khdc nhau dé kién di duogc tiv diém A dén diém B.
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A

Day la bai toan dém dudng di ngan nhét, hoc sinh 16p 6, 7 c6 thé giai dudc bai niy ma khong
can dung céc kién thiic vé t6 hop hay chinh hop (k€ ca trong truong hop 1udi c6 kich thudc 16n
hon).

3. Loi két

Nhiing bai toan trong ki thi APMOPS ludn la nhiing bai toan c¢6 tinh kich thich cao bdi n6 doi
héi hoc sinh phai dua ra nhiing 15i gidi phu hop véi kién thic clia hoc sinh Itta tudi 12-13, cang
it st dung cdc cong cu hay kién thiic céac 16p trén cang tot. Qua dé, hoc sinh & Ida tudi 12-13
dugc phat huy kha ning quan sat, tudng tuong va thim chi 1a kha ning tdng quat mot van dé tir
nhiing trudng hop cu thé. Xét & khia canh gido duc, ky thi APMOPS 1a ky thi ¢ chét lugng, 1a
mot san choi lanh manh cho hoc sinh Itta tudi 12-13 & Viét Nam ciing nhu & cdc nuéc trong khu
vuc.

Vi khuon khd ctia bai bai bao nén chiing tdi chi chon ra mot sd bai toan APMOPS dé€ gidi thiéu
véi doc gia. Cac doc gia quan tAm c6 thé tham khio dé thi APMOPS mot sb nim tai trang web
http://www.hci.sg/aphelion/apmops/sample.htm.

Tai liéu tham khao

[1] Céc dé thi APMOPS tit nam 2001 dén nam 2015.

[2] http://www.hci.sg/aphelion/apmops/sample.htm.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

NEO VE CUA TOAN

Nguyén Quéc Khanh
(Hé Ngi)

Chi miy ngay truéc, ki thi Todn mo6 hinh Ha Noi 2015 da chinh thic két thic tuong dbi thanh
cong. D& thi nim nay 1a vé chi dé trong cy phi xanh do thi. Dé thi tuy con so sai, cac ddi thi
ciing con nhiéu ling ting, nhung 1an diu tién ngudi ta thiy rang c6 mot cudc thi todn ma ngudi
tham gia c6 thé tu chi dong 1am viéc trén cdc gia thiét ma minh dit ra. Muc tiéu chung 1a dé
tim kiém nhitng mo hinh c6 tinh thuc té va kha dung trong doi séng. Trong sb 18 ddi tham du,
c6 nhitng d6i van thuan tiy chi la giai toan nhu thong thudng, nhung ciing c6 nhiing doi da thuc
su nam dudc tinh than clia toan mo hinh, va dic biét c6 ca nhitng ddi chi tuyét d6i quan tam t6i
vén dé thuc t&, ma bd quén ludn ci nhitng gia thiét ctia dé bai ma ban than cac ban dé cho rang
nhu thé 12 chua hop 1y va khong nén mét thai gian.

Cung liic véi ki thi nay dién ra, Bo Gido duc Pao tao ciing chinh thiic cong bb dé cuong hoach
dinh chuong trinh gido duc phd thong hudng téi 2018. Trong ban dé cuong nay, rat thi vi 1a
chinh mén toan md hinh ciing da lan dau tién dudc dé cap t6i mot cach tuong dbi ro rang:

Linh vuc gido duc todn hoc c6 wu thé hinh thanh va phat trién cho hoc sinh ning Ivc tinh
toan, ning luc tu duy todn hoc, ning luc gidi quyét cdc van dé toan hoc, ning Iuc mo hinh
ho4 todn hoc, ning luc giao tiép toan hoc (néi, viét va biu dién toan hoc), ning luc st
dung céc cong cu, phuong tién hoc toan (dic biét 1a cong cu cong nghé thong tin va truyén
thong); gitip hoc sinh nhan biét todn hoc nhu 14 mdt phuong tién md ta va nghién cifu thé
gi6i hién thuc, l1a cong cu thuc hanh ting dung trong hoc tap cac mon hoc khac. Giao duc
toan hoc dugc thuc hién & nhiéu mén hoc nhu Todn, Vat ly, Hoa hoc, Sinh hoc, Cong nghé,
Tin hoc,... trong d6 mon Toan 1a médn hoc cbt 16i.

(trich dy thdo Chuwong trinh gido duc phd thong tong thé' - BGDDT thdng 8 ndm 2015)

N6i 12 1an dau tién thi khong thuc ding, néi 1a “lan dau tién trong nhiéu chuc nim trd lai day”
thi c6 phan chinh x4c hon. B&i vi trong lich st gido duc toan phd thong néi riéng va todn ting
dung néi chung & ta, thi di c6 khong dudi vai 1an cau chuyén “todn mo hinh” dugc nhic téi.

O Viét Nam, ngudi dau tién chinh thitc héa nganh “toan ting dung” va khdi dau bing viéc lam
“toan md hinh” ¢6 18 12 Gido su Lé Vin Thiém, v6i cdc cong trinh vé vin dé nd dinh hudng, va
véan dé thdm thiu qua cic tang dia chit. Trudc Gido su Thiém, c6 1& ciing khong it ngudi da ap
dung todn md hinh trong nganh nha bing (banking), nhd lai tit dau thé ky trudc, trong cac bai thi
dia phuong, dau d6 ngudi ta da thiy nhiing viéc mo hinh héa qua trinh tinh 13i don, 13i kép, mot
cach rat tu nhién va hiéu qua. Nhung & mot miic do chuyén biét, thi chuyén mdt nha toan hoc ly
thuyét nhu Gido su Thiém vé nu6c va khdi dong nhitng cong viéc lién quan tdi toan mo hinh va
ting dung todn hoc c6 thé coi 1a su khdi dau ciia toan bd linh vuc rong 16n ndy & Viét Nam.

Sau GS Thiém, thi ngudi da chinh thic khdi dong viéc dua nhiing phién anh dau tién clia toan
mo hinh vao gido duc phd thong c6 1€ 1a nha gido Lé Hai Chau. Thang 3 nim 1962, thiy Lé
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Tap chi Toan hoc — ndi GS Thiém ding nhiing bai phd bién todn so cAp va nghién cifu toan mo
hinh va ing dung toan dau tién & Viét Nam.

Hai Chau soan cubn "Toan hoc gan lién véi doi sbng va thuc tién san xuat". Thay Lé Hai Chau
1a ngudi truc tiép din dit nhitng doan Viét Nam thi toan qubc t& IMO dau tién, va sau d6 may
chuc nim van tiép tuc tham gia viéc phat trién nhiing chuong trinh thi diém quan trong ctia Bo
hoc & cép trung hoc phd thong. Tat nhién thi todn ma thay Lé Hai Chau mo ta trong cudn sich
néu trén méi ding lai 6 mic vo cung so khai cia chuyén mé hinh nhiing kién thiic va khdi niém
toan rat don gian & khip xung quanh, nhu 1a céc dung cu lao dong thoi by gio, nhu co 1&, ban
tién, van van. Nhung c6 1& 12 mot diém may man ctia thé hé trudc, khi ma rat nhiéu nhitng sach
v3 rit hay vé toan trong thuc té da dudc bién dich, bién soan rat cin than va ti mi, v6i mot chét
luong rat cao. Thé nhung, nhitng cudn sich iy bay git & dau? Cau tra 13i 13, nhiing cudn sach iy
bay gid vin & day, trén gid sdch ctia nhiing thdy gido nhiéu nim kinh nghiém. Chi c6 mot diéu
khac biét 1a: khong ai doc ca.

ﬂllﬂ?*ﬂ
. mwire miEw siw XAt

Nhiing cudn sach toan “thuc té” da tir 1au ving bong.

Thuc ra, toan mo hinh khong phai mot diéu gi d6 da c6 tir qua xa xua. Bdi 1 chi mdi trong
khodng vai chuc nim gan day, thd todn ndy méi dugc MathScinet chinh thiic cAp ma 00A71 va
goi 12 “Theory of mathematical modeling” (ly thuyét cdc md hinh to4n hoc héa, hoic c6 thé goi
ngan gon la toan md hinh). Nhin so qua nhu vy thi ¢ thé hiéu ring toan md hinh thuc chét 1a
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mot cach gido duc toan hoc. Piéu nay rt cé ly, bdi 1é trong Pai hoi toan hoc thé gidi IMU, thi
c6 mot “tiéu ban” vé gido duc todn hoc, va tit d6 ICTMA (the International Study Group for the
Teaching of Mathematical Modelling and Applications) da thuc hién cac cong viéc nghién ctu
giang day toan mo hinh & ca bac pho thong 1an dai hoc ti tan nhitng ndm 1983. Ti€u ban gido
duc ctia IMU 1udn hoat dong rit manh mé, v6i nhiéu nghién citu gia tri dudc in thanh sach gidy
rat cong phu. Dbi véi toan mo hinh, ICTMA da c¢6 mot chuyén khao gdm rat nhiéu cic cong
trinh nghién citu vé chuyén giang day todn mo hinh, trong d6, ICTMA cb gang giai quyét nhiing

2% ¢

cau hdi rat cin ban, bao gdm “c6 thé day todn md hinh dugc khong”, “day todn md hinh thuc

NYY

chat phai lam gi”, “c6 nhiing loai mo hinh nao trong toan mo hinh”, van van.

MATHEMATICAL MODELING

Trends in Teaching
and Learning

of Mathematical Ways of Thinking,
Ways of Seeing

Modelling

WTMAT

Nhiing tai liéu tham khao co ban vé toan mo hinh trén thé gi6i (cAp do chuyén biét).

Cho t6i tan bay gid, téi vin chua néi mot chut gi vé viée todn mo hinh 12 gi. N6i mot cach don
gian, thi todn mo hinh tic 13, bat diu tit mot tinh hudng thuc té trong cudc séng, ban cb ging
mo hinh héa né thanh nhiing phuong trinh, nhiing biéu thic, nhitng cong thiic, nhiing 1y thuyét
toan hoc, sau do, ban bat dau tinh todn, nghién ctdu, thi nghiém trén mo hinh do bﬁng cac kién
thic toan hoc ma ban da dudc trang bi, hoic ban c6 thé truc tiép xiy dung tiép nhiing cong cu
méi, nhitng ly thuyét méi 14y cam hiing tif truc gidc tir thuc té dé€ giai quyét bai toan mdi dudc
tao thanh, sau d6, ban dem nhiing két luan thu dudc 4p dung ngudc lai tinh hudng thuc t& ban
dau, néu viéc 4p dung d6 dat hiéu qua, thi nghia 12 md hinh ctia ban hoat dong t6t va c6 gi tri,
ngudc lai, ban phai diéu chinh va tiép tuc cb gang hudng t6i mot md hinh khac thuc té hon, hiéu
qua hon. Pay chinh 1a nguyén tic chung, tinh than chung, bon budc dai thé clia mot qua trinh
lam toan mé hinh (xem biéu dd & dudi).

Cau hdi dit ra 13, nhu thé thi toan mo hinh khéac gi toan tng dung? Tra 15i vAn dé nay, GS
Nguyén Hitu Du (Chu tich hdi todn hoc Viét Nam, Gidm ddc diéu hanh Vién nghién citu cao
clp vé toan VIASM) di nhan dinh mot cach chinh thic trong 1€ khai mac ki thi Todn mé hinh
Ha Noi 2015 rang:

“0 Viét Nam, tiém ning ting dung toan hoc vao doi sng 1a rit 16n, toan hoc thuan tiy ly
thuyét clia chiing ta ciing tuong ddi tot, nhung gitta hai cdu chuyén nay van la mot khoang
cach kho 1y giai, hi vong todn mo hinh sé 1a ciy cau nbi chiing lai véi nhau” — GS Nguyén
Hiiu Du.

Truéc d6 3 nim, GS Neal Koblitz, mot ngudi ban than thiét ciia cong dong todn hoc Viét Nam
— mot nha chép st, da ¢6 dé nghi VIASM nén dé€ y t6i linh vuc todn mo hinh nay, GS Koblitz
noi:
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Trich tu sach “A first course in mathematics modeling”.

“Mdt s6 16n hoc sinh Viét Nam rét gidi mon todn, nhung mot sai 1am 1a trong hé thong gido
duc Viét Nam hién nay 1a khong gitp dudc cho cdc em xé4c dinh dugc hoc todn dé lam gi?
Cac em hoc toan chi d€ db dai hoc, dd dai hoc rdi thi cdc em chang biét toan con c6 tich su
gi! Van dé 1a phai 1am sao d€ khi hoc todn, cdc em khong chi hoc kién thic, k§ ning 1am
to4n, ma con phai hiéu gia tri, vé dep, kha ning ting dung thuc t& cudc séng clia todn” — GS
Neal Koblitz

Sau 3 nidm, cudi cung thi cdi tim y ma GS Koblitz gtii gim di budc dau dugc hién thuc héa.
Cung ldc véi su cau thi cia BO Gido duc dao tao, ching ta da ¢6 mot co hoi tuong ddi ro rang
dé thuc hién mot qua trinh “todn héa xa hoi” thong qua ciu chuyén “todn mo hinh” mot céach
hiéu qua (ma vbn di vin dang dién ra véi rit nhiéu géc canh khac nhau). Tuy nhién, moi chuyén
khong dé dang nhu thé. Trudc tién, mubn bat dau v6i todn mo hinh, chiing ta can bét dau tir cap
phd thong, ma & bac phd thong, thi chua ban téi van dé xt 1y dit liéu (data analysis), cdi ma hoc
sinh can c6 trudc nhéit, 13 1am sao c6 thé nhin nhan céc sy vat, hién tuong xung quanh mot cach
toan hoc?

DE rén luyén kha ning nhin nhan cdc su vat, hién tugng mot cach todn hoc, thi ki thuc, cdi ma
hoc sinh can hoc, ban dau lai chua phai “todn mo6 hinh” v6i diing nghia ctia mon hoc niy, ma
12 nhitng bai hoc todn hoc trong ddi sdbng mot cach don gian hon, giébng nhu nhiing tic gia cia
nhiing cudn sach duéi day da day cong bién soan:

b LT3

N6i chung, dudng nhu dbi v6i xa hoi hién nay, thi céi cau héi “toan dé lam gi”, “toan hoc ich
gi” van 16n vén trong tam tri ciia mot bo phan khong nhod ké ca cdc nha lanh dao, cic doanh
nhan, 1an ngudi dan. Tét nhién, véi toan md hinh, moi chuyén c6 thé trd nén than thién va gﬁn
giii hon, nhung c6 1€ cong cudc nay can rat nhidu thoi gian. O day, c6 1€, mot lan nita ching ta
sé lai phai hoc héi mot vai diéu tit nuée Nhat. O dé, dé tra 15i cau hdi “toan hoc ich gi”, ngudi
ta 1ap tiic mdi lanh dao ctia céc tap doan kinh té 16n, va cic nha lanh dao d6 di khong do du tra
16i rang, bi quyét dé xdy dung doanh nghiép ctia ho, 12 mé hinh toan hoc. D6 chinh 1a nhiing
diém chung nhét trong tit cA mudi ba bai néi chuyén ctia cac nha lanh dao cic tip doan Toyota,
BNP Paribas Tokyo, Takeda Pharmaceutal, Nippon, Nomura Holdings, Horiba, Japan Oil, Gas
and metals National corporation (Jogmec). Pay thuc su 12 diéu khong thé thuc hién ndi & Viét
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“Lang kinh toan hoc”. Source: http://socialmathematics.net/

Nam tai thoi diém nay, khi ma ngay tai cic tip doan kinh té 16n nhét, thi bd phan R&D van gan
nhu 12 con s 0 tron trinh. Pa ¢6 nhitng nd Iuc nhit dinh, nhung khong hiéu vi Iy do nao ma
hiéu qua chua bao gid dap ting dudc su ky vong, du 1a rit nhd nhoi. D6 thuc su 1a mot su tut hau
khiing khiép.

C6 1& dan dan theo thdi gian, khi d nhén ra su tut hau, chiing ta c6 thé kip chuyén minh, ké thira
nhitng tinh tdy ma thé gidi da dat dudc. Chi hi vong ring, khi da hinh thanh dudc cach nhin cic
su vat, hién tuong trong cudc song mot cach toan hoc, t6i mot lic, ngudi ta sé bt chot nhan ra
nhitng tinh thAm mi rAt té nhi trong todn, gidéng nhu cic nha toan hoc van ludn thudng thiic cai
vé dep ndi tai d6, ma bat ké céc su lién déi vé6i thuc tai. Nhu Whitehead da tiing néi:

“Khong gi c6 thé cho t6i niém vui 16n hon 1a mot budi sang nao d6 thiic day dudc bdo tin
rang mot trong cac dinh ly ctia t6i da 1am cho chién tranh trd nén 13i thoi. Tuy viy toi vin
phai thita nhan rang diéu d6 khong c6 lien quan gi dén céc 1i do vi sao toi da c¢d gang chiin
gminh dinh ly d6” — GS Alfred N. Whitehead.

To6i mubén muon 18i Whitehead dé két thiic cAu chuyén c6 tinh mé dau vé siic song clia mot mon
toan dic thu, hay mot dong sch toan, gidng nhu biéu hién ctia mot sy trd lai. Su trd lai cia mot
xu huéng mdi trong gido duc todn phd thdong, ma da dudc khéi xudng bdi ki thi Toan mo hinh
Ha No6i 2015, xét cho cung, s€ thuc hién dudc trach nhiém xa hdi cua nd, nhung cling hi vong
rang, di t6i cudi, ngudi ta sé trd lai vdi cdi vé dep noi tai clia toan hoc, thit ma khong c6 lién
déi gi t6i nhitng mo hinh phic tap cia xa hoi. Hoac theo 16i ciia mot ai do, vé dep cua toan hoc
trude tién phai bat ngudn tir su gian di viy.

Tri Ngu
10/08/2015
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Mot bo sach cii: sach vé todn trong thuc té doi sdbng hang ngay.

Ha Noi

190



Tap chi Epsilon, S6 04, 08/2015

Agriculture | [Education/Life | Transport Cities Energy | |G mrton
" | EE ) - | % || oy
X ! ) L}

Yoshikazu Giga - Toshiyuki Kobayashi Increased  Effective  Reduced Improved  Adjust  Reduction of
Editors Income  education congestion  safety Supply & Demand damage & harm

| What
Mathematics
Can Do for You

Essays and Tips from Japanese Industry dodeling kAT
Leaders Operational models that consider peoples’ state of mind and behaviar

ﬂsl"i‘ﬂ" :i-'-'i!;:li;:r.;-:u';.1-1-:1-.1.r':'-!-.:-:i.- :--.;--: :.::_i=; i
&

MO hinh “toan md hinh” trong xa hoi & Nhat, con goi la “Social Math”.
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DE THI TOAN MO HINH HA NOI 2015

Ban bién tap

Trong bdi canh mat do din sb cao, nhiéu nha cao tang, it cdy xanh, mdi trudng séng & cac khu
vuc do thi dang ngay cang di xuéng. Nhan thiy tAm quan trong clia viéc bao vé moéi trudng sdng,
lanh dao thanh phé Ha Noi quyét dinh chi dao Cong ty cong vién ciy xanh thuc hién chién lugc
“Phti xanh do thi” véi muc tiéu trong ciy trén nhiéu tuyén phd Ha Noi.

1. Phan 1 (30 diém)

Nhiing khu phd & Ha Noi dugc chia ra thanh 2 loai: ph6 loai 1 va phd loai 2. Sau khi thao luin,
cong ty ciy xanh da chon ra 3 loai ciy d€ trong lam cdy dudng phd: xa cii, siu va hoa sita. O
mdi phd loai 1, ngudi ta sé trong 40 cdy xa cii, 20 cdy sau, 20 cdy hoa sita. O mbi phd loai 2,
ngudi ta sé trong 40 cay xa cii, 40 cy sau.

Trong dot 1 ctia chién lugc phi xanh d6 thi, sb luong mdi cy c6 han, chi di trong 2900 ciy xa
clr, 2550 cdy sau va 1400 cay hoa sita.

Hay 1ap ké hoach phan b cdy trong dé sb tuyén phd dudc phii xanh 1 nhiéu nhét.

2. Phan 2 (30 diém

Sau khi trong ciy, cong ty ciy xanh sé phdi thudng xuyén tusi nuéc cho ciy. Ho sé phai tim
tuyén dudng di ngan nhit cho xe tudi nudc nham giam thiéu thdi gian tudi nudc, tiét kiém chi
phi nhién liéu, gidm tac dong dén mdi trudng.

Cic tuyén phd & Ha Noi dudc sap xép dan xen chang chit, lai c6 do dai, hinh dang khac nhau,
vi thé nén tim tuyén dudng ngan nhit mot cach truc tiép 1a cong viéc rat phiic tap. Do do, viéc
dat thém mot sb gia thiét nham thu dugc mot bai todn don gian hon sé rit hitu ich, béi 16i giai
ctia bai toan don gian nay rt c6 thé sé gdi y cho ta mot s6 cach tiép can bai todn thuc té phiic
tap hon.

Gia st tim ban d6 Ha Noi dudc don gidn héa thanh mang 1udi 6 vuong nhu hinh bén dudi
(Hinh 15.1). Moi doan dudng trén mang ludi ndy déu 1a duong 2 chiéu. Nhitng tuyén phd dudc
td6 dam 12 nhitng phd dugc phi xanh.

(a) Biét ring ca 9 con phd dugc phii xanh déu 1a phd loai 1. Liéu ta can bao nhiéu lit nudc dé
tu6i hét dugc ca 9 con phd trén? Hay liét ké 5 yéu td quan trong nhét can xem xét dé tra 18i cau
hoi trén.

(b) Do xe ctia cong ty mdi trudng phai 1am rat nhiéu cong viéc nhu bén phan, tudi nudc, thu
gom rac théi, ... nén viéc xdy dung md hinh todn dé€ tim ra dudng di ngan nhét cho xe (nham

muc dich giam thiéu thoi gian thuc hién cong viéc) 1a rat quan trong. Ngoai ra, tim dudng di

193



Tap chi Epsilon, S6 04, 08/2015

1ay . T =Ny y &
g ]
i ~Bao tang Lich
¥ Thig, £ sirVigtNam
4 Kigy &
' 8 =
= 5o
tan ) "My, Z0 2
& 9850 - & 4
T Ir5; o A
o Q - A ; =L =
2 Togn i Triy i ) 2
g a0
A te g .L'a‘fél
Nha tha Ham Long wan |
Bénh
Trén Nhan Téng
Bénh vién ¥ Hoc C&
Truy&n Trung Liong e A
(_:l
3 T R .
o T rangE 8
'y 5 5 5. nguyen 6o o
3 = T o | | 2
& = z | = a
LEDAIHANH = g ||
Google = F 40
O __;'—_‘l & 1l\‘\:=\,.
| Trusé cong
an |+ tycayxanh
E I | —
- l

—p
1km

Hinh 15.1: B4n d6 thanh phd Ha Noi dugc mo hinh thanh mang 1u6i 6 vudng.

ngan nhét con gitp tiét kiém chi phi nhién liéu, giam tac dong dén moi trudng. Hay tim ra quing
dudng ngan nhit cho chiéc xe tusi nudc xuit phat tif tru sé cdy xanh sao cho né di qua tat ca
céc tuyén phd dudc trong cay rdi trd vé tru sé. Hay st dung 1i luan todn hoc chit ché gitip ban

khéng dinh ring quang dudng nhu vay 1 ngin nhit.

(c) V6i quing dudng trén, hiy udc lugng thdi gian ma xe tudi nudc can dé€ tusi hét cac khu phd
dugc phii xanh trén ban do.
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3. Phan 3 (20 diém)

Cong ty cdy xanh mubn ting tdc viéc tudi nude cho cay trong, nén ho da quyét dinh mua thém
mot chiéc xe nita. St dung ban d6 nhu & Hinh 1, hdy 1én ké hoach vé quing dudng cho hai xe
dé viéc tudi nude cho cac tuyén phd dugce phii xanh dugc thuc hién nhanh nhét c6 thé. Biét rﬁng
hai xe c¢6 thé di trén nhiing tuyén phd tring nhau, nhung khong dudc tudi nude trén nhiing tuyén
phd trung nhau. Hay trinh bay nhiing Ii ludn toan hoc that rd rang, mach lac.

4. Phan 4 (20 diém)

Nhiing phan trén chinh 124 m6t mo hinh toan hoc phuc vu muc dich tim dudng di dé viéc tudi
nudc nhitng tuyén phd phii xanh dudc hoan thanh nhanh nhét c¢6 thé. Hay néu ra tat ca nhiing
gia thiét quan trong da dugc st dung dé tao nén md hinh néi trén. Tir d6, hay thay d6i mot (hoic
nhiéu) trong s6 nhiing gia thiét nay d€ thu dudc mot mo hinh thiét thuc hon gidp gidi quyét vin
dé trén. Hay trinh by mo hinh mdi nay that chi tiét.

Néu phuong huéng giai quyét md hinh méi ma ban vita trinh bay.
MO hinh ctia ban sé dudc danh gia dua trén:
- Muc d6 rd rang, chi tiét ctia mo hinh.
- Lap luén tai sao mo hinh cda ban lai sat thuc hon mo hinh ban dau.

- Huéng gidi quyét md hinh méi.
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BAI TOAN CHIA DOAN THANG

Ban bién tap

Bai todn dugc dé xuit béi A.K.Tolpygo, K.K.Kokhas va A.Mogileva cho Hoi nghi mua he, cuoc
thi gitta cac thanh phd nim 2014.

Phan 1

Dan nhép
Chon s6 «, trén doan [0, 1] ta danh d4u c4c diém o, 2o, 3, ..., (n — 1)a.

Trong sudt bai niy, néu nhu khong néi diéu ngudc lai, ta sé gia st rang o vo ty. Néu nhu o = L,
ta sé gid st rang p < ¢. Nhu vay, cho dii o bang bao nhiéu, khong c6 hai diém nao trung nhau.
Nhu thé, doan [0, 1] sé dudc chia thanh n phan. Tiép theo ta sé gia stin > 10va 0,3 <a <0,7.
Céc han ché nay thuc ra khong quan trong, ta dua ra cic diéu kién nay d€ loai bé cac hiéu ting

hién nhién cho céc s6 nhé. Nhung tir diéu kién nay c6 thé suy ra 12 moi phan déu nhd hon «.

Ta ciing chd y rang néu nhu thay « bang 1 + o hay n — & thi cdc phan van nhu vdy. Vi vdy trong
cdc bai todn, trong d6 néi vé tinh duy nhit, ta ¢ thém diéu kién 0 < o < %

Noi dung ciia bai toan — nghién ctiu xem ta ¢6 nhitng phan nhu thé nao va chiing sap xép ra sao.
Cac bai toan

e Ty 1¢ giita doan dai nhit va doan ngan nhét ta ky hiéu 1a L = L(a, n).
Al.Giast @ = s 12 s6 hitu ty. Chiing minh rang ton tai n sao cho L(n) = 1.

A2. V6i nhiing s6 nguyén hay hitu ty k ndo, k > 1 ta c¢6 thé khang dinh ring v6i moi s6 hitu ty
o, ton tai n sao cho L(n) = k?

e Tiép theo ta khong gia st a hitu ty nita.

B1. Ching minh ring cho du n biang bao nhiéu, trong cic phin c6 khong qua 3 do dai khac
nhau (va ciing hién nhién 12 néu « vo ty thi c6 it nhat 2 do dai khac nhau).

e VGi sO o da cho ta s€ ndi sO n 1a bac hai néu chi ¢6 2 dd dai khac nhau va bac ba néu ¢6 3
do dai khéc nhau.
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B2. Cho « 1a sb vo ty, ching minh riang khi d6 ton tai vo sd n bac hai va vo sb n bac ba.

B3. Cho s6 vo ty «, va n chay qua cc gia trin = 1, 2, ..., m. Chiing minh rang m — oo, thi
ty 1€ sb bac hai trong chiing dan dén 0.

Goi ¢ (m) 1a s6 céc s6 bac 2 trong cac sbn=1,2,..., m. Hay danh gia tbc do dan dén 0 cta
ty sb % khi m — oo.

B4. S6 o phai bing bao nhiéu d€ ty 1& nay tién dén 0 cham nhit c6 thé? Nhanh nhit c6 thé ?
(chi can dua ra mot s6 vi du, nhung phai thuyét phuc).

B5. Hay danh gid chin trén va chin dudi sd cac sd bac hai trong 1 triéu s6 dau tién (cang ding
cang tt, danh gia “Ién hon 3” khong ducc chap nhan).

C1. Ton tai hay khong s6 &, sao cho L > 10 v6i moi n, bat dau ttn = 107?

C2. V6i n = 2000000. C6 thé xdy ra trudng hop trén doan [a, a + 1] nao d6 ¢6 hon 1100000
diém ? (nhac lai 12 theo gia thiét, tac6 0,3 < a < 0, 7).

C3. Ton tai hay khong «, sao cho L nhén:

e V0 han.

e Hitu han cédc gid tri khdc nhau khi n chay qua cic gia tri tif 10 dén oco. Néu ton tai, hiy
dua ra cac vi du.

C4. Hay dua ra cic diéu kién di nao d6 d€ L nhan hitu han (v han) céc gia tri (néu c6 thé, hay
tim diéu kién can va dd, nhung c6 thé gidi han cac diéu kién nao do).

D1. Chiing minh rang v6i moi sd vo ty « cho trude tdn tai gid tri ma L nhan hon 1000 1an (véi
nhting gia tri n khac nhau).

D2. Mot cach logic, c6 thé xdy ra ba trudng hop:
(1) Du « bing bao nhiéu, ton tai gia tri sao cho L nhan vo sb lan.
(2) Du « biang bao nhiéu, L nhan moi gi4 tri chi hitu han lan.
(3) V6i mot sd « diéu nay ding, con véi nhitng o khéc diéu kia diing.

Diéu nay trén diy ding ? Néu nhu diéu thi (3) ding thi véi a diéu (1) ding, v6i a diéu (2)
dung?

D3. Gia st rang v6i & nao d6 L nhan mdi gid tri A va B it nhat mot 1an (v6i n > 10). Liéu hai
khang dinh sau c6 tuong duong:

(a) L nhan gid tri A hitu han lan.

(b) L nhan gi4 tri B hitu han 1an ?
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Phan 2

Phan nay, ta chi yéu xét céc bai toan lién quan dén céc gid tri cu thé clia a.

o K}?hiéutlét}”lsévéng:t:#% 1,618...

El. Ta dua ra 3 phuong phap viét day cac ky twt AABAABABAAB ... Hay ching minh ring
ca ba phuong phap cho ra cic két qua giébng nhau (mot cach chinh xac hon ménh dé s& dudc
phat bi€u bén dudi day).

Céc phuong phap nhu sau:

(1)

(2)

3)

Trén ludi 6 vuong ké mot tia, né bat dau tir mot nit ludi va tao mdt géc bang t véi dudng
nam ngang cua ludi.

Tai diém niit dau tién ta viét ky tu A, sau d6 viét cac ky tu vao cac diém giao clia tia véi
cdc duong thang cta ludi: Ky tu A danh diu giao diém vé6i cac dudng thang ding, ky tu
B danh diu cic giao di€ém véi dudng nim ngang (xem hinh).

B~

e
T

\:ﬂ

L

Dau tién ta viét ky tu A, sau d6 thuc hién mot s6 bude, 3 mdi budc, ky tu A dugc thay béi
AAB, con ky tu B dudc thay b6i AB. Vi du sau 3 budc ta thu duge

o Pautiénla AAB,
o saudola AABAABAB,
o va 3 buéc thiba AABAABABAABAABABAABAB.

Chitng minh rang mbi mot diy sd thu dudc bang cich néi trén 1a doan dau ctia diy sd
dugc dinh nghia & (1).

Poan [0, 1] dugc chia bang phuong phap di mé ta & phan din nhan véi, trong d6 o = .

Day s6 dugc xac dinh nhu sau: V6i moi n 12 s6 bic 2, ta viét theo thit ty do dai cac doan
thang bat dau tir cudi (tic 12 tr 1), doan dai ky hiéu 1a A, doan ngin 1a B.
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Chitng minh riang trong sb cdc day s6 hitu han, c6 vo s6 cac day sb 1a doan dau ctia day s6 6 (1).
Céc day s6 nay véin; = 3 < n, = 8 < --- la nhiing diy s6 nao ?

E2. Diy s6 dugc xac dinh theo quy tic & trén. Gia st ta 14y hai khiic, mdi khic c6 n ky tu: Tit
ky tu thd k + 1 dén ky tu thit k 4+ n va tit ky tu thid m + 1 dén ky tu thi m 4+ n. Chitng minh
rang s cic ky tu A & trong cac khiic nay gin bang nhau, cu thé 1a: S6 cic ky tu A & mdi khic
cach nhau khong qua 1.

E3. Hiy tim thém mot ddy nao d6 ma c6 thé dude xdy dung bang ba phuong phap tuong tu (hay
it nhat 12 hai).

e Trong chudi bai todn sau ta lay o = 7.
P1. Tim tit c4 cdc gia tri c6 thé cta L (v6i cdc n khac nhau).
P2. L c6 thé nhan gi4 tri nao déu n 13 s6 bac 2?
P3. Tim tit c cdc sb bac 2.

P4. Tim s0 céc so bac 2 trong 1 tri€u so déu tién néu o = t. Chi can dap so chinh xac dén 1—10.

e Trong chudi bai todn sau ta ldy o = /2 ~ 1,4142...
T1. Tim tit ca céc gi4 tri c6 thé clia L (v6i cac n khac nhau).
T2. L c6 thé nhén gid tri nao déu n 12 s6 bac 27
T3. Tim tht c4 cdc gid tri ¢6 thé cia L cho mot sb ndo d6 khic (ngodi @ = 7 via = +/2).

K1. Ta khong biét s6 o. Nhung ta biét ring du # bang bao nhiéu, sé L chi nhan mot trong hai
gi4 tri. V6i nhitng o« nao diéu nay c6 thé ?

K2. Bai todn dé€ nghién citu. Ta biét s6 o nhung ta biét ring véi n 16n tuy ¥, sd diém trén moi
doan c6 d0 dai 1 khéc v6i 2 khong 16n hon 10. Ta ¢6 thé néi gi vé s o ? Cu thé:

e Hay néu vi du mot vai sO nhu the.

e Hay dua ra mot diu hiéu dii nao dé d€ diéu nay khong xdy ra: Néu « c6 tinh chit niy va
tinh chat nay thi khang dinh bai todn khong diing.

e Hay dua ra diu hiéu nao d6 d€ c6 thé khang dinh s6 diém trén moi doan do dai 5 nam
trong pham vi tif @ dén b véi cac sd a, b ndo d6 (a < % < b va ta mudn cic s6 nay cang

gan % cang tot).

K3. Cho sd hitu ty a = % va n nhan cic gid trin = 1, 2, 3, ..., 246. Trong cic sd nay c6

bao nhiéu s6 bac 2, bao nhiéu sb bac 3 ?
K4. Hiy néu ra phuong phap cho phép vdéi s hitu ty o cho trude

a=2 p<q<1000000,
q
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tim dugc s6 sd bac 2 va sb sd bac 3, khi n chay qua cdc gia tri tif 1 dén ¢ — 1, trong thdi gian
cho phép (bang tay).

K5. Cho s6 L = L(100, «).

Lam sao c6 thé xéac dinh véi moi gia tri c6 thé clia n va « cho trudc ton tai hitu han hay v han
cac gia tri khac nhau cia L ?

No6i riéng, nghién cttu ciu hodi nay 6 cac truéng hgp sau:
(1) Néu L 1a nghiém ctia phuong trinh bac 2 véi hé s6 nguyén

L?>+nL+m=0.
(2) Néu L la nghiém ctia phuong trinh bac 3 véi hé s6 nguyén
L>+nL*>4+mL +q=0.

K6. Biét ring s6 o dudc viét thanh lién phan s v6i cac mau s6 dau tién 1 3, 5, 12 tic la

1

1

1
54— 4...
+12+

3+

Hay tim tit cac cic s6 bac 2 nam gita 1 va 100.
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L3I GIAI CAC BAI TOAN O SO 1

Ban bién tap

1. Phuong trinh Diophant 1

Pé to4n dé nghi cho Hdi nghi muia he ctia cudc thi toan gitta cdc thanh phd nim vao 2014, dudc
dé xuét bsi S.Grigoriev, K.Kuyumzhiyan, A.Petukhov, A.Semchenkoyv.

Dinh ly 1.1. (Gauss) Mot s6 nguyén duong cé thé biéu dién duoc dudi dang tong ciia 3 binh
phuong khi va chi khi no co khong co dang 4*(8m — 1).

2. Céc bai todn mé dau
Bai toan 1. Chiing minh rang cdc phuong trinh

(@) 2x%2 +2xy —y? =1

(b) x2—xy +y?=2.
khong co nghiém nguyén.
Chitng minh. (a) Viét phuong trinh lai du6i dang

x2—(y—x)? =1,

1oi xét s6 du trong phép chia cho 3, ta d& dang suy ra diéu phai chiing minh.

(b) Gia st phuong trinh ¢6 nghiém nguyén. Viét phuong trinh dudi dang

suy ra |y| < 1. Tuong tu dbi véi x. Nhung mot trong 2 s6 phai chén, tic 1a phai bang 0, gia st
x = 0, khi d6 y? = 2, mau thuan. O

Bai toan 2. Chuing minh rdang cdc phwong trinh
(a) x2-2y2 =1,
(b) x2-3y%2 =1,
(c) x2—6y2=1.

€O VO sO nghiém nguyén.
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Chitng minh. Ta c6 thé ching minh bai todn nay bing mot so dd chung: Néu phucng trinh
x2 —dy? = 1c¢6 it nhit 1 nghiém nguyén duong thi né c6 vo sb nghiém nguyén duong dua vao
hang dang thuc sau

(x% —dy?*)(a* — db*) = (ax + dby)* —d(ay + bx)>. (1)

Do phuong trinh x? — 2y? = 1 ¢6 nghiém (3, 2), phuong trinh x2 — 3y? = 1 c6 nghiém (2, 1)
va phuong trinh x2 — 6y2 = 1 ¢6 nghiém (5, 2) nén chiing c6 v s6 nghiém. O

Bai toan 3. Chiing minh rdang phuong trinh x* 4+ 1000xy 4 1000y2 = 2001 c6 vé s6 nghiém
nguyén.

Chitng minh. Viét phuong trinh du6i dang
(x + 500y)% — 249000y = 2001.
Ta can ching minh phuong trinh
22 — 249000y = 2001, (2)
c6 vo sb nghiém. Diéu nay c6 thé thuc hién dua vao hiang dang thifc (1) va cic thong tin sau:

(i) Phuong trinh (2) ¢6 nghiém z = 501, y = 1 (vi phuong trinh ban dau c6 nghiém x =
I, y=1).

(ii) Phuong trinh z2—249000y? = 1 c¢6 nghiém nguyén duong (tl bai niy vé sau, ta thita nhan
dinh 1y: Néu d la sé nguyén dwong khong chinh phuong thi phuong trinh x*> — dy? = 1
co nghiém nguyén duong).

Chting minh hoan tat. [
Bai toan 4. C6 dinh s6 nguyén té 1é p. Chitng minh rdang phiong trinh

x*—py? = -1,
c6 nghiém nguyén khi va chi khi p cé sé du la 1 khi chia cho 4.

Chitng minh. Gia st phuong trinh x2 — py? = —1 c6 nghiém nguyén. Ta ching minh ring p
chia 4 du 1. That vay, tu phuong trinh ta suy ra

x?2=—-1 (mod p).
Néu p c6 dang 4k + 3 thi x?~! = x2@*+D = _1 (mod p), tri véi dinh ly nhé Fermat. Vay
p phai c¢6 dang 4k + 1.
Ngudc lai, gia st p = 1 (mod 4). Ta biét ring phuong trinh
x?—py? =1, (3)

c6 nghiém khong tim thudng.
Goi S 1a thp nghiém nguyén duong cta (3) va (xg, yo) la nghiém nguyén ducng cua (3) véi
¥ nhé nhét. Khi d6

(xo — D(xo + 1) = pyo’. (4)

Tir (4) suy ra rang hoic 2(xo + 1) hoidc 2(xo — 1) 1a binh phuong ding. Ta xét ca hai trudng
hop.
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o Gid st 2(xo + 1) = d? (v6i sb nguyén duong d nao d6). Khi d6 d 12 sb chin va d | y,.
bitd = 2d, va dit x; = 2 = dj, y; = 2. Khi d6

1 2(xo + 1)
d-pyi= S+ P - pi]= "0 =

1.
Nhu vay, (x1, y;) ciing thudc ST. R rang 1a y; < yo, diéu ndy trdi v6i tinh nhd nhét cia
cdp (xo, o).

e Gia st 2(xg — 1) = d? (v6i s6 nguyén duong d nao d6). Khi dé d 1a s6 chdn va d | y,.
bitd = 2d, vadit x; = 2 = dy, y; = 2. Khi d6
_2(1—x9) _

1
xX;i—pyi = yE [(xo— 1)* = pyg] = Qa7 -1

Vay (x1, y1) 12 nghiém ctia x2 — py? = —1, 1a diéu ta cAn tim. O

Bai toan 5. Chiing minh rdng vdi moi m s6 nghiém nguyén ciia cdc phiwong trinh x> — xy +
y? = mva3x? + 9xy + 7y? = m nhu nhau.

Chitng minh. Ta thiy bai todn sé& ching minh néu ta chiing minh dugc moi nghiém nguyén
ctia phuong trinh x? — xy + y? = m sé tuong ting v6i mot nghiém nguyén cla phuong trinh
3x2 4+ 9xy + 7y% = m. Vangudc lai diéu nay suy ra tif cic hing dang thiic sau

3a% 4 9xy +7y% = (x +29)% = (x + 20)[-(x + V)] + [-(x + ),
X2 —xy 4y =30 +2y)* + 9(x + 20)[=(x + ]+ T[-(x + Y.
Bai toan dugc chiing minh. [
Bai toan 6. Vdin la s6 nguyén bdt ky. Chiing minh rdang phuwong trinh x> + y? = n cé nghiém
nguyén khi va chi khi no co nghiém hiiu ty.

Chitng minh. Gia st x, y 1a cdc sb hifu ty sao cho x2 4+ y? = n. Miu s6 clia x va y & dang tdi
gian bang nhau. Ta goi mau s6 d6 1a d va gia st rang ta chon x, y sao cho d nhé nhit c6 thé.
Gia stirang d > 1 (nhu thé x, y khong nguyén va phuong trinh x2 4+ y2 = n khong c6 nghiém
nguyén). Goi ry, ry 1a cdc s6 nguyén gan véi x, y nhit va sy = x —ry, s, = y — ry,. Khi d6

1
Sxl, IS < -,
52+ si =n—(rZ+ rf,) — 2(sxrx + 85y7y).
bat
o, _sx(n—r)%—rg) V= _sy(n—r)%—r)%)
* s24s52 7 d 52 4 52

Tir (5) suy ras2 + 52 = <, trong d6 0 < d’ < d. Tit ddy suy ra, 6 dang t6i gidn miu s6 d’ ctia

, ~ %/ ’ . % N ~ ” L, 2 2 N x 4 ,
cac phan so x , y chia hét d va nhu vdy nho hon d. Tacé6 x ~ + y = = n, ma mau so cia cac
N A 4 4 2 X A > N X s
phan so x , y nhd hon mau so cua x, y., mau thuan, dodé d = 1.

Vay phuong trinh x? + y2 = n ¢6 nghiém nguyén. O
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Bai toan 7. Hady néu vi du mot phuong trinh bdc hai véi hé sé nguyén, co nghiém hitu ty nhung
khong co nghiém nguyén.

Goi y. D6 1a phuong trinh 4x2 = 1.
Bai toan 8. Vdi a va b la hai sé nguyén dwong bdt ky. Chiing minh rdng ton tai vé sé cdc sé
t nhién m sao cho phuong trinh ax* + by* = m khong cé nghiém nguyén.

Chitng minh. Gia st N 1a mot s6 nguyén duong nao dé. Néu nhu véi s6 nguyén duong m < N
nao dé phuong ax? + by? = m c6 nghiém nguyén thi

N N
X[ <= I =+
a b

Nhu vay, néu nhu v6i moi m < N phuong trinh ax? + by? = m c6 nghiém thi ton tai N cip
s6 (x, y) sao cho
N N
0<|x|</—.0=|y|<+/—.
a b

RS rang bét dang thiic nay khong xdy ra néu ab > 1. Nhu vay ta chi cin xét trudng hop
a = b = 1. Nhung véi trudng hop nay ta thiy moi sb chia 4 du 3 khong thé 12 téng ctia hai binh
phuong. Phép chiing minh hoan tat. O

g N
Khido N < T

Bai toan 9. Vdi moi 56 nguyén m bdt ky. Chitng minh rdang phuong trinh x* +2y% —3z2 = m
co nghiém nguyén.

Chitng minh. Thay x = y = z = 1, ta thiy khong biéu dién dudc.

Thay x =u + 1, y = u, z = u vao x> + 2y? — 3z% ta dudc 2u + 1. Suy ra x? + 2y? — 322
biéu dién moi s6 18.
Thay x =u, y =u + 1, z = u vao x? + 2y? — 322 ta dugc 4u + 2. Suy ra x> + 2y? — 322

biéu dién moi s6 c6 sd du 1a 2 khi chia cho 4.

Néu m chia hét cho 4, ta chia tat c4 cic bién s6 cho 2 va dua bai todn vé mot trong cic trudng
hop da xét truée do. [

3. Cac dang toan phuong

Mot da thic thuan nhit bac hai ctia n bién sb6 dugc goi 12 mot dang toan phuong. Theo dinh
nghia, dang toan phuong f dai dién s6 m néu phuong trinh f = m c6 nghiém nguyén khac 0
(tdc 1a nghiém ma trong d6 khong phai tit ca cac bién déu bang 0, luu ¥, khong phai dang toan
phuong nao ciing dai dién 0). Hai dang toan phuong dudc goi 1a tuong duong néu chiing cling
dai dién mot tap hop sb.

Bai toan 10. Hday mo td tdt cd cdc sé nguyén, duoc dai dién bdi cdc dang
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(@) x*+ y2.
(b) x*—y2.
(c) x2+xy + y2.

Chitng minh. () Ta cé n = x? + y? khi va chi khi trong khai trién cia n ra thita s6 nguyén
t6 moi udc sb nguyén t6 tham gia v6i s6 mil 18 c¢6 sd du 1a 1 khi chia cho 4.

Chiing minh su kién nay dugc chia thanh cic budc co ban sau. Ta ky hiéu S 1a tp hop cac sb
nguyén duong biéu dién dudc dudi dang tong cta hai binh phuong. Khi d6 ta 1an lugt chiing
minh:

1. Néu a, b thuoc S thi ab thudc S.

2. Néu p 1a s6 nguyén t6 dang 4k + 3, p|a®? + b% thi p|a, p|b.

3. Néu p 1a sd nguyén td dang 4k + 1 thi ton tai a, b sao cho p = a? + b2.
(b) Tacé (u + 1)2 —u? = 2u + 1, suy ra moi s6 18 dugc dai dién bsi dang x2 — y2, ciing c6
(u+ 1) —(u—1)2 = 4u.

Nhu vy, moi s6 c6 sb du 1a 0, 1, 3 khi chia cho 4 dugc dai dién bsi x2 — y2. St dung sb du
trong phép chia cho 4, ta thly cic sb c6 sd du 2 khi chia cho 4 khong biéu dién dugc dudi dang
x2 —y2

(c) Tuong tu nhu bai 6, ta thdy phuong trinh x2 + xy + y? = n c6 nghiém nguyén khi va chi
khi n6 c6 nghiém httu ty. Vi

5 5 y 2 y 2
X 3ye = (x —) 3 (—) ,
+ 3y + 7 + >
nén trén tap hgp cac s6 hitu ty thi dang x2 + xy + y? tuong duong v6i dang x2 + 3y2. Ta ching
minh rang dang x2 + 3y? dai dién s6 n trong tap hdp sd hitu ty (xem phan vé ky hiéu Hilbert)
khi va chi khi trong khai trién ctia n ra thita s6 nguyén td, tit ca cdc s6 nguyén td véi s6 mii 1é
phéi c6 s du 1a 1 hodc 0 khi chia cho 3.

That vy, x? 4+ 3y? = n ¢6 nghiém trong Q khi va chi khi phuong trinh x? + 3y —nz? = 0 ¢6
nghiém trong Z vé6i z # 0. Phuong trinh nay (theo dinh ly Minkowsky-Hasse) c6 nghiém khi va
chi khi ky hiéu Hilbert (1, —3), bing 1 v6i moi s6 nguyén t6 p. Ta tinh ky hiéu nay tryc tiép

Gia st p > 3. Taviétn = p®u, 3 = p°(—3). St dung dang tudng minh ctia ky hiéu Hilbert va
luat tuong ho binh phuong Gauss, ta ¢

o) -G G - (o~ e
).

nhu vay biéu thiic da cho ludn bang 1 néu « chin, con véi « 18 thi né biang (§ ttic 1a bang 1
khi va chi khi p chia 3 du 1. Ta suy ra rang néu phuong trinh x? + 3y? — nz2 = 0, c6 nghiém
theo modulo, trong d6 p c6 dang 3k + 2, thi trong khai trién ctia n, thita s6 p c¢6 sd mii chén.

Truong hdp p = 2 coi la mot bai tap danh cho ban doc.
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Truong hgp p = 3. Giast p =3*udday f = 1,v = —1.Tacd

9= 0 (5)(3) = ()

Biéu thiic nay sé bang 1 khi va chi khi u ¢6 s6 du 12 1 khi chia cho 3. Nhung néu nhu ta da biét
12 moi s6 nguyén t6 c6 dang 3k + 2 s& c6 trong khai trién ctia n véi s6 mii chin, thi diéu kién
nay khong cho gi thém. [

Bai toan 11. Chiing minh rdng cdc dang toan phicong
f(xv y)v f(x_y’ y)’ f(x’ Yy —X), f(_x’ y)’ f(x’ —J’)’ (6)
doi mot tuong dwong nhau.

Chitng minh. Néu s6 m dugc dai dién béi dang f(x, y) v6i x = Xxo, ¥ = o, thi m dai dién
bdi f(x —y, y) v6i x = xo + Yo, ¥ = Yo, dang f(x, y — x) v6i x = x¢, ¥ = X¢ + Vo, dang
f(=x, y) v6i x = —xg, ¥y = Yo, dang f(x, —y) v6i x = xg,y = Yo.

Nhu vay, tit ca cac s dai dién bsi f(x, y) ciling dai dién bdi cac dang khic trong danh sich
(6). Chiing minh hoan toan tuong tu, ta c6 moi s dai dién bdi mot dang nao khic trong danh
sach (6), ciing dai dién bdi cac dang con lai. Suy ra tit ca cac dang trong danh sach (6) tuong
duong nhau. [

Bai toan 12. (a) Chitng minh rdng cdc dang toan phiwong x> + y? va x*> + xy + y? khong
tuong duong nhau.

(b) Chitng minh rang dang toan phuwong 4x% —6xy + 5y khong tuong duong vdi dang co dang
ax? + by? vdi moi s6 nguyén a va b.

Chitng minh. (a) Dang x? + y? dai dién 2 nhung x? + xy + y? khong dai dién 2. Suy ra
ching khong tuong duong.

(b) Dé thay 3, 4, 51a 3 gia tri nhd nhét cia dang 4x2 — 6xy + 5y2.
Néu a, b > 0 thi ba gid tri nhd nhit clia dang ax? + by? c6 thé 1a cic bd
{a, b, a + b}, {a, 4a, b}, {a, b, 4b}, {a, 4a, 9a}, {b, 4b, 9b}. (7)

RO rang bo 3, 4, 5 khong thé c6 dang (7) v6i moi a, b. Vay 4x? — 6xy + 5y? khong tuong
duong véi dang ax? + by? v6i moi a, b khong am. O

Dinh nghia 1. Dang toan phuong dudc goi la:
1. Xéc dinh duong néu né chi dai dién cho cic sb duong.
2. Xdc dinh khong Am néu né chi dai dién cho cac sd khong am.
3. Xac dinh 4m néu n6 chi dai dién cho cac s6 am.
4. Khong xic dinh néu né dai dién c4 s6 duong 1an sb am.
Bai toan 13. Hdy néu vi du mot dang xdc dinh khéng dm ma khong phdi xdc dinh duong.

Goiy. Vidu dang f(x, y) = x2.
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4. S6 hoc mé rdng: Sb p-adic
Dinh Iy 4.1. (Legendre) Moi s6 nguyén dwong déu cé thé biéu dién dudi dang tong binh
phuong cia 4 so nguyén.
Bai todn 14. Cho m va n la cdc s6 nguyén khong chinh phuong. Néu phuong trinh
22 —mx? —ny? =0, (8)

c6 nghiém hitu ty khdc 0 thi cdc diéu kién sau ddy duoc théa man:

(a) It nhdt mot trong hai sé m, n duong.

(b) m la thdang duw binh phuong theo mé-dun n.

(¢) n la thang du binh phuong theo mé-dun m.

Chitng minh. Ta ¢ dinh mdt nghiéu hitu ty khac 0 ctia phuong trinh (8). Ta c6 thé gi st rang
(X0, Yo, zo) = 1.

(a) Néum, n < 0 thi z2 —mx2 —ny2 > 0, diu bing x4y ra khi va chi khi xo = yo = z9 = 0

(mAu thuan).

(b) Ta chi can chitng minh 7 12 thiing du binh phuong md-dun p véi moi p 1a uc nguyén tb clia
m.

Gia st p 1a udc nguyén td ctia m. Néu p | n thi diéu d6 1a ding. Gia st n khong chia hét cho p.
Ta xét hai trudng hop: yo chia hét cho p va y, khong chia hét cho p. Gia st rang y, chia hét

cho p. Khi d6 xg, zo cling chia hét cho p, mau thuin véi diéu kién (xo, yo, zo) = 1.

Suy ra yo khong chia hét cho p. Khi d6 trong mo-dun p ta cé

22
= (—) (mod p),
y

va nhu vay n la thang du binh phuong mo-dun p.
(c) Chiing minh hoan toan tuong tu. ]

Bai toan 15. Hdy dua dinh ly t6ng qudt vé dang toan phwong hai bién vé i gidi ciia phiong
trinh dang (8).

Chirng minh. Moi phuong trinh bic hai cé dang
f(X1, X2) = foa(X1, X2) + fi(X1, X2) + fo =0,

trong d6 f» la da thic thudn nhit bac 2, f;— bac 1, fo— bac 0 (tic 1a hang sb). Ta bat dau tir
modt ménh dé téng quat:

Cac phuong trinh f(x1, x2) = 0, va
f(x1, ¢ Xa, +1, X3) =0, )]
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hoic cing ¢6 nghiém hitu ty, hoic cing khong c6 nghiém hitu ty v6i moi s6 hitu ty ¢, ¢. Chiing
t6i danh ménh dé nay cho doc gia nhu mot bai tap.

Hién nhién 1a c4c phép ddi bién dang f(X,, X2) — f(X1 + cX,, X>) sé tac dong mot cach
doc 1ap trén cac thanh phan f,, f» va giit nguyén fj.

Ta viét f, dudi dang
C1X12 + C12X1X2 + C2X22.

Néu f, # 0 thi, thuc hién mot vai phép ddi bién dang (9), ta c6 thé gid st ¢; # 0. Ta xét ham
5O

£ (X1 -, Xz) . (10)
D& thiy riing (10) c6 dang ¢; X2 + ¢, X2 véi s6 hitu ty ¢, nao d6. Nhu viy ta c6 thé gid st ring
fo(X1,X2) = a1 X7 + 2 X5,
v6i cdc s6 hitu ty ¢1, ¢, nao d6. Néu nhu ¢, = 0 con ¢; # 0 thi phuong trinh f = 0 c¢6 dang
61X12 = —rXy — fo,

c6 thé giai dugc dé dang. Nhu vay, tiép theo ta sé gia st ¢, # 0. Tuong tu ta gid st ¢; # 0.
Thanh phﬁn tuyén tinh f;(X1, X3) c6 dang ry X + r2 X,. Ta xét phép ddi bién

FXX2) = f (X1 Ny, - r—z) .

Y 2C1 26'2
Trong ham sb thanh phan f; sé bang 0. Trong trudng hdp d6, phuong trinh f = 0 s& ¢ dang
2 2 _
C1X1 + C2X2 + f() =0.

Phuong trinh nay tuong duong v6i phuong trinh thuan nhat
¢
224 2x2 4 éy2 =0,
C1 C1
1a diéu phai chiing minh. O
Dinh nghia 2. Biéu thic dang

akpFtagp™ T+t anp” + (1)

(k— 1a sb nguyén bat ky, a; € Z ducc goi 1a sd p-adic. Néu k < 0, thi ta goi (11) 14 sd nguyén
p-adic.

Bai toan 16. Phuong trinh véi hé sé nguyén f = 0 c6 nghiém trong 7, néu va chi néu né cé
nghiém trong hé thang du mo-dun p" véi moi € Zy.
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Chung minh. Gia st xy, X3, ..., X, 1a cac nghiém trong Z, cta phuong trinh f = 0. Khi
do cac 16p thang du xq, x5, ..., X, trong modulo p™ la nghiém trong modulo p™. N6i riéng,
phuong trinh f = 0 c6 nghiém trong modulo p™ v6i moi s6 nguyén duong m. Nguoc lai, gia
st phuong trinh f = 0 c¢6 nghiém trong modulo p™ véi moi sé nguyén duong m. Vi moi m
nguyén duong, goi S, 1a tap hgp cac nghiém trong modulo p™ cua phuong trinh f = 0. Theo
gia thiét tap hop nay khac réng v6i moi m > 0. Vi mdi s du trong phép chia cho p™*! c6 thé
xét theo modulo p™, ta c6 4nh xa S,,+1 — Syy. Taky hiéu S 1a hgp clia tit ca cdc &nh S,, 1«
voimoi k > 0. Vi S;4x # ,nén So° # . V6i moi s, € SS° tOn tai Sp41 € Sporq sao cho sy, 1a
anh clia s,, 1. Nhu vay ta c6 thé xay dung xich vo han

S1s cony Sy e ()

trong d6 s,, 12 bd n sd du trong phép chia cho p™ va s,, 1a hinh chiéu cta s,,,; trong phép

chia cho p™. Diy (%) cho ta mot bd duy nhat n sd nguyén p-adic x1, X2, ..., X, c6 bo sd du
S1y +-., Sn, ... Khichiacho p, ..., p™, ... Cic x1, X3, ..., X, chinh la nghi€ém ctia phucong
trinh f = 0. ]

Bai toan 17. Khi ndao sé p-adic dang (11) bang 0?
Chung minh. Cau tra 16i suy ra tit dinh nghia:

Khi . .
a—g+-+apip' =0 (mod p'th,

VOi moi i. L]

Bai toan 18. Chiing minh rdng tich ciia hai sé p-adic khdc 0 khdc 0.

Chitng minh. Xét hai s0 p-adic khic 0 1a @ va b. Khong mit tinh t6ng quat, ta gid stia, b € Z,,
vaa,b # 0 (mod p). Khi d6 ab # 0 (mod p) va do d6 ab # 0. Bai toan dugc ching
minh. 0

Bai todn 19. Chiung minh rang Q C Q,, vdi moi s6 nguyén t6 p (chitng minh rdng vdi moi
cdp sé nguyén m, n khdc 0 ton tai s6 p-adic x sao cho nx = m).

Chitng minh. Khong mét tinh tdng quat, gi st rang m, n nguyén td ciing nhau véi p. Véi gia
thiét nay, bai todn 19 suy ra tif bai toan 16. [

Bai toan 20. Chiing minh rang —1 la sé chinh phuong trong tdp hop cdc sé p-adic khi va chi
khi p déng du 1 theo mo-dun 4.

Chirng minh. Suy ra tu bai toan 21. O]
Bai toan 21. Hay tim cdch mé td cdc s6 p-adic la sé chinh phuong.

Chitng minh. Ta xét hai trudng hop: p = 2 va p # 2. Gid st p = 2. Moi sb 2— adic déu biéu
dién duéi dang 2n(2m + 1), trong d6 n 13 s6 nguyén va m 1a sé nguyén 2— adic. Ta c6

X2 =22 [1 Lgmimt D 1)]
.

, mm+ 1)
m=—-=
2
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khi d6
x? =22"(1 4+ 8m"), (12)

trong d6 m’ 1a s6 nguyén 2— adic.

Ta chiing minh ring moi s6 nguyén 2— adic dang (12) déu 1a sb chinh phuong trong tip hop cic
s6 2— adic. D€ thuc hién diéu nay, ta chi cin ching minh moi s6 nguyén 2— adic m" déu c6 thé
biéu dién dudi dang 22+,

Nhd vao bai todn 16, ta chi can chiing minh phuong trinh dong du
x(x+1)=2m (mod 2"),
c6 nghiém trong Z véi moi i nguyén duong.
Co sé quy nap i = 1 1a hién nhién.
Budc chuyén: i — i + 1. Gid stt m; € Z la nghiém clia phuong trinh
x(x+1)=2m (mod 2.
Khi d6 xay ra mot trong hai diéu kién sau
(1) m;(m; +1) = 2m’ (mod 2:*1).
(2) mi(m; + 1) =2m" + 2 (mod 2°*1).
Trong trudng hop (1) m; 1a nghiém ctia phuong trinh dong du
mi(m; +1) =2m"  (mod 2°™1).
Trong trudng hop hai m; + 2 12 nghiém clia phuong trinh
mi(m; + 1) =2m"  (mod 2'*1),
Bay gid gid st p # 2, tiic 12 p 1a sb nguyén t6 1&. Moi sb p-adic déu c6 thé biéu dién dudi

dang p"m, trong d6 n 1a s6 nguyén, con m 1a sd nguyén p-adic, khong chia hét cho p. Ta
c6 x2 = p>"m?2.

Ditm’ = m? khi d6

x% = p*'m, (13)
trong d6 m’ 1a sb nguyén p-adic, c6 phan du khi chia cho p 1a thing du binh phuong va
khong bang 0. PE chiing minh diéu nay, ta cin chiing minh rang véi moi s6 nguyén p-adic
m’ sao cho

(3) m’ khong chia hét cho p,
(4) s6 du trong phép chia m’ cho p la thing du binh phuong va khic 0. déu biéu dién dudgc
dudi dang m?.

Pé& chitng minh diéu nay, theo bai toan 16, ta chi cAn ching minh ring phuong trinh
x2=m" (mod p') c6 nghiém trong Z v6i moi i nguyén duong. Ta ching minh diéu nay

bing quy nap.
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Cosdi = 1 thoa man, vi sb du trong phép chia m’ cho p 1a thiang du binh phuong. Phép
chuyén: i — i + 1. Gia stt m; € Z la nghiém cta phuong trinh x> = (mod p'). Khi d6
m?=m +rp’ (mod p't?),
trong d6 i € Z 1a mot sb nguyén nao d6. Vi m’ khong chia hét cho p va p # 2 nén ton

tai s nguyén r’ € Z sao cho 2m;r’ = r (mod p'*). Biat m;yq 1 m; —r p'. Khi d6

2

mi , = m  (mod p'th).

Bué6c chiing minh quy nap hoan tt. O

Bai toan 22. Chiing minh rang moi sé 3— adic khdc 0 c¢6 dang x2, hay 2x?, hay 3x2, hay 6x>
Vvdi 56 3— adic x nao de.

Chitng minh. D€y ring véi moi s6 nguyén té p mot sd p-adic bat ky biéu dién dudc dudi dang
p'-a-y trong d6 a 1a s6 nguyén tir 1 dén p — 1, p’ 1a Iy thira ctia p con y la s6 nguyén p-adic,
ddng du vé6i 1 theo mo-dun p (theo bai toan 21 thi y 13 s6 chinh phuong). Khi d6, thay p = 3,
ta c6 tily thudc vao tinh chin 1é ctia sd i, s6 p’ sé 1a sd chinh phuong hay 3 1an sb chinh phuong,
a € {1, 2}, y 1a sb chinh phuong. Vi vay tich clia ching sé tuong tng véi 1 trong 4 trudng hop
da néu. 0

Bai toan 23. Cho p la sé nguyén t6 1é, con x1, X2, ..., Xs la cdc s6 p-adic khdc 0. Chiing
minh rang =t la s chinh phuong trong tdp cdc sé p-adic véi i, j naodo (1 <i < j <5).
J

Chitng minh. Tuong tu vdi 16 gidi clia bai todn trudc, moi s nguyén déu biéu dién dudi dang
pl-a-y.

Ta chia cac s6 thanh 2 nhom. Trong nhém 1 ¢6 i 1&, nhém 2 c6 i chan. Sau d6 mdi nhém lai
dugc chia lam 2 : Trong nhém thi nhit ¢6 a 1a thing du binh phuong, nhém thit hai — khong 1a
thang du binh phuong.

Theo nguyén ly Dirichlet, ton tai it nhat mot trong hai s6 trong cc s6 di cho nam trong cling
mot nhom. Thuong ctia ching sé€ c6 dang P’ lnew % trong d6 j chia hét cho 2, a,ey 12 s chinh
phuong (vi la thuong cua hai thang du binh phuong hodc hai khong thang du binh phuong), con
21 1a 56 p-adic bat dau bang 1.

Do d6 s6 nay hién nhién 1a sb chinh phuong, vi 1a tich clia ba sb chinh phuong. Bai toan dudc
ching minh. O

Bai toan 24. Chiing minh rdng véi moi s6 nguyén t6 1é p ton tai cdc sé p-adic khdc 0 :
X1, X2, .0y Xpo1 $@0 cho X7 + x5 + -4+ x5_ +1=0.

Chitng minh. Chi ¥ ring theo bai toan 21 thi s6 1 — p 1a s6 chinh phuong trong tap hdp cac
s6 p-adic. Suy ra
=141+ +1+1—p,

p—25s61

12 tdng ctia p— 1 s6 chinh phuong trong tap hop cac sb p-adic. Suy ra diéu phai chiing minh. [
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Bai toan 25. Chiing minh rdang phiong trinh x* + x + 1 = 0 ¢6 diing 2 nghiém trong tdp cdc
56 nguyén 7— adic.

Chitng minh. Nghiém cta phuong trinh x? + x + 1 = 0 dudc viét dudi dang

-1+ v-3

X1,2 = )
Vi +/—3 € Z7 (xem bai todn 21), phuong trinh x? + x + 1 = 0 ¢6 hai nghiém phan biét trong
L. [
Bai toan 26. Chiing minh rdang phuong trinh x> + y? = —1 ¢6 nghiém trong cdc sé p-adic

Vi moi so nguyén to lé p.

Chitng minh. Ta chi cin ching minh ring phuong trinh ndy c6 nghiém theo mo-dun p. Ta
kiém tra diéu nay. Biéu thiic x2 ¢6 thé nhan 231 gid tri khdc nhau: 0 va tit ¢4 cdc thing du binh
phuong. Ta xét tt ca céc gid tri ctia biéu thic —x? — 1. Néu nhu c6 it nhit mot trong ching ¢
thé biéu dién dué6i dang y? thi bai todn dugc gidi quyét. Néu nhu khong c6 sb nao c6 dang y?,
thi céc gid tri c6 thé cia y? chi ¢6 t6i da 1a 251 mau thuén. O

Dinh ly 4.2. (Nguyén ly Minkowsky-Hasse) Phuong trinh bdc hai f = 0 ciia mot sé bién c6
nghiém hitu ty khi va chi khi no dong thoi cé nghiém trong

o Tdp hop cdc sé thuc.

e Tdp hop cdc s6 p-adic (:= Q ) vdi moi s6 nguyén t6 p.
Bai toan 27. Chiing minh nguyén Iy Minkowsky-Hasse cho phuong trinh 1 hodc 2 dn so.
Chitng minh. (a) Phuong trinh c6 mot 4n sb:

Phuong trinh c¢6 dang ax? = b. Ta chi cin chiing minh ring néu phuong trinh khéng c6 nghiém
trong Q, thi n6 sé khong c6 nghiém hodc trong R, hodc trong @, v6i p nao do. Néu ax? = b
khong c6 nghiém trong Q, thi {;’ khong 1a sb chinh phuong trong ¢, tic 1a hodc 2 < 0, hoic sé

a
c6 mot s6 nguyén td p nao do cé trong g s6 18 1an. Trong truong hop thit nhit ax? = b khong
c6 nghiém trong R, trong trudng hop thi hai, khong c6 nghiém trong Q.

(b) Phuong trinh c6 hai 4n sb.

Theo bai todn 15, moi phuong trinh bac hai trén tip cac sb hitu ty clia hai bién tuong duong véi
phuong trinh ax? + hy? = 1. Hon niia ta c6 thé gia su rang

(1) a, b nguyén va phi chinh phuong (khong c6 uéc chinh phuong > 1),

(2) lal < |b].
Ta chi can ching minh ring néu phuong trinh ax? + by? = 1 c¢6 nghiém trong Q, véi moi p
va c6 nghiém trong R thi n6 c6 nghiém trong Q. Pat m(a, b) = |a| + |b|. Ta s€ chiing minh
ménh dé bang quy nap theo m(a, b).
Co s6: m(a, b) = 2 c6 thé kiém tra truc tiép.

Buéc chuyén: m — m + 1. Ta gia st a, b 12 cic s théa man diéu kién (1) va (2), vé6i
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(3) m(a, by =m + 1.

(4) Phuong trinh ax? + by? = 1 c¢6 nghiém trong tip hop cic sd p-adic v6i moi p va c6
nghiém trong R.

Ta xét hai truong hgp: |a| = |b| va |a| < |b].

Néu nhu |a| = |b| thi phuong trinh ax? + by? = 1 tuong duong
b
——y*4az* =1. (14)
a

Hon nita, phuong trinh (14) ¢6 nghiém thudc Q, R, @, khi va chi khi phuong trinh ax?+by? =
1 ¢6 nghiém trong tap tuong ving. Vi

m(—é,a) <m(a, by =m+ 1,
a

nén phuong trinh —% - y2 + az? = 1 c6 nghiém trong Q theo gia thiét quy nap. Suy ra phuong
trinh ban dau c6 nghiém trong Q.

Bay gio gia st |a| < |b|. Tu diéu kién (3), (4) suy ra a 1a s6 chinh phuong trong mo-dun b, tiic
laa + BB = t?trong d6 b, t 1a nhing s6 nguyén va b > 0. Khong mét tinh tdng quat, c6 thé
gia st |¢] < B,

Phuong trinh ax? + by? = 1 c6 nghiém trong Q, R, Q,, néu va chi néu ciing trong céc tap
hop do6 phuong trinh sau c6 nghi€ém

> —a

b

ax?+b'y*=1, b =
Tacé |b] < |Z—‘ vado d6 m(a, b') < m(a, b) = m + 1. Tit d6 theo gia thiét quy nap, phucng

trinh ax? + b’ y? = 1 ¢6 nghiém trong Q. Suy ra phuong trinh ban dau cé nghiém trong Q.
Phép chiing minh hoan tit. O
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