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Ban c6 tin vao chuyén ¢4 tich?

Ciach day 4 nim, ching toi, cing vdi nhitng doc gia dau tién da bit dau cau chuyén cd tich ctia
minh bang viéc cho ra ddi sé dau tién tap chi Epsilon, mot tap chi v6i muc tiéu vo tu, phat hanh
online mién phi, va phuc vu nhitng ngudi yéu thich todn hoc. Mot tap chi duge xdy dung boi
cong dong va cho cong dong. Cau chuyén cd tich thi nghiém 4y da dudc lan truyén di, dugc
dong dao ban doc don nhan, chia sé, va cung chung stc xdy dung. Cau chuyén cua ching toi
ciing da c6 mot két thuc rat dep: chiing t6i ding lai & con s 13, khi Epsilon dang & do chin.
Chung t6i da diing lai trong tu hao, d€ tir d6 md dudng cho mot ngudi anh em khéc, tap chi Pi.

Chung t6i diing lai, nhung mot phan nao d6 trong mdi ¢4 nhan chiing tdi van luyén tiéc vé nhiing
ngay thang dy tho mong ctia Epsilon. Roi thdi gian dan troi, Pi ngay cang viing manh, gic day
da 1a mot td bdo quen thudc v6i nhiing ngudi yéu toan. Dau vdy, trong 1dong cac ban yéu toan
vAn nhé vé Epsilon va ho ludn hoi chiing tdi liéu Epsilon c¢6 ngay tré 1ai?

Vao mot ngay dep troi mua he 2018, dudc thdi thic bdi nhiing gidc mo dep, tong bién tap Tran
Nam Diing quyét dinh d€ ngudi em Epsilon tai xuét, cing dong hanh vé6i anh Pi cia minh. Vay
1a tAt ca chung toi tdi hop.

Ban bién tap Epsilon nhiing ngy dau tién phan 16n von 14 nhiing ciu trai tré, doc than va c6
rit nhiéu thoi gian, gid day déu da c6 gia dinh riéng, da biét thé nao 1a nhiing vt v muu sinh
ctia cudc sdng. Nhué khi ctia tudi tré dang bat dau chuyén minh thanh kinh nghiém ctia nhiing
ngudi dan dng tliing trai. Mic du vay, khi nghe 15i hiéu triéu cia téng bién tap, tt ca chiing toi
déu khong chiit din do, cling trd lai. Chiing t6i lai c6 gang lién lac véi tiing dong nghiép dé c6
dudc nhiing bai viét tot nhit, lai 1am viéc thau dém dé c6 dudc nhitng ban bién tip ding han va
ding chit lugng. Tt c4 c6 dudc bdi chiing toi tin vao nhau, va tin vao nhiing diéu ky diéu ctia
nhiing cau chuyén c6 tich.

Epsilon tré lai va van giit viing triét Iy cia minh: phuc vu cho cong ddng yéu thich toan, trong
d6 dic biét dé cao tinh "kha doc" ctia ting bai viét. Epsilon s& ludn luén mién phi, luén luén
phat hanh online va tuong lai ching t6i sé tir tif chuyén hoan toan sang 100% online: hién nay
chiing toi van xuit ban theo kiéu tip tin dinh dang pdf, trong tuong lai chiing t6i sé sif dung sang
nhiing dinh dang khac, giup cho tinh kha doc khong chi ding véi ndi dung ma con véi hinh thic
trinh bay. Epsilon sé& c6 gang md rong hon dbi tugng tac gi, sé sit dung hé thdng binh duyét bdi
nhiing ngudi c6 chuyén mon. Chiing tdi sé tip trung cao hon vé chit luong, do vay, chiing toi sé
chi duy tri xuét ban 2 s6 mbi nim, vio ngay 13 thang 6 va 13 thang 12.

Epsilon 14 van giit ban sic cia minh céc véi chuyén muc quen thudc nhu bai toan hay - 16i giai
dep, diém séch, toan hoc giai tri, 161 giai va binh luan céac cudc thi, ... va tAt nhién, khong thé
thiéu nhiing ciu chuyén todn hoc dep nhu ¢ tich.

Va bay gio, mdi cac ban cung doc Epsilon 14.
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SO VA LICH SU PHAT TRIEN LOAI NGUOI

Nguyén Lé Anh

Toi thudng bit dau bai giang dAu tién cho sinh vién nim thi nhit bang viéc thong bdo tén clia
t6i va mot sd quy dinh. Nhiing quy dinh dAu tién 1a sinh vién khong can phai xin phép dé ducc
vao ra khoi 16p. Va diéu nay thi ¢6 ham y cdc sinh vién khong nén chi vi phai dén ding gio ma
phan tim khi di dudng va vo tinh d€ bi xay ra tai nan giao thong. Toi con néi nhiéu diéu nita, rdi
toi hoi

- Co6 dung la cac em da thi vao truong dai hoc mot cach trung thuc khong ?
Gan nhu ngay lap tiic cac em déu khang dinh
- Thua thay, ding a.

Téi ciing nhan ra vé kiéu hanh tu hao trén khuoén mit clia cdc ban tré méi budc nhiing budc dau
tién vao giang dudng Pai hoc. Téi im lang va noi.

- Cac em c6 cho phép t6i dudc ki€ém tra khong ?
- Vang.
- C6 ai trong sb cac em cho toi biét —3 1a gi khong ?

Thé rdi ca 16p dn 20, rdi chim vao su tinh ling. T6i goi mot vai sinh vién d€ ho diing 1én tra 16i.
Cic vi dang doi theo doc bai viét nay chac ciing dang tu tim 14y cdu tra 16i. Thoi thi di cac kiéu
tra 10i. Toi chd cho tdi khi sinh vién tu nhan thdy 13 tit cd cdc ciu tra 15i cla cdc ban iy déu
khong ding va tu hiéu ra 12 khong c6 cau tra 13i, rdi tdi néi:

- Néu chic chan cdc em da thi vao dai hoc mot cach trung thuc thi hodc 13 bd Gido Duc da
khong trung thuc khi diing ra 1am ngudi cAm cin ndy muc - ho da khong c6 di kién thiic dé lam
viéc Ay - hoic 1a trudng dai hoc ma cac em dang hoc khong trung thuc khi t§ chiic thi. Ching ta
s€ cung vdi cac em lam cho ro hon chuyén nay.

Thé 16i toi bat dau giang bai. Toi ndi rang cic con vat khong phai 1a khong biét dén cac con
s6, c6 diéu ching gan lién con s véi su vat. Khi dua cho mot dia tré nhé 5 cdi keo thi ching
sé hinh dung ra 5 cai trudc mat ching. Khi in cai keo nao 1a cdi keo iy sé bién mat di khoi su
tudng tuong. Vay dé kiém tra mot difa tré c6 kha ning todn hoc khong thi chi can dua cho né
keo, bo n6 cho vao tiii, rdi bdo né in, rdi bao né cho ban né. Roéi bat ngd héi sb ludng keo con
lai trong tii khi s6 luong 4y chi vai ba cdi. N6 sé tra 15i ding cho du d6 12 phép todn véi cic sd
kh4 16n. Nhiing con s6 nhu viy dudc goi 1a s6 tu nhién. N6 dugc dung dé€ thong bao sb lugng
cac vat thé 1a két qua ctia qua trinh dém. Qua trinh dém bat dau 1a 1, r6i dén 2.... khong thé c6
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s6 dém ma khong c6 gi. Phai mai téi 20 nghin nim trude CN, do nhu cau ma, xuat hién s6 0. S6
0 12 s6 khong c6 gi, tic khong phai 12 s6. D6 1 san phdm nhan tao phi tu nhién dau tién dugc
loai ngudi tao ra. Su xuat hién s6 0 dong nhit vé6i thai diém xuét hién vin hoda.

Trong viéc st dung s6 dém thi “1 con bo la hop ly, nhung 1/2 con bo la vé nghia”. Viéc st
dung céc con s6 nhu 1/2 cbc nudc, 2/3 doan dudng ... duge hi€u 1a khai niém s6 da thay d6i.
Céc con sb da bi bo di dic tinh “nguyén khi dém” va chuyén sang loai con sb thong bao lugng.
Ngudi ta hinh dung cic con s6 nhu ty 1& do dai ctia cic doan thﬁng v6i doan dudc coi la 1 - doan
don vi. D€ thong bao mot con s6 nao d6 ngudi ta thong bdo ra phép dung hinh d€ tao ra né. Va
thé 12 hinh hoc O-co-lit ra doi. Theo O-co-lit thi s6 dudc ddng nhit véi doan thang c6 thé dung
ra dudc va chi nhitng doan thiang nao dung ra dudc méi dudc coi 1a con s6. Nhu vay dudng chéo
ctia hinh vudng c¢6 canh bang 1 1 s6 +/2 (cin béc hai ctia 2).

Néu giai thich +/3 12 s6 ma binh phuong 1én thi bang 3 1a vo nghia, bdi ¢6 biét né 1a sb dau ma
binh phuong 1én !! Céu giai thich “sé ~/3 dugc la doan thdng sinh ra tiv hai diém cdt nhau cia
hai vong tron bdn kinh bang nhau, vong tron nay di qua tém cia vong vong kia” thi ding.

VA tit nhién tif dinh ly Pitago chiing ta c¢6 thé chiing minh dudc binh phuong ctia né chinh 1a
bing 3.

Cau hoi “Cé thé’ dung ra duoc doan thafng c6 do dai bang vdi w la dién tich ciia hinh tron bdn
kinh don vi hay khong ?” 1a mot bai todn rit khé va phai mai t6i thé ky 19 méi c6 cau tra 10i.
Cau tra 10i 1a “Khong thé' dung ra duge doan thing cé dé dai bing véi dién tich hinh tron bdn
kinh don vi”. Diéu ndy dong nghia véi viéc s6 7 dién tich hinh tron ban kinh don vi khong phii
12 mot con s6 theo quan niém ctia O-co-lit.

Bing phép dung hinh ching ta ¢6 thé chia doan thang don vi ra lam 10 phan. Phan thi nhét
dugc goi 12 0, phan tiép theo dugc goi 1a 1,.. i nhu thé cho t6i 9. Mdi phan lai c6 thé chiara 10
phan va cich goi tén clia doan nhé 1a tén ctia né kém theo tén clia doan ma né nam bén trong.
D6 1a cach goi theo hé thap phin ma ngay nay ma chiing ta van dung dé€ goi tén cac con sb. Néu
chiing ta khong chia ra 1am 10 phan ma chi chia thanh 2 phan thi ching ta c6 cich goi nhi phan
clia cac con sd.

Nhu thé s6 thap phan 0.99999. .. tudn hoan mai mai sd 9, 12 ky hiéu doan cudi ciing clia qua
trinh chia 10 phan mai mai. Néu coi qua trinh trén 12 viéc &n 1 céi banh, cd mbi lan &n hét 9/10
chi con lai 1/10, rdi lai &n hét 9/10 phan con lai Ay... thi hau nhu ai ciing cho ring “sé chdng
bao gio dn hét dugc cdi bdnh” - vi “Liic nao ciing con I”. Tuy nhién néu coi diy 12 mot doan
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dudng di tir A dén B, va khi da di dén dugc B roi thi tAt nhién phai c6 lic di qua vi tri 1a diém
9/10 doan dudng, rdi tiép theo 1a di qua vi tri 12 di€ém 9/10 doan con lai,... ci nhu thé. Su tu
mau thuin nay khong phai 14 1y do chiing ta khong thé di hét doan dudng tir A dén B, ma Ia do
chiing ta “ép budc, Iy gidi qud trinh di nay bang mot thit ngén ngit phi thuc té - ngoén ngit todn
hoc”. Piéu nay ciing sé x4y ra khi chiing ta nghién ctiu vé thé gi6i. Ching ta sé 1am quen véi
khdi niém mot vat vira 12 hat lai vita 12 séng... va con nhiéu diéu nghe nhu phi ly nita.

Nhiing ngudi cho ring qua trinh di tir A t6i B sé& di dén dugc B thi s& cong nhan day 0.9; 0.99;
0.999; ... c6 gidi han va bang 1; ho 1a mon dé cta ly thuyét toan hoc cé gi6i han. Day “cd gidi
han” kiéu nhu day 0.9; 0.99; 0.999; ... nhu & trén, hodc 1a diy sinh ra khi Iasin dudi con Rua.
Iasin 12 ngudi vo dich vé chay & thé van hoi cd dai. Tai ning chay clia 6ng ta bi mang ra vi véi
tai niang chay ctia mot con Rua. Khi Iasin dudi t6i chd con Rua hién tai thi con Rua da lai di
dugc mot ti, cii nhu thé Tasin lai phai dudi téi chd con Rua dang &, rdi ci nhu thé ma tao ra day
vO han c6 tinh chit “cd gidi han”. Vay nhiing ngudi theo trudng phai Acsimet thi cho ring Iasin
sé dudi dudc kip con Rua, va nhitng ngudi phan bac Acsimet thi khong.

N6i vé Acsimet thudng moi ngudi hay nhé vé cau chuyén dng ta cd trudng chay ra phd reo
Oréca khi tim dugc phuong phdp do thé tich ctia chiéc ngai vang ma khong phai niu chiy né6
ra. Moi ngudi it biét vé viéc Acsimet 12 ngudi dau tién dua ra quan niém vé cach do dién tich
ctia hinh tron ban kinh don vi. Ong ta dung ra cic hinh da gidc déu ndi va ngoai tiép hinh tron,
va nhd viée c6 thé tinh dudc dién tich clia cdc da gidc ndi ngoai tiép ma Acsimet c6 dugc diy
cac s6 d€ danh gia can trén va cin dudi cho dién tich hinh tron don vi. Trén thuc t& Acsimet
da sit dung phép dung hinh d€ dung ra dugc hai doan thing 3% va 318 va chitng minh dugc

70°
3% <m< 3%. Ong ay da lam viéc nay tu hon 2250 ndm vé trudc, khi ay chua c6 cach ghi
bing cic con s6 0,1,2,3,... Cic con sd 3% hay 3;—8 chi 1a thd ma ngay nay ching ta dién

dat lai cach dung hinh ctia Acsimet. Néu ci 1am tiép nhu Acsimet ching ta sé nhan dudc day
s6 ddnh gia can trén va cin duéi dién tich hinh tron ban kinh don vi. Bién do chinh x4c ctia
danh gid cang sau cang tot hon, tién dan t6i 0. VA, nhu chuing ta van hiu diy cédc cin trén va
can dudi nay 1a “tién tdi 7, va rang can trén va can dudi thi khong bao gid bang nhau. Viy la
Acsimet da coi nhu “ton tai” thém mot thi sd chi ¢6 thé dung ra dugc diy can trén va cin dudi,
cang sau cang chinh xac hon, ma c6 thé khong dung ra dugc ding doan thang nao c6 do dai la
n6 theo ki€u O-co-lit. Nhd vao Acsimet ma chiing ta ¢6 thém cdc con s6, ching ta goi chiing
chiing 12 s6 thuc. Chiing dudc sinh ra nhd qua trinh dung hinh theo O-co-1it va 1dy gidi han theo
ki€u Acsimet. Nho c6 cong cu gidi han véi s thuc clia Ascimet ma chiing ta dinh nghia ra tich
phan dao ham,..thé roi tim ra cic phuong trinh vat ly, ra Bigbang,... ra dién ra nén viin minh cda
chung ta ngay nay.

Lai n6i vé qud trinh Iasin dudi Rua, hay 1a di tif diém A t6i diém B. Nhiing ai cho ring Iasin sé
dudi dugc Rua 12 ho theo Acsimet tao ra trudng phai toan hoc lién tuc vdi cong cu gii han. Ho
tao ra vat ly hoc, roi dién... Vay con nhiing ai khong cong nhin qua trinh di dudc tir A t6i B, tic
vé miit logich Iasin khdng c¢6 cach nao dudi dudc con Riia, ho 12 mon dé cia trudng phdi toan
hoc ¢6 céu tric - d6 1a tu dong hoa, d6 1a cong nghé thong tin, mang may tinh, tri tué nhan tao,
... tiic 12 it nhét ciling bao gdm toan bo cai thé gidi 4o ngay nay.

Mot khi nao cac ban vé ving ven bién, cac ban c6 thé thiy ngudi dan khau ludi danh bat ca.
Ngudi ta can phai chuin bi cong cu cho nhiing chuyén danh bat. Lich st cac con sb, tic lich st
ctia todn hoc, d6 1a lich st hoan thién tAm ludi d6. Chiing ta quing ludi dé ddnh bat cac con “cd”
- 12 c4c quy luat, tl cdi bién 1a thé gi6i tu nhién bao la. D6 1a viéc phat hién ra cdc hat nhu hat
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4anh sang photon, hat dién tir, cac loai phan vat chit,... va cac hat nhu hat Quack con nhd hon ca
hat nhan nguyén tif dén nhiéu ty lan ...

O-co-lit dua ra cach dé khai sinh ra cdc con s6, Acsimet da thém vao do cac sb thuc. S6 4m ra
doi d€ lam cho phuong trinh @ + x = b ludn c6 nghiém. Ngudi ta st dung —3 dé chi nghiém
ctia phuong trinh 5 + x = 2. Va diéu quan trong 12 ndam & chd : cac nha toan hoc da chiing minh
dudc “Khi thém sé dm vao hé thong cdc con sé thi chiing ta khong tao ra bdt ké’ mot mdu thudn
nao nhut khi khong cé chiing”. Vay st dung s6 Am hay khong st dung s6 am 12 quyén ctia mdi
ngudi. St dung s6 Am sé 1am cho qua trinh tinh toan tré nén don gian hon. Diéu nay ciing tuong
tu nhu viée st dung thé gi6i Am d€ gido duc vin héa lam ngudi mot cach don gian hon.

Ngudi Viét quan niém coi Am c6 tidc dong quyét dinh 1én cai duyén khién mot su viéc xy ra.
Tin ngudng ctia chiing ta con cho rang cdi Am 1 sy tiép tuc ctia sy séng, va mdi con ngudi van
phéai chiu trach nhiém vé& hanh vi khi con dang sdng trén c¢i Duong Thé. Toi ciing ludn thiy
minh van 12 minh van dudc chd che khi nghi dén c6i Am noi ma Ba va Me t6i da dén cuing véi
ong ba tS tién. Néu su chip nhan c¢6i Am khong bi 16i dung va khong gay ra su tu mau thuin
clia cc quyét dlnh ctia “Duong Thé”, thi su chip nhan c6i Am 1a thudc pham tri vin héa. N6
1am cho cudc séng c6 thém nhiing dléu khong thé ly gidi logich dudc, 1am cho cudc sbéng clia
chung ta la cia nhiing con ngudi.

Mot s6 ban thudng vin vuong cau hdi “Vi sao trir ciia triv lai bdang cong - tiic la —(—3) lai bang
3 77 Cau tra 16i nim & chd cac ban Ay da c6 tinh hinh dung “trir” nhu 1a ng, va dé rdi ng ciia ng
1a thit cuc ky khé hiéu. C6 ai mang tAm ludi danh bat c4 ra kho ma in bao git ! S6 —3 chi 1a
cong cu dé thuc hién phép toan, né khdng cé trong tu nhién, né la cai luéi do chﬁng ta tao ra, noé
khong phai la ca. Vay chung ta khong nén cb ging h1nh dung ra —3 phdi 12 gi. Piéu ma ching
ta ¢6 thé 1am 12 vé 1uéi, tiic mong mudn cdi cong cu sd clia ching ta phai c6 dugc nhiing tinh
chét sau.

1 - C6 2 phép todn + va * (cong va nhan), va moi hai sb déu c6 thé cong v6i nhau ciing nhu
nhan v6i nhau dé€ cho két qua 1a sb.

2 - Thid nhét né ¢6 s6 1 (tiic 1a cdi doan thang don vi thita hudng tir thdi cb ndi 7 nghin doi dng
O co lit).

3 - Tiép theo 1a s6 0 (1a mdc dé ra nén vin héa va vin minh ma chiing ta dang tu hanh dién khi
dung truée con cho).

Tiép theo 1a céc tinh chit ctia phép cong nhu

4 - phép giaohoana + b = b + a.

5-phépkéthop (@ +b)+c=a+ (b +c).

6 - phép cong v6i O thia + 0 = a.

7 - moi s6 a déu c6 s6, dudc ky hiéu 1a —a, dé€ cho a + (—a) = 0.
Bay gio 1a dén lic chung ta tra 15i ciu hdi vé —(—3) thi bang 3.

Theo tién dé 7 thi —(—3) 1a mot s6 ma (—3) + (—(=3)) = 0.
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Thé rdi lai theo tién dé 7 ching ta ¢6 3 + (—=3) = 0.

Tong 3 + (—=3) + (—(=3)) ¢6 2 céch tinh.

Cdch thit nhat [3 + (=3)] + (=(=3)) = 0 + (=(=3)) = —(-3).
Cach thit hai 3 + [(=3) + (=(=3))] = 3+ 0 = 3.

Do tién dé 5 vé két hdp va tién dé 4 vé giao hdan, tién dé 6 vé cong vdi 0 chiing ta khang dinh
_(=3)=3.

Nhu vy khong phai “no ciia no la dwoc”. Dic tinh —(—3) = 3 1a hé luy ctia viéc chiing ta mudn
c6 s6 Am dé€ tién trong tinh todn ma lai mudn né c6 dii c4c tinh chit thong thudng ctia phép todn.

Déi v6i phép nhan chiing ta mong mudn né cé dude cic tinh chit sau
8 - phép giaohoana xb = b x a.

9 - phép kéthop (a * b) x ¢ = a * (b * c).

10 - quy tichén hgp (@ + b) xc =a xc + b * c.

11 - phép nhan v6i 1 thia *x 1 = a.

12 - moi s6 a@ # 0 thi c6 mot s6, ky hidula 1/a, maa * 1/a = 1.

Bay gio 1a ldc ching ta trd 16i cAu hdi “vi sao binh phuong ciia mot s6 dm lai la mot s6 duong ?
Vidu (=3)*(-3)=9".

Theo dinh nghia —31a 3 4+ (—3) = 0. Do d6
3%x34+3%x(=3)=3%xB+(-3)=3%x0=0,
hay 9 + 3 % (—3) = 0. Ma theo tién d& 8 thi (=3) * 3 =3 % (—3),nén 9 + (=3) * 3 = 0.
Mait khac, ta cling c6
(=3)*3+(-3)*x(-3)=(-3)*[3+(-3)]=(-3)*x0=0.
Nhu vay, (=3) * 3+ (=3) x (-3) =0va(-3)*3+9=0,suyra (—3) * (—3) = 9.

Nhu vay “Binh phuong ciia mét s6 dm la mot sé duwong” khong phai do Trdi sinh ra né nhu thé.
S6 am khong c6, ching ta chip nhin cho s6 Am vao trong hang ngii cic con sb thi né c6 nhiing
tinh chat nhu vay. N6 1a hé luy ctia viéc chiing ta mudn n6 tuan thii cic tinh chit ctia phép todn.
Vay khong phai thuc t& ma chinh 12 phép todn 12 thi dé ra cac con sb va cho chiing tinh chit!

S6 am ra ddi 1a d€ cho phuong trinh a + x = b ludn c6 nghiém. S6 hitu ty ra doi 1a dé€ cho
phuong trinh a * x = b (a # 0) ludn c6 nghiém. Va sb thuc 1a ddi 1a d€ cho moi diy hoi tu thi
“tién dén gidi han” va cdi gidi han iy 12 s6.

Tuy nhién d€ cho phuong trinh bac hai ax? + bx + ¢ = 0 ludn c6 nghiém chuing ta phéi cho
thém vao hang ngil cdc con s6 mot loai s6 nita. Chiing dudc goi 1a s6 phic. S6 phiic dugc ky
hiéu 12 @ + i b va ching c6 thé thuc hién cac phép toan cong va nhan nhu sau :

(a+ib)+(c+id) = (a+c)+i(b+d), (a+ib)x(c+id) = (axc—bxd)—i(axd+bx*c).

10
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Véi dinh nghia nhu vay thi s phiic ¢6 dii cic tinh chét tit 1 t6i 12 nhu néu trén. Va véi viéc st
dung chung thi phuong trinh ax? + bx + ¢ = 0 ludn ¢6 hai nghiém la

B —b + vb%2 —4ac —b —/b?% —4ac

X1 =
2a 2a

X1

Ngudi ta da chiing minh dugc viéc thém cic s6 phic vao chi c6 tién hon cho tinh todn ma khdng
lam ndy sinh ra mau thuan gi nhu trude khi thém ching vao. Vay la ching ta c6 thé st dung hay
khong st dung sb phiic. Viéc st dung sb phiic sé 1am cho viéc nghién ctiu d& dang hon, bdi vi
dbi véi s6 phiic cac ham s6 mil va ham luong gidc c6 ciing ban chit cos x + i - sinx = e'*, cic
ham logarithm va cac ham lugng gi4c ngudc ciing bi€u dién don gian qua nhau.

Ciing nhu viéc biéu dién sb thuc trén dudng thang, viéc st dung sb phtc it nhét c6 1oi 1a chiing
ta c6 thé coi mdi diém clia mit phang nhu 12 biéu dién ctia mot sd phiic. O d6 phép nhéan véi sd
phtic cosa + i - sina = e'® chinh la phép quay mit phang di mot géc 1a «. Nhu vay s phiic
xuét hién trong vat 1y & nhitng chd nao c¢6 dao dong, bdi ciac ham lugng gidc 1a cac ham sb theo
gbc, va quay di mot goc thi sé don gian 12 nhan v6i mot s6 s6 néu st dung sé phiic. Co hoc
luong ti khang dinh chuyén dong ctia mot hat rit nhé sé ¢ tinh chét séng. Dao dong nay khong
phéi 12 dao dong ctia khdng gian, ma tai mdi di€ém ctia khong gian 3 chiéu ciia chiing ta, khi hat
chuyén dong dén sé c6 thém nhiing chiéu nita noi ching sé dao dong. Vay la tai mdi di€ém trong
khong gian, ham biéu dién trang thdi ctia hat sé 12 ham s phiic theo thdi gian.

Theo dbi lich st phat trién ctia con sb chiing ta thiy cac con s6 c6 xuat phat diém Ia tif cac nhu
cau thuc t& nhung vé sau n6 xuat hién 13 do su hoan my ctia cong cu toan hoc. That dang tiéc
moi da thic déu c6 nghiém trén truong s6 phifc. Nhu vay viéc sit dung cac phép toan cdng va
nhan d&€ mé rong trudng sb v6i di 12 tinh chit nhu trén da khong con c6 thé. Mudn c6 thém cic
s6 nita ching ta phai giam thiéu c4c tinh chit ma chiing phai théa man.

Moi hoc sinh déu con nhé hiang dang thitc a> — b2 = (a + b)(a — b). Han khong it ban nho
da thi sic va khong thé khai trién dudc hé thiic a? + b2. Vao nim 1878, Clifford dua ra y niém
vé viéc khai trién a? + b2 thanh mot binh phuong, kiéu nhu hing dang thic ddng nhé. Ong iy
mudn c6 khai trién a® + b2 = («-a + B - b)* v6i moi a va b. Didu nay chi xay ra néu trong
khai trién

(@-a+pB-b)Y>*=(@-a+B-b)a-a+p-b)=aca? a’>+ B>-b>+ (af + Ba)ab,

thie? = 1, B2 = 1 vaaf + Ba = 0. L& di nhién cic «, B khong thé 1a s6 dudc, bsi khong
thé c6 s6 ma af = —Ba. Khong phii 1a sb thi cling cha sao, chiing ta sé md rong chiing dé st
dung v6i mot diéu phai dudc chiing minh 13 “cdc 6ng ban mdi nay khong gdy ra sw phién todi
nao nhu trudc khi chiing ta cong nhdn chiung!”. Chung ta goi chuing la cac Clifford. Dirack da
hinh dung phuong trinh vi phan dao ham riéng bac hai

2 0%¢ 0% 0%

_ _ -0
012 0x2  0dy?  0z2 ’

& dang binh phuong phuong trinh bac nhét

Po 29 Po ¢ dg dg dg AN
azz_axz_ayz_azz_(“'EJ”Q'EJ“V'EH'&)'
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Tiic 1a tim ra cdc “s6” «, B, y, £ vé thuc chit 1a cac ma tran 4 chiéu, thdéa min
A>—-B*>—-C?>-D*=(a-A+B-B+y-C+E&-D).
Khi 4y phuong trinh c6 dang

5 5
S )

dy dz
Do céc sb Clifford c6 thé dugc hinh dung nhu cdc ma tran. V6i cach hinh dung nhu thé chiing
ta md rong khai niém s6 ra ma tran. C4c ma tran dugc coi la cdc con s6. Chiing ta c6 thé cong
va nhan ma tran. Chiing ta c6 thé c6 dudgc cic da thic véi cac hé s6 1a cac ma tran, hon thé nita
chiing ta c6 thé dinh nghia dugc ham sb v6i bién sb ma cdc ma tran. Va do a, B, y, & 1a cdc ma
tran nén cac chiéu thém vao (phan 4o) dugc Dirack goi 1a phan vat chat. Nhu thé phan vat chét
dudgc sinh ra trong qua trinh hinh dung s6 dudi dang céc Clifford.

dg dg

Vay la ching ta da c6 dudc cong cu sb, Ching ta ky hiéu s6 thuc 1a R va s6 phiic 1a C. B6 di diéu
kién giao hodn ctia phép nhan thi ching ta c6 thé mé rong trudng s6 dé né c6 thém cic sd nita
va d6 1a quanternion. S6 quanternion c6 dang a +ib + jc + kd trong d6i%2 = j? = k? = —1,
k=i-jvai-j=—j-i,i-k=—k-i, j-k=—k- j. Trong trudng sb nay chi trit tinh chét
giao hodn ctia phép nhan con 11 tinh chit tich con lai dugc thda man. Nhu thé tich cla cac sb
van c6 tinh két hdp va moi s khac 0 thi déu c6 ngudc.

Ciing gidng nhu sb phifc v6i mét phing, mdi phép quay trong khong gian 3 chidu tuong ng vdi
mot sb quanternion. Nhu thé dé biéu dién cic trang thdi vat Iy ma mdi diém lién quan ti su
chuyén ddi ctia 3 dai Iuong vat ly thi ham trang thai tai mot diém trong khong gian sé 12 ham
quanternion theo thdi gian.

S6 12 toan bd tai sdn ma con ngudi c6 duge dé nhan biét thé gidi. Tir cic dudng thang s6 ching
ta dung ra cac khong gian nhiéu chiéu hon, mdi diém 12 bo cac con s6 dudc goi 1a toa do. Nhiing
khong gian nay la trong su tudng tugng cua ching ta, khong c6 trong tu nhién. N6 la cong cu
d€ chiing ta nhan thiic. Chiing ta ludn c6 mong mudn nhan biét ty nhién. Ching ta nhin 1én bau
troi va tu hdi “van vdt tir ddu ma ra, né sé di dén ddu?” Ngay nay ching ta quen véi viéc tim
dudng di biang ban dd trén dién thoai. Chiéc man hinh dién thoai thi khong phai 1a thé géi thuc,
né chi tuong ting thé gidi thuc vao v6i nhan thifc. Vay, ching ta cling sé hinh dung chuyén dong
mot vat trén bau trdi hay trong hat nhan nguyén ti nhu mot diém, va bang mot cach nao d6, né
tuong tng “qua lai” v6i cac toa do trén man hinh dién thoai 3 chiéu ciia chiing ta, tic vao khong
gian nhan thic dugc tao ra tif cic truc sd. Tam thdi chua néi t6i viéc 1am thé nao d€ c6 dudc
tuong ting “qua lai” ching ta bat dau bing ciu héi cai diém trén sé chuyén dong nhu thé nao
trén mo phong clia chiéc dién thoai 3 chiéu, tiic trong hé toa dd ma ching ta hinh dung ?

Do tdc do viét ra chAm hon téc d6 tu duy nén hanh viin hoi bi ling ciing. Piéu nay sé dudc chinh
stia dan dan.

D¢ hiéu dudc suy nghi clia Archimedes (287-212) ching ta st dung b, va a, dé ky hiéu dién
tich ctia hinh da gidc déu 3 - 2" dinh noi tiép va ngoai tiép hinh tron don vi. DPbi v6i 7 — dién
tich ctia hinh tron ban kinh don vi thi b, < 7 < a,. Roranglab, < b,+1 <7 < ay4+1 < a.

12



Tap chi Epsilon, S6 14, 12/2018

Sau day ching ta trinh bay mot phan tinh toan ctia Archimedes (287-212). Céc con s6 ma chiing
ta nhin thy trong cic tinh todn dudi day da c6 hon 2250 nim tudi. Ky hiéu sb thi khac nhiéu béi
vi khi 4y ngudi ta chua biét st dung ky hiéu s6 theo hé thip phan nhu clia chiing ta ngay nay.

Archimedes cho rang dién tich hinh tron thi nhd hon dién tich da gidc ngoai tiép va chu vi vong
tron thi 16n hon chu vi ctia da gidc ndi tiép. Archimedes da tinh ra dudc cic yéu tb can thiét
phuc vu cho viéc tinh chu vi va dién tich ctia cdc da gidc déu noi va ngoai tiép hinh tron dua vao
dinh-ly Pitago va dinh-ly “dudng phan gic trong thi chia canh déi thanh hai phan ty 1 v6i do
dai cta hai canh bén”.

Trong tinh todn ciia minh Archimedes da st dung s6 +/3 nhung lai khong néi t6i né mot cach

) 265 1351
tryc tiep ma dua vao uéc lugng — < V3< =,

153 780
C
F
I
D
O
A o B
T t idc vuong AAOC c¢6 LAOC = 30°, v 40 3> 265
rong tam giac vudn co = 30", vy — = —.
g g g Y 153
Phan gidc OD chi h AC theo ty 1€ AD A0 AD A0 < A0
an giac chia can eotylé¢ — = ——,suyra = o 4o 65 —
o3 DC CO et 2t
—AO.
571
Dién-tich hinh tron 7 AO? thi nhé hon dién-tich da gidc ngoai-tiép 12- AD - AO, vi vay cho nén
153 % 12
T<
571

Hai tam giac AAIE va ABFE déng dang vi ching c6 cac goc tuong tng bﬁng nhau, nhu vay
Al AE _ BF 1351 | Al 780

= ,ma =3 < nén > .
BF  BE'  AF 780 AB 30133

780 * 12

Chu vi vong tron 7 - AB thi 16n hon chu vi da gidc noi tiép 12+ AT, vay w > 30132
4

Qua trinh tinh todn tiép theo ciing tuong tu nhu vy nhung dua trén viéc lién tiép chia doi géc
ZAOD. Sau 3 lan chia thi Archimedes da c6 dudc cic da giac déu 12,24, 48,96 dinh véi cac
udc lugng sau.
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780 % 12 240%24 6648 6696 15396  153%48 153%24  153% 12
< < < << < < < .
30132 18382  1009: 2017 46733 23345 11624 571

10 66%96 153%96 1 10 1
— < < <3-nén3—— <m <3:.
71 2017 46733 7 71 7

Do 3

St dung ham sb lugng gidc chiing ta c6 thé “dién dat” lai thut todn trén nhu sau.

Thay x = 3 on 1 vao hang dang thic
1 1
tanx = sinx tan%
X X
tan = - sinx = 2 -sin®*=
2 2
ta dudc
1 N 1 B 2
3.2 ltan 2 3-2""l.sing 2 3-27-tan%;
2
3.2" tan ——.3.2" . gin — — (3-2”-sinzf)
3.2n 3.2n-1 2
b4
Thay a, = 3-2""! - tan T b, =3-2""!.sin 3 o vao cong thic trén, ta c6
1 1 2

an by Ap+1
2

n+1-bn = by,

diing dé tinh gid tri an, by Vi a; = 34/3, by = 283

5 -

Theo ddi céc tinh toan trén, ching ta nhan thiy 12 Archimedes da u6c luong cin trén ciia sb
nho dién-tich, trong khi uéc lugng can dudi ciia & dua vao chu vi. Hoa ra 1a, st dung cung mot
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da gidc déu noi tiép, viéc tinh todn dé€ udc luong cin dudi clia 7 thong qua chu-vi sé cho két
qué chinh x4c hon 1a thong qua dién tich ! Chi tiét nay cho chiing ta hiéu thém vé Archimedes,
nhat 12 vao thdi ma viéc cong-trii-nhan-chia hai s6 véi nhau 13 viéc 1am mét nhiéu thdi gian va
rt vat va.

Viéc chiing minh 7 khong phai 1a sd hitu ty 1a do J.H. Lambert tim ra vao nim 1768, tiic 1a
kho&ng 2000 nim sau khi Archimedes “tim dugc gid tri ciia sé6 7. Chling minh sau diy 1a cta
Ivan Niven'.

Ivan Niven st dung phép phan ching. Gia st 7 = %, v6i a va b la cac s6 nguyén duong. Khi
do, ta dat

"(a — bx)" n n+k
fay =" (@—bx)" _ Zan—k(_b)kk'g; o
k=0 ) )

nn n_n

2n"a

Khi0 < x <7z thi f(x) <

n! n!

nén0<f f(x)sinxdx <
0

nn

Do lim
n—o00 n!

=0nén0 < / f(x)sinxdx < 1 v6in da 16n. (%)
0

Miit khac dao ham nhiéu 1an da thifc f(x), ta thiy
oKhi0 < j <nthi f¥0)=0.

(n + k)!

n—k K1y 4. A A
ma (—b)" 1a cac so nguyén.

oKhin < j=n+k<2nth f00©0) =

b1
Ta tinh tich phan / f(x) sin xdx nhd cong thiic tich phan tiing phan va két hop véi nhan xét
0
dao ham nhiéu hon 27 1an da thiic f(x) c6 bac 2n thi né sé bang 0.

[ resinzdx = Y 10 50 cosxly = Y 0 19060 + £ 0]
0 iz

j=0
Do f(r —x) = f(x) nén f@)(x) = f2)(0).

- n
Nhu vy / f(x)sinxdx =2 Z (=17 £@D(0) 1a s6 nguyén v6i moi n. (%)
0 ;
j=0

Khang dinh (%) va (%) mau thuin v6i nhau, vy 7 khong thé 1a mot s6 hitu ty.

Bull. Amer.Math.Soc. 53(1947), 509.
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DINH LY KHONG DIEM TO HOP -
COMBINATORIAL NULLSTENLLENSATZ

Vaselin Dimitrov
(Tran Nam Diing dich va gi6i thiéu)

GIOI THIEU

Tir nguoi dich bdn tiéng Nga. Thuong thi hiém khi mot két qua mdi va quan trong ctia
todn hoc lai c6 thé trinh bay trén ngdn ngit ma mot hoc sinh (cho dii 1a hoc sinh chuyén)
c6 thé hiéu dudc. Phuong phap Combinatorial Nullstenllensatz, dudc tim ra 10 nim trudc
(bai viét nay dudc ding nim 2005 — ngudi dich ban tiéng Viét) bdi nha toan hoc ngudi Do
Thai Noga Alon [Nora Alon, Combinatorial Nullstellensatz, Combinatorics, Probability
and Computing, 8 (1-2), 7-29.], 1a mdt ngoai 1é may min. Chiing tdi diing bai viét ctia
hoc sinh ngudi Bulgaria Vaselin Dimitrov vé c4c ting dung ctia ky thuat don gian nhung
rAt manh nay vao céc bai todn t& hop va ly thuyét sd.

Ta dua vao mot sd ky hiéu can thiét. S6 phan i cla tap hop S dugc ky hiéu 1a |S|. Ta ky
hiéu Z,, 1a nhom céc 16p thang du theo mo-dun n theo phép cong; Ky hiéu F), la trudng
cic 16p thing du theo mod-dun nguyén td p(cac 16p thing du nay thuc su tao thanh mot
truong, ching c6 thé cong, nhan va chia). Néu F 1a mot trudng thi F[z1, z2, ..., 2,] ky
hiéu tap hop céc da thifc bién x1, x9, ..., T, trén trudng F. Trong mdt s6 trudng hop, ta sé
thuc hiéu viéc tinh to4n trong ciu tric tuong Ging (nhém, trudng, vanh da thiic) ma khong
can phai néi rd cho ting trudng hgp. Vi du hé sb nhi thiic C* von 1a s6 nguyén duong sé
dugc ta xét nhu phan tif clia trudng F' ma da thic cla ching ta liy hé s. Vi du trong F3
taco(1+z)>=1+3z+322+23=1+23bsivi3 = 0.

Fedor Petrov

Muc tiéu cia bai bao nay la qua vi du cac bai toan olympiad gidi thi€u véi ban doc ky thuat dai
s6 Combinatorial Nullstenllensatz, dugc dé xuét bdi Noga Alon trong bai viét [1].

Ta déu biét trén mot trudng bat ky da thic mot bién bac d c¢6 khong qué d nghiém. Su kién nay
dudc st dung rong rai trong cac bai toan olympiad, va cac nguyén ly ndi suy dua trén su kién
nay. Combinatorial Nullstenllensatz mé rong su kién nay 1én da thic nhiéu bién. N6i mot cach
ndm na thi ban chét cia dinh Iy nhu sau: néu mot da thifc ctia n bién s6 bang 0 trén mot hinh
hop chit nhat n chiéu dic biét ndo d6 thi da thic nay dong nhat 0. Tu diy méi xuat phat tén
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goi Nullstenllensatz, ducc dich 1a dinh Iy khong diém. Mot két qua don gian lai 1a mot cong cu
manh trong nhiéu bai toan t& hop.

Pinh ly 1 (Combinatorial Nullstenllensatz). Gid sit F - truong va f € Flxy,xa, ..., x| - la da
thiic khéng dong nhdt 0 cd tong bdc Y i m;, trong dé hé s6 cia x"...x™ khdc 0. Khi do
vdi moi cdc tdp hgp Si,So,...,S, C F vdi |S;| > m;,1 < i < n, ton tai ¢; € S; sao cho

fler, .y cn) #0.

D€ ching minh dinh Iy nay ta can dén hai bs dé

B& dé 1. Gid sit rdng f, nhu mét da thiic theo bién x;, ¢é bdc t;,1 < i < n, va gid sit ring
S; C F,|S;| > t;. Khi dé néu f(xy,...,x,) vdi moi bé (x1,...,1,) € (S} X Sy X ... X S,), thi
f=0o.

Chiing minh. DE dang chiing minh quy nap theo n. [

B6 dé 2. Gid sit g; = [Tics, (i — ), 1 < i < nlada thitc theo bién x;. Néu da thiic f bdng 0
tai moi diém ma toa dé la nghiém ciia cdc da thiic gy, ..., g, (tic la f(cy, ..., c,) = 0vdic; € Sy),
thi ton tai cdc da thiic hy, ..., h, € Flxy, ..., x,] sao cho

[ = Z h;g;

1<i<n

trong do deg h; < deg f — deg g; vdi moi i.

Chitng minh. Theo diéu kién ctia bs dé
f(x1, ...y xy) = 0 v6i moi (21, ...,x,) € (S1 X Sy X ... X Sy,).

bit t; = |S;| — 1. V6i moi ¢ ta khai trién da thic g;(z;) theo bac cta z;:

gi(w;) = H(l’ —s) =" - Z 9ij v’

SES; 1<j<t,

Khi d6 véi z; € S;

Tt =Y gy ()

1<j<t;

Goi f la da thic thu dudc tit f bang cach sau: ta viét f nhu tong ctia cic don thic va 1an lugt
thay cdc ", trong d6 m; > t;, bing cdc t6 hgp tuyén tinh clia céc bac nhé hon ctia z;, s dung
hé thic (1).

Véimoii € {1,2,..,n} da thiic thu dugc c6 bac theo bién z; khong vuct qua ¢;. Chi y 1a da thiic
£ thu dudgc tit f bang cach trir di cac da thic c6 dang ¢;h;, trong d6 deg h; < deg f — deg g;.
Va hon nita thi f(z1,..,2,) = f(21, ..., 2n) V6i moi (71, ...,2,,) € (S x S9 X ... x S,,). Nhu
vay f(x1, ..., 2,) = 0 v6i moi (21, ..., 2,) € (S1 X Sy x ... x S,,). Theob6 dé 1, f = 0. Suyra
f =", hig;, 1a diéu phéi chiing minh.
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Chitng minh dinh Iy 1. Khong mét tinh tSng quat, gia sit rang | S;| = t; + 1 v6i moi 7. Gia st rang
két luan cta dinh Iy khong diing. Khi d6 da thiic f bang 0 tai moi diém ma toa do 1a nghiém ctia
céc da thic g1, ..., gn. Theo b dé 2 ton tai cac da thiic A, ..., h,, sao cho

f= Z higi.
1<i<n
Theo diéu kién dinh ly, hé sb cta 1T, x¥ khic 0. Nhung deg h; < deg f — deg g; theo bd dé 2
nén bac cia da thic h;g; = h; [ ], s, (z; — s) khong vuot qua deg f, trong d6 tat ca cac da thic
bac deg f, c6 trong h;g;, déu chia hét cho /', Nhu vay, hé sb ctia [/, 2} trong mdi s6 hang
higi, va c¢6 nghia 1a trong ¢4 tdng f = >, ... hig; bing 0. Mau thuan. [

Bai toan 1 (Dinh ly Cauchy — Davenport). Vdi cdc tdp hop A, B trong mot truong sé nao do ta
dinh nghia A+ B = {a + bla € A,b € B}. Khi dé vdi moi s6 nguyén té p va véi moi tdp hop
A,B C Zy, ta co

|A+ B| > min {p, |A| + |B| - 1}. )
Loi gidi. Néu nhu |A + B| > p thi khing dinh ctia bai toan 1 hién nhién: trong trudng hdp nay

A+ B =17, Gidst |A| + |B| < p va gia st ngugc lai rang |A + B| < |A] + |B| — 2. Khi d6
trong Z, ton tai tap hop C chia A + B ¢6 |C| = |A| + | B| — 2 phan td.

Xét da thuc

flay) =[[@+y—o.

ceC

|A[-1
|Al+|B|-2

Biéu thiic nay khong bing 0, béi vi |A| + |B| < p. Theo dinh ly khong diém t3 hgp, ton tai
a € Avab € B saocho f(a,b) # 0. Diéu nay mau thuin vdi dinh nghia cta f. Vay diéu gia st
la sai, nghiala |[A + B| > |A| + |B| — 1. O

trong F,[x, y]. Bac clia né bang | A|+|B| -2, va hé s6 ctia z141~1yBI~! bing C mod p.

Pinh ly Cauchy-Davenport c6 nhiéu ng dung. Va ting dung ndi tiéng nhat 13 két qua kinh dién
sau:

Bai toan 2 (Pinh ly Erods-Ginzburg-Ziv). Cho s6 nguyén duong n. Khi do tic 2n — 1 sé luén
chon dige n sé c6 tong chia hét cho n.

Loi gidi. Bang quy nap ta c6 thé dua bai toan vé truong hop n = p 1a s6 nguyén té (Néu n = ab
va khang dinh da dugc chiing minh véi a va b thi tit 2n — 1 s6, ta c6 thé 1an ludt 1ay dugc 2b — 1
bd a sb (cac bd khong giao nhau) sao cho tdng cic s6 clia mdi téng chia hét cho a. Chia cic
téng nay cho a 16i 4p dung cho cac thuong thu dugc khang dinh dbi véi b.)

Gia st ay, as, ..., a, 12 cac s6 nguyén di cho. Khong mit tinh tdng quat c6 thé gid st 0 < a; <
... < agp—1 < p— 1. Ta xét hai truong hgp.
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1. aj1p—1 = a; v6i i nao do6 thudc {1,...,p — 1}. Khi d6 khang dinh la hién nhién vi ta cé
thé chon cdc $0 a; = aj11 = ... = Qjyp_1-

2. Qitp—1 > a; v6imoii € {1,...,p — 1}. Trong trudng hgp nay ta xét cac tap hop

A =A{ai, aipp1},1 <i <.

Lan ludt 4p dung bai todn 1, ta c6
[Ar + Az + .+ Ap | > p,

ticla Ay + Ay + ... + Ayp_y = Z,. Néiriéng —ag,—1 € Ay + Ay + ... + Ap_;. Nhu vay ton tai
cac s6 ¢; € {a;, ajrp1},sa0cho ¢y + ... + ¢, 1 + ag, 1 = 0 (trong Zy). O

Luu y rang dinh 1y Erdos-Ginzburg-Ziv c6 thé dudc chiing minh mdt cach ddc 1ap ma khong
can dung dén dinh ly khong diém t& hgp. Ching tdi danh viéc tim mot ching minh nhu vay cho
ban doc nhu mot bai tap.

Bai toan 3. Cho d,n € Nva p la sé nguyén t6. Khi dé ton tai cdc sé x1, ..., x4 € Z, sao cho

r{+ 284 .+ 24 =n( mod p).

Loi gidi. Ta c6 thé gia st rang d < p, bdi vi néu d > p thi theo dinh ly nhé Fermat, 2¢ =
z¥1P( mod p). Gid stt d = ady, trong d6 d|p — 1, (a,p — 1) = 1. Khi d6

Nhung 4nh xa z + 2 1a mdt song &nh tir F}, vao chinh né (that vy, tim dugdc cc sd nguyén
duong k, [ sao cho ak = (p — 1)l + 1, do d6 néu nhu chang han z¢ = 2% # 0 thi 7; = 2% =
o3k = 1y).

Vi vy chi can chiing minh khang dinh cho truong hop d|p — 1; gia st p — 1 = kd, k € N. Xét
da thuc

fze, .y xg) = H (x4 ...+ 29— j).
JEZp\{n}

Bic ciia f bang (p — 1)d, va hé sb ctia 27~ ...% " bing (kd)!/(k!)? # 0b&i vikd = p—1 < p.
Theo dinh ly khong diém t3 hop, da thifc f khong dong nhit bing 0. Vi vay c6 thé chon dudc cac
gid tri @1, ..., T4, sa0 cho z¢+ ...+ x4 # j v6imoi j € Z,\ {n}. Nhung khi d6 2§ + ... + 24 = n,
chinh 1 diéu phai chiing minh. [

Két qué tiép theo day 12 mot md rong clia dinh 1y Chevalley-Warning. Nhu ching ta sé thiy &
trong céc bai toan 5-6, hé qua don gian nay ctia dinh ly khong diém t& hop s& 12 mot cong cu rat
manbh.

Dinh Iy 2. Cho p la s6 nguyén té va fi,, ..., fx € F,[x1, ..., 2] la cdc da thitc n bién trén F,
sao cho f;(0,...,0) = 0vdi 0 < i < k. Gid st Sy, ..., S, C F, la cdc tdp con cia F,, sao cho
0 € S; vdi moi j va

> (ISl = 1) > (p— 1)(deg f1 + ... + deg fp). 3)

1<j<n
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Khi do hé
fz(xbaxn)zoal Slgka (4)

Co nghiém (xy,...,x,) € Sy X ... X Sy, khdc (0, ...,0).

Chiing minh. Xét da thic

k

F(ry,oymn) = [J = 7 (@1, oo 2 H H
J=1seS;\{0

i=1

trong do
(5 = (—1)|Sl|+“-+‘sn|_nH H 8_1 # O
j:1 SESJ'\{O}

dugc chon sao cho F(0, ...,0) = 0 (6 day v6i mbi s € F},\ {0} ta ky hiéu s~! 1a nghich déo cta
s trong F,, tiic 1a phan td s’ duy nhit trong F}, sao cho ss’ = 1)

Theo (3), F' 1a da thic bac >, ;.. (]S;| — 1), trong d6 hé sb ctia 2l gl 25T ping
—§ # 0. Tu dinh ly khong diém t8 hdp suy ra ton tai (cy,...,c,) € S; X ... X S,, sao cho
F(cy,...,cn) # 0. Vi F(0, ...,0) = 0 nén khong phai tit c4 céc c; déu bang 0. Nhung khi d6

j=15€8;\{0)
Tt d6
PN @, @) #1611 < i < k.

Nhung theo dinh ly nhd Fermat a?~! = 1 trong trudng Fj, néu a # 0 .

Suy ra fi(c1,...,c,) = 0v6i 1 < i < k. Tic la hé (4) ¢6 nghiém khac 0 1a (cq,...,c,) €
Sy % ... x S,. Dinh ly dugc ching minh. O
Khi S} = ... = S, = F, ta dugc dinh Iy Chevalley-Warning. Va sau day 1a hai hé qua tryc tiép
nua.

Bai toan 4 (Troi-Zannier, 1997). Cho k € N va p la s6 nguyén to. Gid sit rang S, ..., S, C
{0,1,...;p — 1} la cdc tdp hop 6 chita 0 va sao cho 3, ;.. (|S;] — 1) > 1+ k(p — 1). Gid
sit a1 < j < k,1 <1< nlacdcsénguyén bdt ky. Khi do tén tai cdc phan ti x; € Sin,
1 < i < n, khong phdi tdt cd déu bdng 0, sao cho

aj1x1 + ajors + ... + ajpr, = ( mod p)

vdimoi j € {1,....k}.

Loi glél Dﬁy lIa hé qué cua dlnh 1}7 2 v6i fj(l’l, ceey l‘n) = a;171 + Aj2T2 + ...+ AjnTn. OJ
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V6i S; = ... = S, = {0,1} ta thu dudc két qu kinh dién cda Olson, da tiing dudc st dung
trong cic chi dé olympic toan (vi du trong IMO Shortlist nim 2003, dinh ly Olson dudc dé cap
nhu mdt bai todn s hoc).
Heé qua (Olson, 1969). Cho k,n € N va p la s6 nguyén t6, hon nitan > 1+ k(p — 1). Gid sit
aj; la cdc sé nguyén bat ky, 1 < j < k, 1 < j < n. Khi d6 tén tai tdp con khdc rong cdc chi s6
I C{1,...,n}, sao cho

Z aj; = 0( mod p)

el

voimoi j =1,2,... k.

Bai toan 5 (Alon). Cho p la s6 nguyén té va G la dé thi vo hudng, trong dé bdc trung binh clia
cdc dinh (titc la trung binh cong ciia bdc cdc dinh) khéng nhé hon 2p — 2 va bdc cao nhdt ciia
mot dinh khong 1on hon 2p — 1. Khi do G c6 chita dé thi con p-déu (titc la cé thé bé di mot s6
canh va mét s6 dinh cia do thi dé bdc ciia méi dinh con lai bdng p).

Loi giai. Goi V va E la tip cdc dinh va cdc canh cta G tuong tng. V6i mdi dinh v va canh e ta
dat

1, néuvee
4 = A
ve 0, neuv ¢ e.

M&i mot canh e ta cho tuong dng véi biét z. € F,. V6i mdi dinh v € V' ta xét da thiic tuyén tinh

fv = Z Qyele-

eeE

Gia thiét bac trung binh cic dinh cta G khong nhé hon 2p — 2 tuong duong véi bt dang thic
|E| > (p —1)|V], do d6 sb céc bién sb . (bang |E|) thda man danh gid

|E| > (p—1)|V] = (p — 1)x[sb cdc da thdc tuyén tinh f,].

T d6 ta 6 thé ap dung dinh 1y 2 chon = |E| va S; = ... = S, = {0, 1}. Thu dugc diéu sau
day: méi bién sb z. c6 thé cho tuong ting 0 hodc 1 sao cho khong phai tit ca cdc phan tif déu
bﬁng 0 va véi mbi mot dinh, sb sb 1, dudc cho tuong ung véi cach canh co dau mat 1a dinh dé,
12 bdi cta k. Vi mdi bac khong vugt qua 2p — 1, cdc canh dudc cho tuong dng vdéi 1 sé tao thanh
dd thi con c6 bic cac dinh déu bang p. O

Chiing ta sé két thic cau chuyén bang mot ting dung tuyét voi sau: mot chiing minh ngin va so
cAp cho gi thuyét Erdos-Heilbronn, vbn 13 vin dé mé sudt 30 nim. Nam 1994, da tim dudc mot
chitng minh rét phiic tap va sau hai nim la ching minh dugc trinh bay duéi day. Xin chd y véi
doc gia vé su gidng nhau ctia gia thuyét nay véi dinh ly Cauchy-Davenport.

Bai toan 6 (gia thuyét Erdos-Heilbronn). Cho p la sé nguyén t6. Véi A, B C Z,, ta dinh nghia
A ® B la tdp hop tdt cd cdc sé du khi chia cho p ciia cdc tong dang a +bvdia € A,b € B va
ba #. Chitng minh rdng

|A® B| > min {p,2|A| — 3} .
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Loi gidi. Gia st |A| = k vam = 2k”4. Ta chon phan ti a bat ky thuoc A va dit B = A\ {a}.
Dé dang ki€m tra dugc ring A ©® A = A® A vam = |A| + |B| — 3. Ta cn ching minh ring
|A® B| > min {p,m + 1}.

Truong hop 1. m +1 > p (tic 1a & > (p + 3)/2). Ta chiing minh trong trudng hgp nay
A® A= Z, Xét mdt phan ti m bat ky thudc Z,. Chia cac phan tit cta Z, ra thanh cic cip c6
téng trong Z, bang m. Ta thu dugc (p— 1)/2 cdp, va trong d6 c6 mdt phan i s& di cip véi chinh
n6. Theo nguyén ly Dirichlet tdp hop A chiia hai phan ti ctia cing mot cip, th d6 m € A ® A,
1a diéu phai chiing minh.

Trudng hop 2. m + 1 < p. Ta chling minh ring trong trudng hop nay |A © A| > m + 1. Gia st
ngudc lai. Khi d6 ton tai tap con C ctia Z,, sao cho [C| =mva A® B C C.

Xét da thuc
fay)=@-y][@+y—c
ceC

trén F,[z,y]. Pa thic ndy ¢6 bdc m + 1 = (k — 1) + (k — 2), trong d6 bac cla z*~1yk~2
bang Oy %,CE1, # 0 trong Z, (hdy ching minh diéu nay!), bdi vi 2k —4 = m < p. Vi
|Al =k >k—1va|B] =k —1 > k — 2 nén ap dung dinh ly khong diém t3 hgp, ton tai
r € A,y € Bsao cho f(z,y) # 0. Mau thuan vi theo dinh nghia cta f, f(a,b) = 0 v6i moi
a€Abe B. O

Su phong phu va phtic tap ctua cac vi du da trinh bay n6i trén ndi 1én tinh hi€u qua cua phuong
phap Combinatorial Nullstenllensatz, da dugc thita nhan 12 mang tinh cach mang trong ly thuyét
s6 cong tinh. Phép chiing minh dep dé “nhu sach gido khoa” ctia mot két qua néi tiéng, nhu bai
toan 6, da minh ching cho su kién 1a cich tiép can da thifc 1a mot cach tiép can tu nhién trong
cdc bai toan dang nhu vay. D€ so sanh, chiing minh ban dau ctia Da Silva vi Hamidon nim 1994
dai hon mot cach dang ké va st dung cdc két qua ctia dai s tuyén tinh va ly thuyét biéu dién
cac nhém ddi xiing.

Bai toan 7. Cho p la sé nguyén té va G la do thi trong do co khong it hon 2p — 1 dinh. Chiing
minh rdng ton tai mét tdp con U khdc réng cdc dinh ciia G, sao cho sé cdc canh ciia G, c6 it
nhdt mot ddau muit thuéc U, chia hét cho p.

Bai toan 8 (Alon). Cho Hy, ..., H,, la ho cdc siéu mdt phdng trong R", phii kin tdt cd cdc
dinh ciia hinh ldp phuong don vi {0,1}" ngoai triv 1 diém. Chiing minh rang m > n. (Siéu
mdt phdng trong R™ la tdp hop cdc diém (x1,...,x,) € R", théa mdan phuong trinh dang
ar1+ ... +apx, =0.)

Bai toan 9 (Gia thuyét Sneville, dudc chiing minh b&i Alon). Cho p > 3 la s6 nguyén té va gid
st A={ay,...,ar} C Z,va B ={by,....,by.} C Z, la cdc tdp con k phdn tii cia tdp hop cdc s6
du khi chia cho p (cdc phan tit trong méi tdp hop A va B phdn biét). Chitng minh rang ton tai
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hodn vi (si, ..., si) ciia tdp hop (1,...,k) sao cho cdc phdn tit a; + by, € Z,,1 < i < k, doi
mot khdc nhau.
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TOAN HOC VA AO THUAT

Nguyén Hung Son

G101 THIEU

Hdy tudng tuong chiing ta dang cé mqit tai budi biéu dién cia mot nha do thudt gia noi
tiéng. Ong riit trong tiii ra mot bo bai gom 32 qudn va moi 5 nguoi bdt ky lén tham gia
budi biéu dién va ngéi & 5 cdi ghé da duoc chudn bi san. Trudc tién ong moi 1 khdn gid
lén trdo bai (béc mot phdn trén ciia bo bai va cho xudng dudi bo bai). Sau doé éng chia
cho 5 nguoi choi 5 qudn bai lién tiép va dé nghi ho phdi nhin ky qudn bai ciia minh nhung
gidu kin khong cho ai biét. Nha do thudt néi véi 5 nguoi choi:

- Dé nghi cdc ban chi ding than giao cdch cam dé giti cho ti théng tin vé con bai ciia
cdc ban.

Mot liic sau nha do thudt lai noi:

- O ddy ¢6 qud nhiéu nguoi nén t6i khong thé phéan biét dugc cdc thong tin ma cdc ban
guti cho t6i. Bdy gio toi dé nghi nhitng ban dang cdm cdc qudn bai mau dé hdy diing lén
va thit truyén tin cho téi mot lan nita.

Liic nay cé 2 nguoi ngéi dau day ditng 1én va chi sau vai gidy nha do thudt gia da doc
cdc ld bai ciia 2 nguoi do la 08 va HA. Ong con doc duge chinh xdc cdc ld bai (mau
den) ciia 3 nguoi dang ngoi.

Tro do thudt nay hoan toan khong can ddanh ddu bai, khéng cdn cai nguoi quen vao cdc
nguoi choi hodc cdc khd ndng phi thuong nao hét. Chiing ta hdy tim hiéu Iy thuyét todn
hoc dn ddng sau tro do thudt nay.

1. Day s6 De Bruijn

Mot s6 ban c6 thé da dodn ra rang chia khoa 1a cac quan bai dudc sap xép theo thif tu dic biét.
Tuy nhién, diéu nay khong giai thich 1am thé nio cdc nha 4o thuat c6 thé doc tén chinh x4c nim
quan bai trén co sd thong tin v& mau sac cta ching. D€ gidi quyét didu dé, chiing ta phai tim
hi€u mot khdi niém "huyén bi", dudc goi 1a cic ddy s6 De Bruijn.

Trude hét ching ta hiy nhic lai mot s6 dinh nghia co ban sau diy. Day s6 nhi phan (diy nhi
phan) 1a cdc diy chi chiia 2 ky tu duy nhit 12 0 va 1. Mdi phan tii ctia ddy nhi phén ta sé goi 1a
bit. Mot day sb gom n bit lién tiép ctia mot ddy A = (a,,) cho truée sé dudc goi 1a day con cé
dé dai n ctia day A. Dy s6 hitu han A = (a4, ..., a;) dudc goi 1a ddy vong néu céc bit clia né
dugc dat 1én mot dudng tron nhu hinh sau day

24



Tap chi Epsilon, S6 14, 12/2018

v Loy
N 7
~ (o]
-~ (%)
0 Q
0 [

Hinh 1: Day vong A = (1010000110010111)

Dinh nghia 1 (day s6 De Bruijn béc n) Ddy sé nhi phdn B(n) dugc goi la ddiy sé De Bruijn
béc n néu moi ddy nhi phdn do dai n déu xudt hién diing mot lan trong ddy vong B(n) (6 dang
mot day con co do dai n).

Vidu B(2) = (0011) vi moi ddy nhi phan c¢6 do dai 2 déu xuit hién trong ddy vong B(2). Ta
cling d& dang kiém tra ring B(3) = 01000111. Ching ta dé dang nhan ra rang diy s6 De Bruijn
bac n chifa diing 2" s hang.

Ban doc c6 thé tham khdo thém céc thong tin vé ddy Bruijn ciing nhu thuét todn xay dung day
B(n) v6i moi gia tri cia n tai trang web [1]

Céc nha 4o thuat thuc su khong bao tiét 16 bi quyét ctia ho. May man thay cho ban doc, toi khong
phai 12 mot nha 4o thuat ma 1a mot nha todn hoc, vi vay nhiém vu ctia t6i 1a phai tiét 16 bi mat
cho ban. Trong trd 4o thuat nay, ching ta sé st dung day s6 Bruijn B(5). Day s6 d6 nhu sau:

B(5) = 00001001011001111100011011101010.

C6 mot cach don gian d€ tao ra day nay nhu sau: ching ta bat dau véi 5 bit 00001 va bit tiép
theo dudc tinh bang cach cong bit thif nhét va bit thit ba (modulo 2): 0 + 0, ta dugc 0. Ching ta
thém két qua vao cubi ddy, va nhan dudc 000010. Sau d6 chiing ta di chuyén sang phai, nghia 1a
chiing ta quén bit & dau va 1ip lai buc nay (tdc 1a ta xét diy con gom 5 bit cudi cung 00010).
Tuong tu nhu trudc, chiing ta cong bit thd nhét va bit thi ba (modulo 2): (0 + 0) mod 2 = 0,
sau d6 thém bit nay vao cudi diy. Sau budc nay, ddy s6 c6 dang 0000100. Chiing ta chuyén sang
bén phai mot 1an nita (tdc 12 chiing ta bd qua hai bit dau tién), vi vay ching ta xét diy 5 bit
cudi 00100. Lan nay, tinh téng modulo 2 ctia bit dau tién va thi ba ching ta nhan dugc 1. Sau
khi thém bit nay vao cudi diy ta dugc 00001001. Tién hanh theo cach nay, chiing ta sé c6 dugc
chudi nhi phan De Bruijn bic 5 nhu da viét & trén. Chinh x4c hon, diy B(5) = a,as . . . asy thda
man tinh chét truy hdi nhu sau:

arasaszagsas = 00001
ap = Qp_5 + ax_3 mod 2 v6i k =6, ...,32
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L I ECERY, A | 2 3 4 ) 6 7 8
ab= 0001|1011 cde = | 001 | 010 | 011 | 100 | 101 | 110 | 111 | 000

Hinh 2: C4ach ma héa chudi nhi phan gdm 5 bit abcde bang cic 14 bai.

Dé€ sti dung day B(5) cho trd ao thuat, mi quan bai trong bd bai 32 quén sé dugc ma héa bing
mot ddy nhi phan abede c6 chiéu dai biang 5 theo nguyén tic: dung 2 bit dau tién (ab) dé€ ma
hoé bdn chit O, >, &, # (co, 10, nhép, bich) va dung 3 bit tiép theo (cde) d€ ma hoa gia tri ctia
quan bai : 4t (mdt), 2, 3,4,5,6,7,8 nhu trong Hinh 2. Ban doc c6 thé nhan thiy ring (cde) chinh
12 3 chit s6 cudi ctia cac s6 tir 1 dén 8 khi chiing dudc viét & dang nhi phan.

Ta ciing biét rang néu ky hiéu B(5) = ajas ... asy thi cic diy con dang ajaj 1 ap420130k44
cia B(5) (véi k = 1,2,..32, vd agz = ay,ass = ay...) tao thanh tap hop tt ¢4 32 day nhi phan
c6 chiéu dai bang 5. Chiing ta d€ y ring néu tuong ting Vi bit ay, tai vi tri thd k ctia day B(5) ta
dit quan bai c6 ma 6 12 ayap 11 p42ar4+ 30544 thi ta sé dude mot cach sap xép cac quan bai nhu
6 Hinh 3.

Cach sap xép bai nhu thé nay théa man dong thoi 2 diéu kién:
1. Céc quén bai mau do ludn & vi tri tuong tng véi bit ¢ gid tri bang 1, cic quan den & cac
bit c6 gid tri bang 0.

2. chi can biét 5 bit 1a chiing ta biét chinh x4c vi tri clia ching & trong diy de Bruijn.

0 0] 010 17010110 1 1{0}0}|1/1]1|1100..

L YR VAN VSN V.NRCYAN LN XERCIRE YERVVINECCEE YAR YARVIERVNRVZ

1 1 0] O o1 ] 1]0]1 1 1 {0} 10110 |0000..

D8 | OA | M3 | &6 | &5 |03 | 7| &6 | 05| Q2 1H5 | &2 04| 8| H8 | 48

Hinh 3: Cach biéu dién day B(5) bang 32 quén bai

Dén day thi c6 18 ban doc da biét toan bo nén tang clia diéu ky diéu la gi. Chiing ta hiy phan
tich lai mot 1an nita trd 4o thuat dudc gidi théu & dau bai bdo: c6 5 ngudi choi, hai ngudi dau
tién c6 quan bai mau do, ba ngudi con lai cé quan bai mau den. Ching ta s€ ghi lai mau do la
1, mau den 12 0, va vi vy, chiing ta nhan dudc day nhi phan 11000. Day nay chinh 1a ma s6 nhi
phan clia quan bai trong tay ngudi dau tién: 11 c6 nghia 1a d6 1a con cd, con 3 bit 000 & cudi c6
nghia 12 s6 8. Quén bai trong tay ngudi dau tién chinh 1a U8,

D€ tim ra con bai trong tay ngudi thi hai 1a gi, chiing ta cong céc bit dau tién va thii ba theo
modulo 2 (1 + 0 = 1), va ghi vao cubi diy. Day sé gdm 5 bit cudi cling ciia chiing ta hién nay
la 10001. Ma 10 la rd, trong khi 001 c6 nghia la A. Vi vay, ngudi choi 6 vi tri thd hai dang git
trong tay con {A.
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Tiép tuc cach nay, chiing ta sé thiy riang ba con bai ctia 3 ngudi tiép theo sé lan ludt la:

A3 A6, %5,

Ban hay tht tip 1am va bi€u dién trd 4o thuat nay cho ban bé va ngudi than ctia minh!

Ao thuat khong phai 1a linh vuc duy nhét trong céc iing dung ctia day s6 de Bruijn. M6t sb tinh
chit quan trong ctia cdc ddy s6 de Bruijn nhu: "khong c6 ddy con nao xuét hién nhiéu 1an", khién
cho chiing tr& nén cuc ky hitu ich trong viéc phat trién ma héa. Luu y rang moi diy con c6 do
dai k& déu tuong ting v6i mot ky tu khic nhau ctia thong diép dugec ma héa! Pay chinh 1 co hoi
dé nhitng ngudi 1am bao mat c6 thé sit dung trong viéc ma hoéa vin ban.

Ma tran de Bruijn 12 mot cach cach mé rong ctia diy de Bruijn cho bang hai chiéu va da dugc
st dung rdng rai trong nganh Computer Vision (thi giac may tinh). Hay tudng tugng mdt robot
cong nghiép di chuyén trén hanh lang theo cic huéng khac nhau. Tuy nhién, chiing ta mudn
robot c6 thé xdc dinh chinh xdc vi tri ctia n6. Mdt nha todn hoc nhan thiy rﬁng c6 thé coi mit
phang duéi robot nhu 13 ma tran de Bruijn. Nhd tinh chit: mdi ma trin con chi xuét hién duy
nhét mot 1an, robot c6 thé xac dinh chinh xdc vi tri cia né. Cling dua trén nguyén tic nay, cong
ty Anoto da thiét ké va dua ra thi trudng mot cdy but k§ thuat s6. D& c6 thé st dung né, ban can
mot tS gidy dic biét dudc in v6i cac chAm sao cho ching tao thanh ma tran de Bruijn. Mdy anh
dugc dit & dau cay buit sé doc clia s& clia ma tran xung quanh dau biit va trén co sd nay né c6
thé xdc dinh vi tri cia n6 trén mot trang gidy.

Chinh vi céc tng dung thuc té ké trén va do tinh chit doc ddo clia ching, cac bai todn lién quan
dén day va ma tran de Bruin ciing 13 chd dé cia nhiéu nghién ctu ly thuyét.

[1] https://en.wikipedia.org/wiki/De_Bruijn_sequence

Ong Nicolaas Govert (Dick) de Bruijn ( sinh ngay 9 thiang 7 nim 1918 mit ngay 17 thang 2
nim 2012) 12 mdt nha toan hoc ngudi Ha Lan, dudc biét dén bdi nhiéu dong gop trong céac
linh vuc giai tich, ly thuyét sd, t3 hop va logic.

Ong sinh ra & The Hague, nhin bing thac si todn hoc tai Pai hoc Leiden vao nim 1941.
Ong bdo vé tién si nim 1943 & Vrije Universiteit Amsterdam (Pai hoc tdng hdp tu do
Amsterdam) v6i luan an nhan dé "Over modulaire vormen van meer veranderlijken" (tiéng
Ha Lan, tam dich: V& cac dang modular nhiéu bién).
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De Bruijn bat diu su nghiép nghién citu giang day ctia minh tai Pai hoc Amsterdam, noi
ong 1a gido su todn hoc tif nim 1952 dén nim 1960. Nim 1960 dng chuyén dén truong Pai
hoc Ky thuat Eindhoven va 1am gido su todn hoc & d6 cho dén liic nghi huu vao nim 1984.
Vao nim 1957 6ng dudc bau 1am thanh vién cia Vién han 1am Khoa hoc va Nghé thuat
Hoang gia Ha Lan. Ong dudc phong danh hiéu "Hiép si Su ti" cia Ha Lan.
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Tap chi online ctia cong dong

Tap chi Epsilon, S6 14, 12/2018 nhiing ngui yéu todn

THE NAO LA TU DUY LOGIC - HANH TRINH PI TIM
MAY BAY MAT TiCH MIG-21U

Ban Bién tap Tap chi Epsilon

G101 THIEU

Ngay 14 thang 3 ndm 2018, dai truyén hinh Viét Nam (VTV) phét séng mot phéng su
vé cudc hanh trinh tim kiém mdy bay MiG-21U thudc trung doan Khong quan 921 mét
tich tif thang 4 nam 1971. Pén dau thang 10 ndm 2018, nhiéu vat dung c4 nhan thudc
vé liét si phi cong Cong Phuong Thio va huan luyén vién, dai dy khong quan Lién Xo
Poyarkov Yuri Nikolaevich di dugc tim thiy va xdc nhin bdi cdc cd quan c6 thAm quyén.
Mot ky tich da dugc tao nén nhd vao mdt chudi nhiing suy luan va du dodn logic, vao
kinh nghiém, trinh d6 va tim 1ong ctia nhitng con ngudi nhan hau két hop vdi su gitp dd
tlf cong dong va Internet. Mot cAu chuyén ¢4 tich 6 that, va c6 hau. Chi tiét cia cudc tim
kiém nay ban doc quan tdm c6 thé doc va xem lai & VTV ciing nhu cic bdo trong thoi
gian do.

Trong Epsilon s6 14 nay, Ban Bién tap Epsilon mudn dem lai v6i ban doc mét géc nhin
khéc, nhiing thong tin khéc tif ciu chuyén ky diéu nay: Epsilon mudn ké lai chudi nhiing
suy luan logic clia qu4 trinh 1Am viéc trung thuc va suy dién rit hé théng dé€ gidi quyét
dugc mot vin dé "khong thé tin ndi". C4 nhan chiing t6i vAn ludn tin ring, hoc toan 1a
hoc cich suy luan, hoc vin 12 hoc 1am ngudi. Vi thé ching toi hi vong cAu chuyén nay sé
g6p thém mot phan vao chi dé chung "Hoc todn dé 1am gi"ctia tap chi s6 niy.

Dé viét bai nay, ching tdi vinh du dudc su dong y clia thly Nguyén Lé Anh, mot nha
toan hoc, mot cuu giang vién, va la ngudi thic ddy cho vu tim kiém nay nhu 6ng van
lu6n khiém t6n néi vé vai trod cia minh nhu vay. Ching tdi ding bai nay dua theo nguyén
béan bai viét ctia 6ng trén Facebook: "Thé nao 1a tu duy Logich"ding ngay 5 thang 3 nim
2018. Ching t6i c6 két hgp thém mot s thong tin tim dugc qua bdo chi, qua cudc goi
dién ngan gon nhung réat chan tinh v6i ong dé bd sung va giai thich vao nhiing chd vén
kho c6 thé dién giai day di chi véi mot bai ngin trén Facebook.

Xin dugc md dau cho cau chuyén bing chinh 18i viét clia 6ng:

"Khi con nhé téi cé dugc doc vé mot nha chiém tinh tudng sé néi tiéng vé du bdo cdc
sw kién. Ong ta bi héi dw dodn chinh xdc ngay chét ciia minh, dé'roi dén ngay dy ong ta
danh phdi "tw t"d@é luu danh tai ndng. Piéu nay thi chdng hay ho gi, va vi thé toi khong
thdy vui mitng vé viéc tim thdy chiéc MiG-21U mat tich, béi khéng cé su viéc nay thi vui
hon. Cdi vui nhdt la sy trung thic ciia qud trinh tw duy va lam viéc. Chi nhitng ai muén
biét va mudn co duogc phép la bién "tir khéng thanh co"dy thi nén doc tiép."
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Ngay 25 thang 9 nim 2017, trén Facebook (FB) ctia mot ngudi 14y tén 1a Nam Nguyen c6 mot
bai viét nhu sau:

KHONG AI BI QUEN LANG, KHONG GI PUQGC LANG QUEN

Co gai Nga Anna Poyarkova - chdu gai ctia mot sy quan X6 viét da mat tich tai Viét Nam nim 1971
dang nd luc tim du vét ngudi 6ng ctia minh. Cau chuyén nhu sau:

Poyarkov Yuri Nikolaevich la dai uy khong quan cua Lién X0 sinh nam 1933, dang vién tur 1961,
trung doan phé khong quan clia don vi v6i ma sd B\106858 1am nhiém vu & Viét Nam véi vai trd
phi cong huén luyén. 30/04/1971 trong mot chuyén bay tap mdy bay ctia dng da bi roi vao riing ram.
Ca may bay, ca thi thé ngudi phi cong déu khong dudc tim thiy, va tir d6 dai iy Poyarkov dudc coi
1a mét tich.

Tinh hinh con phiic tap hon béi su hién dién ctia nhiing chuyén gia Lién X6 thdi by gio khong dudc
loan bdo nhiéu, ngay ca trong Bd Qudc phong CCCP, ké ca nhiéu nim sau. Va thé 1a gia dinh nay
chi con c6 dudc nhiing ky vat sau:

- nhiing tAm anh ctia 6ng Yuri Poyarkov

- bang khen, huan huy chuong ctia Thii tuéng, Bo Qudc phong nude Viét Nam Dan Chi Cong Hoa.
Riéng huin chuong “Poan Két” dugc thi trudng Bo QP ky ting 3 thang sau khi dng hy sinh.

- thé chdm cong ctia dai iy Poyarkov c6 ghi ring 6ng gii chiic vu “phi cong huin luyén dé dao tao
phi cong cho khong quan Viét Nam bay ban ngay va bay dém trong cac diéu kién khi tuong don gian
va phuc tap” — va “hy sinh trong khi lam nhiém vu béi mot tai nan bay”

Xin ghi nhé 1a & thé nay ghi 16 “hy sinh” chd khong phai “mét tich”. Thé nhung thi hai 6ng khong
thiy dudc dua vé nude, con than nhan thi dugc bdo tin rang “mat tich”!

Vay diéu gi da xdy ra véi dai iy Poyarkov vdy? Gia dinh c6 miy cau héi:

Ong mit tich trong hoan canh nao? D6 1a budi bay tap hay trin khong chién?

DPoan bay cta 6ng dong 6 dau?

May bay cta 6ng rdi ¢ khu vuc nao?

Tai sao khong thé tim ra chiéc mdy bay rdi, va thi thé ctia phi cong?

Dai tiy dudc chon cét cin than & Viét Nam hay bay git xdc dng va chiéc mdy bay van con trong riing
sau? Con chdu 6ng van con mot hy vong, dii 1a rit mong manh, rang mot diéu ky diéu nao d6 da xay
ra, va ngiy nay 6ng Poyarkov vé6i tudi 84 van con séng dau d6 trong mot lang ban & Viét Nam. Hoic
khong thi ho cling mudn biét — vi hoan toan c¢6 quyén dugc biét — cha dng ctia ho di nga xudng nhu
thé nao, khong 1& da 46 nim trdi qua ma tai ddy van chua tim ra chiéc mdy bay? Ong Poyarkov di

chién d4u cho tht ca chiing ta, vdy nén c6 1& Viét Nam ng gia dinh 6ng mét cau tré 10i thda ddng. Béi
khong ai phai bi quén lang va khong c6 diéu gi c6 thé lang quén...

Bén dudi bai viét 1a cac hinh anh con luu gilt clia gia dinh Pyyarkov va hai ghi chd ctia Nam
Nguyen, ghi chu thi nhit 13 18i kéu goi ban beé va cong dong trén FB va "Ghi chii 2: trén trang
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ciia Sergey dd xdc dinh dugc, co 1é éng Poyarkov ciing bay hudn luyén va hy sinh ciing vdi phi
cong Cong Phuong Thdo tai ving troi Tam Pdo... Vin can thém théng tin!"

N6i theo ngén ngit ctia khoa hoc, thi "bai toan"cé thé tém tat nhu sau: thong tin dau vao: may bay
bay tip clia phi cong Cong Phuong Thao va thay day Poyarkov bi mat tich vao ngay 30/4/1971
& viing Tam Pao, thong tin can tim: mdy bay roi 6 khu vuc nao, liéu ho c6 con séng, néu khong,
thi thé 6 dau ...

Ngay khi doc dugc bai trén, dng Nguyén Lé Anh viét:

"Téi cdm thdy rdt nhuc khi mot chiéc mdy bay mdt tich khong tim thdy é mot noi cdch trung tam
Ha Noi khong qud 70km. Nhitng suy nghi dy kich hoat qud trinh tw duy ciia téi.

16i da viet may com nhu sau:

]

1. Cdn phdi tra vao ho so liét st "Céng Phuong Thdo"" dé tim thdan nhdn. Chdc sé co thong tin

tot.

2. Cdn phdi héi than nhdn dé’tim ra noi cé6 mo cia "Cong Phuong Thdo". Néu c6 mo thdt titc la
ngudi nha biét dugc boi cdnh hy sinh.

3. Trong ving niii Tam Pdo ngudi ddn co néi vé su kién mdy bay My roi vao khu vie nii. Nguoi
MY da tdi kiém tra va da xdc minh ding. Khong thdy ngudi ddn noi vé MiG bi roi vao niii trong
day Tam Ddo.

4. Vao thoi diém dy 6 ving niii Tam Pdo chi c6 ngudi ddn toc sinh séng. Nén hoi thi may ra mdi
co thong tin.

5. Cdch duy nhdt la nho chinh quyén xd toan mién niii phia Bdc héi nguoi gia vé khd ndang mdy
bay roi. Di tim truc tiép khong dé vi mua gio da lam mdt hét ddu vét.

Pady la khdi ddu cia qud trinh suy dién dwa trén tw duy logich khi biét thong tin "6ng Poyarkov
cung bay hudn luyén va hy sinh ciing véi phi cong Céng Phuong Thdo."Lé di nhién khong thé’
c6 thanh cong dé nhw vdy. Chdc chdn khong thé' cé thong tin gi vé mé ciia anh Céng Phuong
Thdo, nhung khong thé bé qua ma khong kiém tra. Toi da tim cdch héi thong tin vé gia dinh
Cong Phuwong Thdo ciing nhuw héi nguoi ddn khu viee Tam Ddo vé tung tich cdc mdy bay bi roi."

Trao d6i thém véi Epsilon, dng cho biét nhiéu ngudi thic mic vi sao khong tra citu lich trinh
bay, sao khong kiém tra lai hé thdng dinh vi hay gido trinh tip huin bay dé€ c6 thém thong tin.
Pon gian vi hoan toan khong ¢6 ai luu giit lai cac thong tin d6. Chiing t6i tam nhic lai bbi canh
tai nan xay ra vao thang 4 nim 1971, va d6 1a nhiing thdi diém khdc liét ctia chién tranh (thang
2/1971 véi chién trudng dudng 9 Nam Lao, thang 8 véi tran lut lich st & song Hong, thang 12
khi mién Bic lién tuc bi danh bom ... ), gan nhu moi thong tin va hoat dong déu rat han ché.
Tinh theo stic ngudi, sic clia va ké ca tiém luc déu kho c6 thé tién hanh dé dang vao thdi diém
d6. Mic du khé khiin nhu vay, ¢6 it nhét 2 cudc tim kiém da dudc thuc hién ngay sau tai nan,
nhung bét thanh. Chiing t6i cling mudn néi thém riang vdi stic lan toa ctia Internet, thong tin dén
rit nhanh tlf moi ngudi, nhung véi mot su kién da x4y ra gin mot nita thé ky, do tin ciy clia cic

'O thai diém nay, ho ctia phi cong van bi ghi 1a Cong, cho dén khi c6 mdt ngudi khac ghi chii 1a: "O Phi Thugng
chi nghe c¢6 dong ho Cong, khong c6 ho Cong dau."thi vé sau méi xac dinh dugc ho 1a Cong. Tit cé céc chi thich
trong bai déu ctia Epsilon.
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tin tif FB ciing 12 mot van dé khong don gian dé quyét dinh dau 1 thong tin diing, va ding dén
... bao nhiéu. Mot bai toan qud kho dé giai!

Ong Nguyén Lé Anh viét tiép: "Dé"wdc luwong duoc vi tri ciia chiéc MIG21 xdu sé, t6i di xdc
dinh cdc nguén cé thé’ thu lugm thong tin. Toi di dén két ludn nguon co thé cung cdp cdc cdu
trd 10i 1ot la: vé hién truong chi co thé’dén tir nguoi dan toc, va vé than nhdn anh Céng Phuong
Thdo chi c6 thé héi qua cdc phi cong cing don vi.

16i quen Trung tudng Pham Tudn, cuu Pho Tu lénh Chinh tri Qudn ching Khéng qudn, anh
hung phi cong vii tru. Ngay 26 thdang 9 nam 2017 toi lién hé véi anh Pham Tudn. T6i tdp trung
vao xdc minh nhitng van dé khé ma co thé quén sau nhiéu ndm.

- C6 hay khong su kién chiéc MIG 21 roi nhuw vdy. - Nhitng ai c6 thé cung cdp thong tin tin cdy
vé vu viéc (anh Pham Tudn, anh Quang, anh Khdnh Duy dai td phi cong cung trung doan 921
vdi anh Céng Phuong Thdo.)

- Diéu kién thoi tiét bay hom dy thé nao? ("thoi tiét don gidn- titc dé nhin xa trén 10km, troi
trong khong mdy, khong mua, khong gio manh)

- Quy dao bay va thoi gian bay ciia chiéc MIG 21 ngay 30-4-1971 thé nao?

T6i héi déc ldp cdc anh Pham Tudn, anh Quang, anh Nguyén Khdnh Duy dé'so sdnh kiém chiing
va dua ra két ludn."

Trong mdi cudc phong vin dng ludn ghi m lai va sau khi dugc su dong y clia cac ¢ nhan dugc
phdng van, cic cudc phong van nay ciing da dugc ding 1én trén FB ciia 6ng. Ong ciing c6 tro
chuyén thém véi Epsilon vi sao minh lai quyét tim nhu vay. Ong k& trung tuéng Pham Tuan c6
néi véi ong: "Chii may lam gi ma héi nhitng cdi chi tiét dy lam gi?" "Khéng tim dwoc! Tao dd
bdo roi, chd nhé toan qudn khéng di tim lai dé cho mot nguoi di tim. Sao ma tim dugc!" Va dng
trd 18i: "Thé hé cdc anh 6n réi, khong con di néi. Con thé hé bon nhd, sé khéng ai quan tdm
nita. Néu khéng phdi tui em lam thi ai sé lam ddy!"

Ong viét tiép:

Sau khi lam viéc nhiéu ldn véi cdc anh phi céng: anh Pham Tudn, anh Quang, anh Nguyén
Khdnh Duy (phi cong cung don vi bay vdi anh Céng Phuong Thdo) va anh Céng Vin Mdo
(nguoi tho cing anh Cong Phuong Thdo), toi tam dua ra nhdn dinh sau.

Cdc thong tin tin cdy (ti ghi dm cudc noi chuyén):

1. Anh Pham Tudn khéng dinh lugng xdng ciia mdy bay chi dii bay trong 30 phiit, sw ¢é xdy ra
vao khodng tir 10 gio t6i 12 gio sdng ngay 30/4/1971. Thoi tiét tot.

2. Anh Nguyén Khdnh Duy (phi céng ciing don vi bay véi anh Cong Phiuong Thdo) khdng dinh
"Céng Phuong Thdo xin phép bay vé".

3. Mdy bay thicc hién bai bay dé cao trung binh (tiv 2000m tdi 6000m) cdt cdnh theo hudng
Poéng Nam bay tdi khu viee Dai Tir, nhu trong hinh vé. Khi bay vé phdi tdi duoc diém phia nam
Phiic Yén noi c6 dai chi huy, cdch sdan bay chitng 10km roi ha dan do cao xudng duong bdng.
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4. Tdt cd cdc anh Pham Tudn va Nguyén Khdnh Duy déu khdng dinh b tu lénh Khong Qudn va
chinh quyén cdc cdp da té chiic tim kiém ngay nhung khong thdy.

5. Mic dix cdc anh Pham Tudn va anh Khdnh Duy khéong khdng dinh nhung nhiéu lan néi téi
khd ndng chiéc MIG 21 roi ¢ phia Tam Pdo Bc.

Nhu vay sau céc cudc phdng van, thong tin dau vio da ¢ nhiéu hon, nhung van con rit mo ho.
Chung t6i tam tom tat lai qua hinh 1.

S B 2y
S s | ‘_‘.:‘-‘“r{

Vinh Yén

1' A PHU Cs!G

Hinh 1: Ban dd tém tat thong tin ¢ dudc sau cic cudc phong van véi cac phi cong: may bay
xuét phat tif san bay Pa Phic (nay 12 san bay Noi Bai) & di€ém s 1, may bay sé bay dén ving
Pai Tir (viing mau dé s6 2), & d6 cao trung binh tir 2000m t6i 6000m. My bay sau d6 bay thang
vé dai chi huy 6 Nam Phiic Yén (diém s6 3) va sau d6 ha dan do cao xudng dudng bing Noi Bai
(diém s6 1). Tai nan xay ra trong doan tlf 2 dén 3, vao khoang 10 t6i 12 git sang ngay 30/4/1971.

Ong suy luén tiép:
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Tong hop cdc thong tin tin cdy két hop véi toa do va thoi gian:

1. Tét cd cdc phi cong déu khdng dinh su c6 xdy ra vao khodng tir 10 gio tdi 12 gio sdng ngay
30/4/1971. Ngay hém dy troi quang mdy tam nhin xa "ban ngay khi tuong don gidn". Ngay sau
khi xdy ra sw cd, qudn binh ching va chinh quyén cdc cdp da t6 chiic tim kiém nhung khong
thdy. Cho t6i tdn ngay 29/9/2017 vdn chua tim thdy mdy bay ciing nhu xdc phi cong.

2. Tét cd cdc phi cong déu khdng dinh sw c6 xdy ra trong qud trinh phi cong Cong Phuong Thdo
bay, nhdc lai ciing vdi thay la Yuri Poyarkov. Yuri Poyarkov la mot phi céng rdt gici. Mdy bay
cdt cdnh tix sén bay Pa Phiic, nay goi la sdn bay Noi Bai, 6 toa dé (21.219086, 105.800507).
Sau khi bay tdp sé quay vé ha cdnh ciing xudng sdn bay nay. Puong bdng theo huéng Tdy Bdc
- Péng Nam. Mdy bay cdt cdnh theo hudéng Péng Nam, va ha cdnh tiv huéng Tdy Bc.

3. Suw c6 xdy ra do mdt tin hiéu lién lac, mdy bay khéng vé duogc cdn cit. Thoi gian cdt cdnh la
khodng 10 gio sdng. Anh Pham Tudn khdng dinh "lugng xdng ciia mdy bay chi dii bay trong 30
phiit". Véi luong xdng nhu vdy mdy bay chi co thé roi trong pham vi lanh thé Viét Nam.

4. Thoi gian bay tdi khong vuc tdp bay la 5 phut. Thoi gian bay tdp du dinh la 10 phit. Anh
Nguyén Khdnh Duy (phi cong ciing don vi bay vdi anh Céng Phuong Thdo) khdng dinh "Cong
Phuwong Thdo xin phép bay vé". Nhu vdy su cé xdy ra sau khi bai bay tdp da hoan thanh va sw
6 xdy ra véi mdy bay khong thé’bi coi la vi "truc trdc ky thudt". Su c¢é xdy ra rdt nhanh va dot
ngot dén mikc cd 2 phi céng khong kip bdo vé sé chi huy bay. Nhu vdy sy co xdy ra cé I€ la do
yéu t6 chii quan ciia phi céng khi ha dé cao va cé thé roi vao ving khéng khi nhiéu loan (dong
doi luu khong khi) réi dam vao lung chimg niii. Khodng tiv 10 gio tdi 12 gio, ¢ noi nay mdy
thuong xuyén béc lén cao va bao phii dinh niii.

5. Anh Nguyén Khdnh Duy khdng dinh quy dao bay vé sdn bay la bay theo duong thdng tiv
khong vuec téi diém co toa do (21.259882, 105.688555) (cdch sdn bay 10km) & phia Nam Phiic
Yén dé’bdt dau ha cdnh xudng san bay (21.219086, 105.800507). Puong bay vé hudng thing
vao day miii Tam Pdo. Tity theo thoi diém bdt dau quay vé ma wdc tinh vi tri xdy ra sw cd. Thoi
tiét quang, tdm nhin xa va khd ndng nghe tot, loai trir cdc hudng bay ma nguoi déin co thé pht
hién ra su co.

6. Péng co ciia chiéc MIG 2. Khoi luong 1 tdn, dai hon 4.5 mét, duong kinh hon 1.5m.

Thong tin tiéng Nga: Ha Mul'-21C ycranasamBaJics oJuH TypOOpeaKTUBHBI JIBUraTe/ b P-
11-92C-300 (Cyxas macca: 1040 xkr; Makcumasbabiii quaverp: 0,825 m; mna: 4,61 m)

T tong két vé thong tin nay, dng tinh todn va dua ra két qua suy dién nhu sau (tém tit trong
hinh 2).

Vong tron tdam B (21.698588, 105.659969) bdn kinh tic 10km dén 15km la khéng viee bay tdp
(chi tiét ty 1é co thétim thdy trén bdn do Google). Thoi gian bay tir san bay tdi khong vic la 5
phut. Thoi gian bay tdp trong khong vuc la 10 phiit. D6 cao bay tir 2000m toi 3000m cdch mdt
ddt. Két thiic bai bay tdp anh Céng Phuong Thdo thong bdo va xin phép quay vé. Nhu vy su cé
xdy ra trén duong mdy bay bay vé va mdy bay & trong tinh trang ky thudt tot. Tic ddy suy ra su
co xdy ra la do chii quan khi ha dé cao va mdy bay ddm vao niii é dé cao tir 700m trd lén.
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Hinh 2: Céc kha ning c6 thé xy ra dua trén thong tin sau phdng vén, tinh todn va suy dién
logic. Nguon: NLA.

Dua vao hudng cia sdn bay chiing ta thdy kich bdan ha cdnh nhu sau. Dé ha cdnh dugc mdy
bay phdi bay dén diém C (21.259882, 105.688555) & do cao 600m thdp ddn trong khodng 10km
dé’t6i duong bang (dwong mau xanh). Nhu vdy mdy bay phdi ha dé cao tir khodng 2000m dén
3000m xudng do cao 600m trong qudng dwong 30km (tir khong viee bay tdp tdi diém 10km cdch
sdn bay ha cdnh).

Néu bdn kinh vong bay la 15km thi diém mdy bay sé bdt dau quay vé sdan bay la tir diém cé toa
do (21.704967, 105.474574) véi do cao khodng 2000m tdi 3000m. Pia hinh doéi niii doc quy dao
bay vé thdp hon 400m, va sau do mdy bay bay doc theo luu vuc "Séng Phé Ddy". Nhu vdy kho
6 thé xdy ra su c6 vdi mdy bay, va néu nhu sw c6 6 xdy ra thi nguoi ddn sé nhin thdy. Viy bdn
kinh vong bay la 10km. Piém bdt dau ha dé cao tir 3000m dén 4000m (so vdi mdt nudc bién) dé’
bay vé cé thé'la diém co toa dé (21.736703, 105.553796). Tir nhdn dinh nay chiing ta co thé tim
thdy goc phuong vi bay vé (géc mau dé) la géc ACB, tao bdi 2 tia AC va BC .

Pudng mau vang.
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Khd ndng 1: Puong bay vé AC. MIG 21 bay vé qua dinh 3 ciia ddy Tam Ddo (noi cé do cao
1400m 6 toa d6 (21.493228, 105.634756)}. Trong 10km déu tién d cao phdi ha duge tir 1500m
dén 2000m xudng con 1500m. Nhu vdy khd ndng dam vao dinh 3 ciia dday Tam Pdo Nam ¢ do
cao tir 1300 tré lén trong bdn kinh 10km, & toa do (21.493228, 105.634756) tir phia Tdy- Bdc.

Khd ndng 2: Buong bay vé BC. MIG 21 bay vé qua hudng ho Pai Ldi (noi cé dinh niii cao
1250m 6 toa dé (21.442866, 105.687328). Sau 20km bay phdi ha dugc 2000m do cao xudng con
1000m dé bay tiép 10km nita phdi ha dwoc 700m dé cao xudng con 600m tai diém (21.259882,
105.688555). Trén quy dao bay cé dinh niii cao 1250m. Viy néu dam vao niii thi khd ndng sé
ddam 0 dé cao khodng 700m trd lén, trong bdn kinh Skm quanh toa dé (21.442866, 105.687328),
tir huéng Bdc - Tdy Bdc.

Nhu viy trong ca 2 phuong 4n, kha ning cao 1a mdy bay déu xay ra tai nan & ving Nam Tam
Pio, néu theo phuong 4n vé& AC thi tai nan sé xay ra & mit phia TAy Bic ctia dinh Tam Do 3,
con néu theo phuong 4n vé BC thi tai nan s& x4y ra & phia Bic - Tay Bic so véi dinh 1250m &
toa do (21.442866, 105.687328). Hai kha ning nay dudc tém tit & hinh 3. Véi két qua suy luin
nay, khong gian tim kiém da dugc thu hep dang ké so vé6i kha ning "vo vong'nhu ban dau.

1
1.5

Hinh 3: Hai kha niing c6 thé khi may bay bay vé.

Ngay 29 thang 9 nim 2017, trong cudi mot bai viét vé vat ly, ong (Nguyén Lé Anh) ghi mot
dong ngan: "Phdi di vu Poliarkov", va nhu vay cudc hanh trinh tim kiém chinh thic bat dau.

30 phia Nam ctia Tam Dao ¢6 3 dinh nii cao: dinh 1 1a dinh Phit Nghia (1250m), dinh 2 1a dinh Thién Thi
(1591m) va dinh 3 1a dinh Thach Ban (1420m). Pinh dang néi dén trong suy luan la dinh Thach Ban.
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Miic du pham vi tim kiém da dudc thu hep, nhung van con rat rong, va dau sao d6 van chi dang
& dang cac kha ning c6 thé xay ra nhd vao qua trinh suy luin logic. Can phai c6 nhiing khao sat
chi tiét hon ciing nhu nhiéu thong tin hon, t6t nhit 12 tif chinh nhitng ngudi dan dia phuong.

Pé c6 dudc thong tin, 6ng Nguyén Lé Anh tién hanh thim do truc tiép bang cach ct cubi tuin
thi 6ng di vao riing thudc day Tam Pio Nam dé leo nii, von ciing 12 mot hoat dong quen thudc
clia 6ng trong nhiéu nim. Ong lam quen véi nhitng ngudi dan toc di liy ndm trong ring va
nhd ho hdi moi ngudi gia thong tin vé cdc mdy bay rdi trong khu vuc. Ddi khi d6 chi 1a nhiing
cau hoi bang quo, doi khi thong tin dudc ddi lai tir viéc hd trd ho mot it chi phi cho viéc hai
nam. Viéc xdc dinh dugc thong tin thoat nghe c6 vé don gian nhung trong thuc té khong phai
nhu vdy. C6 nhiing ngudi du that 1ong chia sé nhung véi tudi tdc va mot su kién da xay ra hon
bdn thap ky thi do chinh xdc ctia thong tin khong con cao niia, ciing ¢6 nhiing ngudi sin sang
dua ra nhiing thong tin véi do tin ciy gan nhu khong c6, von chi d€ d6i 1ay mot chuit tai 1oc.
Chiing t6i ciing nhéc lai 1a su kién xay ra vao thoi diém chién tranh khdc liét, ¢ rat nhiéu may
bay bi ban roi hoic bi tai nan chi khong chi ¢6 duy nhét chiéc mdy bay can tim. N6i thém mot
chiit vé thong tin cla chiéc MiG-21, theo Wikipedia, tén day dd cta né 1a Mikoyan-Gurevich
MiG-21 (tiéng Nga: Mukosu u I'ypesma Mul-21 ) (tén ky hiéu ciia NATO: Fishbed) 12 mot
mdy bay tiém kich phan luc, dudc thiét ké bdi phong thiét k& Mikoyan, Lién bang X6 viét. O
Nga Mikoyan-Gurevich MiG-21 dudc goi 1a Cay dan Balalaika ctia bau trdi, vi né c6 hinh dang
canh tam gidc giéng ciy dan dan toc Nga, v6i quan doi Viét Nam, MiG-21 dudc goi 1a thanh
guong mau, huyén thoai ctia bau trdi. MiG-21 c6 nhiéu phién ban khac nhau, da s6 1a d€ chién
déu, chi c6 mot chd ngdi danh cho phi cong, nhung chiéc dang dudc tim kiém 1a MiG-21U,
phién ban huin luyén c6 2 chd ngdi vé6i vi tri phia sau danh cho huén luyén vién. Day 1a mot chi
tiét quan trong gitip cho viéc x4c dinh sau nay.

Sau mot thdi gian khao sat, tif néi chuyén truc tiép dén phong van qua dién thoai, Nguyén Lé
Anh hiéu ring chiéc MiG-21U khong bi roi trong khu vuc Tam Ddo Nam, hay néi cach khac,
ca 2 kha ning tir suy luan ban dau déu c6 diu hiéu phai bi loai trir. VAy phai tim & dau?

Ong viét:

"Viéc du dodn né [may bay MiG21-U] ddm phdi phia bdc dinh Tam Pdo 3 trong ddy Tam Pdo
Nam la dua trén gid dinh chiéc MiG-21U gidm dé cao tir tiv. Toi tin chdc chdn chiéc MiG-21U
sé bay theo duong thing AC, vdy néu loai bo khd ndng chiéc MiG-21U ddm vao khu vie phia
Bdc ciia dinh Tam Pdo 3, thi MiG-21U phdi c6 khd ndng gidm do cao dot ngot. Toi lai tim cdch
héi anh Khdnh Duy va dugc anh cho biét MiG-21U c6 khd ndng b6 nhao va gidm téc bang
cdnh. Vay la ré chiéc MiG-21U da dot ngot gidm do cao & diém A (trén hinh 2) ngay sau khi
xin phép bay tré vé va da va vao go nii Tam Pdo Bdc, suy dodn cdch dinh Tam Pdo 3 khodng
13km theo dwong chim bay. Chiing t6i c6 mot nhom leo niii thé thao, chuyén leo vao cudi tudn &
cdc dinh niii Tam Pdo 1, 2, va 3; va ciing dd ban vé viéc sé t6 chiic di tim. Tuy nhién cong viéc
hang ngay dd chodn hét cd tam tri."

Ong viét tiép:

Cdu chuyén duoc bdt dau lai tic ngay 18/2/2018 khi cé mot ban tré ndam nay 30 tudi tén la Pdng
Tudn. Dcng Tudn c6 ké'lai la mdy ngay Tét vé qué nghe moi ngudi néi vé chiéc mdy bay roi tir
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Hinh 4: Suy doan: "Ngay sau khi xin phép bay trd vé va dd va vao go niii Tam Ddo Bdc, suy
dodn cdch dinh Tam Ddo 3 khodng 13km theo duong chim bay."

ndm 1971. Déng Tudn dd truy tim thong tin trén mang Internet va thdy duoc bai viét ciia toi
ciing cdc tinh todn gan giong vdi vi tri chiéc mdy bay roi ma ban dy biét tic khi con nhé. Ban dy
da chu dong lién hé vdi toi.

Pding Tudn cho biét:

"Bdc cua chdu ké'lai rang nam 1971 c6 thdy mot chiéc truc thang cia qudn déi Viét Nam ha
cdnh & chdn nii noéi la tim mdy bay roi nhung khong ai biét thong tin gi. Sau do mét thoi gian
thi moi nguoi ké lai rang nhitng nguoi tho sdn ho tim duoc mét chiéc mdy bay roi va chdy &
trén niii. Nhitng nguoi dau tién biét vé chiéc mdy bay do thi ciing nhdt diuogc nhom vun dem bdn,
nhung ho da gia va mdt ldu roi. Nhitng ngudi tho sdn tré sau nay cé nguoi dd quay lai vi tri do
nhung ciing chi thdy mét cuc sdt lon nghi la déng co va co kich thudc bang tii lanh."

"Vi chdu ciing di lam ldu réi nén ngay tét ciing khong ddm héi thém thong tin, nén chdu ding
Google va thdy duoc théng tin ciia bdc, chdu hy vong rang thu ma chdu biét co thé givip duoc gi
do al”

Ong nhan dugc thong tin nay lic dang & Sai Gon #n tét, ngay 1ap tic 6ng mua vé di Ha Noi va
8 gid sang ngay 19 thang 2 nim 2018 dng ciing Ping Tuin di vé Yén My.
Ong tiép:

Biing Tudn bdo véi me lam com cho 3 ngudi di ciing dn, va chiing t6i di thdng tdi nha chii ciia
Pdng Tudn la anh Hiéu. Anh Hiéu nam nay 49 tuéi. Anh Hiéu cho biét diing la anh dd ldn cdi
6p mdy bay tir trén dinh niii cao xudng vuc. Tuy nhién viéc nay da xdy ra tic hon 20 ndm vé
trude va anh da khong con nhd vi tri ma anh dd ldn chiée 16p xudng.
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Nhue vy la théng tin vé viéc co chiéc mdy bay bi roi trén dinh niii da dwoc mét nguoi xdc nhdn.
T6i khong c6 thoi quen dua ra khdng dinh khi khong dii chiing cit khdch quan. Thong bdo clia
Hiéu la mot thanh to rdt co trong lugng tuy nhién né da co tic hon 20 ndm. N6 can dwoc kiém
chitng truc tiép bdng cdch tim lai chiéc 16p dy. Toi ciing dugc nghe ba cia Pdng Tudn noi vé
nguoi ddu tién phdt hién ra chiéc mdy bay dd ldy nhém vé bdn va nha éng dy gidu lén dot ngot.
T6i chua xdc minh dugc chinh xdc thoi diém nguoi ddn dy phdt hién ra chiéc mdy bay, nhung
qua héi so bo thoi diém chiéc mdy bay dugc phdt hién ra it nhdt ciing trén 40 nam. Vé sau nguoi
ta dd nung chdy tai ché chiéc mdy bay dé mang vé bdn. Vi tri nung chdy chiéc mdy bay duogc
goi la Bai Nhém. Hiéu cho biét anh ciing khong con nhd vi tri ciia Bdi Nhém dy. Vé chiéc dong
co thi Hiéu chi nghe néi ma chua bao gio nhin thdy. Ngodi ra Hiéu néi co tin dd cé ngudi dua
mdy kho 1én dé’cdt nhé chiéc dong co mang di bdn.

Nhut vdy cdc thong tin dua t6i dén suy nghi, truong hop xdu nhdt, la sé khong con co khd ndng
tim thdy ddu vét ciia chiéc mdy bay. Cing ldm chi c6 thé tim thdy chiéc 16p bi ldn xudng vuc.
T6i dé nghi Hiéu t6 chitcc mot nhom thdm hiém.

Trao d6i thém véi Epsilon, 6ng cho biét 6ng da phdi suy nghi rat nhiéu, va rat nhanh trong
trudng hop nay. Lam sao c6 thé biét liéu nhitng "ngudi ban mdi"nay c6 dua ra thdng tin chinh
xéc hay khong? C6 chic 12 ho con nhé diing? Gia st néu nhu ho nhé diing thi chic gi may bay
n6i dén da 1a chiéc MiG-21U can tim? Tuy nhién vi vi tri dudc mo ta tring khép véi két qua
suy luan cua 6ng, nén n6 la mot dong luc thodi thic dng, vi 6ng tin vao sic manh cia suy luin
logic. Hon nita, cAn phai di nhanh vi néu cham tré c6 thé do ndn néng nhitng ngudi khac sé lam
cho cudc tim kiém vbn di khé sé trd nén kho khin hon. Do vay, dng quyét dinh di tim ngay vao
cudi tuan do, vao hai ngay 24/2 va 25/2 (thi By va chi nhat). Chiing téi tiép tuc ding lai tron
ven 16i kéu goi clia 6ng cho nhém tinh nguyén tim kiém ctia 6ng, ding ngay 22/2/2018 dé ton
vinh tim quan trong ctia tu duy logic va cdch 1am viéc khoa hoc:

Péi tim kiém luu y:

Viéc tim kiém co thé sé gip kho khdn do troi mua va sé rdt nhiéu vdt rimg, ngodi ra ddu vét
chiéc MiG-21U ciing khéng con nhiéu. Troi tuy c6 mua nhung la muwa phin nén khéng ngai, dé’
ldu hon nita sé c6 mua rao la rdt kho. Ngai nhdt la rét. Vé ban dém trén dinh nifi troi co thé rét
c6 thé xudng t6i 2 do C. Chiing ta sé quyét di tim vao ngay 24/2/2018, tim trong it nhdt 2 ngay
thit 7 va Chii Nhdt. Du thé nao ciing di, khong tim thdy quyét khong vé. Vi qud trinh tim kiém
kho khdn nén doi di tim sé chi gom nhitng nguoi thuc sw chiu dung duogc gian khoé, khong nén di
vi hdo hiic. C6 1é chi nén linh di tim linh thi hon. Vdy cdn danh sdch nguoi di. Chiing ta nén di
ciing nhau trén 1 chiéc 6 té6 dén noi thi leo. Nhitng ai cung di thi inbox cho téi dé chiing ta ldy
dién thoai cia nhau.

A - Nhiém vu: Néu toan bé sé kim loai ciia mdy bay dd bi ldy di mdt chiing ta chi con hy vong
vao 2 chiéc 1op mdy bay da vi nghich ma cho ldn xudng vic. Lop trudc duong kinh khodng
0.5m, 10p sau duwong kinh khodng Im. Phia bén trong cia chiéc 1ép sé cé chit in noi sdn xudt
ra chiing. Tir ddy chiing ta sé dua ra dwoc quyét dinh c6 phdi do la chiéc MiG-21U hay khong.
Nhuw vdy chiing ta phdi tim bang duwoc 2 chiéc 16p dy. Du tinh hai chiéc 16p dy da bi ldn xudng
viee sdu déc dd thing diing. Rt cé thé phdi ding day dé’leo xudng. Theo ¥ ti chiing ta khong
nén mao hiém ma nén thué tho san bdn xit di tim cing.

Chiing ta can mét doi hdu cdn mang do lén cho chiing ta dn 6 tai chéd. Chiing ta cdn 1 léu ngii
cho 4 nguoi, luong thuc thuc phdm va nuéc uong. Nhitng thit nay sé thué nguoi dia phuong
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mang lén.

B - Ky thudt leo nui: Vao mua nay trong rung co rat nhiéu vat. Lén trén cao do dang mua lanh
vdt sé it hon. Troi ciing dd dm 1én cdc loai rdn bo ra kiém dn. Khi leo niii can phdi dé’y quan
sdt.

+ Méi nguoi tw in ra bdn do (ldy trén Google). Toi sé chi ré cho cdc ban vi tri bdt ddu leo ciing
nhu diém phdi leo dén. Khi di chuyén trong ritng cdc ban phdi hinh dung ngay ra vi tri cuia cdc
ban trén bdn do. Ngay cd khi khéng cé song dién thoai thi tin hiéu vé tinh vdn cé, chinh vi vdy
cdc ban can nhanh chéng cdp nhdt bdn do vao dién thoai dé biét dugc minh dang J ddu.

+ Truong hop bi lac cdc ban phdi nhanh chong leo 1én vi tri cao nhdt trong khu vuc, noi dy sé
c6 song dién thoai dé’goi. Cdc ban phdi rdt binh tinh dgi, vi song cé thé liic ¢é liic khong. Trong
moi truong hop phdi cé di chuyén vé vi tri liic xudt phdt.

+ Khong nén mao hiém di mét minh. Vich dd co thé'rdt tron va cé thé tudt xudng viece ngay dudi
chdan minh ma khong hay.

C - Vé trang bi:
- Cd doan: 1 léu ngui va tdm trdi cdch nhiét cho 4 nguoi. Luong thuc thuc phdm va nude udng.
- Cd nhan:

MGéi nguoi tw lo cho minh, bao gom 1 balo, tdt cd moi thit trong balo déu duwoc goi trong tiii
nilon dé phong mua wét sé gam vao do ding khién chiing trd nén rdt ndng. Pé ding cd nhédn
phadi co:

+ Vé do ding gom: den pin + vong + 1 tdm vdi mua 1.5mx2m (mua ¢ Ha Trung) + tii ngii cd
nhdn + gdng tay, gidy leo niii (cé to hon 1 s6 so vdi giay thuong di) va tdt + quan do mdc dé'leo
(2 bd) va qudn do dm dé phong ngi lai trong rimg. Méi nguoi mang theo 1 déi gidy du phong
dé' phong khi giay hong (giay thé'thao nhe) va khodng 40m ddy dit nhe ma bén.

+ Vé do dan thi phdi mang theo nudc udng 3 lit + do dn nhe dii séng dugc 2 ngay + coén khé va
bét lka dé phong t6i phdi ngii lai thi dot déng lia + dién thoai & sac du phong.

Puong mau xanh la duong du kién sé leo dé’lén dinh. Vimg mau do duw kién la viing mdy bay
roi. Chdc chdn c¢é mdy bay roi nhung khéng ré la mdy bay gi.

Khuya ngay 23 rang sang ngay 24 thang 2 nam 2018, khoang ntta ngay trudc khi 1én dudng dng
viét tiép cho doan:

Hdu hét tdt cd cdc niii ké"cd Everest chiéu cao tir chdn niii lén tdi dinh ciing chi vao khodng
1500m. Nhu vdy vi tri ma chiing ta cdn phdi t6i dugc trong ngay hom nay la rdt cao. Thong
thuong chiing ta phdi di 12km dé’1én dugc cao 1000m, nhu vdy tong duong di bo dé’lén do cao
1500m la khodng 18km. Thoi gian di khodng 5 gio. Chiing ta di theo con duong tdt, nhiéu ché
déc thing ding, vi thé chiing ta cdn it nhdt 4 tiéng dé 1én tdi noi. Theo kinh nghiém thi nhanh
nhdt ciing khodng 2 gio chiéu thi doan chiing ta mdi téi dwoc do cao 1500m.

Dén noi chiing ta phdi theo nguoi dan bdan dia di tim va xdc dinh toa dé bdi nhém, noi da ndu
chdy chiéc mdy bay. Va tim kiém mot vai mdnh vun. Viéc tiép theo la xdc dinh xem co phdi noi
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LA HANG

Hinh 5: Suy doan: "Duong mau xanh la duong dy kién sé leo dé’lén dinh. Ving mau dé du kién
la viing mdy bay roi.” Ngudn: NLA.

ddy dd tieng c6 mét chiéc mdy bay thi chiing ta phdi mang mdy do kim koai va t6 chiic doan tim
kiém co kinh nghiém hon.

Néu moi viéc tot dep thi chiing ta sé xudng niii vao liic 5 gio chiéu va vao khodng 10 gio dém sé
xudng tdi chdn nii.

Luu y.

1- Dt ché do cho dién thoai ghi nhd dudng di.

2- Duong di thuong la men theo vuc

C6 mot chi tiét nhd ciing can phai néi thém vé do tin cdy ctia thong tin nhan dudc. Bang suy
luan, 6ng c6 nghi téi "thuyét Am muu", nhung vi moi thong tin déu rat tring khdp véi tinh todn
ban dau, nén 6ng vin quyét di tim va tam gat bd suy nghi nay. Cu thé vao trudc ngay di, 6ng
viét:

Nhue vdy chiing ta khong co co héi tim thdy chiéc mdy bay vi né da bi bién thanh sdt vun. Néu
chiing ta tim thdy chiéc 1op va néu chiing ta doc duwoc chit trén chiéc 1op dy thi c6 thé xdc dinh
dugc no co phdi la MiG-21U hay khong.

Chi ¢6 diéu néu nhu toan bé sw viéc dién ra diing nhu 10i ké'thi chiéc mdy bay dd khong bi chdy
no. Béi néu chdy nd thi chd dé gi co thé gom dugc mdnh dé ndu. Néu chdy nd thi chiéc 10p sé bi
chdy khéng con dé'cé ma ldn xudng vuc. Vay tic ddy theo thuyét am muu c6 thé'cé nhiéu diéu dé
suy dién.
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Ha Noi, 5 gid sang ngay 24 thang 2 nam 2018, nhiing con ngudi diing cam lén dudng.

Toan bd thanh vién tham gia gdm c6 8 ngudi: 4 ngudi dia phuong va 4 ngudi tinh nguyén vién,
trong d6 c6 Nguyén Lé Anh, cling 12 ngudi 16n tudi nhit. Ngoai 8 ngudi ho ra, con c6 cic hd trg
khéc & bén dudi mit dat va dong ddo moi ngudi hd trd tinh than qua Internet.

Nguyén L& Anh viét lai vé ngay dau tién nay nhu sau:

Nhom ddn duong gom 4 nguoi Hiéu, Trung, Nam, va Phi. Khong mot ai trong sé ho con nhd vi
tri Bdi Nhém va c6 1€ ho chua ting dén ddy. Trong sé 4 nguoi thi duy nhdt cé Phii cho biét anh
dd timg so tay vao chiéc déng co mdy bay va Hiéu thi noi la dd ting ldn mot chiéc 1op tiv trén
cao xudng vuc.

Nhom tinh nguyén vién gom 4 nguoi, trong do co toi. Trix toi ra cdc thanh vién déu con tré va rdt
hung phdn. Khi nhin thdy cdc thanh vién khéng mang theo nudc uéng téi biét ho khong thé theo
dugc. Vi thé téi da khong kiém tra tw trang cuia cdc thanh vién trudc khi lén duong. Ho chua dii
kinh nghiém cho mot cudc di nhu vay.

Khodng 10 gio sdng ngay 24/2/2018 chiing t6i bdt ddu leo niii. Theo quy dinh toi chi bdt dién
thoai vao cdc phiit chdn 30. Hai thanh vién som bé cudc sau khi leo 1én mot cdi doi khéng cao
lam. Toi dwa cho Hiéu 1 chai nudc to va phdan cong Hiéu di cudi. Toi va 3 nguoi dia phuwong con
lai dén dwoc vi tri cdm trai vao lic 14:00 chiéu, diing nhw dy kién. Nho c6 nudc udng, thanh
vién thit 3 ciing tdi duoc, vi dy tdi vao lic 19:00 t6i, nhung anh dé nghi quay lui vao sdng hom
sau.

Sdng hom sau téi cit Hiéu dua anh dy quay tré vé va ddn la phdi trd lai tim tiép*. Ngay 24/2/2018
dién ra nhu vdy. Pin dién thoai va sac chi dugc du tinh cho 2 ngay thdm hiém ciing da khong
con nhiéu.

Va nhu vay, sau khi ngay dau tién két thiic, ca doan chi con lai mdi "ngudi thic ddy"Nguyén Lé
Anh, mot nha todn hoc da trén 60 tudi, va 4 ngudi dan dia phuong.

“Trén trang 1ongnguyen48.blogspot . com c6 néi vé ngy diu tién va mot phan ctia ngay thi hai nay véi
g6c nhin tu cac thanh vién tinh nguyén con lai nhu sau:

Chdng hiéu moi lan leo niii (la nghé) ciia GS Lé Anh nhu thé nao nhung lan nay di, mita xudn rd rich ndng hat,
troi mit. .. Noi chung, thoi tiét khd phikc tap cho cd viéc leo niii Idn bay hudn luyén khi xua. Thdm chi tién si Dodn
Ha Théng con khong thé’cho cdi Drone (la mét thiét bi giong flycam) hoat dong dioc vi cdy coi qud rdm rap. Ngay
ngay ddu tién, bdc si Phiic dd phdi b6 cudc vi ong ricng dot dén miic té dai hai chdn, khién chdn khong co cdm gidc
dé diing thang bang va chuyén gia an ninh mang Ngo Viét Khoi thi vi siic khée ciia ddn phuot, khong thé'dua duoc
Vi chuyén gia leo niii ciing bé cudc. Nhe vdy la hai nhdn 16 tré ciia doan dd phdi bo cudc tim kiém ngay tir ngay
ddu tién. Dady ciing la nguyén nhdan ma GS Lé Anh cdm thdy so hdi sau nay (sé ké & doan sau).

Cudc tim kiém kéo dai dén toi mit, chiing t6i & nha héi hop cho doi két qud. Nhung cdi chinh la lo cho tinh mang
ctia cdc thanh vién doan. Cho tdi liic nary chi con anh va Ts Dodan Ha Théng la nguoi tim kiém ciing ba nguoi bdn
Xt vén la nguoi Kinh, cdch day hai muwoi ndm da ting tréo lén khu vuc nay tim kiém xdc mdy bay dé. .. 14y nhom
bdn sdt vun.

Sang ngay thit hai, tién si Doan Ha Thdng ciing phdi bé cudc vi tim ddp nhanh qud, nghet thd, cd liic bi ngdt
vi nhitng cii tréo dd niii cheo leo. Pén liic nay chi con GS Lé Anh va “déng déi tim sdt vun”. Cdc tinh todn bdng
xdc xudt todn hoc cia Lé Anh cho dén gio nay vdn khd chinh xdc hudng tim kiém. Vién trudng Mai Huong lién tuc
dong vién bang cdch phi xe dén tdn chdn niii gan nhdt c¢é thé dé' . .. hong tin.
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Nguyén L& Anh viét tiép:

Vi tri cdm trai phdi la mét noi ¢é nudc. N6 nam cdch noi chiing téi dw dinh tim khodng 1 gio di
bo. Thoi tiét lanh va mua phin ciing nhu ngay hom truéc. Puong rdt tron. Nhw dd noi ngoai trie
anh Phii, con hai anh Nam va Trung chi nghe don théi vé vu mdy bay roi ma chua hé nhin thdy
chiéc dong co ciing nhw Bdi Nhom. Do troi mit ma phdi tdi 10 gio sdng ngay 25/2 mdi bdt dau
di tim chiéc dong co. Toi khong can dw vao quyét dinh ma dé ho tu di tim theo ¥ ciia minh, voi
hy vong sém tim thdy no.

[Néu cin ct theo 16i ké ctia ho thi] nhiéu bo phdn ciia chiéc dong co dd bi thdo vi thé kich thudc
moi chiéu cua no chi khodng nita mét. Dy tinh pham vi tim kiém dién ra trong pham vi khodng
Lkm?. Téi khong thdt sy tin la ho sé tim dugc mot vt nhu vdy, mot khi khong biét chdc chdn vi
tri tir trude. Pén 14:00 thi cd ba anh vé trai. Sau khi nghe théng bdo da tim ndt hét cdc vi tri co
thé’t6i tram ngam suy nghi. Tiv 10:00 dén 14:00 la 4 tiéng. Pi lai nhanh hét 1 tiéng vdy chi co
3 tiéng di tim. Di trong ritng rdm, vita di vita phat cdy dé’ldy 16i di, toc dé chi khodng 2km/gio.
Ba nguoi di dugc cung ldm 18km. Néu tam mdt bao qudt nhin sdng 2 bén dugc 10m thi phdi di
50km méi quét hét dién tich 1km?...

Nhu viy c6 nghia 12 ho chua tim dudec mot phan ba khu vuc can tim kiém, 1am sao c6 thé két
luan 12 "tim nat hét"c4c vi tri. Quay lai gia thuyét vé "thuyét Aam muu", liéu ching c6 kha ning
toan bo thong tin vé Bai Nhom 14n chi tiét 1dn 16t banh xe xudng vuc 12 khong chinh xic. Liéu
rang cac su kién d6 c6 that su xay ra. Néu gia nhu tat ca déu khong xay ra ...

Ong k€ lai ndi lo lang clia minh vao budi chiéu ctia ngay thit hai:

Chiéu muon téi nhdn dwgc tin nhdn ciia Nam [Nam Nguyen, ngudi kéu goi dau tién trén FB vao
ngay 25/9/2017] théng bdo quay vé vi tdt cd nhitng nguoi dia phuong dang di tim Vi toi déu
khong biét ti gi, va vi tri chiéc mdy bay roi & ché khdc. Toi giit im ling dé phong. Cdc ban ngudi
dia phwong tranh ludn véi nhau rdt nhiéu va goi dién thoai dé'héi. Ho bdo t6i la chiing ta khong
thé’tim duwoc gi vi dd co nguoi mang mdy do kim loai 1én dé do hét cdac mdnh vé. Thdm chi tén
nguoi kho va tén nguoi bdn cdi dong co ciing duoc noi ra va ho tim cdch goi dién hoi.

Chiing toi dn toi. Toi hom dy téi khong ngu va co hinh dung ra vi tri chiéc mdy bay. Toi cho rang
chiéc mdy bay néu chi bay cao hon mét vai chuc mét la no da thodt, va vi vdy vi tri va cham cia
chiéc mdy bay phdi J ngan ngay trén go cua nii. Toi ddnh dau trén ban do vi tri cua cdi go nhé
lén.

Va ong tiép tuc cb gang thém mot ngay nifa, tiép tuc tim kiém vao ngay Thi Hai, 26/2/2018.
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Nguyén L& Anh ké tiép:

Sdng thit 2 troi vdan mua va rét. Hiéu goi dién thoai vdi giong ngdp ngiing. Toi hiéu nguyén nhdn
ciia s thay déi dy. Hiéu cho biét téi hom trudc Nam, Thing va Hiéu da dén nha mét sé nguoi
ddn téc va nhédn duoc nhitng thong tin nao do. Cdi nay Nam dd nhdn tin cho t6i. Toi lam nhuw
khong biét gi va néi Hiéu phdi lén dé gdp g6 chiing t6i vi tinh than dong doi. Trén thuc té t6i
ciing da hoi lo, va muén phdi cé Hiéu.

T6i cdn phdi dua ra quyét dinh trong boi cdnh khong biét ai noi diing, ai ddng tin va thong tin
nao ddng tin cdy. Téi noi véi moi nguoi rang thép ciia chiéc dong co rdt day khong thé bi kho
mang di va chiing ta nén tim ngugc theo cdc con sudi can nguoc lén dinh. Vao khodng 9:00
chiing t6i nho' trai vita di tim vita vé. Khodng 10:00 chiing toi dén ché tim. Ngay liic dy chiing
16i gdp 3 cdu thanh nién dan toc. Ngodnh trudc ngodnh sau ho dd rit va udng hét chai nudc
cia t6i. Ché nay khéng c6 mot con sudi ndao cé nudc. Khong cé nudc uong la sé chét khdt. Toi
bdt ddu thdy so vi co thé ddy la mot loi cdnh cdo. Toi co cdm gidc hinh nhu moi thit déu chong
lai viéc toi tiép tuc di tim. Tuy nhién toi hiéu la viéc phdi giit vé bé ngoai binh tinh khong thay
doi la quan trong.

Qud trinh tim kiém rdt chdm. Sau khodng 30 phiit t6i hiéu la khong thé'tim dugc cdi dong co dy
giita rieng rdm. Toi néi moi nguoi chiing ta lén dinh cao nhdt va tim cdch xdc dinh vi tri dé di
tim xuong. Trén thuce té t6i chi mudn xdc dinh dugc vi tri noi chiéc mdy bay da lao vao niii.

Khodng 13:00 gio chiing t6i tréo dén dinh. Trén do rdt lanh, chiing t6i dot lita cho Hiéu. Vao
khodng 14:00 chiing téi quyét dinh di tim tiép. Lan nay t6i di trudc va cé tim thdy cdi go ma t6i
dd thdy trén bdn dé Google. Toi leo lén mot dinh niii va téi biét khi di xudng la sé dén cdi go
16i muodn. Khodng 14:30 chiing t6i dén ché dy. Moi nguoi ciing dong y la tim xudng ti chd dy.
Chiing t6i chia ra thanh cdc nhom di tim xuéng. Toi di cung véi Phii. Phii cé dao phat cdy dé
di, 16i khdo sdt mét ché dé doc ma téi cho la noi mdy bay ddam vao. Khong tim thdy gi, t6i thdt
vong di vao phia khe sudi can toan dd tdang lon nhén. Long sudi rdt kho di, téi bi ngd mdy lan.
Va téi bat dau thdy so, béi chi can bi ngd thut chén vao khe dd gdy chdn thi sé khong thé'ra khoi
riung duoc.

T6i bt ddau suy nghi. Néu cit thé nay xudng dugc tdi con dwong bén dwdi mdt 2 gio. Sau do phdi
mdt 3 gio mdi ra duoc khoi rieng. Nhu vdy la mdt 5 gio. Liic dy dd la khodng 3 gio chiéu, vdy
chiing t6i chi c6 thé'ra khdi ritng liic 8 gio dém. Di trong rimng troi téi rdt nhanh va khi troi toi
thi di rdt cham. Néu vy thi sé phdi 10 gio dém chua ra duoc khdi rieng. Hiéu ra sy nguy hiém,
16i noi véi Phii chiing ta thdt bai réi, phdt lénh "Lui Qudn'".

T6i lénh cho Phii vdn phdi phdt cdy, vén di tim cdi dong co, nhung tim & con dwong it doc nhat,
dé di nhdt dé xudng. Xét tham tam la do t6i sg, t6i cdn phdi xudng thdt nhanh va ra khéi ricng
trudc khi troi toi. Phi di trudc phdt duong vao ché it doc nhdt c6 thé, t6i di ngay sau. Va thét ky
diéu, chi phdt dwong dwoc khodng 5m thi chiing t6i nhin thdy mdnh mdy bay.

Ky tich da that su xay ra!
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Hinh 6: Vao lic 14:50 ngay 26 thang 2 niam 2018, doan tim kiém da tim thAy manh may bay &
vi tri (21°34°46.9"N 105°33°04.9"E) cach xa khong qua 100m so véi vi tri duge tinh toan dua
vao suy luan logic. Nguon: NLA.

~

Hinh 7: Chiéu ngay 25/2/2018, mdt ngay trudc khi tim ra manh mdy bay, dng Nguyén Lé Anh
viét: "Mdc dit chua tim dwoc ddu vét chiéc MiG-21U, nhung tdt cd déu tin ddy chinh la noi chiéc
mdy bay "ha cdnh". N6 tiép ddt an toan & do cao khodng 1400m. Theo phong tuc Viét Nam
chiing téi thep nén huong kinh viéng linh hon cdc anh.” Ngudn: NLA.
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Ong két thiic ky su ctia minh nhu sau:

Xét vé ban chdt sau 47 nam mua dim mdnh mdy bay dy sé chi cé thé dong lai noi ma it doc nhdt
co thé.

Chiing t6i 6 trong ritng 3 ngay 2 dém. Khong ké'thoi gian di duong, tong thoi gian tim la khodng
3 gio va 30 phiit. Rdt it nguoi biét dwoc cdi tw duy cudi cing duwa lai thanh cong bdt nguén khong
phdi tir tu duy logich ma tix néi so hdi clia toi.

Chiing t6i nhanh chéng ra vé 5 gio chiéu dd ra khdi ricng. Sau mot két cuc thdt co hédu cho
mot chuyén di vat vd, anh em chiing t6i, Nam, Trung, Hiéu va Phii thdy tin yéu nhau hon. Nam
Nguyen lén don téi va giti chiit qua nhé biéu cdc ban cing di tim.

Sau khi tim dudc manh v mdy bay bi nghi la ciia mdy bay MiG-21U miét tich, doan tim kiém
budc phai quay vé va khong thé tim tiép vi Iy do ho di kiét stic, cling nhu khong da nudc, luong
thuc va ca pin cho cdc thiét bi. Ho sau d6 di ban giao manh may bay cho cdc don vi c6 thim
quyén. V6i manh mdy bay nay, hang loat cAu hdi can dudc giai ddp: liéu né c6 phai ding 1a
manh ctia mdy bay can tim hay khong? Mdy bay bi tai nan nhu thé nao? Néu ding, liéu c6 thé
tim thAy thi hai cia nhitng ngudi da mat hay khong? Trong lic di tim thong tin, c6 ngudi ké
rang "thay Poyarkov cong anh Thao mit diy mdu di trong riing va c6 ai d6 da ban chét ho", liéu
day c6 phai la sy that?

Nhu da gi6i thiéu véi ban doc, MiG-21U 1a may bay duy nhit trong dong MiG-21 ¢6 2 chd ngdi,
vi may man 12 manh v3 dugc tim thiy 12 mau & giita 2 vi tri d6. V6i mdt chudi logic va so sanh,
dbi chiéu v6i hinh anh va thong tin, chuyén gia Nhat Dinh, mot ngudi ban ctia 6ng Nguyén Lé
Anh da chiing minh dudc d6 chic chan phai 1a manh vd ctia MiG-21U. Vé sau cdc ¢d quan c6
thdm quyén ciing da x4c nhan tinh chinh xdc, ky tich dugc xac nhén!

Vé céc ciu hdi con lai, dng Nguyén Lé Anh viét lai viéc ndy vao ngay 23/3/2018 nhu sau:

Ngay 28/2/2018, chiing toi dd ban giao manh ID ciung toa dé noi tim ra né va dnh chup vi tri
mdnh ghép cho Qudn chiing Khéng Qudn. Lé di nhién vi tri roi ciia chiéc MiG-21U ndm khong
xa vi tri mdnh mdy bay tim dwoc va nhiéu ngudi ddan biét rdt ré vi tri dy.

Tuy vdy vdn cdn phdi xdc minh thie hu vé cdu chuyén lan don "thay Poyarkov cong anh Thdo
mdt ddy mdu di trong ritng va c6 ai do da bdan chét ho."Loi nguyén doc dia nay cdn phdi dugc
gidi thodt dé’trd lai sw vo can cho linh hon nhiing nguoi tho san da khudt.

T6i dd leo lén niii lan thit hai. Lan nay la nham muc dich xdc dinh "liéu phi céng co khd ndng
con song hay khong?"

Thong tin chinh xdc: - Toa do (21°34°50.1"N 105°33°12.0"E ) noi tim duogc du (co lé la du mdy
bay) cung rdt nhiéu mdnh nhé va vét dam sdau vao swon niii nghi la do mdy bay dam vao.

- Toa dp (21°34°46.9"N 105°33°04.9"E) noi tim dugc mdanh ID MiG-21U
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Suy dién: Mdnh ID MiG-21U nam ngay dudi vi tri mdy bay roi, cao do chénh 140m, & khodng
cdch xa 183m. Trong bdn kinh 200m phia trén manh ID MiG-21U khéng con co mét vi tri nao
6 thé' nghi la noi bi mét mdy bay dam vao. Nhu vdy chiing ta cé thé khdng dinh dwoc vi tri chiée
MiG-21U cua anh Thdo va Poyarkov ddm vao suong nii la toa do ndi trén.

Rdt nhiéu nguoi dan khdng dinh tim dugc mot chiéc vé mau vang khéng rudt ciia chiéc dong ho
Poljot tai noi nghi la mdy bay ddm vao swong niii. Néu chdc chdn do la chiéc dong hé deo tay
cua Dai 1ty phi cong Poyarkov thi cd hai phi cong da hy sinh noi mdy bay ddm vao niii.

Nhdt Dinh dd xdc minh mdanh vé ID MiG-21U la J phia suon trdi cabin cia MiG-21U. Dua vao
toa do mdnh vé ID MiG-21U tim dugc, va toa do noi co hé vét dam vao nii, chiing ta tinh ra
dwoc mdnh vé dd ving ra sém hon 70m so vdi vi tri cia ho. Nhu vdy chiéc mdy bay da ca luon
phdi vao vdch niii mét khodng 50m trudc khi né hiic va khoét ra mét hé méi chiéu 2m. Mdanh ID
MiG-21U bi ving ra ngay khi mdy bay ca luon phdi vao nii. Mdnh ID khéng bi bién dang theo
chiéu doc, né bi ving ra theo phuong vuéng goc. Van téc mdanh ID MiG-21U bdn ra khdi mdy
bay la khodng 100km/gio. Tinh todn nay phit hgp véi vét sat dai khodng 30m dé’lai hién truong.

Nhitng gidy cudi cing. Ngay sau khi xin phép bay vé, chiéc MIG dd bé nhao tir 4000m xudng
2000m dé bay vé Nam Phiic Yén. Liic nay vdn toc chiéc MIG lén dén trén 1200km/gio. Chiéc
MIG chdc da kip ding bung cdn gié dé’triét tiéu déng ndng. Vin toc ciia né gidm xudng con
khodng 600km/gio. Cudi thdng tu, mia hé nong. Tir 10 gio trd di mdt troi lén cao lam cho dong
khi doi luu manh. Noi sdt dinh niii khong khi boc 1én rdt manh, noi thung liing thi dong khi di
xuéng. Thung ling Hoang Nong cé duong kinh 4km, va nhuw vdy 12 gidy cudi chiéc MIG21U
mdi phdt hién ra né da bi ha thdp dé cao qud miic. Chiéc MiG-21U dd ngodt gdp sang trdi 90
do véi hy vong viot qua go niii Hoang Nong - Yén My, phia thdp hon. N6 cé thé da thodt nan
néu bay cao hon dwoc 10m (bay theo diing gido trinh khong thé pham sai lam nhiéu). Khi phi
cong roi khéi mdy bay, chiéc mdy bay sé bay thdng theo qudn tinh. Nhu vdy trong thoi gian bay
vong phi céng vdn J trong mdy bay. Pé dai doan bay thing cudi cing khong qud 0.5km. Néu
bay vdi téc dé 600km/gio thi mdt khodng 3 gidy. Nhu vdy gidy thii 3 cdc phi cong vdn con trong
mdy bay. Thoi gian dé phong ghé ra khéi mdy bay khong it hon 3 gidy. Do dé cho di cdc phi
cong coé khdi dong ghé phong hay khong, ho ciing da lao vao swon nii va chét ngay tai vi tri
mdy bay roi.

Nhitng suy dién néi trén phit hop véi sy thdt la nguoi ddan cho biét vao thoi diém dy mdy bay
truc thang bay qudn ddo nhiéu ngay trong pham vi niii Tam Pdo Bdc. D6 chinh la mdy bay truc
thing ciia Qudn ching Khéng Qudn di tim chiéc MiG-21U. Néu phi cong con song ho dd pht
tin hiéu cho truc thdng.

Nhut vy cdu chuyén lan don vé hinh dnh ngudi thay Poyarkov cong anh Thdo di trong ritng chi
nhw mét minh chiing cho tinh cdm va sw giiip do ciia Lién X6 véi Viét Nam. Hinh dnh rdt dep
nhung chi la sy tudng tuong. Cdc phi cong dd chét ngay khi mdy bay sat vao niii. Va ddy ciing
la khdng dinh gidi thodt loi nguyén doc dia rdng cé ai dé da bén ho.

Xin duwoc mdc niém va té long biét on cdc anh hing liét si dd hy sinh vi t6 qudc Viét Nam.

Dén cudi thang 9, dau thang 10 nim 2018 nhu chiing t6i ¢6 néi & dau bai viét, cac cudc khai
quat da dugc tién hanh, va du, vat dung ... clia nhitng ngudi da khuit da dudc tim thiy. Mot cau
chuyén ¢4 tich da c6 két thiic ¢6 hau sau diing mot nim tim kiém, tinh tif ngay bai ding trén FB
Nam Nguyen.
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Vao mot ngay dep troi miia hé 2018, tdng bién tap Tran Nam Diing ¢6 ¥ mudn "hoi sinh"Epsilon
sau khi sb cubi cung (s6 13) ra mat ban doc hon 1 nam vé trudc. Chiing toi van ludn tu hao vé
Epsilon va ludn hai 1ong v6i quyét dinh dé Epsilon ding lai khi dang dudc ting hd rit nhiét thanh
ti cong dong (dé€ nhudng chd cho tap chi Pi). Toi ludn suy nghi néu dé Epsilon quay trd lai, thi
t6i phai 1am mot cdi gi d6 mdi hon, va hay hon. Téi tu héi dau 1a thé manh 16n nhit ctia Epsilon
va tam tra 18i d6 chinh 12 su tu do. Epsilon khong go bé vé ndi dung, mién né c6 lién quan dén
toan, ciing khong 4p dit vé hinh thic. Epsilon khong phan biét d6 1a bai viét tit hoc sinh, hay
tif gido su, tién si danh gid nhu Ngo Bao Chau, tat cd déu binh dang véi nhau. Viy thi tai sao
khong c6 mot sb bai viét véi mot hinh thic méi, khdng phai chi 13 dé bai va 15i giai?

BM2E 132 mdt phong trao khac, ciing dudc khdi xudng bdi cing mot ngudi, Tran Nam Diing.
BM2E c6 muc tiéu chinh 132 dem todn hoc t6i moi ngudi va chii d& gan diy nhét cia BM2E 1a
"hoc toan dé€ lam gi". Khi doc tiéu dé& do, tdi n6i v6i 6ng: "Em khong thiy c6 ai 1am t6t hon
dugc huyén thoai NLA. Néu thay moi dudc, sé 1a vinh dy va 1a dot pha 16n cho BM2E", va dng
da lam dugc!

Khi y tudng bén trén da thong, moi thit con lai né dén mot cach hét sic tu nhién. Vén kién
thtic ¢6 dugc tif nhiing bai viét trén FB ctia Nguyén Lé Anh, c6 I& chiing toi c6 dung thém 10
nim nita véi Epsilon méi c6 thé ding hét! Nhung to6i khong mudbn chon ngay nhiing bai viét qua
thuan toan hoc ctia 6ng, t6i mudn chon mot van dé "ddi"hon, va hip din hon. Hanh trinh tim
ra chiéc MiG-21U c6 1& rat nhiéu ngudi biét vi truyén thong da lam tot diéu nay, nhung 1am thé
nao ho tim ra né, chudi suy luin va tinh todn d6, néu khong ai ghi lai cho hau thé mot cach rd
rang va chi tiét, thi that dang tiéc. Va néu chua ai 1am, thi chiing t6i sé& lam.

Tuy chiing toi diing tén cho bai viét nay, nhung phai khing dinh toan bd bai viét gin nhu déu 1a
trich dan tit chinh 15i viét ctia tién si Nguyén Lé Anh. Chiing t6i khong phéi va khong di kha
ning lam tac gia ctia bai viét ndy, ching tdi chi lam cong viéc thuat lai cau chuyén cd tich c6
that nay ma thoi.
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GIOI THIEU BAI TOAN TOI UU HAI LOP
(BI-LEVEL OPTIMISATION PROBLEM)

Vo Nhat Vinh
(Pai hoc Caen Normandie, Caen, Phap)

GIOI THIEU

Tai gidi Penalty Challenge 2019, mot nhém cac cau thi sé thach thiic mot nhém cac tha
mon dang thi diu tai V-League 2019 véi man "dAu sting” tif chAm 11m: duy nhit mot cud
d4 v6i mot thi mon va mot cau thi ma mdi nhom tu chon. M6i thi mén tai thdi diém
hién tai c6 mdt phong do (x4c suit chiin dugc bong) khéc nhau. Ung v6i mbi cau thi, moi
thi mon c6 mot xdc suit chin dudc ci dd 11m cta cau thi d6. Cau hdi dugc dit ra 1a: tha
mon nao sé duge chon, d€ xac sut chic chin chin dudc bong la cao nhit.

Trong ciu chuyén vita ké phia trén, véi mdi thi mon, xac suit chac chan chin dudc béng ting
véi xdc suat chiin dudc bong thip nhét khi di dau véi cac cau thii. Su so sanh gitta cdc x4c suét
thAp nhit nay cho phép chon lya thi mon phit hop tiéu chi: 12 ngudi c6 xdc suat thip nhét cao
nhat. N6i cach khac, dy 12 bai to4n "16n nhit - nhé nhit" (Max-Min) bao gom hai bai todn tbi
uu, trong d6 10i gidi ciia mot bai toan nay (x4c suit thip nhit) dudc ding nhu rang budc phuc
vu cho bai toan con lai (x4c suét thap nhit cao nhét). Pay 1a mot vi du don gidn clia bai todn ti
uu hai 16p (bi-level optimisation problem).

Bai todn t6i wu hai 16p khdi ngudn tir tro choi Stackelberg [1, 2] nham nghién citu sy phu thudc
clia cac quyét dinh trong nén kinh té thi trudng [3]. Trong cdc nghién cifu d6, qua trinh 1én ké
hoach kinh té lién quan dén su tuong tac gitta cdc tdc nhan & hai cip do riéng biét: vai c4 nhan
(dugc goi chung la lanh dao - leader) ra chi thi cho nhitng tac nhan con lai (goi la nguoi di theo -
followers) [4]. C4c bai todn nay bat diu dudc nghién ciiu trong loat bai clia hai tac gid Bracken
va McGill [5, 6, 7], nhung thuét ngit "hai Idp" (bi-level) bat dau xuit hién trong mdt bo cdo
ctia Candler va Norton [8]. Trong thuc té, bai toan nay xuit hién rong rai trong nhiéu vin dé
thudc cac linh vuc da nganh. Phan 3 sé gidi thiéu thém vé bai toan nay trong cac linh vuc thuc
te.

Bai toan t6i uu hai 16p xem xét hai bién quyét dinh z va y cho hai muc tiéu t6i wu phu thudc
nhau, trong d6 z(y) 12 16i gii tdi uu cho bai toan thit hai ting v6i mdi y cho truéc. Chuong trinh
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hai 16p 12 mot bai toan tdi tu ma trong d6, mot phan clia cac rang budc duge dinh nghia bdi mot
bai todn t6i uu thd hai. Theo [3], bai toan tbi uu thi hai ¢ thé dugc dinh nghia béi ( 1):

min{f(z,y) : g(z,y) <0} (1)

Bai toan nay dugc goi la bai todn theo (follower’s problem) hay bai todn dudi (lower problem).
Goi ®(y) 1a tap nghiém cta bai todn ( 1) va x(y) 1a mot phan tif nao d6 cta tap ®(y). Nhiém vu
cua bai toan ( 2), bai todn ddn (leader’s problem) hay bai todn trén (upper problem) la xdc dinh
16i giéi t6t nhat y* va z(y*) théa man rang budc G (z(y),y) < 0 va dem dén gia tri tot nhat cho
F(z(y),y):

min{F(z(y),y) : G(z(y),y) < 0,2(y) € B(y)} (2)

Bai todn tdi uu hai 16p c6 thé dudc giai bdi nhiéu phuong phap khac nhau bing cach bién d6i né
thanh bai todn téi wu thong thudng (mot 16p) ( [3], trang 3). Néu bai toan dudi cho 13i gii duy
nhét, bai toan hai 16p 12 6n dinh (stable). Tuy nhién, khi bai toan hai 16p dudc bién ddi thanh bai
todn mot 16p, né van c6 thé dudc gidi trong trudng hop nghiém clia bai toan dudi khong 1a duy
nhit.

Tr lai bai toan & gidi Penalty Challenge 2019, bién z va bién y 1an ludt bi€u dién cho cau thi

va thi mon. Goi P(x,y) 1a xdc suét chin dugc bong clia thii mon y khi ngudi st bong 1a cau
thi z. Goi Q(y) 1a phong dd hién tai cia thi mén y.

Bai toan dudi (lower problem) ( 1) dudc viét lai nhu sau:
min{f(z,y) : g(z,y) <0}

flz,y) = Plz,y) 3)
g(z,y) = 0 “4)

Bai todn trén (upper problem) ( 2) dugc viét lai nhu sau:
min{F(z(y).y) : Glz(y).y) <0, 2(y) € ()}

F(z(y),y) = —Pz(y),y) x Q) (5)
G(x(y),y) = 0 (6)

Bai ton tdi uu hai 16p, trong trudng hop don gian nhit, bao gdm hai bai toan tuyén tinh ciing 1a
mot bai todn véi dd khé NP — Hard [9]. Vi vdy, c6 thé néi rang bai todn t6i wu hai 16p 1a mot
bai toan kho va dé€ giai dudc nd, ching ta can thut toan c6 do phiic tap thudc 16p N P. Trong
bai viét ctia minh [4], cdc tdc gia dé cap dén kha nhiéu ky thuat gidi cho bai toan ti uu hai
16p. Tuy nhién, trong pham vi bai viét véi muc dich chinh 1 gi6i thiéu bai toan nay, ky thuat
bién d6i bai toan tdi uu hai 16p sang bai toan téi uu thong thudng (mot 16p) dua vao diéu kién
Karush-Kuhn-Tucker (KKT) sé& dugc trinh bay. Ngoai ra, mot cong cu giai bai todn tdi uu hai
16p trong Matlab [10] cing dudc gidi thi€u.
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Diéu kién KKT [11, 12] (KKT conditions) dudc dung dé bién ddi bai toan theo thanh mot diéu
kién rang budc trong bai todn dan, qua d6 bién bai todn t6i uu hai 16p thanh bai toan tdi vu mot
16p.

Bai toan ti uu hai 16p dugc viét lai thanh:

min F'(z,y) (7

x,y

Thoa man hé diéu kién:

G(z,y) < 0 @®)
g(z,y) < 0 ©)
A <0 (10)
AN xgla,y) = 0 (11)
OL(x,y,0) = 0 (12)

Trong d6 L(z,y,\) = f(z,y) + AT x g(z,y). Néu L(z,y,\) la mot ham 16i (convex) thi
OL(z,y,\) = VL(z,y, \). Trong trudng hop téng quat, diéu kién KKT 1a diéu kién dii nén bao
dam 10i gidi 1a nghiém cta bai todan (néu c6, nhung khong dam bao dudc tinh day di cla tap
nghiém).

Ngoai ra, khi bai todn theo khong c6 nghiém duy nhét, bai toan tdi uu hai 16p tré nén phic tap
hon véi truong hdp lac quan (optimistic position) va truong hgp bi quan (pessimistic position)
ciing nhu tinh toan cuc hay cuc bd ctia 19i gii toi vu.

B cong cu (toolbox) YALMIP danh cho Matlab [13, 14] déng vai trd ctia mot giao dién phd
quat (generic interface) nham gitip ngudi dung gidi quyét cac bai toan t6i uu khac nhau, trong
d6 c6 bai todn tdi wu hai 16p mot cach dé dang hon. YALMIP cho phép ngudi dung chi dich
danh cong cu giai (solver) kem theo céac tuy chon. N6i cach khac, YALMIP don gian hoa viéc
thuc thi (implementation) gidi cac bai toan t6i uu véi optimize kém theo su chi dinh cong cu gidi
nhu linprog hay quadprog. Céc bai toan tdi uu hai 16p don gian c6 thé dudc giai truc tiép bang
cach su dung solvebilevel cia YALMIP.

Nhu dé cap & phia trén, bai toan tdi uu hai 16p xuat hién rong rii trong thuc té & nhiéu linh vuc
da nganh. Phan dué6i day gi6i thiéu hai bai toan thuc té ma bai toan t6i uu hai 16p da dudc st
dung d€ mo hinh héa chuing.
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O nhiéu quéc gia, cc tuyén giao thong huyét mach dudc xdy dung theo hai nhanh song song:
nhanh mién phi va nhanh c6 thu phi (chit lugng t6t hon, toc dd cho phép cao hon). Ngusi diéu
khién phuong tién giao thong c6 thé chii ddng chon nhanh dudng tity theo nhu ciu ctia minh. O
gbc dd don vi quan 1y cau dudng, ho mudn thu that nhiéu tién. S6 tién ho thu dugc phu thudc vao
gia tién dua ra va s6 luong xe chip nhan tra s6 tién 4y. Nguogc lai, & goc do ngudi diéu khién xe,
moi ngudi sé can nhac Iva chon dudng di v6i viée chip nhan tra mic phi d6 hay khong: nhanh
hon thuén tién hon thé nao, yéu cau thdi gian chuyén di ra sao, nhu cau di nhanh hay cham cta
nhiing ngudi ngdi trén xe ...

Ung véi m6i mic phi dugc An dinh, bai todn theo lién quan dén chi phi t6i thi€u cho médi xe, tiic
12 chi phi ton kém khi st dung tuyén dudng c6 thu phi (bao gdm phi ciu dudng) hoidc chi phi
st dung tuyén dudng mién phi. Nghiém ctia bai todn theo 1a ciu tra 13i cho s lugng xe st dung
tuyén dudng c6 thu phi ing v6i mic phi di 4n dinh. Bai todn din sé quyét dinh miic phi dudc
4n dinh d¢€ tich ctia mtc phi va sb lugng xe tra phi 12 16n nhét.

Khéc v6i 1u6i dién truyén thong, ngudi st dung dién trong ludi dién thong minh (Smart-Grids)
¢6 kha ning tuy chinh miic s dung dién ctia minh ciing nhu dé dang thay d6i nha cung cép.

Trong mot du 4n lién quan dén viéc st dung binh ac-quy trong ludi dién thong minh tai Pai hoc
Ky thuit Vienna (TU Wien - Ao), mé hinh don vi kinh doanh dién (trung gian giita nha cung
clp dién va ngudi tiéu dung) dudc 4ap dung véi vai tro thic didy dam bio san lugng tiéu thu dién
theo cam két. Trong du 4n nay, chinh sach gia linh hoat theo gid dudc 4n dinh bdi cac don vi
kinh doanh da dugc nghién ctiu nham dinh huéng hanh vi st dung dién ctia khach hang. Tuong
tu bai todn thu phi cau dudng, su 4nh hudng qua lai ctia chinh sach gia va hanh vi ctia khach
hang da dudc nghién cifu trong bai todn téi wu hai 16p [15].

O gbc do chi tiét hon, viéc st dung ning lugng tai tao doi hoi su tuan thi chit ché vé cong suét
tiéu thu dién (tdi) nham tranh su qua tai. Trong khi d6, cdc ho gia dinh & Piic da st dung dén
79 TWh dién dé€ dun nudc néng vao nim 2015 [16], bao gdbm xap xi 12 TWh cho mdy nuéc
nong gia dinh [17]. Mtc tiéu thu dién nay chiém 9.3% luong dién tiéu thu cta cac ho gia dinh
va 2.0% tong luong tiéu thu dién cia toan nudc Puc. C4c con sd niy cho thiy bai todn st dung
dién hiéu qui cho mdy nudc néng gia dinh rit quan trong. Trudng Pai hoc K§ thuiat Hamburg
(TUHH - Diic) da thuc hién mot nghién cifu vé bai toan nay véi viéc ap dung bai todn téi vu hai
16p. Ung v6i mdi midc gia dién cho trudc, cic ho gia dinh sé ¢6 chinh sach sit dung may nudc
néng gia dinh sao cho héa don dién phai tra 1a thip nhit (bai todn theo). Chinh sich st dung
mdy nudc néng gia dinh ctia cic ho dan ing v6i mdi miic gid dién sé cho ra dudng tiéu thu dién
tuong dng - thd ma ngudi ta mong mudn né gidng véi duvng tidu thu dién dinh miic (cin ci
vao cong suat dién dudc cung cip vao cic thdi diém). Vi viy, trong bai toan din, ngudi ta mong
mubn tim ra mic gid dién sao cho su khdc biét gitta dudng tiéu thu dién (ing v6i mic gid) va
dudng tiéu thu dién dinh muc 1a nhé nhat [18].
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Bai todn t6i uu hai 16p (bi-level optimisation problem) 1a mot bai toan tdi wu trong dé c6 su
phu thudc kiéu din-theo clia hai bién quyét dinh. Bai todn nay 1a mot loai bai todn khé yéu cau
thuat toan véi do phic tap thudc 16p N P d€ gidi. Cach thudng st dung d€ gidi bai toan nay la
cb gang bién dGi bai toan gbc thanh bai todn t6i wu thong thudng mot 16p. Cé nhiéu ky thuat dé
gidi nhung trong bai viét nay, ky thuat sit dung diéu kién Karush-Kuhn-Tucker (KKT) da dugc
gidi thiéu. Ngoai ra, cong cu YALMIP trén moi trudng Matlab ciing dudc gidi thiéu dé gidi cac
bai todn t6i uu, trong d6 c6 bai toan tdi wu hai 16p.

Bai todn tbi wu hai 16p xuat hién rong rii trong thuc té, diic biét trong cac linh vuc lién nganh.
Trong bai viét nay, cac vi du lién quan tSi bong d4 hay tinh phi cau dudng ciing nhu diéu chinh
gia trong ludi dién thong minh (Smart-Grids) da dudc gidi thiéu va mo hinh héa bing cich st
dung bai todn t6i wu hai 16p. Bai todn nay van dang thu hit dugc nhiéu nha nghién ciu nham
stt dung chiing d€ mé hinh héa cac bai toan thuc té, ciing nhu nham tim cach d€ giai ching mot
cach hiéu qua hon.
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TiNH CHAT PHI ARCHIMEDEAN
CuA DINH GIA P-ADIC

Nguyén Song Minh

GIOI THIEU

Khai niém vé dinh gia p-adic (hay con goi 1a sb mii diing), 1a mot khai niém quan trong
trong S6 Hoc vi n6 gitip chuyén héa cic van dé S6 hoc sang ngdn ngit Giai Tich dé€ tim
cach gidi quyét. Bai viét nay, c6 noi dung chinh ban dén mot tinh chét cin ban cta dinh
gi p-adic, d6 1a tinh phi Archimedean. Phan dau bai viét, trinh bay lai nhiing kh4i niém,
quy tic va tinh chét cin ban. Phan con lai, 12 cic bai toan 4p dung.

Trong bai viét nay, ching ta st dung cac ky hiéu véi y nghia dugc quy uéc thdong nhit nhu sau:

e gcd(a, b) : Udc s6 chung 16n nhit cha a, b € Z.

e m [ a:S6nguyén a khong chia hét cho sb nguyén m # 0.

|x] : S6 nguyén 16n nhit khdng vugt qua sb thuc x (phan nguyén ctia x).

@(m) : Phi ham Euler.

v,(x) : Ham dinh gid p-adic.

IP : Tap hop chiia tt ca cac s6 nguyén to.

Véi hai sb nguyén duong a va m, theo dinh Iy co ban ctia S6 hoc, ta ludn c6 biéu dién sau day

a=T]p>@, m=]]p"™.

pEP pEP

O dé, cic bd sb tu nhién (vp(a))peP va (vp (m))peP x4c dinh duy nhét, theo nghia néu a = m
thi dieu kién can vadulav,(a) = v,(m), V p € P.
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Viéc kiém tra quan hé m | a, gio day quy vé xem xét tinh duing sai ctia ddnh gia
vp(a) =2 v,(m), VpelP.
Viéc xem xét quan hé ¢ = b (mod m) véia > b vaa, b € N*, quy vé kiém tra bit dang thiic
vp(a—>b) > v,(m), VpePlP.

Nhu viy, nhiéu dinh tinh co ban trong S hoc sé dugc kiém sodt qua cac danh gia dinh lugng
véi v,. Ly do d6, cho ta thiy 1a rt cin quan tdm dén dinh nghia sau.

Dinh nghia 1 (Dinh gid p-adic trén N*). Néu s6 nguyén duong m c6 phdn tich ra thita s6 nguyén

16 6 dang
m = 1_[ pvp(m)’
DEP

trong dé v ,(m) € N, thi vdi méi mot s6 nguyén t6 p cé dinh v,(m) dugc goi la dinh gid p-adic
cua m.
Vidu v,(2016) = 5, v3(2016) = 2 va v7(2016) = 1 con

1)11(2016) = U17(2016) = U2017(2016) = 0.

V6i s6 nguyén td p va sb nguyén duong m cho trudc, néu ta dit

1_[ q" " =m', vp(m) =k,

q€P\{p}
thi p f m’ vacé dude m = p*m’.

Nhu vdy, vé ban chit thi k = v,(m) 1a s6 16n nhét trong céc so tu nhién ¢ thda man p’ | m. Vi
p' | 0 v6it 16n thda ¥, nén ta mé rong duge khai niém dinh gid p-adic 1én N v6i quy uée

Vp(0) = 400, Vp eP.

Néu quy udc thém rang v,(a) = v,(—a) véia € Z \ N, ta md rong dugc khéi niém dinh gia
p-adic trén Z, van véi ban chét v,(m) = k,néum = p*m’' véik e N,m' € Zvap | m'.

Bay gid, v6i mot s6 hitu ty  # 0 bat ky, ta thiy ludn ton tai duy nhat s6 nguyén k vaa, b € Z*
thda p | abvar = p* 7+ Nho vay, ta mé rong dudc khdi niém Ién Q, nhu sau day.

Dinh nghia 2 (Dinh gi4 p-adic trén Q). Cho truéc mot sé nguyén té p va hitu ty r.

i. Néur =0, thi dinh gid p —adic ciar lav,(0) = +o0.
ii. Néur # 0 thidinh gid p—adic ciar ky hiéu la v,(r) vata cé v,(r) = k khi va chi khi
r= pk%, trong do, k € Zvaa, b € Z* vdi p ) ab.

O mot géc nhin khéc, néu sb hitu ty r viét duge dudi dang phan sb 1a r = - Vv6im, n € Z thi
ta s€ c6 dudgc
vy (r) = v, (m) — v, (n).
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Véi p 1a mot sd nguyén td, x, y 1a cac sb hitu ty bat ky va a, b, m 1a cac sb nguyén véi m # 0.
Khi d6, ching ta c¢6 cdc tinh chét va quy tic co ban nhu sau.

—

U (xY) = vp(x) Fvp(y) vav, (X") =nvy(x) véin € N*.
2. vy (2) = vp (1) =0, (), v,(1) = 0.

vp (ged(a, b)) = min {v,(a), v,(b)}.

vp (Iem(a, b)) = max {v,(a), v,(b)}.

x € Zkhivachikhiv,(x) >0, Vp e P.

a | b khi vachikhiv,(a) <v,(b), Vpel.

a = b (mod m) khi va chikhiv,(a —b) > v,(m), Vp eP.

*® N kW

Up(x + y) > min {vp(x)’ Up(y)} va khi v,(x) < vp(y) thivy(x +y) = vp(x).

Cac quy tic va tinh chit nay déu ching minh rit don glan qua viéc truc tiép st dung dinh nghla
vé dinh gia p-adic trén Q. Trong céc tinh chét da néu, bdn tinh chit dau tién cho ta cc quy tic
rit tién 1oi d€ tinh todn dinh gid. Ba tinh chét ké tiép, thuc chét 1a cic diéu kién tuong duong,
chung gitip ta chuyén héa céc dinh tinh SO hoc cin ban thanh dinh lugng theo v,. Riéng tinh
chit cubi cling, con dudc goi 1a tinh chat phi Archimedean, nhd tinh chit nay ta hinh thanh dugc
chuan p-adic trén Q bdi cong thic sau day ||x I, = = p~v»®_Khi ta c6 chudn p-adic, ta c6 dudgc
cac khong g1an siéu metric véi metnc d(x, y) = ||x — |l ,- Céc khong gian si€u metric, ¢6
mot tinh chit thud Vl 1a mot hinh cu mé (hoic hinh cau dong) vua la mot tap md vua la mot tap
doéng va hai hinh cau ¢t ¢6 diém chung thi s& c6 mot hinh cau chifa hinh cu con lai. Nhitng tu
tudng hién dai nhung rit cin ban nay, 1a nén ting dé€ ching ta soi xét nhiéu bai toan Olympiad.

a < X
Bai todn 1. Cho trudc sb nguyen t6 p, van (véin > l)phan s0 t0i gidn b , bz, cees Z—Z. Biet

rdng tong n phdn sé do la mét sé nguyén, dong thoi ton tai s nguyén duong m va chi sé j théa
™ | b;. Chitng minh rdng, ton tai chi s6 k # j sao cho p™ | by.

Loi gidai. Dt §- = r; va gid st khong ton tai chi s6 k # j sao cho p™ | by, khi d6

Vp (rj) <—m<v,(re), Yk # j.

Tu day theo tinh chét phi Archimedean, ta c6

UP(Z r,-)zvp(rj)g—m<0.

1<i<n
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Vay khong thé xay dén viec Y. r; € Z, trdi v6i gia thiét ban dau.

1<i<n

Bai toan 2. Cho trudc cdc s6 nguyén dwong a va n 1én hon 1, gid si rdng vdi méi sé nguyén
dwong m déu tén tai mot s6 nguyén duong 1., sao cho

a=r, (modm).

Chiing minh rdng, ton tai sé nguyén duong o sao cho a = o™.

Lsi gidi. Tur gia thiét bai todn, ta thiy ring sé ton tai r € N* sao cho @ = r" (mod a?). Nhu
vily v6i moi sd nguyén td p, ta sé c6

2v, (@) = vp (a®) < vpla—r").

Ta xét hai truong hop sau

1. Néu v,(a) # v, (r"), khi d6 theo tinh chét phi Archimedean ta c6
2v, (@) < vp(a—r") < min {vp (@), v, (r”)} < v, (a).
Diéu d6 dan dénla v,(a) = 0,d€con | v,(a).

2. Néuv,(a) = v, (r"), thé thiv, (a) = v, (r") = nv, (r), d€laicé n | v,(a).

2 . A . 2o . A ~ A N A 1 N P
Tém lai, ta ludn c6 n | v,(a) v6i moi s6 nguyén td p, vithé o = [] pn¥»@ e N* va ta c6 didu
pEP
cin chiing minh tir déng thic

n

a = l_[pnivp(a)

pEP

Chitng minh hoan tt. [
Bai toan 3. Tim tdt cd cdc da thitc P(x) hé sé nguyén théa man
2" | P(3"), Vn eN.

L&i gidi. C6 dinh mbi s6 nguyén duong k, khi d6 do P(x) € Z[x] nén véia, b € Z tacé

v2(@a—b) <va(P(a) =P (D).
Kéo theo danh gid sau ddy véi moi s6 nguyén duong n

0237 = 1) = 137 = 35) <w (PR - P(EY)).

Theo dinh Iy Euler thi 2” | (3*" — 1), cho nén ¢

n <v,(3%" = 1) < v (PR — P(3K)), Vi e N*, (1)
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Bay gid néu P(3%) # 0, tachon n > ¢ = v,(P(3%)), thé thi theo bét dang thiic Bernoulli ta c6
1 4+ n < 2" va két hop gia thiét ma suy ra

c<l4n<l4n+k<2"+k<v(PBYHE)).
Theo tinh chat phi Archimedean va danh gi4 (1), ta c6 mau thuin 14
n <P = P(3Y) = v2(P(3F) =c.

Tong két cdc suy luan trén cho ta thiy P (3%) = 0 v6i moi s6 nguyén duong k, tir d6 da thic
P(x) c6 vd sb nghiém nén né phai la da thiic 0. O

Bai toadn 4. Xét cdc s6 hitu ti diwong X1, X», ..., X, théa mdan x; + % la cdc sé nguyén duong
1

VOi p; =%, Vi =1, n.

i. Chitng minh rang x x5 - x, = 1.

ii. Co bao nhiéu b so (x1, X3, ..., Xp) thoa man dé bai.

Loi gidi. Dit pyps -+ pn = a, ti gia thiét ta c6 danh gia sau véi moi s6 nguyén td p

1 X;
0<vp (xi +p_) = vp(xi +;l) =V, (i) +vp (1 +a) — vy (a). (2)
Léy tOng lai véiluuy lav, (@) = Y. v, (x;), tacd
1<i<n
0<nv,l+a)—n—1)v,(a). 3)

i. Néuv,(a) > 0, theo tinh chit phi Archimedean ta c6 v, (1 +a) = v, (1) = 0. Vay nén
tir (3), c6 mau thufin véi tinh hudng dang xét1a 0 < — (n — 1) v, (a) .

Con néu v,(a) < 0, theo tinh chat phi Archimedean lai ¢6 v, (1 +a) = v, (a). Va lai
tif (3), c6 mau thuin vdi tinh hudng dang xét 1a

0<nv,(14+a)—m—1)v,(a) =vy(a).
Toém lai 1a 1udn phdi c6 v, (a) = 0 v6i moi p € P, kéthgp a > 0 ta c6 dugc a = 1.
ii. Twa = 1, v6i mbi s6 nguyén t6 p 18 va moi chi s6 i theo (2) c6
0<v,(xi), 0<1+4v,(x).
1+k

Vay, cdc s hitu ty d6 c6 dang x; = 2711k v6i k; € Nvatia = 1 ta c6 rang budc

k1+k2+---+kn=n.

Mbi bd (k) = (ky, ka, ..., k,) € N" s& tuong ting v6i mdt bod sb hitu ty duong thda yéu
cau, vi thé theo bai toan chia keo Euler ta c6 s bd can tim1a N = (Zn”__ll).

Loi gii hoan tat. O
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Bai todn 5. Cho ay, as, ... la mét ddy vé han cdc so nguyén duong. Gid si ton tai sé nguyén

duong N sao cho

ai as an—1 an
+—€Z, YVn > N.
as as ap ay

Chitng minh rdng ton tai s6 nguyén duwong M sao cho amy1 = am, Ym > M.

Loi gidi. Tur gia thiét, ta c6 ngay -2 4 179 ¢ 7 %5 > N. Vi thé, v6i moi sd nguyén t6

an+1 aj

p va sd nguyén duong n > N tacé

v,,( n +a"+1_a")>0,‘v’n>N. @)
An+1 a

Gid st tOn tai s6 nguyén t6 p sao cho v, (@) < vp (@n41), v6in = N.Do v, (a:il) < 0nén

tif tinh chét cla dinh gia phi Archimedean va (4) ta c6
a n+1 —a
Up ( n ) — vp (M) < O'
ap+1 a

0> v, (an) —vp (@nt1) = Vp (@ny1 —an) —Vp (@1) = vp (an) —vp (a1) .

Tu do6 co

Tac 1a
Up (an) < Up (Ant1) = Up (ai).

Néu p 1a s6 nguyén t6 théa man v, (a,) > vp (@nt1), v6i n > N. Tu (4) va tinh chit phi
Archimedean co

Ap+1 —a
0<v, (%) = Vp (An+1—an) — Vp (a1) = vp (an+1) —vp (a1) .
1

Nhu vay lai c6 danh gia
Up (a1) < Up (ant1) < Up (an) .

Tom lai la véin > N thinéu v, (a,) < v, (an+1) s€ €6

Vp (an) < vp (any1) = vp(ay). (5)
Con néu v, (a,) > vy (@p+1) van = N, thi sé ¢6

Vp (a1) < vp (@) <vp(an). (6)

V6i mbi s6 nguyén td p, ta xét hai trudng hop

1. Néu t0n tai k > N sao cho v, (ax) < v, (ak+1) thé thi theo (5) c6 v, (ag+1) = vp (@1)-
Tu day v, (ax+2) = vp (@1), bdi néu v, (ag42) > v, (@1) = v, (ak+1) s& mau thudn véi
(5) con néu v, (ag+2) < vp (@1) = vp (@x+1) lai mau thuln véi (6). Truy todn sé cho ta

Vp(an) =vp(ar), VYn=>k+1.
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2. Néu khong ton tai k > N sao cho v, (ax) < v, (ax+1) thi c6 nghia 1a

Vp (an) 2 vp (@n+1), Yn = N.

Nhiing suy luan trén cho thiy véi s6 nguyén t6 p bat ky, sé ton tai N, d€ c6
Up (an41) S vp(an), Yn = N,y

Nhung do gid trj cla v, (a,) 1a cic s6 tu nhién, nén viéc khong xay ra diu biang chi ¢ hitu han
chi s6. Tir d6, v6i mdi sd nguyén 6 p, déu ton tai M, du 16n sao cho

Vp (@n+1) = vp(an), Yn = M.
Ciing tif (5) va (6) ta lai thiy ngay 12 v6i moi s6 nguyén td p thi
Vp (@p+1) < max {Up (an) ,vp (al)} < max {vp (an),vp (al)} , Yn = N.

Tir d6 thiy diy {a, }nen+ chi ¢6 hitu han u6c nguyén t6. Chon M = max {M p} véi p chay khap
tap cac udc nguyén to clia {a, }nen+, ta cé diéu can chiing minh. [l

Bai toan 6. Chitng minh rdng, ton tai vé sé cdc bé ba sé hitu ty (a, b, c¢) théa man

a+b+c=abc=6.

Nt co o1 A 2 1.~ - 9 A A c o3z 2 « _ 6 . .z
L&i giai. Gid st bo ba so hitu ty (a, b, ¢) thoa yéu cau, khi d6 c6 ¢ # 0 ditc = —;> vacod

6
a+b=6+—, ab=-m#0.
m

Vay nén theo Viette, a, b 1a nghiém cuia da thic P(x) = mx? — (6m + 6) x — m?, da thiic nay
can c6 hai nghiém hitu ty cho nén phai ton tai r € Q sao cho

b=9(m+ 1> +m® =r2
Dén day thé m + 3 = x, ta quy bai toan vé di chitng minh c6 vo s6 (x, y) € Q? thoa
X2 —9x +9 =y

Xét dudng cong elliptic c6 phuong trinh (E) : y? = x> — 9x + 9, ta can ching td trén (E) c6
vO s6 diém hitu ty. Trudc tién, ta thly My (0, 3) 1a mot diém nhu thé.
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'[nﬂ (Iu,ﬂ, ,1/n+1)

Gia st M,, (x,, y,) 1a mot diém hitu ty trén (E), khi d6 tiép tuyén tai M, c6 phuong trinh 1a

3x2-9
2Vn

(T : y=( )(x—xn>+yn.

Hoanh do giao diém cia tiép tuyén d6 véi (E) 1a nghiém phuong trinh

3x2 -9 2
|:( n )(x—xn)—l—yn] =x3—9x +09.
2Yn

Sau bién d6i, phuong trinh trd thanh

3x2 -9\’
(x — x,)? |:x—( xzny ) —|—2xni| =0.
n

Vi thé, tiép tuyén va dudng cong sé con c6 mot diém chung 1a

3x2—9)° 3x2—-9
M1 (Xpt1s Yng1) = (u = 2%, (2’1—) (Xn+1—=Xn) + Yn | -

4y2 n

Do y2 = x3 — 9x, + 9, nén 6 xpp1 = f (xy) V6i

(3x2—9)° S, _ X4 18x2 —72x 481
= —2x =
4(x3—-9x +9) 4(x3—-9x +9)
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Taco x; = f(0) = %, nén v, (x;) = —2. Bay gi6 gia stt x € Q va v,(x) < —2 khi do ro rang
c0 cac danh gia sau
4v, (x) = vy (x*

(x*) <1420, (x) = vy (18x3),
4v, (x) = vy (x*

(

(

<3+ vy(x) =v2(72x),
4vy (x) = vy (x*) <0 = v, (81),

3vy (x) = 02 (x%) < vz (x) = v2 (9x),

3vy (x) =02 (x%) <0 =02(9).

N—

Tt d6 theo tinh chit phi Archimedean ta c6

44 18x2 =72 81
v2 (f(x)) =12 (X ‘:(X;C_ 9x f9—)i_ )

= vy (x* 4+ 18x> = 72x + 81) —vp (x* = 9x + 9) —2
vy (x*) — vy (x%) =2
= vy(x) — 2.

Nhu vay, v6i x; = %Vé Xn+1 = f (x,) v6in € N, ta cé dugc
-2 = Uz(xl) > Uz()Cz) > e > vz(x,,) > e

Vay nén céc diém M, 1a d6i mot phan biét, va ta c¢6 diéu phai chiing minh. [

Sau day 1a cdc bai toan, dé tu luyén tap thém.
Bai tap 1. Cho cdc sb nguyén duong a, b, ¢ thda man ged(a, b, ¢) = 1 va
a|bc, b|ca, c|ab.
Chiing minh ring % 12 mot s6 chinh phuong.
Bai tap 2. Cho céc s6 nguyén duong a, b, m 16n hon 1 va s6 nguyén té p thda min
p™ =ab + 1.
Chiing minh rang p(a — 1)(b + 1) khong la s6 chinh phuong.
Bai tap 3. Cho sb nguyén duong a 16n hon 1, tim tt ca céc s6 nguyén té p va ¢ thdéa min
pq | @1 +1).
Bai tap 4. Cho céc s6 hitu ty @ va b phan biét, gia st ton tai v sd sd nguyén duong n thdéa min
a" —b" € Z.

Chung minh rang a va b déu la cac so nguyén.
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Bai tap 5. Tim céc sd nguyén duong a, b, ¢ sao cho ab — ¢, bc — a va ca — b déu 1a cic sb
nguyén duong khong c6 udc nguyén t6 18.

Bai tap 6. Cho f : Z — Z 1a mot ham s khac ham hﬁng thda man diéu kién 1a vé6i cic sd
nguyén phan biét a va b bat ky thi

(@a—>b)|(f(a)=f (D).

Chiing minh ring ton tai mot tp vo han S chia cdc sd nguyén td, sao cho véi mdi p € S déu
ton tai m € Z sao cho p | f(m).

Bai tap 7. V6i mdi sd nguyén duong n, ky hiéu

v2(n) v2(%)
fn) = (2 ) .

Chitng minh rang néu m 12 mot s6 nguyén duong, va a 12 s6 nguyén duong 18 khong vudt qua
m bat ky thi
al [T 5.

1<k<m

Bai tap 8. Cho trudc cic sb nguyén duong a, b nguyén tb cung nhau, dy {x,},c,+ xdc dinh
bbix; =a, x, =bva

2 2
X + x
1
Xn4o = M, Vn e N*.

Chting minh rﬁng véix, ¢ Z, Vn > 3.

Bai tap 9. V6i mdi s6 thuc x, ta ky hiéu ||x|| 12 khoang cach tif x dén sb6 nguyén gan x nhat.

Chiing minh ring véi cac s6 nguyén duong a, b 1udn ton tai s6 nguyén td p va s nguyén duong

k thoa man

+|-
Pk

a
pk

b
at H:l.
P

Bai tap 10. Ching minh ring vé6i n 12 s6 nguyén duong thi

((n) (n) (n)) lem(1,2,...,n,n+1)
Icm , e = .
0 1 n n+1

Bai tap 11. Cho sb nguyén duong n > 2, v6imdi s C {1, 2, ..., n} vas # @ taky hiéu
7(s) = [],e, €- Ching minh ring vdi k 1a s6 nguyén duong nhé hon 7 thi

chm (1, 2, ., \\ZJ) =gcd(m(s): |s|=n—k).
j=k /
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Tai lidu

[1] www.mathscope.org

[2] www.artofproblemsolving.com
[3] www.mathoverflow.net

[4] www.math.stackexchange.com

[5] J. Dieudonne, Co s6 giai tich hién dai.
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PHUONG PHAP THEM BIEN
TRONG GIAI PHUONG TRINH HAM

V& Québc Ba Céan
(Archimedes Academy)

GIOI THIEU

Déi khi, trong qua trinh xii 1y cac bai toan phuong trinh ham, ta c6 thé thém mot vai bién
phu vao dé phép thé trd nén linh hoat hon, tit d6 phat hién dugc nhiéu tinh chét thid vi ctia
ham gitip ich cho viéc gidi todn. Bai viét nay, chiing tdi xin gidi thiéu ciing ban doc mot
s6 bai todn dudc xit Iy bang phuong phap nay.

Bai toan 1. Tim tdt cd cdc ham sé f : R — R théa man

FO+f@) =FfE)fO)V+ (@) +f0) —xy, Vx,yeR.

L&i giai. Thay y bdi y+ f(z) vao phuong trinh ham da cho va khai trién vé phai, ta dugc

FO+fE)+£2)=[fO)+1]fy+ )+ f(fx) —x[y+ f(z)]
= [f)+1{[f@+1]f0)+ f(f(2) —yz} + F(f(x) —xy —xf(2)
= A+ f(x)f(f(2)) —yzf(x) —xf(2),

trong d6 A = [f(x)+ 1] [f(z) +1]f(y) + f(f(x)) + f(f(z)) —y(x+2z). Pdo vi tri clia x va z
trong phuong trinh trén véi chd y gid tri ca céc bi€u thic f(y+ f(x) + f(z)) va A vin khong
ddi, ta duoc

FQf(f2) =yef () =xf(2) = f(&) (f(x)) = yxf (2) —2f (x).

Xem hai vé & phuong trinh 12 hai da thic 4n y. Hai da thic nay c6 gid tri bang nhau véi moi y
nén dong nhit v6i nhau, tir d6 ta c6

2f(x) =xf(z), Vx,zeR.

Suy ra f(x) = kx (k 1a hiang s6 thuc nio d6) véi moi x € R. Tiép theo, ta sé& tim gid tri clia k.
Thay f(x) = kx tré lai phuong trinh ham da cho, ta dugc

k(y+kx) = k*xy+k*x+ky —xy, Vx,y€R,

hay
xy(k*—1)=0, Vx,yeR.

Do d6 k = 41. Vay c6 hai ham sb thda man yéu cau 1a f(x) = x va f(x) = —x. O
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Bai toan 2 (IMO Shortlist, 2007). Tim tdt cd cdc ham sé f : R — RT théa man

Fx+f0) =fx+y)+ (), Vx,y>0.

Lsi gidi. Thay y bdi y+ f(z) vao phuong trinh da cho rdi khai trién hai vé, ta dugc
f+fy+r@)) =fx+y+f(2) +fy+f(2)
=fx+y+z2)+f(y+z)+2f(2).
Mt khic, ta lai ¢6
f+fy+r())=fx+f+2)+f(2)

(x+z4+f0+2) +f(z)
(x+y+22)+ f(y+2)+ f(2).

Il
~ =

Ddi chiéu hai phép khai trién trén, ta dudc
flx+y+2z) = f(x+y+2)+ f(2), Vx,y2>0.

Mot cach tuong duong, ta co

fx+y)=fx)+f(), Yx>y>0.

T day, véi moi x, y > 0 va z > x+y, ta déu c6

flz+x+y) = f(z2) +flx+y),

flz+x+y) = f((z+x)+y) = fe+2) + f(y) = £(2) + F(x) + F ).
Do dé
fx+y)=f(x)+f(), Vx,y>0.

Nhu thé, f 12 ham cong tinh tif R* vao R*. Suy ra f(x) = kx (k 12 hing s6 duong nao d6) véi
moi x > 0. Thay trd lai phuong trinh da cho, ta dugc

k(x+ky) =k(x+y)+ky, Vx,y>0,

hay
k(k—2)y=0, Vy>D0.

Do d6 k = 2. Vay c6 duy nhat mot ham sb théa man yéu cau 1a f(x) = 2x. O

Bai todn 3 (IMO Shortlist, 2011). Tim tdt cd cdc cdp ham s6 f, g : R — R théa man

g(F(x+y)) = F(x) + (2x+y)g(y), Vx,y€ER.

Lsi giai. Pat £(0) = b va g(0) = a. Tu phuong trinh ham da cho, dé thiy

g(f(x)) = f(x)+2ax, VxeR
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g(f) =b+ygy), YyeR.

T do suy ra
f(x) =xg(x)+b—2ax, VxeR.

Bay gig, thay x bdi x 4 z vao phuong trinh ham da cho, ta dugc

g(f(x+y+2) = flx+2)+ (2x+22+y)g(y)
= (x+2)g(x+2) +b—2a(x+z)+ (2x+2z+)g(y).

Thay y bdi y+ z vao phuong trinh ham da cho, ta cling c6

g(fx+y+2) =f(x)+(2x+y+2)g(y+2)
=xg(x) +b—2ax+ (2x+y+2)g(y+2).

Déi chiéu hai két qua trén, ta dudc
xg(x) +b—2ax+ (2x+y+2)g(y+2) = (x+2)g(x +2) +b—2a(x+2) + (2xr + 22+ y)g(y).
Trong phuong trinh nay, cho x =y va rut gon thanh
xg(x+2z) = (x+2z)g(x) —az, Vx,zeR.
Trong phuong trinh nay, thay x =1 va z =x— 1, ta dugdc
gx)=xg(l)—alx—1)=kx+a, VxeR,

trong d6 k = g(1) —a. Suy ra f(x) = xg(x) + b — 2ax = kx> — ax+ b véi moi x € R. Thay trd lai
phuong trinh da cho, ta dugdc

klk(x+y)? —a(x+y)+b] +a=k* —ax+b+ (2x+y)(ky+b), Vx,y€eR.
So sanh hé sb ciia x* & hai vé, ta dudc k> = k. Suy ra k = 0 hodc k = 1.

e V6ik=0,tacéa=—ax+b+(2x+y)b vdi moi x,y € R. So sanh hé s6 clia y & hai vé,
ta dugc b = 0. Tir d6, so sanh hé s ctia x & hai vé, ta cling c6 a = 0. VAy trong trudng hop
nay, ta cé f(x) =0 va g(x) = 0. Tht lai tha man.

e VGik=1,taco

(x+y)* —alx+y)+b+a=x"—ax+b+(2x+y)(y+b), VxyeR,

hay
—ay+a=2xb+yb, Vx,ycR.

So sanh hé s ctia x & hai vé, ta dugc b = 0. Tur d6, so sanh hé sb ctia y & hai vé, ta dudc
a = 0. Vay trong trudng hop nay, ta c6 f(x) = x> va g(x) = x. Thit lai thda man.

Tém lai, c6 hai cdp ham s6 (f(x), g(x)) thdéa man yéu cau dé bai la (0, 0) va (x?, x). O
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Bai toan 4. Tim tdt cd cdc ham sé f : RT — RT théa man

f (i) = F(xf() — F(xF()), Va>y>0.

A=Yy

L&i gidi. Néucéa > b > 0saocho f(a) = f(b) thitaco

£(55) = (art@) - £lase)) =o.

mau thuan. Do d6 f don dnh. Tir gia thiét, ta suy ra

£(5) oo =r (25) + rler@) = rer)

v6i moi x > max{y, z} > 0. Khong mét tinh tdng quat, ta chi can xét y > z > 0. Trong phuong
trinh trén, chon x = 7+ ﬁ thi ta c6 xf(y) = ;*;- Suy ra

f( . ) = f(xf(2))-

XYy

Do f don anh nén ta c6 x%y =xf(2), hayx:y—kﬁ. Tu d6 suy ra

Z+ =y+ Vz=y>0.

1 1
f) f@@)’
Nhu thé, ta c6 f(x) = )ﬁ (c 1a hiing sb thuc nao d6) v6i moi x > 0. Vi £(x) > 0 véi moi x > 0
nén ¢ > 0. Thay trd lai phuong trinh hAm ban dau, ta dugc

xoy __Xte _ y*e , Yx>y>0.
x+celx—y) x+cx+c) x+c(y+o)
Cho x =y+ 1, ta dugc
1 1
y+1l+c y+c —

yHl+c y+ltcly+14e) y+ltcly+o)
Trong phuong trinh trén, cho y — 0™, ta dugc

1 B 1+c¢ c
l4c¢ l4c+c?2 142

Giai phuong trinh nay, ta dugc ¢ = 0. T d6 suy ra f(x) = )—lc v6i moi x > 0. Thit lai ta thiy thoa
man. Vay c6 duy nhit mot ham s6 thda man yéu cau 1a f(x) = 1. O

Bai toan 5 (IMC, 1999). Tim tdt cd cdc ham s6 f : RT — R théa man

fx+y) = fx)f(yf(x), Vx,y>0.
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Loi giai. Thay y bdi y + z vao phuong trinh da cho, ta dugc
faty+z) = fOf(0+2)f(), Vx,y,z>0.
Thay x bdi x + z vao phuong trinh da cho, ta dugc
faty+z) = flx+2)f(rf(x+2), Vx,y,z2>0.
Tir hai két qua trén, ta suy ra
fat2)f(pfla+z) =f@Of(0+2)fK), Vxy,z>0.
Gia st ton tai xg, zo > 0 sao cho f(xo +z0) > f(xo). Trong phuong trinh trén, ta thay x = xo,

z=zpvay= JI(L% thi ¢6 yf(xo+20) = (y+20)f(x0). Suy ra f(xo+z0) = f(x0), mau

x0+20)—
thuan. Do d6 f(x+z) < f(x) v6i moi x, z > 0, tiic f khong tdng. Xét cac trudng hgp sau:

e Trusng hop 1: f giam ngdt. Thay y bdi ﬁ vao phuong trinh da cho, ta dugc

y
(3 75 ) =1Wr0) wry>o
f(x)
Pao vi tri cta x va y trong phuong trinh trén véi chi y f giam ngat, ta dudc
y x
x+——=y+——, Vx,y>0.
f(x) )
Thay y = 1 vao phuong trinh trén, ta dudc x + ﬁ = 1+ 7y, hay f(x) = gl v6i moi
x>0, trong d6 k = ﬁ —1. Do f gidm ngit tt R™ vao R* nén dé thdy k > 0. Thi lai, ta
thiy ham s6 f(x) = ﬁ thda man cdc yéu cau clia bai toan.

e Trudng hop 2: Ton tai 0 < a < b sao cho f(a) = f(b). Lan lugt thay x = a va x = b vao
phuong trinh da cho, ta dugc

fy+a)=fla)f(yf(a)) = f(b)(vf(b)) = f(y+Db), Vy>O0.

T d6 suy ra f(y) = f(y+b —a) v6i moi y > a. Do f khong giam nén tui day ta suy ra
f(x) = C (C 1a hing s duong nao d6) véi moi x > a. Biy gid, trong phuong trinh ham da
cho, ta c6 dinh x va cho y > max {a, %} thi co

C= flx+y) = f)f(rf(x) = Cf(x),

suy ra f(x) = 1 v6i moi x > 0. Ham nay thda man céac yéu cau cta bai toan.

Tom lai, cdc ham s6 théa mén yéu ciu c6 dang f(x) = 15 v6i k >0 la hing sd nao d6. [

Bai toan 6 (Germany TST, 2007). Tim tdt cd cdc ham s6 f: RT — R théa man

f( f(xl_l): a Vx,y > 0.

f(x) xf()+1°
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N

Li giai. Tir gia thiét, d& thiy f 1a mot don 4nh. Thay x bi % vao phuong trinh da cho rdi
khai trién hai vé, ta dugc

_x Sl
f ( xf(&)+1 ) _ )+l
Xy * )
o1 Tl —{}&{iyf +1
hay
x f()
= , Vx,y,z>0.
(sewrmwi) = Fore s "
Thay y béi f(y) vao phuong trinh trén, ta dugc
X fx)
f = . Vx,y,z>0. (1)
(x[f(y) +f(2)] + 1) FO) [F(F0) +2 +1
Ddo vi tri clia y va z trong phuong trinh trén véi chid y gia tri ctia bi€u thdc f (W)

van khong doi, ta dugc

F(f») +z=7(f(2) +y, ¥y,z2>0.

Tir d6 suy ra f(f(x)) = x+c (c 1a mdt hing sb thuc nao do) véi moi x > 0. Tit d6, phuong trinh
(1) c6 thé dudc viét lai thanh

; x ..
fO)+f@]+1)  f@+zta)+1 fOf(f+2)+1
Thay x bdi f(x) vay bdi f(y+z) vao phuong trinh da cho, ta dugc

x+c f(x)
= ’ V. » )y 0.
f(u+@ﬂwuw4) FOf(Fora)+1
Két hop véi két qua trén, ta dudc
X xX+c
= v 0.
f(ﬂﬂw+f&ﬂ+l> f<@+df@+@+l>’ oz
Do f don anh nén ta co
- = rre ;o VX, y,2>0,

[fO)+f@]+1 (r+o)fr+2)+1
hay
x[(x+o)fy+z)+1] =@x+o) {x[fO)+ f(@)] +1}, Vx,y,z>0.
Xem hai vé ctia phuong trinh trén 12 cdc da thiic 4n x. Hai da thic nay c6 gi4 tri bang nhau véi
moi x > 0 nén ddng nhit v6i nhau, tif d6 bang cach so sanh hé s6 ctia x* & hai vé, ta suy ra
fO+2)=f0)+/(), Vyz>0.

Két qué nay ching t6 f 1a ham cong tinh tit R vao R*. Suy ra f(x) = kx (k 12 hing s6 ducng
nao do). Thay tré lai phuong trinh da cho, ta dugc

k*x X
_  Way>0.
kxy+1  kxy+1 Y
Do d6 k = 1. Vy c¢6 duy nhit mot ham s6 théa man yéu cau la f(x) = x. O
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Bai toan 7. Tim tdt cd cdc ham sé f: RT — RT théa man
FEf)+10) =y+£2(x), ¥x,y>0.
Loi giai. Tu gia thiét, dé thay f don anh. Pit f(1) =a, taco

f(f)+a) =y+d?, Vy>0.

Suy ra ham £ c6 thé nhan moi gid tri trén (a?, +o0). Thay y bdi f2(y) vao phuong trinh ham da
cho, ta ducc

fFEf@+1(P0) =£0)+£2(x), Vxy>0.
DPao vi tri cia x va y trong phuong trinh trén v6i chu y f don anh, ta dugc

f)+F(F20)) =yfO)+f(F2(x), Vx,y>0.

Tu d6 suy ra xf(x) = f(f*(x)) 4+ ¢ (c 1a mot hing s6 thuc nao d6) véi moi x > 0. Tir day, két
hop véi (1) va gia thiét, ta c6

FO+£2(x) +a) = £ (F(xf(x) + £() +a)
=xf(x)+ f(y) +d
= F(f* @)+ f() +a*+c.

Do f(x) c6 thé nhan moi gid tri trén (a2, +o0) nén ta c6
fx4y+a)=fx)+fO)+a*+c, Yx>a*,y>0.
T day, v6i moi x, y > 0 va véi moi z > a*, ta cé

flz+x+y+2a) = f((z+x+a)+y+a)
= f(z+x+a)+fy)+a*+c
= f(2) + f(x) + £(y) +2(a* +¢)

" fz+x+y+2z) = f(z+ (x+y+a)+a)

= f@)+fx+y+a)+a +c.

Két hop hai két qua trén lai, ta dudc
fx4y+a)=fx)+fO)+a*+c, Vx,y>0.

Trong phuong trinh trén, ta 1an lugt thay x, y béi )%, ’% thi c6
Xty 2
fx+y+a)=2f —5 +a"+c¢, Vx,y>0.
T do6 suy ra

27 (52) = 1004500, ¥y >0
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V6i moi x, y,z >0, tacod

af (F555) <2040+ 70)] = 122)+ (204270

DPao vi tri cia x va y trong phuong trinh trén, ta dugc

F(2x)+2f(y) = f(2y) +2f(x), vx,y > 0.
T d6 suy ra f(2x) = 2f(x) +m (m 1a hing s6 thuc nao d6) véi moi x > 0. Dit g(x) = f(x) +m
thi ta c6 g(2x) = 2g(x) va

slo) +50) =27 (57 + 2m =2

X+

zy) —g(rty), Vxy>O0.

T phuong trinh trén, bing quy nap ta chiing minh dugc g(nx) = ng(x) v6i moi n € Z* va véi
moi x > 0. Do g(nx) = f(nx) +m > m nén ta cé

g(x) > %, Vx>0,neZ".

Cho n — oo, ta dugc g(x) > 0 v6i moi x > 0. Tt d6, ta suy ra g 1a ham cong tinh tr R* vao
R-0. Theo tinh chét cia ham cong tinh, ta c6 g(x) = kx (k 12 hing s6 khong am nao d6) véi moi
x> 0. Suy ra f(x) = kx —m v6i moi x > 0. Thay két qua nay trd lai phuong trinh da cho, ta dugc
k(kx® —mx+ky —m) —m =y + (kx—m)?,  Vx,y>0.
So sanh hé s6 ctia y & hai vé, ta dudc k2 = 1, hay k =1 (do k > 0). Tut d6, ta co
X2 —mx—2m=(x—m)?, Vx>0.

So sdnh hé s6 clia x & hai vé, ta dugc m = 0. Nhu vay, ta c6 f(x) = x v6i moi x > 0. Th lai, ta
thiy théa man. Vay c6 duy nhit mot ham s thda man yéu cau la f(x) = x. O

Bai toan 8. Tim tdt cd cdc ham sé f: 75 — 7 théa man
fla+b)=f(a)+f(b)+ f(c)+ f(d)
voi moi a, b, ¢, d nguyén duong sao cho 2 +d? =2ab.
Y tudng chinh cho 18i giai bai todn trén 1a tim cdc s6 nguyén duong a, b, ¢, d, e, g (trong dé
{c,d} # {e, f}) théa man 2ab = c* 4 d*> = ¢*> + g*. Khi d6, ta sé c6
fle)+f(d) = f(e)+ f(g)-

Ngoai ra, néu chon ¢, d, e, g 1 cac biéu thiic c6 dang tuyén tinh bac nhét theo n thi ta c6 thé
hoan tAt 18i gidi bang phuong phap quy nap theo n.

Y tudng bi€u dién mot sd thanh tdng hai binh phucng theo hai cach khac nhau gdi ta nghi dén
dong nhét thiic Lagrange nhu sau: V6i moi s6 nguyén m, n, p, g, ta c6

(m*+n*)(p* +q°) = (mp+nq)* + (mqg — np)* = (mp — nq)* + (mq +np)*.
Chon m = p =2 va g =4, ta dudc
(4n+4)2+(2n—8)% = (4n—4)> + (2n+8)> =20(n* + 4).

Dua trén dang thic nay v mot s6 tinh chét riéng ctia ham f, ta thu dugc 16i gidi nhu sau.
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Loi giai. Bat f(1) =k. Thay a = b = ¢ = d = n vao phuong trinh da cho, ta dugc
f(2n) =4f(n), VneZ*. (1)
Thay a=10,b=n>+4,c=4n+4 vad =2n—8 (n > 4), ta dugc
f(®+14) = f(10) + f(n*> +4) + f(4n+4) + f(2n —8)
= f10) 4 f(n* +4) + 16f(n+ 1) +4f(n—4).
Miit khéc, thay a = 10, b =n*+4,d = 4n—4 vad = 2n+8, ta ciing c6
f(n*4-14) = f(10) + f(n* +4) + f(4n—4) + f(2n+8)
= f10) 4 f(n* +4) + 16f(n— 1) +4f(n+4).
Két hop hai két qua trén, ta dudc
fn+4)+4f(n—1)=f(n—4)+4f(n+1), Vn>4 (2)

Bay gid, ta sé tinh gid tri ctia £(2), £(3), f(4), ..., f(8). T (1), dé thdy f(2) = 4k, f(4) = 16k
va f(8) = 64k. Do 2-5-1=232412 nén ta c6

4f3)=f(6)=f(5+1)=f0)+f(1)+f(3)+ /(1) =f(5)+/f(3)+2a.
Miit khic, ta cling ¢62-4-1 =22 +22 nén
f5)=f@+1)=f(4)+f(1)+f(2)+ f(2) =25k
Két hop v6i két qua & trén, ta duge f(3) = 9k. Suy ra f(6) = 4f(3) = 36k.
Taciing c6 7>+ 12 =52 +52=2-25-1nén
f(26) = f(25)+ f(1) + f(5)+ f(5) = f(25) + (1) + f(7) + f(1),

suy ra f(7) = 2£(5) — f(1) = 49k. Nhu vay, ta chiing minh dugc f(n) =kn> véine {1,2, ..., 8}.
Két hgp vdi (2), ta dé dang quy nap dudc f(n) = kn” véi moi n nguyén ducng. Thit lai, ta thiy
ham nay théa man cdc yéu cau clia bai toan. Viy c6 duy nhat mot ham s6 théa man yéu cau 1a
f(n) = kn? (k 12 hing sb nguyén duong nao do). O

Bai toan 9. Tim tdt cd cdc cdp ham sé f, g : R — R théa mdn

fO2+29) + f(x+y) =glx+2y), Vx,yeR. (1)
Loi gidi. Tur gia thiét, ta cling c6
F@E@+20)+ f(z+1) =gz +2t), VzteR. (2)

Ta sé& chiing minh ring, v6i moi a, b € R, hé phuong trinh sau ludn c6 nghiém (x, y, z,¢) v6i
x,v,z,t e R:

x+2y=a,

z4+2t=0b,

X2y =z+1,

xX+y= 2421,
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Tit cac phuong trinh thi nhit va thit hai, ta 1an ugt c6 x = a — 2y va z = b — 2¢. Thay vao phuong
trinh thit ba, ta dugc (a —2y)>+2y =b—t, suy ra

t=b—2y—(a—2y)’.
Thay x =a — 2y, z=b—2t,t = b — 2y — (a — 2y)? vao phuong trinh thif tu ctia hé, ta dugc

a—y=(b-20+2t = {b-2[b—2y—(a—2)*] } +2[p—2y— (a—2y)7].

DAy 1a phuong trinh bac 9 4n y nén ludn c6 it nhit mot nghiém thuc yo. Tl d6 suy ra hé udn cé it
nhéat mot nghiém thuc (X(), Y0, 20, l‘()) v6i xg = a—2yo, z0 = b—2tg vaty =b—2yy — (a — 2y())3.
Khang dinh dudc chiing minh.

Tit khang dinh vita chiing minh va cdc phuong trinh (1), (2), ta d& dang suy ra g(a) = g(b) véi
moi a, b € R. Do d6 g(x) = C. Thay tré lai (1), ta dugc

f@+2y)+f(x+y)=C, Vr,yeR.

3

Thay y = x — x° vao phuong trinh trén, ta dugc

f2x—x3) = §7 Vx e R.

Do 2x — x> ¢ thé nhan moi gia tri trén R nén tir day, ta c6 f(x) = % v6i moi x € R. Th lai, ta

thly f(x) = % va g(x) = C thda min yéu cau. Vay c¢6 duy nhit mot cip ham s f, g thda man

yéu cau la f(x) = % va g(x) = C (C 1a mot hing sb thuc nao do). H

Bai toan 10. Tim tdt cd cdc ham sé f : R — R théa man dong thoi cdc diéu kién sau vdi moi bo
56 thuc (a, b, c) :

a) Neua+b+c>0thi f(a®)+f(b?)+ f(c®) = 3f(abc).

b) Néua+b+c<0thi f(a®)+f(b?)+ f(c®) < 3f(abc).
Lsi gidi. DE Y rang, néu ham sd f théa man yéu ciu thi ham s6 g v6i g(x) = f(x) —C (C la hing

s6 nao d6) ciing théa man yéu cau. Do d6, khong mat tinh téng quat, ta chi cin xét trudng hop
£(0) = 0. Tu gia thiét, ta suy ra

F(@) + £(07) + f(c%) = 3f (abe) (1)
v6imoia,b,c € Rmaa+b+c=0. Thay c =0 vao (1), ta dugc
f(=a®) = f(b*) = —f(a),
suy ra f la ham 1é. Tu day, thay ¢ = —(a+b) vao (1), ta dugc
f((a+b)*) = f(@®)+ f(b*)+3f(ab(a+Db)), Va,b>0. (2)
Thay b bdi b + ¢ vao phuong trinh trén va khai trién vé& phai, ta dugc

f((a+b+c)3) :f(a3)+f((b—|—c)3) +3f(a(b—|—c)(a—|—b+c))
= f(a®) + f(B?) + f(?) +3f (be(b+c)) +3f (a(b+c)(a+b+c)).
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Pio vi tri clia a va ¢ trong day dang thic trén, ta dudc
f(be(b+c)) + flalb+c)(a+b+c)) = f(abla+b)) + f(cla+b)(a+b+c)). (3)

Tiép theo, ta s& chiing minh ring véi moi 0 < x < y, hé phuong trinh sau ludn c6 nghiém (a, b, c)
véia, b, c > 0:
be(b+c) = x,
alb+c)(a+b+c) =y, 4)
ab(a+b) =c(a+b)(a+b+c).
Hé phuong trinh nay tuong duong véi

be(b+c) = x,
alb+c)(a+b+c) =y,
ab=c(a+b+c).

Tit phuong trinh thit hai va phuong trinh thit ba, ta c6 a>b(b + ¢) = cy. Két hdp v6i phuong trinh
thit nhit, ta dugc a’x = cy. Suy ra ¢ = ka v6i k = \/% . Ngoai ra, tif phuong trinh thit nhit va

phuong trinh thi hai, ta cling c6 xa(a+b+c) = ybc. Suy rak(a+b+ka) = b, hay b = %j{k)
ka(14k) 3/ x(k=1)*

) 1—k ‘ : 203 (k+1)
Nhu the, hé (4) ludn c6 nghiém (a, b, ¢) v6i a, b, ¢ > 0. Két hgp két qua nay véi (3) va chd y

Thay ¢ = ka va b = vao phuong trinh thi nhit cla hé, ta giai ra dudc a =

ab(a+b)+cla+b)(a+b+c)=bc(b+c)+a(b+c)la+b+c)=x+y,

ta dudc
x+y
2

£+ F() =2 (

Dé thiy f(x) + f(x) =2f (5*) nén ta c6

), Vx,y>0,x <y.

x+y

fo+50) =27 (57) . wwy>o 5

Tu day, véi moi x, y, z > 0, ta co

af () =2lrter )+ £0)] = £20) 4 £(2) 4200

Péo vi tri clia x va y trong ding thic trén, ta dugc f(2x) +2f(y) = f(2y) +2f(x) véi moi
x,y > 0. Suy ra f(2x) = 2f(x) +M (M 1a hing s thuc nao d6) v6i moi x > 0. Do d6

F(8x) = 2f(4x) + M = 4f(2x) +3M = 8f(x) + M, Vx > 0.
Mit khac, tit (2), ta ciing ¢6 f(8x) = 2f(x) +3f(2x). Suy ra
8f(x)+7M =2f(x)+3[2f(x) + M],
vado d6 M = 0. Nhu vdy, ta c6 f(2x) = 2f(x) v6i moi x > 0. Két hgp vdi (5), ta dugc
fe+y)=f)+f(y), Vx,y>0.
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Miit khéc, tir diéu kién a) clia bai toan va £(0) = 0, ta dé dang suy ra f(a) > 0 v6i moi a > 0.
Nhu vdy, f la ham cong tinh trén R* va f(x) > 0 v6i moi x > 0 nén ta c6 f(x) = fx (£ 1a hing
s6 khong Am nao d6) v6i moi x > 0. Ma f 1 nén f(x) = /x, Vx € R. Thi lai, ta thiy thda man.

Vay cdc ham s6 théa man yéu cau c6 dang f(x) = £x+ C (£, C 1a cac hing s6 thuc, £ > 0). [

Bai toan 11. Tim tdt cd cdc ham s6 f : R — R théa mdn

fx+£()) =f0*+3)+2xf(y) + f(x) =3, Vx,yeR

L&i giai. DE thiy f(x) = 0 khong thda man phuong trinh da cho nén ton tai yg € R sao cho
f(vo) # 0. Thay y = yg vao phuong trinh da cho, ta dugc

fx+f00)) — f(x) =2xf(yo) + fFO5+3)—3, VxeR.

Vé& phdi clia phuong trinh trén 12 mot ham bac nhét 4n x nén né c6 thé nhan moi gia tri trén R.
Tir d6 suy ra hiéu f(u) — f(v) ¢6 thé nhan moi gid tri trén R.

Bay gid, thay x bdi x — f(y) vao phuong trinh da cho, ta dugc
F=f) =f@) = f6*+3) =2(x = f() F) +3, ¥YxyeR.
Trong phuong trinh trén, ta thay x bdi x + f(z) thi dugc
Ftf@) = fO) = Flx+ ) = FOP+3) =2 [x+ f(2) = f)] f () +3

= f(x)+ f(Z+3)+2xf(2) — f(* +3) = 2[x+ f(2) — fF)] £ ()
= f(x) +2x[f(2) = fO)] + & +3) = fFOP+3) +2f ) [f () — f(2)]-

D4o vi tri clia y va z trong phuong trinh trén rdi cdng phuong trinh thu dudc va phuong trinh
trén lai theo vé, ta dudc

2

fr+f@) = fO) +F(a+f0) = £2) =2f(x) +2[f(0) = f(2)] .
Do hiéu f(y) — f(z) ¢6 thé€ nhan moi gid tri trén R nén tit day ta c6
flty)+fx—y) =2f(x)+2%, Vr,y€eR.

Dit f(0) =a va g(x) = f(x) —x*> —athitacé g(0) =0 va
glx+y)+glx—y) =2(x), Vx,yeR.

Thay x = y vao phuong trinh nay, ta dugc g(2x) = 2g(x) v6i moi x € R nén ta co
gx+y)+gx—y) =g(2x), Vx,yeR.

Lan lugt thay x, y bdi 5, *=2 vao phuong trinh trén, ta suy ra g la ham cong tinh.

Tiép theo, thay x = 0 vao phuong trinh da cho, ta dugc
F(f0)) =f(6*+3)+a-3, WeR
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Thay f(y) = g(y) +y? +a vao va riit gon véi chii y g cong tinh, ta dugc
g(e() +& () +20° +a)g(y) +2(a—3)(y* +a+2) +gla) —g(3) =0.
Thay y = 0 vao huong trinh trén, ta dudc
2(a—3)(a+2)+g(a)—g(3) =0.
T do6 suy ra
g(s() + () +207 +a)g(y) +2(a—3)y* =0, VyeR.
Thay y béi ny (n € Z) vao phuong trinh trén, ta dugc
ng(g(y)) +n°g*(y) +2n(n*y* +a)g(y) +2n*(a—3)y* =0, VyeR,neZ.

Ta xem Vé trai 1a mot da thic 4n n. Pa thic nay c6 gid tri bang 0 tai vo han gia tri clia n
nén no phai dong nhét bing 0. Tir d6 suy ra hé sb ctia n® phéi bing 0, hay ta c6 2y?g(y) = 0
véi moi y € R. K&t hop vé6i g(0) = 0, ta suy ra g(y) = 0 v6i moi y € R. Tur day véi chi y
2(a—3)(a+2)+g(a) —g(3) =0, ta tinh dudc a = 3 hoic a = —2. Suy ra f(x) = x> + 3 v6i
moi x € R hodc f(x) = x*> —2 v6i moi x € R.

Thit lai, ta thiy chi c6 ham f(x) = x> + 3 thoa man yéu ciu. Viy c6 duy nhit mot ham sb thoa

mén yéu cau la f(x) = x> 4 3. O

Trén day, ching toi da gidi thiéu ciing ban doc mot s bai toan hay giai dudc bang phuong phap
thém bién. R4t mong sé& nhan dudc trao d6i dong gép xay dung tif ban doc gan xa. Dudi day 1a
mot sd bai tip khac ciing c6 thé giai bang phuong phap nay:

Bai tap 1. Tim tit c4 cac ham sd f: R — R thoa mén
fx+y)=f)f0)f(xy), Vx,yeR.
Bai tap 2 (IMO Shortlist, 2005). Tim tat ca cic ham s6 f : R™ — RT thda man
f@) ) =2f(x+yf(x)), Vx,y>0.
Bai tap 3. Tim tit ca cac ham s6 f: Rt — R* thoa man
Sx+f() =fx)+fx+y)—x, Vx,y>0.
Bai tap 4. Tim tat c cac ham sd f lién tuc, f: R — R thoa mén
Sx+y)+ () =f)+ )+ fly+1), Vx,yeR.
Bai tap 5. Tim tit cd cac ham s f: ZT — Z* théa man
F(F2(m)+2f£%(n)) =m*+2n*, VYm,neZ*.
Bai tap 6. Cho ham sb f : R — R théa min f(0) = 0 va
fx)+f)=fx+y—xy)+flxy), Vx,y€eR.

Chiing minh ring f 1 ham cong tinh.
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SANG TAO - LAM CHAT

Ng6 Van Thai, Thai Binh

Mot tinh chit quan trong ctia bat dang thiic toan hoc ma hoc sinh dudc biét ngay tit khi con dang
hoc tiéu hoc, d6 1a tinh chat bac cau: “Néu A > B, B> C thi A > C.”

Tinh chit nay dugc st dung lam phép suy luin logic & hau khap moi bai todn chiing minh bét
dang thiic. Thé nhung khi ditng tru6c mot bai toan chiing minh bat dang thiic A > C, khong
phéi bai todn nao ngudi ra dé cling d€ ngudi gidi nhin rangay A > B, B > C. Néu bai toan dé
ra ma ngudi giai nhin thiy ngay A > B, B > C thi bai todn d6 qua tam thudng. Con vdi nhiing
bai todn bit dang thic hay va kho, ngudi giai phai sit dung cic kién thiic co ban phu hop, cich
giai phai tudng minh, linh hoat ngan gon dé dudc A > B va B > C, thi ngudi giai da lam tbt
dugc hai viéc. Viéc thif nhit 1 da hoan thanh chiing minh bai todn dé ra, viéc thi hai 1a da sang
tao ra dugc mot bai toan bat dang thiic chit hon, khé hon (c6 thé hay hon) bai toan da cho.

Dé thiy dugc vé dep mudn mau ciia su sang tao bt dfmg thiic toan hoc, to1 xin gidi thiéu bai
viét: “Sdng tao bdt ding thitc bang cdch lam chdt mot sé bdt ding thiic noi tiéng” dua vao y
tudng tt “Tinh chdt bdc cdu ciia bdt dang thitc”. Noi dung bai viét gdm nim phan sau day:

e Lam chit bit dang thiic AM-GM.

Lam chit bit dang thiic Cauchy-Schwarz.

Lam chit bai todn bit dang thiic ding trén bao Toan hoc va Tudi tré.

Lam chit mot bai toan bat dang thiic thi Toan hoc Qubc TE.

Gi6i thiéu nhitng bai todn mdi dudc 1am chiit tif nhitng bai todn da biét.

Bit dang thiic AM-GM la mot bit dang thic co ban kinh dién quan trong nhét clia todn hoc so
cAp, vi né di c6 khd nhiéu cach chiing minh dudc dua ra, hang chuc md rong, hang chuc két qua
chiit hon diing trén c4c dién dan todn hoc. Phan nay tdi xin gidi thiéu mot két qua chit hon bat
dang thilc AM-GM khac dudc suy ra tif chinh cach chiing minh méi bit dang thiic AM-GM.

B4t ding thiic AM-GM. Vi moi sé thuc khong dm ay, as, ..., an (n > 2) ta ¢é
ay+ay+---+ap =nlfarar---a,. €]
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Loi gidi. Néu ajas---a, = 0 thi (1) ding. Xét aya,---a, > 0, dé thly v6i moi X > 0 thi

(1-X),[n—(1+X+X*>+---+ X" )] cung diu. Ta c6 thé gia sit
I-X)[n—(1+X+X>+--+ X" ] >0,

hay la
n(l—-X)—(1-X") >0,

n—1)+X">nX.

an an
(n - 1) + n—1 2 ny n—1 ’
Jaidz--ap—q Jaiaz - --dp—1

(n—1) "YVajar---an—1 +a, >nifaa,---ay,

Do do

(n—=2) "Jaraz---an— +ap—1 = (n —1) "Yaaz---ap—1,

a; +ar > 2/ara;,.

Cong vé véi vé ctian — 1 & trén va rit gon sé& dudc

ayt+ax+---+ap 2nifaraz---ay.

Pang thic x4y ra khi va chi khi a1 = a, = --- = a,,. Ta c6 diéu phai chiing minh.

2)

]

Nhu véy tif bat dang thiic (2) ching ta da c6 thém mot cach chiing minh mdi bt dang thiic
AM-GM kha gon, ngoai ra khi sit dung bét dang thic (2) lai dé dang riit ra dugc két qua chat

hon bét dang thic AM-GM sau day.

V6i cdc sb tunhiénn > k > p > 2 van s6 thuc khong am, khi d6

pp/alaz...ap+ap+l ++an
k/aray---ag + ag1 + -+ +an
n

Jajay---ay.

a+a+---+ay,

A\AR\VAR\Y,

Trong todn hoc bat dang thic AM-GM va Cauchy-Schwarz dugdc ding lam dinh ly co ban cla
ly thuyét bt dang thic. Véi tu cach 1a hai hon da ting d€ nhiéu két luan quan trong khéc ctia
toan hoc dua vao, cip bit dang thitc AM-GM, Cauchy-Schwarz dudc sit dung kha phd bién &
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phan 16n céc bai toan chiing minh bt dang thiic. Ngoai ra mot sd hé qua ctia cip bét dang thic
nay c6 thé van dung d€ giai hang loat cac bai todn thi vi vé cuc dai va cuc tiéu.

Bit df\ng thiic Cauchy-Schwarz. Cho cdc sé thuc ay, as, ..., a, va by, by, ..., by, (n > 2)
khi do

(af+ a3+ +a2) (b] + b3 + -+ b2) = (ar1hs + azbs + -+ + anbn)’. 3)
L5i gidi. Hién nay bat dang thiic Cauchy-Schwarz ciing c6 kha nhiéu cich chiing khic nhau, tat

ca cdc cach chiing minh d6 déu ngin gon dic sic, xin gi6i thiéu mot cach chiing minh trong s
nhting cach chiing minh da c6 nhu sau.

Néua? + a3+ - +a?=0tica; = ap = -+ = a, = 0 thi (3) ding.

Néua? + a2 + -+ a2 > 0, xét

f(x) = (ialz) x2 +2 (iaibi) X + ibzz = Xn:(aix +bi)2 >0, Vx € R.
i=1 i=1 i=1 i=1

Do do6 biét thic
n 2 n n
A/I (Zaibi) — (Zaf) (Zb?) <0
i=1 i=1 i=1

(@l +a3+---+a2) (b7 + b3+ +b2) = (a1hy + azbs + -+ + azby)*.

Cho nén

Pang thitc x4y ra khi va chi khi === Z—Z. ! Bit dang thitc Cauchy-Schwarz dudc

ching minh. [
Tit bat dang thitic Cauchy-Schwarz suy ra hai hé qua d€ st dung trong bai viét nay:
Hé qua 1. Vdi cdc sé thuc a;, b;, i = 1,n thi

(a7 +a}y) (b7 + b}y) = (aibi + ait1bi1)’. 4)

Hé qué 2. Vi hai ddy hitu han s6 thuc ay, as, ..., a, va by, ba, ..., by, (n > 2) khi do
(Z‘/a? +bl-2) > <Za,~) + (Zbi) . (5)
i=1 i=1 i=1
L&i gidi. Xét biéu thuc

- [ (e[S (Vo)

i=1 i=1

'( day chiing ta quy udc néu mau sb nao bang 0 thi ti s6 cia phan s6 Ay ciing bing 0.
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Theo bét dang thiic Cauchy-Schwarz thi
n n n
|:Z (,/ai2 +b? + ai)i| |:Z (\/ai2 + b? —ai)i| > |: \/(\/ai2 + b? + ai) (\/ai2 + b? —ai)i|
=1

) -()

2

S

() - () (5

Suy ra
n n 2
(5 a) = () +(Sn)
= =1
Vay ta c6 diéu phai chitng minh. Pang thic x4y ra khi va chi khi b—l Z—i = ... = Z_Z' [
Bay gid ta st dung 2 hé qua trén dé lam chit bt dang thiic Cauchy-Schwarz.
Dang 1. Véi hai ddy hitu han sé thuc ay, as, ..., ay va by, bs, ..., by, (n > 2) khi do

n n n 2 n 2
(Zaf) (Zb?) > (Zaibi) + %(Zlaibi—kl —ai+1bi|) ; (6)
i=1 i=1 i=1

i=1

d ddy quy udc ay4+1 = ay,byy1 = by.

L5i giai. Theo (4) vavéia; >0, i = 1,n, thi
(@ + alyy) (b7 + b7yy) = (@ibi + aiy1bit1)?,
suy ra
(a2 + a2, ) (b2 + b2,)) = (aibi + ai11bis1)* + (@),

tuong duong véi
o; = |aibi+1 — ai1bi.

Theo bét dang thiic Cauchy-Schwarz thi

4(iz:;a,.2) (sz) [Zl a —|—a,-2+1):| [Z (b2+b,+1)} > [Z \/(ai2+ai2+1)(b2+b,+l)}2.

i=1 i=1

Do dé

4 (Za?) (Z blz) > |:Z \/(ai2 +a?,,) (b7 + b2, :| = |:Z \/(aibi + aip1biv1)” + (Oli)zi| :
i=1 i=1 i=1 i=1

Mat khac theo (5) ta co

2 " 2
|: \/(a bi + ai+1bis1)” + () :| |:Z (aib;i + az+1bz+1)j| + (Zai) :
i=1 i=1

i=1
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Cho nén 5 5
4 (Za?) (Zb,z) > |:Z (a;bi +ai+1bi+1):| + (Z%’) :
i=1 i=1 i=1 i=1
hay
4 (Za,z) (Zb?) > 4( aibi) + (Z |aibit1 _ai+1bi|) :
i=1 i=1 i=1 i=1
suy ra

—_— —_— n

(5) (%) ( ) +3(Em o)

Ding thifc xay ra khi va chi khi b—l =

n

Tur (6) lai c6 hé qua dep sau

Véi cdc s6 thiwe duong ay, as, ..., a,, (n > 2), thi

(o) () = i(5

VoI quy udc ay+1 = a.

- =),

Dang 2. Véi hai ddy hitu han sé thuc ay, as, ..., ay va by, bs, ..., by, (n > 2) khi do

(54) (%) [Ee-] (5) (£

L&i giai. Ta chiing minh vé trai

(32) (59) > [5er on) (5%)

Bit dédng thiic nay tuong duong véi mdi bat dang thic bén dudi

=1
a; + b} L
=1 7T > (a7 +b7)

~.
—_
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N
A

£ el ] ()

i=1 i=1 i=1

Hién nhién ding theo bit ding thiic Cauchy-Schwarz. Mit khac ciing theo bit dang thiic
Cauchy-Schwarz thi

L) (£727) » (5) - (5] » (B0

Vé phai ciing dugc chitng minh. Pang thic x4y ra khi va chi khi === O

Trong cubn “Tuyén tdp 5 ndm tap chi Todn hoc va Tudi tré” c¢6 ding bai “Md réng mot bt ding
thitc” cla tac gia Ta Hong Quéang, md dau bai béo tac gia c6 viét: Trén bao Gazeta Matematica
ctia Romania s6 9, 1989 trang 335 tac gia Gheoghe Marghescu dua ra bit dang thic sau

Bai toan 1. Cho cdc s6 thic ay, as, ..., a, va by, ba, ..., by, (n > 2) chitng minh rdng
2
(2 Vi) (S o) 2o @

Sau d6 tac gia Ta Hong Quang di dua ra mot bai todn bit dang thic chit hon (7) nhu sau

Bai toan 2. Cho cdc s6 thie ay, as, ..., a, va by, b, ..., b, (n > 2) chitng minh rdng
2
n
Vaz + b? > —. 8
(Z ) ( — ai +b ) V2 ®

Phin noi dung tiép theo ctia bai bdo 12 15i gidi (8) rit hay va ngan gon, dong thoi tir 10i gidi (8),
tac gia cling da sang tao ra mot s6 bai toan bat dang thiic md rong dep, hip dan. D€ tiép ndi bai
viét clia tdc gia tdi xin dua ra mot sd bai todn bit dang thiic méi chit hon (8) nhu sau.
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Bai toan 3. Cho cdc s6 thic ay, a, ..., a, va by, ba, ..., by, (n > 2) chitng minh rdng

> —. )

Li gidi. Dé thiy véi a;, b; > 0, Vi = 1,n thi

,/aiz—{—biz 1
—_— 2 ;
a; + b; V2

suy ra

Cho nén

N

tuong duong

N

Piéng thifc xay ra khi va chi khi a; = b;, Vi = 1,n. O

Qua that theo danh gia chu quan cua t6i (9) khong phai 1a mdt bai toan hay, vi bai toan nay dugc
tao thanh thuan tiy chi gdm phép cong vé véi vé clia n bét dang thiic don gian cing chiéu, sau
d6 dem binh phuong ca hai vé ciia bat dang thifc d6 lai ma thoi. Thé nhung (9) lai chit hon (8)
va duong nhién chit hon (7), bdi vi theo bét dang thiic Cauchy-Schwarz ta cé

2

" \/ai2+bi2 n?
(Z,/a +b2)( a+b)> ; T 23.

Bai toan 4. Cho cdc s6 thiee ay, as, ..., a, va by, b, ..., b,, (n > 2). Chiing minh rang

/ 5 n? " \/a +b2 1
(Z a+b)<=al—l—b) 7+ a; +b; _E

i=1

2
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Loi giai. Véia;, b >0, Vi = 1,n thi

,/aiz—{—biz 1

a; + b; 2
do d6 ton tai o; > 0 dé
/2 2
ai+bi 1 \? )
Y o) 4w 10
a; + b; (f/z) C (10)

Theo bét dang thiic Cauchy-Schwarz thi

(320 (S

Mt khic theo (5), vé& phéi cta (11) ta dugc

n 1 2 5 2 n 1 2 n 2 n2 n 2
; (%) + (o) >(§%) +(i22106k) =ﬁ+(;ai),

suy ra tiép

Tu (10) ta dugc
al2 +b, 1 _
o = ——, Vi=1,n,
l ai +bi 2
Vi vay

" n2 n \/ 4; +b2 1
(Zva +b)<=a,+b) S PN ety

i=1

Pang thiic x4y ra khi va chi khiay = a, = -+ = a, = b; = b, = --- = b,. Bai toan dudc
ching minh. [

Trd lai v6i bai bit dang thiic trong ky thi IMO 2001 tai My
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Bai toan. Cho cdc s thuc dwong x, y, z. Chitng minh rdng

X y z

+ + =1
VX2 +8yz  /y2+8zx /z?+8xy

L5i gidi. V6i ba s6 thuc ducng a, b, ¢ 4p dung bit dang thiic AM-GM ta dudc

(a* +b* + c4)2 > (a* + 2b202)2 = a® + 4a*b?c? + 4b*c* > a® + 8a*h3c3, (12)

suy ra
1 a?
6 33 2 27
a® + 8b3c (a* + b* + %)
hay la
a® a*
> .
a® 4+ 8h3¢3 7 at + bt + c*
Tuong tu
bo b*
Z ,
b 4+ 8c3a3 =~ a* + b* + c*
c6 ct
> .
c® +8a3b3 7 a*+ bt + ¢4
Do do

a? N b3 N c3 at+b*+ct
VaS + 8033 b® +8c3a3 S +8ah3 ~ a*+bt+ct

Cudi cung thay x = a3, y = b3, z = ¢? ta sé ¢ diéu phai chiing minh. D4u dang thifc xay ra
khi vachikhix =y = z. ]

Pén day doc gia da thay bai toan bat dang thiic thi IMO 2001 dudc chiing minh thong qua (12).
Bay gid ta lam chit (12) va ldp lai cach lam tuong tu, sé dudc mot chudi bt dang thiic chit hon
bét dang thiic IMO 2001 sau day.

Bai toan. Cho cdc so thuc dwong x, y, z. Chiing minh rdng

X X X
D —>), -
y \/x2_|_(y§+2§) \/x2—|—2(y—|—z)

>y = > 1.

X2 +2y%2 4222 4 Zy%z.% + Zy%z

[N

L&i gidi. V6i ba sb duong a, b, ¢ ap dung bit ding thiic AM-GM va danh gia

2(b° + )7 = (b% + %)’ = 8b%¢3,
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ta dudc

(a4 4 p +C4)2 . (a4b4 _|_b8) n (a4c4 +c*8) n (a4b4 —|—b4c4) n (a4c4 +b4c4)
> a® 4+ 2a%b° + 2a%c® + 2a?b*c? + 2a*b%*c* > a® + 2a%b® + 2d%c® + 4a*b3 3
= q? [a6 + Z(b3 + 63)2] > a? [a6 + (b2 + 02)3] > a? [a6 + 8b3c3] )

Suy ra

1 1 1
2 >
a® +8b3¢3 7 g6 4+ (b2 +¢2)® T ab 4+ 2(b3 + ¢3)?

1 a?

> > :
ab + 2b% + 2¢ + 2b*c? + 2b%c* T (a4 + b* + ¢%)?

tuong duong véi

ab ab ab
3 2 =
a® + 8b3¢3 as + (b2 + ¢2)° ab + 2(b3 + ¢3)?

(13)
as a*
= =
ab + 2b% + 2¢6 + 2b%c? 4 2b%c* ~ (a* + b* + ¢*)
Tuong tu thi
b® bo b®
76 1 8343 2 3 2 3
b6 + 8c3a3 b6 + (c2 + a?) bo +2(c3 + a3) (14)
bo b*
= Z :
b® + 2¢% + 2a% + 2c¢*a? + 2c2a* ~ (a* + b* + %)
c® c® c®
> 32 3
c® + 8a*b? c® + (a2 + b?) 6+ 2(a® + b3) 15)

c6 ct
= = .
\/06 + 2a® + 2b% + 2a*b? + 2a?b* ~ (a* + b* + c*)

Cong tuong ung vé ctia (13), (14), (15) roi riit gon va dit x = a3, y = b3, z = ¢3 ta dudc
x X

X
> >
2 x? +8yz 2 \/x2+(y% +z3) \/x2+2(y+2)2

>y - > 1.

\/x2 +2y%2 4222 4 2y%2% + 2y%2%

Bai toan dugc chiing minh. O
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Bai toan 5. Cho ay, as, ..., a, la cdc sé thuc duong. Chiing minh riing
a a a
a1 +a,+---+a, > m(w_l_'_ n[22 44 n/_”’.
an as aq
Bai toan 6. Cho ay, ay, ..., a, la cdc sé thuc khong dm. Chiing minh riing
(a1+a2+---+an)" (al—i-az—l—---—l-an_l)"_l
> ay .
n n—1
Bai toan 7. Cho cdc sé thuc ay, a,, ..., a, va by, by, ..., b,, (n > 2) khi do
n n [~ n [ n a2b2
() (507) = [ on || 25
, , , — q? + b:
i=1 i=1 | i=1 | i =1 ! l
5 _
() 43 W +57) (@ bt) \/(a,al + b7, (aFh?)
= 1
i1 4 =1 ai2+1 + bi2+1 a} + b}
(& ’
= Zaibi) ,

quy uoc a4 = ay, byy1 = by.

Bai toidn 8. Cho ba s6 thuc duong a, b, ¢ théa man abc = 1. Chitng minh rang vdi moi s6
nguyén duong k > 3 ta luén co

1 1 1
> —.
ak(b+c)+bk(c+a)+ck(a—|—b)/2

W

Bai toan 9. Cho ba s6 thuc duong a, b, ¢ va hai s6 nguyén dwong p > 2q. Chitng minh rdang

a b C p—2q
+ + z@+b+c) 7 .
/(@ + 8b0)T {02 +8ca) (e 1 8ab)?

Bai toan 10. Vdi cdc s thuc ay, as, ..., apvaby, by, ..., by, (n >2) taco

n n 1 n 1 n ( af—i—bf)(ﬁ)
(S ) () (R () | 5 )
i i a;+b;

2

N

WV

2
n
—— | >—>nn.
ai+bi «/i /\/E/
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Bai todn 11. Cho cdc sé thuc ay, as, ..., a, va by, by, ..., by, (n > 1) khi do gid sit
C1, Cay ..., Cy la mot hodn vi nao do cia cdc sé ay, as, ..., ay. Chiing minh rang
2
n
Z \az + b? > —.
Bai toan 12. Ta chia s6 thuc ay, as, ..., @y va by, by, ..., b,, (n > 1) lam n nhom sao cho
trong mdéi nhém cdo it nhdt mot s0. Goi My, M>, ..., M, ldn luot la té?ng cdc s6 trong moi

nhom. Chiing minh rang
n n
1 n?
Jaz + b2 L
Bai todn 13. Choa;, b; > 0, Vi = 1,n. Chitng minh rang
2 2 14

+ b; > —

(S ) (Satn)> | (S (51

Bai toan 14. Cho a;, b;, ¢; > 0, Vi = 1,n. Chitng minh rang

(Z\/a +b2+c)( @ b ‘I’Cz)}%.

Bai toan 15. Cho aj, b;, ¢; > 0, Yi = 1,n. Chitng minh ring

e (o [Jareea
Vai + b? > — _
(Z a; + +C>( a; + b; —|—C,) ﬁ+ Z a;, +b; + ¢ ﬁ

i=1

Baitoan 16. Choa;, b;, ¢; > 0, Vi = 1,nva (x1,x2,...,Xn), V1, V2, ---»¥n)» (21,22, ..., Zn)
lan luot twong iing la mot hodn vi tiry ¥ ciia (a1, as, ..., a,), (b1, ba, ..., by), (c1,Cay....Cn).

Chitng minh rang
n2
Z Vai + b +¢? > —.
xl xityitz) V3

Bai todn 17. Cho a;, b; > 0, Vi = 1,n. Chitng minh rang

o um ‘ 1 n?
[Z (a" + b, )} [; (a; +bi)’"} Z gmt

i=1

Bai toan 18. Cho a;, b; > 0, Vi = 1,n. Ching minh ring

S~ VAEH

/

a; + b; n/om=1

i=1

90



Tap chi Epsilon, S6 14, 12/2018

Bai toadn 19. Cho a;, b; > 0, Vi = 1,n. Chitng minh ring

1 n nm-{-l
[Z(aﬂrb)MlZ; . %_} > S

Bai todn 20. Cho a;, b; > 0, Vi = 1,n. Chiing minh rd“ng
2 " 2
i=1

Bai todn 21. Cho a;, b; > 0, Vi = 1,n. Chitng minh rang

g\/m (n f)””[(zf) (2%—)’"}

Bai toan 22. Cho cdc s thite duong ay, as, ..., an, (n > 1). Chitng minh rdng
n
[T — a2 +n) (Z) |
i=1
Bai toan 23. Cho cdc sé thie duong ay, as, ..., an, (n > 1, k > 2). Chiing minh rdang
k+1 k+1 k+1 2 2 2
a a a a a a
lk + 2k 4ot ”k >4y 24,41
a, as aj az as ai
Bai toan 24. Cho cdc s6 thie duong x1, X2, ..., Xn, (n = 1,k > 2) c0 tong bang 1. Vi

o, B, A = 0 théa man a® + B2 + A? > 0. Chitng minh rdang
xk xk x,’f 1

+ TR > .
axy + Bxr +Axs  axs + Bxs + Axy X, + Bxi +Ax, - nkF2(@+ B+ 1)

Bai toan 25. Cho ba s6 thiee duong a, b, ¢ va sé nguyén k > 3. Chitng minh rdang
a* + 2b%c? N b* + 2c%a? N c* + 2a%h? S 3k=2
(@2 +2bc)* (B2 +2¢ca)* (2 +2ab)* T @+ b+ )

Bai toan 26. Véi sdu sé thuc duong a, b, ¢, x, y, z va s6 nguyén duong k > 2 thi

ak+bk+ck (a+b+c)k
y oz 73 2(x+y+2)

Bai todn 27. Cho ba sé thyc duong a, b, ¢ va sé nguyén n > 2. Chiing minh rdang

an+1 N bn+1 N n+1 (a+b+c)n 1 ., a”+b"—|—c”
b+c c+a a—l—b 2.3"72 y 3 '

Bai todn 28. Cho ba sé thuc duong a, b, ¢ va p la s6 nguyén dwong. Chiing minh rang

a n b . c
Ub+2c Xc+2a Xa+2b
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Bai toan 29. Cho ba s thie duong a, b, c. Chitng minh rdng

a* b4 ct
b2c2 T2 c2a? T2 a2b? +223V3

Bai toan 30. Vdi k la sé tw nhién va ba sé thuc duong xi, Vi, Zk, ®, B théa man
n n n
DL ST po)
k=1 k=1 k=1

Chitng minh rdng véi moi s6 nguyén p > 2 ta cé

(1 + xx)? 27
Zotyk-l-ﬁzk nP=2(a + B)’

Bai todn 31. Cho ag, by > 0, k = 1,n va sé nguyén duong m. Chitng minh rdng

Xn: m am +bm Xn: 1 2 n2 .
i ok ar + by V2am=1

k=1

[1] Nguyén Vin Mau, Bét dang thiic dinh 1i va 4p dung, NXB Gizo duc, 2006.

[2] Pham Kim Hung, Sang tao bat dzzlng thuc, NXB Tri thuc, 2006.

[3] Pham Van Thuan, Lé Vi, Bat daelng thic suy luan va kham pha, NXB DPHQG Ha Néi, 2007.
[4] Tap chi Toan hoc va Tudi tré.

[5] Tap chi Epilon.
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BAY TRU COT THONG THAI CUA THONG KE HOC

Nguyén Vin Tuin

GIOI THIEU

Chuyén muc diém sach ky nay ctia Epsilon ching ti vinh du nhan dugc bai viét tii gido
st Nguyén Vin Tuén, v6i bai di€ém vé cubn "Bay tru cot thong théi clia théng ké hoc"
("The Seven Pillars of Statistical Wisdom") cla tac gia Stephen M. Stigler. Pay la mét
quyén sach mang lai mot géc nhin va nhiing 1y giai mdi vé nhiing phucng phap thong ké
da dugc st dung xuyén sudt chiéu dai lich st clia thong ké hoc. Chiing tdi chi quan cho
rang tic phdm sé gitip cho ngudi doc hiéu siu hon vé cac phuong phap thong ké, va qua
do, gitip ching ta khong chi dung thng ké nhu nhitng cong cu, ma con hiéu dugc d6 1a
cd mot hé théng tu duy. Xin mdi doc gid dén véi bai di€ém sach nay cla gido su Nguyén
Vin Tun.

Mot trong nhitng cudn sach khoa hoc ma toi rat thich trong vai thang gan day 1a cubn "The
Seven Pillars of Statistical Wisdom" cla tac gia Stephen M. Stigler (1). Day 1a mot cudn sich
nhd (200 trang) cung cp cho chiing ta nhiing 1i giai cuc ki 1i thi vé khoa hoc théng ké va lich
st dang sau nhitng phuong phap ma chiing ta sit dung trong suy luan khoa hoc. Nhu tua dé cudn
sach, tac gia Stigler tap trung vao giai thich 7 tru cot thong thdi ctia théng ké hoc, va tdi thi tém
ludc theo cach hiéu cua toi dudi day.

Nhung trudc khi gidi thich, toi thdy cin phéi danh vai chit giai thich y nghia chit wisdom, ma toi
thdy hoi khé dich sang tiéng Viét minh. O mifc doc don gidn nhat, wisdom 1a thong thai, khon
ngoan. Nhung néu c6 kinh nghiém co sit v6i xa hoi néi tiéng Anh thi hinh nhu chit "thong thi"
va "khon ngoan" c6 vé khong tuong duong véi wisdom. Trong ngit canh cia tya dé cudn sich
nay, toi hi€u wisdom nhu 12 nhiing tri thifc va trai nghiém dudc dic két qua nhiing trdi nghiém
thuc té, cling gidng nhu nhitng ciu ca dao 13 nhiing tinh tuy vé ting x{t & ddi ma cha 6ng chiing
ta da diic két va truyén lai.

D& hiéu cac khdi niém trong sich, can phai phan biét dif liéu (data) va thong tin (information).
Dit liéu 1a nhiing gi chiing ta thu thip tif nghién ciu. D€ chuyén ho4 dit liéu thanh thong tin,
chiing ta phai 4p dung phuong phap phan tich théng ké. N6i cach khac, thdng ké hoc 1 cong cu
dé€ chiing ta thu nap thong tin tif di liéu. Di nhién, tif thong tin, chiing ta c¢6 thé bién thanh kién
thic (knowledge) qua dung phuong phép qui nap khoa hoc.

Sau khi phén biét dudgc su khac biét gitta di liéu, thong tin, va kién thiic, chiing ta thi diém qua
7 tru cOt ma tac gia Stigler dé cap trong cudn sach. Bay tru cot ndy ciing c¢6 thé xem 12 7 nghich
1i, va toi s€ giai thich thém dudi day:
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Trong phan nay, Stigler Ii gidi va dua ra mot nhan xét lam chiing ta ngac nhién: d6 1a ching ta
thu nap kién thiic bang cach loai bé thong tin! Chang han nhu ddi phé v6i mot diy s6 liu vé
chiéu cao, ching ta chi cin tinh mot s6 trung binh, va dung né nhu 13 mot thong tin dé kién
tao tri thifc. Con tit c4 nhitng con s6 d€ tao nén sb trung binh thi bi loai bd, khong dudc dé cap
dén. Mbi ngay, chiing ta doc va nghe biét bao s6 trung binh, tif thi trudng chiing khodn, chinh
sach kinh t&, dén nghién ctiu y khoa, tit ca déu dung sb trung binh d€ di dén nhitng quyét dinh
phuc tap.

Lich st va su ra ddi ctia con sd trung binh ciing dudc tic gia dién gidi rat tudng tin. Thong ké
hoc, hay it ra 12 cac khdi niém théng ké hoc, da dugc st dung trong thién vin hoc tir thé ki 18,
phéi dgi dén gilta thé ki 19 thi mdi thinh hanh. Li do 1a vin dé do Iudng va lién quan dén gia
tri trung binh. TAc gia Stigler chi ra ring néu ching ta do luong [chiang han nhu] Sao Mdc, thi
chiing ta biét rd d6 1a mot thuc thé, né & mot vi tri va ching ta c6 thé udc tinh sai s6. Nhung
néu ching ta do ludng tudi tho hay mifc dd lam phat kinh té, thi ching ta khong c6 dudc cai "xa
xi" nhu do ludng Sao Mdc, bdi vi nhitng bién sd nhu tudi tho né xuét phat tif mau ma chiing
ta c6 dudc va chiing ta khong biét dugc gia tri that ctia quan thé. Ngudi c6 cong dau trong viée
phat kién tri s6 trung binh 1a Nha khoa hoc ngudi Bi Adolphe Quetelet (ngudi sang tao ra chi sd
body mass index). Vao nim 1831, Quetelet "sdng ché" ra cdi ma dng goi 12 "L homme Moyen"
(ngudi trung binh). Ngudi trung binh 12 mot ¢ nhan hu ciu, véi gid tri trung binh ma ching
ta c6 thé st dung dé€ dai dién mot nhém ngudi. Do d6, Quetelet tinh chiéu cao va trong luong
trung binh cia mdt nhém linh Phdp, roi xem d6 12 mot ngudi linh tiéu biéu. Nhung Quetelet
hiéu dudc rang tri s6 trung binh sé dao dong giita cac nhom linh, va dng ban vé do chinh xic
ciing nhu cich tinh. Tit d6, khoa hoc thong ké c6 mot gid tri ma sau nay trd thanh phd bién nhét
va dudc ap dung trong hau nhu bt cii linh vuc x4 hoi nao. Cai bat ngd ma tic gia Stigler chi ra
rang chiing ta c6 cdi gid tri tiéu biéu bang cach loai bo dit licu!

Gia du nhu néu chiing ta udc tinh sb trung binh quan thé dua trén 100 ddi tuong (va goi la x1),
va s6 trung binh dua trén 200 dbi tuong (x2), cau hoi dit ra 1a gid tri clia thong tin trong x2 cao
gp 2 1an so vdi gid tri thong tin trong x1? Cau tra 16i 1a khong. Trong thuc té, néu chiing ta ting
lugng dit liéu gip 2 1an thi gia tri thong tin chi ting khoang 1.4 1an. Néu chiing ta ting luong dit
liéu gép 3 1an thi lugng thong tin chi ting 1.7 1an.

Tir du ma c6 cac con sd d6? Tac gia chi ra mot su that hién nhién tf cong thifc tinh sai s6 chuin
(standard error). Sai sb chuin b?mg dd 1éch chudn chia cho cin s6 bac 2 clia s6 ¢d mau; hay néi
cach khac, do 1éch chuin bﬁng sai s& chuan nhan cho ciin s bac 2 ctia lugng dif liéu. Chﬁng co
gi méi § day, vi De Moivre da chi ra tit 1738, va d6 ciing chinh 12 Ii thuyét ding sau Pinh 1i gidi
han trung tdm (Central Limit Theorem).

Nhung cdi hay & day 1a tac gia Stigler da dua ra mot cach dién giai rat c6 y nghia trong bdi cdnh
Dii liéu Lén (Big Data) dang rat thinh hanh nhu 13 mot xu huéng théng ké "thdi thuong"". Nhiing
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ngudi tin vao Dit liéu Lén nghi rang bang cach ting lugng dit liéu thi chiing ta sé c6 thong tin
chinh x4c hon, dang tin cay hon. Pung nhung chua du, bdi vi lugng thong tin khong phai 1a ham
s6 tuyén tinh cta luong dit liéu.

Trong chuong nay, tac gia Stigler ban vé 1i thuyét kha di (Likelihood). Trong phan nay, tac gia
Stigler 1i gidi ring ching ta thu nap thong tin tif dit liéu qua cic phuong phap nhu kiém dinh
théng ké (test of significance) va tri s6 P ma Ronald Fisher d& xuéng tit nim 1925, cling véi
nhiing phuong phédp sau nay nhu khoang tin cay 95%. Céac phuong phdp nay ciing da giup chiing
ta gidm su bt dinh trong cudc sdng. Kiém dinh théng ké ma Ronald Fisher d& xuéng khong
phai 13 y tudng mdi, bbi vi phuong cach ndy da dugc John Arbuthnot 4p dung trudc d6 dé tinh
toan xem hién tuong sinh con trai nhiéu hon con géi 1a do y ctia Thuong dé hay ngu nhién!

Bt cti ai 1am nghién cifu khoa hoc ciing can so sdanh. Thudng 13 so sanh hai nhém xem c6 khac
nhau mot cach c6 hé thdng hay khéc biét chi 1a do yéu td ngiu nhién. Phuong phdp kiém dinh
t (do William Gosset dé xudng) 1a mot phuong phap quen thudc. Mot phuong phap so sanh
khac cliing hay dugc ap dung la phan tich phuong sai (ANOVA hay analysis of variance) do
Ronald Fisher phat kién. Trong khi c4c nganh khac, ngudi ta so sanh v6i mot chuin vang (gold
standard), thi khoa hoc thdng ké so sanh thong tin trong cting mot dit liéu, mdt nghién cifu.

Nhiing ai doc sach st théng ké hoc déu biét rang William Gosset tiing lam viéc cho hing bia
Guiness, va cong viéc ctia 6ng lic d6 12 kiém nghiém chét luong bia. Trong nhiém vu d6, dng
phai 1am nghién ctfu nhung thudng dua trén s6 mau nho, va "cdi kho 16 c4i khon", 6ng di sang
ché ra phuong phap so sanh khéc biét dua vao cd mau nhé. Trong mot dip nghi he (sabbatical)
ong tham labo ctia Karl Pearson tai University College London, va viét bai bdo néi tiéng. Khi
bai bdo dudc glii cho tap san thdng ké hoc, 6ng khong dudc ki tén that (vi 1a nhan vién cia
Guiness), nén phéi ki dudi but danh 12 "Student". Tit d6, khoa hoc c¢6 phuong phdp kiém dinh
goi la "Student’s test".

Mot trong nhiing phuong phap dé€ chiing ta thu nap thong tin rat hitu hiéu 12 mo6 hinh hodi qui
tuyén tinh (linear regression model). M6 hinh nay 12 mot trién khai tif phuong phdp phan tich
tuong quan (correlation analysis). Phan tich tuong quan la phuong phap do Nha nhan chiing hoc

95



Tap chi Epsilon, S6 14, 12/2018

trit danh Francis Galton dé& xudng tif cudi thé ki 19. Liic d6, Galton dang nghién ctiu vé dnh
hudng cta di truyén dén tri thong minh, va dng dung chiéu cao 12 mot marker. Ong quan sét
rang nhitng cip cha me c6 chiéu cao thip hon trung binh thudng sinh con cé chiéu cao cao hon
cha me; ngugc lai, nhitng ciip vo chdng c6 chiéu cao cao thudng sinh con c6 chiéu cao thip hon
ho. Pay 1a hién tuong hdi qui vé sb trung binh, hay thuit ngii tiéng Anh 1a "regression to the
mean".

Day 1a mot trong nhitng chuong hay nhit ctia cubn sich. Tac gia bat dau v6i cau chuyén vé
Charles Darwin, mdt ngudi em ho cua Francis Galton. Darwin la nguoi khong thich toan, khong
phai 6ng kém kha ning vé toan, ma dng cho rang toan khong gitp gi cho khoa hoc! Darwin dé
ra y tudng goi l1a "The Rule of Three" hay "Qui luat tam suit". Ong néi néu chiing ta biét rang
a/b = c/d va néu chiing ta biét 3 s, thi chiing ta c6 thé xac dinh dudc sb thit 4. Nhung trong
thuc té, chiing ta cAn nhiéu tap hop 4 gia tri d€ udc tinh tham sb ctia mo6 hinh hoi qui tuyén tinh.
Nhung y tudng vé phan loai chiing vat clia Darwin sau nay lai nhd cdc phuong phap phan tich
da bién gitp d rat nhiéu. Tt ca cc phuong phap phan tich da bién déu xuét phat tif mo hinh
hdi qui tuyén tinh.

Ngac nhién thay, ching ta thu nap thong tin co ché ... ngiu nhién hod. Y nghia ctia tru cot nay
can mot vai 16i gidi thich. Thiét k& 13 mot phuong phap thu nap thong tin ¢ hé théng. Nhung
thiét ké 1a phai dung dén co ché ngau nhién hoa (randomization). Chang han néu chiing ta muén
d4nh gia hiéu qua ctia mdt thudc diéu tri bénh, chiing ta phai chia nhém bénh nhan méot cach
ngau nhién dé€ dam bao cic nhém déu c6 nhitng yéu t6 nhiéu gidng nhau.

That ra, c¢6 thé xem thiét ké nghién ctiu 12 mot cach tbi vu hoa. Trong chu’dng nay, tac gia Stigler
diu dat chiing ta qua lich st cda thiét ké nghlen cttu hét sic thi vi. Y tLIdng thiét ké nghién
ctiu dé€ thu nap thong tin xuit phat tir s6 s6 bén Phap vao nim 1757. S& sb lic d6 déng gép
4% cho ngan sach ctia Phap (c6 18 gidng nhu s6 sb tran lan hién nay & Viét Nam). Sau d6 khi
Ronald Fisher lam viéc cho Tram thi nghiém Rothamsted, 6ng mdi nghi ra phuong phép chia
nhém ngau nhién (randomization). Trong mot bai dién thuyét trong Hoi nghi Théng ké& hoc An
Do niam 1938, Fisher tuyén b ring "To consult the statistician after an experiment is finished
is often merely to ask him to conduct a post mortem examination. He can perhaps say what the
experiment died of" (Tu van nha thdng ké hoc sau khi thi nghiém da 1am xong c6 thé vi von nhu
12 hdi nha thdng ké& hoc 1am mot cudc gido nghiém tit thi. Nha théng ké hoc c6 thé néi cdi thi
nghiém chét vi li do gi.) Y ciia Fisher 12 mubn thi nghiém c6 két qua tot va mudn thu nap thong
tin d4ng tin cdy thi phai tu vAn nha thdng ké hoc trudc khi 1am thi nghiém — mot 15i khuyén van
con y nghia thdi su ngay hom nay. Nhung viéc nay doi héi nha théng ké phai hiéu vin dé khoa
hoc va hiéu qui trinh suy luin khoa hoc.

Khi néi "sai s6" & dy, t6i mudn néi dén dao dong du, tiic "residuals” hay "error terms" trong
mo hinh hoi qui tuyén tinh. Trong khoa hoc, thinh thodng chiing ta phat hién nhiing céi binh
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thudng tif nhitng dif liéu bat binh thudng. C4i bat binh thudng & day chinh 1 residuals, 12 sai sb
tif md hinh. Chang han nhu dé€ phat hién nhiing gen c6 lién quan dén bénh li, chiing ta sé md
hinh phan bd ctia gen dua vio mot qui ludt sinh hoc, va cac dit liéu nam ngoai hay léch so véi
gia tri ki vong chinh 13 nhiing gen dang quan tAm. Nhu vay, ching ta phat hién cai co ché sinh
hoc tif nhitng dit liéu va thong tin bat thudng.

Diéu niy c6 y nghia rat quan trong cho nha thong ké hoc. Déi vé6i nhitng nha thong ké hoc dudc
huén luyén trong cdc dai hoc ma khong c6 tuong tic véi khoa hoc, phan tich dao dong du 1a dé
kiém dinh tinh hop Ii cia md hinh ciia ho. Nhung d6i véi khoa hoc, didu d6 chang quan trong;
diéu quan trong 13 nhitng dif liéu ma mo hinh khong gidi thich dudc.

Cubn sach dugc viét v6i vin phong khoa hoc nhung van hip din véi ngudi ngoai khoa hoc.
Nhung thinh thoang, tic gi4 c6 vé gia dinh ngudi doc phai hiéu mot s6 khai niém théng ké hoc.
Chang han nhu ngudi doc phai "dong ndo" dé hiéu

L(©) = L(©)|X and Cov(L,W) = E{Cov(L,W|S)} + Cov(E{L|S}, E{W|S})

Nhung may man thay, nhung cong thiic loai nay chi xuat mot vai 1an trong sich, va ngudi doc
khong can hiéu ching ma vin nim dugc y nghia ding sau cac md hinh thong ké.

Tém lai, cudn sach "The Seven Pillars of Statistical Wisdom" 1a mot tdc pham rat hay va dang
doc. Tac pham nay hay 1a vi tdc gid da dem dén cho chiing ta nhiing cdi nhin rat tuoi, v6i nhiing
I gidi rit mé6i vé nhitng phuong phdp thdng ké cd dién. Chi trong 200 trang sach ma tac gia da
lugc qua nhitng diém chinh (7 diém) trong subt chiéu dai lich st ctia chuyén nganh khoa hoc
théng ké. Cudn sich con gitip cho ching ta, nhitng ngudi 1am nghién citu thuc nghiém, hiéu sau
hon vé cac phuong phap théng ké, va qua d6 gitip chiing ta suy nghi mot cach théng ké, chi
khong phai suy nghi nhu 14 mot cong cu. Xin nhin manh: t6i xem thong ké hoc 1a mot cach suy
nghi. Thay vi tip trung vao nhiing chi tiét tinh todn, ching ta can phai hiéu y nghia ding sau
clia cdc phuong phap va mo6 hinh thong ké. Néu ban 1a nha thdng ké hoc, nha khoa hoc thuc
nghiém, cudn sich "The Seven Pillars of Statistical Wisdom" phai c6 trong ti sach clia céc ban.

Ghi thém:

(1) Stephen M. Stigler 1a gido su xuét sac chuyén nganh st thdng ké thudc Pai hoc Chicago. Ong
t6t nghiép tién si théng ké hoc tit Pai hoc California, Berkeley, nhung sau d6 6ng chuyén vé Pai
hoc Wisconsin, Madison, va nim 1979 thi chuyén sang Pai hoc Chicago cho dén nay. Ong cong
bd nhiéu cong trinh nghién ctiu vé st thdng ké rat c6 gia tri. Nhiing cdng trinh nay dudc dic két
thanh cudn sach "The History of Statistics" (1986) va "Statistics on the Table" (1999). Ngoai
vai trd 1a s gia ctia khoa hoc théng ké, dng con bién tap phan li thuyét cho tap san Journal of
the American Statistical Association (1979-1982). VGi nhiing thanh tich do, Stigler 1a ngudi c6
thadm quyén d€ viét vé nhiing y nghia ding sau 7 wisdom théng ké ma toi dang gi6i thiéu dén
cac ban.
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MOT SO BAI TOAN TREN TAM PUONG TRON EULER

Tran Quang Hung

GIOI THIEU

Bai viét xoay quanh mot sb bai todn lién quan tSi tim dudng tron Euler. Cac bai todn nay
hau nhu déu 1a két qua clia tac gia trong qua trinh di tdp hun mot s6 doi tuyén thi HSG
trén ca nuéc. Thai gian gan day, nhiéu bai todn rat thd vi trén tam dudng tron Euler va
duong tron Euler lién tuc dugce phat hién, trong d6 ban than tac gia ciing tim ra dugc mot
s6 bai todn m&i vé chi dé nay. Mit khéac quang thdi gian tic gia giang day nhiing bai todn
ndy céach thdi di€ém hién tai cing di lau, tuy nhién mot sb bai toan van c6 nhiéu gid tri.
Dic biét 1a cic bai todn d6 van dugc st dung kh4 tot trong viéc bdi dudng cic em hoc
sinh yéu hinh hoc. Do d6 t6i xin tran trong gidi thiéu véi ban doc bai viét tdng hop nay.

DPudong tron Euler hay tén quc té thudng goi 1a dudng tron 9 diém [7], 1a dudong tron di qua
trung diém ba canh, chan ba dudng cao va trung diém ba doan thang nbi truc tim va ba dinh
tam gidc. Pay 12 mot két qua rat ndi tiéng va dugc khai thac trong rat nhiéu bai toan khac nhau.
TAm dudng tron nay ciing 12 mot dé tai thud vi clia cdc bai nghién ctiu hinh hoc s cip va ciing 1a
dé tai hay danh cho céc cudc thi hoc sinh gidi toan trong nuéc va qubc té. Phan nay Toi xin trinh
bay lai mot sb bai toan chd yéu do tdi dé xuét lién quan dén tAm dudng tron thd vi ndy trong
khoang thai gian tu nam 2013-2014.

Ky thi hoc sinh giéi toan qubc gia nim 2013 c6 bai todn nhu sau [1].

Bai toan 1 (VMO 2013). Cho tam gidc ABC, duong tron néi tiép (1) tiép xiic CA, AB ldn
luot tai E,F. G, H ldn luot la dbi xing ciia E, F qua I. Puong thing GH giao IB,IC ldn
lwot tai P, Q. Gid sit B,C c6 dinh, A thay doi sao cho ty sé % = k khong doi. Chiing minh
rang trung truc PQ luon di qua moét diém cé dinh.

Loi gidi. Goi /B, IC lan lugt cat EF tai K, L. Chi y tam gidc AEF cén tai Anén Z/ZKFEC =
ZAEF = 80244 = 180° — (90° — £2) = 180° — ZBIC = ZKIC. Tu d6 ti gisc KEIC
ndi tiép suy ra LIKC = ZIEC = 90°. Tuong tu ZILB — 90°. Tit &6 néu goi M 1a trung diém
BC, J la trung diém K L d€ c6 tam tam giac KLM cannén MJ L EF (1).

Do G, H 1an luct 1a ddi xting cta £, F qua I nén dudng thang G H db6i xiing dudng thang EF
qua I. GH, EF 1an luot cat I B tai P, K suy ra I 1a trung diém PK, tuong tu I 1a trung diém
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QL. Vay hai doan K L va P(Q d6i xtiing nhau qua /. Tt d6 néu goi R 1a trung diém PQ thi trung
diém J cia KL va R d6i xing nhau qua I hay I 1a trung diém R.J.

Goi trung truc PQ cat BC tai N, ta thly RN vuong géc PQ, PQ song song EF  (2).

Tir (1) va (2) suy ra RN song song JM. Goi [ A cat BC tai D, d& ¢c6 ID = I A vudng géc EF
nén /D ciing song song véi RN, JM. Tir do trong hinh thang RJM N c6 I 1a trung diém RJ
nén I D la dudng trung binh, vdy D la trung diém M N.

Theo tinh chit dudng phan gidgc 22 = 25 = k khong d6i nén D cb dinh. M la trung diém BC
c6 dinh nén N d6i xiing M qua D cb dinh. Vay trung truc PQ di qua N cb dinh. O

Nhin xét. Viéc dung ra thém céc di€ém phu L, K trong 13i gidi déng vai trd quan trong, n6 cho
phép ta sit dung phép vi tu dé€ chuyén cic tinh chit dudng thang RN va JM cho nhau. Trong
qué trinh tim hi€u bai todn t6i nhan thiy rang thuc chit K, L, N 1a cic chan dudng cao tit C, B, I
clia tam gidc I BC. Nhu vay dudng tron ngoai tiép tam gidc N K L 1a dudng tron Euler clia tam
gidc 1 BC nén né ciing di qua M va vi vdy tam dudng tron Euler ctia tam gidc /BC nam trén
trung truc K L ciing 1a dudng thang JM. Vay néu tif tim dudng tron Euler clia tam gidc I BC
ma ta vé dudng thang song song véi A thi né ciing chinh 1 trung truc KL ma di qua trung
diém BC. Ta dé thiy la cic dudng thing qua trung diém BC, C A, AB ma lan lugt song song
v6i T A, IB, IC thi dong quy. Do d6 ta dé xuét bai todn nhu sau

Bai toan 2. Cho tam gidc ABC' tdam noi tiép 1. Goi N,, Ny, N, ldn luot la tam duong tron Euler
cia cdc tam gidc IBC,IC A, IAB thi cdc dwong thing qua N,, Ny, N, ldn lugt song song vdi
IA,IB,IC dong quy.

Qua tim hiéu va khai thac tdi nhan ra riang bai toan nay ding khong chi véi tim ndi tiép 7 ma
thuc chét né ding véi moi di€ém P bét ky trong mit phang. Do d6 toi dé xuét bai toan sau

Bai toan 3. Cho tam gidc ABC va P la mét diém bdt ky. Goi N,, Ny, N, ldn lwot la tdm
duong tron Euler ciia cdc tam gidc PBC, PC A, PAB. Chitng minh rang cdc duong thing qua
N,, Ny, N, ldn lugt song song véi PA, PB, PC dong quy.
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Loi gidi. Goi O,, Oy, O, 1an luct 1a tAm dudng tron ngoai tiép cac tam gidac PBC, PCA, PAB.
Ta dé thdy duong thang qua O, song song P A chinh la dutng cao tit O, clia tam gidc O,0,0,
do d6 cdc dudng thang qua O,, Oy, O, 1an lugt song song véi PA, PB, PC ddng quy tai truc
tam K cua tam giac O,0,0..

Goi G,, Gy, G., G 1an lugt 1a trong tam tam gidc PBC, PCA, PAB, ABC ta dé thiy PG, va
AG di qua trung diém M, ctia BC, tit d6 dé thay G,G song song P A néi cach khic cac dudng
thang qua Gy, Gy, G. 1an lugt song song véi PA, PB, PC dbng quy tai trong tim G clia tam
giac ABC.

}ﬁngéy lilai chuy vi N, la tam dl,IGng tron Euler cua tam gié(f PBC nén c}é co 2m +
G.0, = O . Tu d6 st dung phép chicu song song phuong P~A Xuéng_dlibngih_ﬁ)ng }_(>G, goi V
la hinh chi€u song song phuong P A cta N, xuong K G tade suy ra 2GN + GK = 0 ndi cach
khéac dudng thang qua N, song song PA di qua N xic dinh. Tuong tu cic dudng thang qua
Ny, N, 1an luct song song véi PB, PC ciing di qua N ta c6 diéu phai chiing minh. O

Nhén xét. Bai todn trong trudng hgp tim ndi tiép 1a bai toan c6 y nghia, viéc tdng quét bai todn
v6i diém P bat ky 16i sau d6 dic biét hoéa cho P di chuyén triing mot sb tim dic biét dé tao ra
bai toan mdi 12 viéc 1am thu vi. Qua bai toan nay ta cling d€ rit ra tAm dudng tron Euler ciing
chi 1a mdt trudng hgp dac biét. Tuong tu nhu cach chiing minh trén thi bai toan cling s€ ding
véi truc tim hodc tdng quat hon 1a mot diém trén dudng thang Euler chia doan ndi truc tam,
trong tam ty s6 cb dinh. Ta c6 céc bai todn khac nhu sau

Bai toan 4. Cho tam gidc ABC va P la mot diém bdt ky. Goi H,, Hy, H, ldn lwot la truc tdm
ciia cdc tam gidc PBC, PCA, PAB. Chitng minh rdng cdc duong thing qua H,, Hy, H, ldn
lugt song song vdi PA, PB, PC dong quy.

Bai toan 5. Cho tam gidc ABC va P la mét diém bdt ky. Goi H,, Hy, H, ldn luot la truc
tdm ciia cdc tam gidc PBC, PCA, PAB. Goi G, Gy, G, ldn luot la trong tdm cdc tam gidc
PBC,PCA, PAB. Goi L, Ly, L. lan lugt chia cdc doan H,G,, H,Gy,, H.G, ciing mot ty sé.
Chiing minh rdng cdc dwong thing qua L, Ly, L. ldn lugt song song vdi PA, PB, PC' dong
quy.
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Mot khai thac tuong tu dudc tdc gia dé nghi trong cudc thi gidi toan mathley [3], cdc ban hay
lam nhu bai luyén tap

Bai toan 6. Cho tam gidc ABC va DEF ngi tiép duong tron (O). Goi N,, Ny, N, la tdm duong
tron Euler cdc tam gidc DBC, EC A, F AB. Chitng minh rdang cdc duong thang qua N,, Ny, N,
lan lwot song song AD, BE,C'F dong quy.

Sau khi dé xuit bai todn 3, t6i dd manh dan nghi t6i két qua thay dudng thang song song bdi
dudng thang vudng goc va that tuyét vai khi bai todn vudng géc ding, bai toan phat biéu nhu
sau

Bai toan 7 (Kiém tra doi tuyén THPT chuyén KHTN nim 2014). Cho tam gidic ABC va
P la mot diém badt ky. Goi N,, Ny, N, ldn lugt la tdm dwong tron Euler cua cdc tam gidc
PBC, PCA, PAB. Chiing minh rang cdc duong thing qua N,, Ny, N, ldn lugt vuéng goc véi
PA, PB, PC déng quy.

Bai toan trén theo ddnh gi4 cla toi 12 bai toan hay. Toi da st sung bai todn nay trong dot kiém tra
doi tuyén VMO cua truong THPT chuyén KHTN that ddng tiéc 13 khong c6 em nao gidi dudc
bai todn nay.

Lai gii dau tién tdi c6 dudc cho bai todn nay chua dep, sau ddy tdi trinh bay mot 19i giai thi hai
tham khao y tudng tit hoc tro Ta Ha Nguyén, hoc sinh 16p 12A1 Toan, khéa 48, truong THPT
chuyén KHTN. Trong subt bai toan nay ta ky hiéu (XY Z) chi dudng tron ngoai tiép tam gidc
XY Z. Cong cu st dung trong phan nay la géc dinh huéng gitta hai dudng thang.

Li gidi. Goi D, E, F, X, Y, Z lan luot Ia trung diém cia BC,C A, AB, PA, PB, PC, thi cic
dudng tron (DY 2),(EZX),(FXY), (DEF) lan lugt 1a cic dudng tron Euler clia cac tam gidc
PBC, PCA, PAB, ABC. Goi dudng tron (DY Z) va duong tron (DEF) cit nhau tai S khac
D. Ta c6 bién ddi goc c6 huéng nhu sau

(SF,SY) = (SF,SD) + (SD, SY)

= (EF,ED)+ (ZD,ZY) (Do S thudc cac dudng tron (DY Z), (DEF))

— (BD,BF) + (BY,BD) (Do EF | BD,ED || AC,YZ || BD, ZD || BY)
— (BY, BF)
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— (XF,XY) (Do XY || BF,XF || BY).
Do d6 S thudc (FXY). Tuong tu S thudc (EZX). Ta c6 diéu phai ching minh.

Theo bai todn 3 thi cic dudng thang qua N,, N,, N, lan lugt song song PA, PB, PC ddng quy
tai Q. Ta chi can chiing minh ring Q nam trén dudng tron (N, N, N,) thi hién nhién dudng thang
qua N,, Ny, N, 1an lugt vudng géc v6i PA, PB, PC sé dong quy tai diém ddi tAm (). Vay ta
bién ddi géc (QN,, QN,) = (PB,PC) = (DZ,DY) = (SZ,SY) = (N,Ny, N,N..). Ta chd y
dang thiic cudi c6 1a do dudng tron (N,) va (N) c6 day cung chung 13 SZ nén N,N, L SZ,
tuong tu N,N, L SY. Tir d6 ta c6 diéu phai chiing minh. ]

Nhén xét. Bai toan néu cho P trung véi mot s6 diém dic biét ciing sé dan t6i nhiéu hé quéa quan
trong.

Ngoai ra khi khai thac cac bai todn xoay quanh tam dudng tron Euler, ching ta cling nhén dudgc
nhiéu bai todn la mat. Toi xin gidi thiéu mot bai toan ma toi ciing tinh ¢& tim ra khi gidi mot bai
toan lién quan t6i van dé vé diém cd dinh va tim duong tron Euler.

Bai toan 8. Cho luc giic ABCDEF néi tiép duong tron (O). Goi K, L, N ldn luot la tém

duong tron Euler ca cdc tam gidic DEC, BCA, FAE. Goi X,Y, Z ldn luot la hinh chiéu ciia
K, L, N theo thit tw lén AD, BE, C'F. Chitng minh rdng trung truc ciia AX, EY, CZ dong quy.

Trudc hét ta cé bd dé sau

Bé dé. Cho tam gidc ABC néi tiép duing tron (O). P la mot diém trén (O). K la tdm duing
tron Euler cua tam gidc PBC.

a) Chitng minh rdng duong thang qua K vudng géc vdi PA luén di qua diém cé dinh khi P di
chuyén.

b) Goi H la hinh chiéu ciia K 1én PA. Chitng minh rdng trung truc ciia AH luén di qua diém
co dinh khi P di chuyén.
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Chitng minh. a) Goi N 1a tAm dudng tron Euler ctia tam gidc ABC. Goi L la trung diém
cLa ON. @)i I @;ﬁng A qua L, goi M la trung diém PA. Ta da bi%ét qua quen thudc
KN = %PA = MAsuyra AN = MK. Do I d6i xtiing A qua L nén AN = 07 Vay tur do
— 5 Z

OM = ﬁ suyra KI || OM L PA. Vay duong thang qua K vudng géc PA di qua I co dinh.
Ta c6 diéu phéi chiing minh.

b) Dé thay trung truc ctia AH di qua trung di€ém L ctia A ciing 12 trung diém ON cb dinh. Ta
c6 diéu phai chiing minh. O

Loi gidi bai toan. Bai todn 12 hé qua ctia bS dé trén ta dé thiy trung truc cdc doan AX, EY,CZ
dong quy tai trung diém OT vé6i T 1a tim dudng tron Euler ctia tam gidac AFC. Ta c6 diéu phai
ching minh. [

Nhan xét. BS dé 1a mot bai toan di qua diém cb dinh rit quan trong. Chiing ta hoan toan c6 thé
dua vao bai todn di qua diém cb dinh dé dé xuét thanh cdc bai todn ching minh dong quy nhu da
lam trong bai todn trén. Bai toan trén da tiing dudc tdc gia dé nghi trong ky thi chon ddi tuyén
thi hoc sinh gidi quc gia trudng THPT chuyén KHTN nim 2013 xem [4]. Sau d6 bai todn nay
cling xut hién trong [5] va khong ghi ngudn gdc, nhan dip bai viét nay, toi xin gidi thiéu lai rd
nguodn gdc véi ban doc nhu trén.

Sau day 1a mot bai toan tac gia cling tinh ¢d tim ra. Bai toan nay dudc tac gia tao ra khi dang tim
hiéu vé céc hé thiic trong hang diém diéu hoa, bit ngudn tir bai gidng cho 16p hoc toan online
ctia EgoGreen. Bai todn nay ciing da xuét hién trong [6] va khong ghi ngudn gbc, toi xin gidi
thiéu lai rd6 ngudn gdc v6i ban doc nhu trén.

Bai toan 9. Cho tam gidc ABC duong cao BE, CF va duong tron Euler la (Oy), D, G thudc
BC sao cho (BC,DG) = —1. ED,FD ldn lugt cdt (Oo) ldn lugt tai M, N khdc E, F.
GE,GF cdt (Oy) ldn luot tai P,Q khdc E,F. PM giao NQ tai R. Goi S la déi xiing clia
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G qua trung diém PQ. Goi T la doi xvng cia D qua trung diém MN. Chitng minh rang
R, S, T thdng hang.

Loi giai. Goi I 1a trung di€m ctia BC' theo hé thic Newton ta dé c6 IE? = [F? = [IB? =
I1C? =1D.IG.

Tir d6 dé ¢6 ZIFD = ZIGF, ZIED = ZIGE. Goi PS cét (O) tai X. Suy ra ZEPX =
/EGF = /IGE — ZIGF = /IED — /IFD = /IED — /ZIEN = /MEN. Tut d6 dé
suy ra EM || NX suy ra NT di qua X. Tuong tu goi SQ cit (Oy) tai Y thi MT di qua Y. Ap

dung dinh ly Pascal cho bd ( g 5\\7/[})/( ) ta thu dugc R, S, T thang hang. Ta c6 diéu phai chiing

minh. ]

Sau day 12 ba bai toan hay lién quan t6i tim dudng tron Euler va tim dudng tron ndi tiép ciing
do t6i dé xuit. C4c bai todn nay da dugc hoan thién 15i gidi bdi mot hoc tro xut sic cla toi 1a
Nguyeén Ngoc Chi Lan hoc sinh 16p 12A1 Toan, khoa 48, trusng THPT chuyén KHTN.

Bai toan 10. Cho tam gidc ABC c6 tdm duong tron néi tiép la I. D, E, F la hinh chiéu ciia

Alén BC,IC,IB. Goi K la tdm ngoai tiép tam gidc DEF. Ching minh rang K1 di qua tdm
duong tron Euler cua tam gidc I BC.
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Loi gidi. Goi M, N lan luot 1a giao diém AE, AF v6i BC. Dé dang chiing minh E, F 1an ludt
1a trung diém AM, AN. Suy ra K 13 tAm ngoai tiép tam giac DEF ciing 13 tam dudng tron
Euler ctia tam gidc AM N. Ciing chting minh dudc 7 1 tdim ngoai tiép tam gidc AMN. Goi
IX, BY,CZ lan lugt 1a cic dudng cao ctia tam giac /BC va H 1a truc tim tam giac. Dé thy
AM || HB, AN || HC. Goi P 1a giao diém AH, BC. Phép vi tu tim P bién tam giac AM N
thanh tam giac H BC'. Lai c¢6 I K la dudng thang Euler ctia tam gidc AM N. Goi J 1a tim dudng
tron Euler ctia tam giac H BC, khi d6 I.J 1a dutng thang Euler ctia tam gidc HBC. Vay I, J, K
thang hang. .J 1 tim ngoai tiép (XY Z), suy ra .J ciing 1a tam Euler ctia tam gidc I BC. Suy ra
diéu phéi ching minh. O]

Bai toan 11. Cho tam gidc ABC' c6 tdm duong tron néi tiép la I. D, E, F la hinh chiéu ciia
Alén BC,IC,IB. Goi Al cdt duong tron ngoai tiép (O) cia tam gidc ABC tai G khdc A.
Chiing minh rdng duong thang Euler ciia tam gidc DEF di qua trung diém AG.

Loi gidi. Goi M, N lan ludt 1a giao diém AE, AF vé6i BC. H, K 1an ludt 1a tryc tAm va tim
ngoai tiép tam gidc DEF. AH cat (AMN) tai L. J 1a d6i xiing ctia A qua K va P 1a hinh chiéu
cia I 1én BC. Ta c6 cic két qua quen thudc: L 1a dbi xing cia A qua H, I 1a tim ngoai tiép
tam gidc AM N va J 1a ddi xding cta I qua BC. Nhu vay, dé thiy HK || JL hay JL song song
véi duong thang Euler ctia tam gidc DEF. Do /ZFAH = /FCD = %AABC’ = LACF =
/ADF = /FFEH suyra A, E, F, H cung thugc mot duong tron. Lai c6 AE | [E,AF 1 IF
suy ra A, E/, F', I cung thugc mot dudng tron, suy ra H thudc duong tron duong kinh A7, suy ra
IH 1 AD suy ra I HDP la hinh chit nhat. Ta ching minh H, P, G thang hang. Goi Q 14 giao
diém AG, BC. Lai ¢6 G 1a tim ngoai tiép tam gidc I BC nén dé c¢6 QG.QA = QI(QG + GI)
suy ra QG. 1A = QI.GI suy ra ?—g = % suy ra % = Z—? = ?—g, suy ra H, P, G thang hang.
Suy ra L, J, G thang hang. Suy ra HK || LG suy ra HK di qua trung diém AG. O

Bai toan 12. Cho tam gidc ABC néi tiép dwong tron (O). P di chuyén trén (O). Puong thing
qua P song song BC cdat CA tai E. Goi K la tdm duong tron ngoai tiép tam gidc PCE va L
la tam dwong tron Euler cia tam gidc PBC. Chiing minh rdng duong thdng qua L song song
PK luén di qua mét diém cé dinh khi P di chuyén.
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Loi gidi. Goi H, N 1an ludt 1a tryc tam va tim dudng tron Euler cta tam gidc ABC. Goi M 1a
trung diém BC, va G 1a dbi xing ctia P qua L. Két qua quen thuoc, ta ¢6 G 1a dbi xing cia
O qua BC. Goi Q la giao diém AH véi (O). Do PE || BC suy ra ZCEP = ZACB, suy ra
/CPK = 90° — ZCEP = 90° — ZACB = /CAQ = Z/CPQ suy ra P, K, Q) thang hang.
Pudng thang qua L song song PK cit GQ tai J. Suy ra J 12 trung diém LQ. T gidc OHQG
12 hinh thang can, N.J la dudng trung binh ctia hinh thang. Suy ra J d6i xtiing N qua BC'. Suy
ra dudng thang qua L song song PK ludn di qua di€ém cb dinh 12 diém d6i xing v6i tim Euler
cua tam giac ABC' qua BC. [
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Céc bai toan nay (trif bai toan cubi ciing) déu dudc tac gia sang tdc va da gii 1én dién dan AoPS
trong mot s6 nim gan day.

Bai toan 13. Cho tam gidc ABC néi tiép (O) va cé diém Lemoine L. LA, LB, LC cdt lai (O)
tai A, B', C".

1) Chitng minh rang ABC va A'B'C’ ¢6 chung hai diém Brocard Q va Q.

2) Goi P la trung diém ciia doan thing Q1. N va N la tam duong tron Euler ciia cdc tam
gidc ABC va A'B'C". Chitng minh rang PN = PN'.

Bai toan 14. Cho tam gidc ABC ¢6 truc tdm H, diém Lemoine L va tdm duong tron Euler N.
Goi A'B'C" la tam gidc anti-Ceva ciia N. Chitng minh rang tam ngoai tiép tam gidc A'B'C’
ndam trén HL.

Bai toan 15. Cho tam gidc ABC c6 tdm ngoai tiép O. va tdm duong tron Euler la N. Tam gidc
Napoleon la DEF'.

1) Chitng minh rdng duong thdng Euler ciia cdc tam gidc OEF,OF D, ODE déng quy tai
P.
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2) Chitng minh rang AD, BE,CF déng quy tai Q.
3) Chitng minh ring duong thing PQ chia doi doan thing ON.

Bai toan 16 (Tham khao [9]). Cho tam gidc ABC ¢6 N, N,, Ny, va N, ldan lugt la tam duong
tron Euler ciia cdc tam gidc ABC, NBC, NCA, va NAB. Chitng minh rang AN,, BN,, va
CN, dong quy.

[1] T. Q. Hung, M4 rdng bai todn hinh hoc trong ky thi hoc sinh gidi qubc gia nim 2013, tap
chi todn hoc va tudi tré sb 429 thang 3 nim 2013.
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PIEM HUMPTY - DUMPTY TRONG TAM GIAC
VA UNG DUNG

Nguyén Trudng Son
(GV THPT Chuyén Luong Van Tuy, Ninh Binh)

LGOI BAN BIEN TAP

> A

Gan day, nhiéu mo hinh dugc khai thac d€ "ting toc" viéc tiép can cdc bai toan hinh hoc
khé. Ngoai cdc md hinh kinh dién nhu tf gidc toan phan, ti gidc diéu hoa, ... ta con c6
céc diém dic biét v6i nhiéu tinh chit trong tam gidc, tif gidc. Trong bai viét nay, tic gia sé
gi6i thiéu vé hai diém Humpty, Dumpty trong tam gidc cling v6i c4c ting dung ctia chiing
dé giai todn.

1. Diém Humpty - Dumpty va mot sb tinh chat lién quan.

1.1. Dinh nghia.

1. Piém Humpty. Cho tam gidac ABC. Piém P, nim trong tam gidc ABC' thda man
P,CB = P,AC, P,BC = P,AB dudc goi 1a di€ém A— Humpty.
Dinh nghia tuong tu véi cic diém B— Humpty va C'— Humpty.
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2. Piém Dumpty Cho tam glac ABC. Piém Q4 nam trong tam giac ABC théa man

QACA QAAB QABA QAAC’ dudc goi 1a diém A— Dumpty.
Dinh nghia tuong tu véi cc diém B— Dumpty va C'— Dumpty.

Tinh chéit 1. Cho tam gidc ABC ¢6 truc tam H. Giao diém thi hai cia dudng tron dudng kinh
AH va dudng tron ngoai tiép tam gidc BHC nam trén dudng trung tuyén AM. Giao diém d6
chinh 1a diém A— Humpty.

Chwng minh. G01 A'la dlem thda man ABA’C' 1a hinh binh hanh.
Vi BAC BAC =7 — BHC Suy ra A’ thudc duong tron (BHC). Vi HBA' = HBC' +
A'BC = 5 —~ ACB + ACB = 5, vi vady H A’ 1a dudng kinh cta (BHC).

Khi do: A/P—A\H = g =7 — }ﬁDA\A’ . suy ra P, nam trén dudng trung tuyén AM.
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]

Nhan xét 1. Puong trung tuyén AM cdt duong tron (BHC) tai diém A’ khdc diém P, thi
ABA'C la hinh binh hanh.

12 dudng tron qua A, C va tiép

Tinh chét 2. Goi (I) 1a dudng tron qua A, B tiép xiic véi BC, (J)
(J) chinh 1a di€m A— Humpty.

xdc v6i BC'. Khi d6 giao di€ém khéc A cia hai dudng tron (1),

Chiing minh. Goi P la giao di€ém thu hai cta hai dudng tron (1), (J).
Vi APB =71 —CBAva APC =1 — ACB nén
BPC = 27 — APB — APC = ACB + CBA = = — BAC

Suy ra P nidm trén dudng tron (BHC). Vi viy theo tinh chét 1, P nam trén dudng trung tuyén
cua tam giac ABC'. Suyra P = Pj,. [

Tinh chét 3. Cho tam gidgc ABC néi tiép (O).AD la dudng déi trung ctia tam gidgc ABC, D
thude (O). Goi P 1a trung diém AD. Khi d6 P, P, lién hop dang giac.

Chiing minh. Do AD la dudng ddi trung ctia tam giac ABC, D thudc dudng tron (O) nén ti
gidgc ABDC 1a tii gidc diéu hoa. Do d6 BC' la dudng dbi trung ctia tam gidc BAD. Mit khac,
BP 1a dudng trung tuyén ctia tam giac BDA. Do d6 BC, BP dang giac.

Suy ra PBA = CBD = DAC = P,AB = P,BC. Viy BP, BP, la hai dudng ding gidc.
Suy ra P, P, 1a hai diém dang gidc lién hop.
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]

Tinh chét 4. Cho tam gidc ABC ndi tiép dudng tron (O).AD la dudng déi trung clia tam gidc
ABC, D thudc dudng tron (O). Khi d6 D, P, dbi xting véi nhau qua BC.

Chiing minh. Bang bién d6i goc, suy ra hai tam gidac BP,C va BDC bang nhau nén dé dang
suy ra D, P, dbi xing nhau qua BC. Tir day, ta con suy ra két qua: P4 nam trén dudng tron A—
Apollonius cua tam giac ABC. ]

Tinh chét 5. Goi (I, R;) 1a dudng tron qua A, B tiép xic véi BC, (J, R,) 1a dudng tron qua
A, C va tiép xdc v6i BC. Goi R, Rs lan lugt 1a ban kinh dudng tron ngoai tiép tam gidc
AABC,AP4BC.Khid6 R.R3; = R;.R>.

Chiing minh. Theo tinh chit 4, suy ra R = R3. Goi K 13 tam dudng tron ngoai tiép tam gidc
BP,C.Dé thiy, I K, JK tuong dng 12 trung truc ctia BP,, CPy, tacé
1

—_— —_— —_— 1/\ —_—
BJK = §BJPA = P,BC = §PAKC =CKI

Tuong tu, BKJ = CTK, do dé ABJK ~ ACKI. Suy ra

JB KB
KC IC

@R%ZRl'RgéR'Rngl'RQ
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]

. s PsB R
Nhan xét 2. T ching minh trén dan den AP,BC ~ BJK = A2 Tuong tu,
P,C R
AB R

ac - e Do do phdn gidc trong cua hai goc @, BP/A\C' cdt nhau tai mot diém thuéc BC.
3

Tinh chét 6. Gia sit AD 1a dudng déi trung ctia tam gidgc ABC, D € BC. Pudng thing qua D
va vudng géc vdi BC ciat dudng trung tuyén AM tai S. Puong thang qua S va song song véi
BC cit AB, AC theo thi ty tai F, E. Khi d6 Py = BENCF.

Chiing minh. Ta sé chiing minh bai todn sau: Cho tam gidc ABC, P, 1a diém A— Humpty va
M 1a trung diém ctia doan BC. Goi £ = BP,NAC,F = CPy,NAB,S = EFNAM.Goi D
1a hinh chiéu ctia S 1én BC. Khi d6 AD la dudng ddi trung ctia tam gidc ABC.

That vay, ta c6:

MB MA MC MA

MB?=MA-MP, = MC? = = = .
A MP, MB MP, MC

Suy ra cdc cip tam gidc (M BP,y, MAB), (MC P4, M AC) dong dang.
Do dé BPy, MB CPy MC BP,
o do: =

~ € e Bl AIC 1)

°C"TAB T MA AC T MA " AB  MA /
Lay diém L trén AD sao cho DS || PaL. T d6, chi y rang DA, DP4, DS, DM 1a chum diéu
hoa, suy ra DM di qua trung di€ém ctia LP,.

L
Tir d6, chi y rang LP4 1. DM, suy ra L, P, dbi xing nhau qua BC. (2).
Tu (1), (2) suy ra — = ——. Hon nita, BAC' + BLC = BAC + BP,C = 7 Do 46, tt giac

AB  CA
ABLC nbi tiép, va n6 ciing diéu hoa. Do d6 AD la duong dbi trung cla tam gidgc ABC. ]

Tinh chét 7. Tryc tim K ciia tam gidgc DEF, P, va tim dudng tron ngoai tiép O tam gidgc ABC
thang hang.
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Chitng minh. T chiing minh & tinh chét 6, ta c6
DP,C = DLC = FBC,FAE + FP4E = .

Do d6 cic tif gidc FPyEA, BFP,D ndi tiép. Vi FP,EA noi tiép va BC tiép xiic véi dudng
tron (AP, B) nén PAEF = P,AF = P,BC.Suyra BC || EF.

Vi céc i gidc FPyEA, BFP,D noi tiép va O 1a tam dudng tron ngoai tiép tam gidc ABC nén
e —_— — 1/\ —_—
FDB = BP,F = BAC = EBOC = g — OBC.Suyra BOLFD.

Tit d6, chd y rang, EK LFD, suy ra BO || EK. Tuong tu, CO || FK.
Tt d6, ta suy ra dugc OK, BE,CF dong quy tai P,. Diéu d6 c6 nghia la K, P4, O thang
hang. [

O trén 1a kha nhiéu tinh chit (tit d& dén kho) cia diém Humpty. Sau ddy, ching toi s& liét ké
mot s6 tinh chit ctia diém Dumpty, ban doc thit tu dua ra chiing minh, xem nhu bai tap.

Tinh chét 8. Cho tam gidgc ABC' ¢6 Q 4 1a diém A— Dumpty. Khi d6:

1. Q4 nam trén dudng A— dbi trung ctia tam gidc ABC.

2. Q4 1atam vi tu quay bién AAQ 4C thanh ACQ 4B va bién AC thanh BA.

3. B6ndiém B, Q 4, O, C dong vién trong d6 O 1a tim dudng tron ngoai tiép tam giac ABC.
4. OQaLAQ 4.

5. Giao diém ctia duong tron di qua A, B va tiép xtic véi AC' va dudng tron di qua A, C' tiép
xtic véi AB chinh la di€ém A— Dumpty.

Bai toan 1. (ELMO shortlist 2013) Cho tam gidc ABC. Goi D la diém di dong trén duong
thing BC. Puong tron ngoai tiép tam gidc ABD cdt AC tai diém thit hai E, duong tron ngoai
tiép tam gidc ADC cdt AB tai diém thit hai F. Khi dé duong tron ngoai tiép tam gidc AEF
luén di qua mét diém cé dinh khdc A, khi D di dong.

Loi gidi. Cach 1. Goi K 1a giao diém ctia BE va CF. Ap dung dinh 1i Miquel cho tif gi4c toan
phan AEK FBC ta cé D thudc dudng tron ngoai tiép tam gidc BFK.

Do d6: (KF,KB) = (DF,DB) = (AF, AC) (mod 7). Vay ti gidc AEK F noi tiép dudng
tron, suy ra

(KF,KE) = (AF,AE) = (AB, AC) = (P4B, P4C) (mod 7).
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Vay tif giac BK P,C ndi tiép dudng tron, suy ra
(KP4, KE) = (CPs,CB) = (AP4, AC) = (AP4, AE) (mod 7).

Vay tif gidc AK P4 FE noi tiép dudng tron, hay dudng tron ngoai tiép tam gidc AEF ludn di qua
diém A— Humpty.

Céch 2. Ta phat biéu khong chiing minh b3 dé sau: Cho tam gidc ABC ¢6 M la trung diém
BC.CQ, BP la cdc duong cao ciia tam gidc ABC. Khi dé M P, MQ va duong thing qua A
song song vdi BC la cdc tiép tuyén ciia duong tron ngoai tiép tam gidc APQ.

Tré lai bai toan, goi H 1a truc tam cla tam giac ABC. P, () theo thif tu 12 hinh chiéu cta H 1én
AC, AB.

Phép nghich dao 1474¢ bién diém B thanh Q, C thanh P, dudng thang BC thanh dudng tron
ngoai tiép tam gidc APQ, bién P, thanh trung diém M cda BC, bién D thanh D’ nam trén
dudng tron (APQ). Pudng tron (ABD) bién thanh duong thang D’Q, bién dudng tron (AC D)
thanh dudng thang D'P. Viviy E' = QD' N AC, F' = PD' N AB.

Suy ra dudng tron (AEF) bién thanh dudng thang E'F”. Ta s& chi ra dudng thang £'F’ di qua
trung di€ém M cua BC.

D& thiy E'F’ 1a duong dbi cuc cia diém AD' N PQ. Ap dung bd dé trén ta c6, PQ 1a dudng
dbi cuc cta diém M. Theo dinh 1i La-hire, dudng déi cuc ctia diém AD' N PQ sé di qua diém
M, hay M thuoc dudng thang £'F’. Diéu phai chiing minh.
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O
Bai toan 2. (Tap chi todn hoc tuéi tré, s6 490, nam 2018). Cho tam gidc ABC' ¢6 dwong tron
(K) di qua A, C tiép xiic vdi AB; duong tron (L) di qua A, B tiép xiic véi AC.(K) cdt (L)
tai D khdc A.AK, AL lan lugt cit BD, DC tai E, F. Goi M, N theo thit tw la trung diém ciia
BE,CF.P la diém A— Humpty ciia tam gidc ABC. Chiing minh rang bon diém A, P, M, N
thing hang.

Loi gidi. Cach 1. Tu gia thiét ctia dé bai ta thdy AB tiép xiic véi dudng tron (K) tai A, AC tiép
xuc véi duong tron (L) tai A. Trong tam giac vudng F'AC cé:

NA:NO:%;»W:@, (1)

Miit khéc, do AB tiép xic v6i dudng tron (K) tai A, nén
ﬁC’\A = 5@\14 = @ (cung chan cung AD cia dudng tron (K)) 2)

Tir (1) va (2) suy ra: BAD = NAC, hay AD va AN 1a hai duong ding gidc dbi véi BAC (3).
Tuong tu, ta cling ching minh dudc BAM = CAD = BAD = CAM hay AD va AM la hai
dudng dang gidc dbi véi goc BAC.

Tur (3), (4) suy ra ba diém A, M, N thing hang.
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d(D,AB AB .
Do AABD ~ ACAD(g.g) suy ra dED: AC’; =10 nén suy ra AD la duong doi trung cia
tam gidc ABC. Do dé6 AM 1a duong trung tuyén ctia tam giac ABC. Do viy A, P, M thang

hang. Suy ra diéu phai chitng minh.

Cach 2.

R

Gia sit dudng tron (L) cit BC tai diém tht hai U.UD cit AC tai diém Q thi QUC' = DAB =
DCA. Do d6 AQCD ~ AQUC, nén QC? = QD - QU = QA2
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Goi J 1a diém dbi xing ctia B qua A va R 14 diém d6i xiing ctia A qua U. Do hai tam gidc CU A
va CAB dong dang, nén hai tam gidc CRA va CJB dong dang. Tir d6 chu y tam gidc JBE
can tai &/ nén

BJC = ARC = AUQ = ABD = BJE.
Suy ra C, F, J thing hang, ma A 1a trung diém B.J do d6 AM || CE. Tuong tu AN || BF.
Laicé@ — 90° — ACF = 900—@:@;tu0ngmtb\1@:ﬁ. Tu do hai
tam gidc AFD va EAD dong dang (g.g).
Két hop véi tam giac BAD va AC' D dong dang (g.g) ta suy ra

DF-DE = DA®> = DB - DC.
. DB DF .
Tu day ta thay DE - DO nén BF \C|l (;Ejzy ra AA]\BL N thang hang.
Do AABD ~ ACAD(g.g) suy ra dED: AC’; =10 nén suy ra AD 13 duong ddi trung ctia
tam gidgc ABC. Do d6 AM la dudng trung tuyén ctia tam gidc ABC. Do viy A, P, M thang
hang. Suy ra diéu phai ching minh. [

Bai toan 3. (IMO Shorlist 2008, G4). Cho tam gidc nhon ABC va BE, CF la hai duong cao
ciia tam gidc. Hai duong tron cing di qua hai diém A va E va tiép xiic vdi duong thing BC
tai P va Q sao cho B ndm giita C va Q. Chitng minh rdng hai duong thing PE va QF sé cdt
nhau va giao diém cia hai duong thdng nay ndm trén duong tron ngoai tiép tam gidc AEF.

Loi gidi. Céch 1.

Q

Theo tinh chit ctia diém Humpty ta c6 B 1a trung diém ctia P(Q).
Vé duong cao AD va goi H la truc tdm cua tam giac ABC.
Cic tif gidc CDF A, CDHE ndi tiép nén BA- BF = BC - BD = BE - BH.
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BP BE R
T day suy ra BP> = BE - BH = B - BP hay tam giac BPH va BEP dong dang. Suy
ra BPE = BHDP (1).

Piém P nam gitta D va C, lai c6 BP? = BC - BD nén
DP-DQ = (BP — BD) - (BD + BQ) = BP* — BD?
= BC-BD - BD?>=BD - (BC — BD) = BD - DC
Vi hai tam gidc vudng BDH va ADC ddng dang nén BD - DC' = AD - DH. Két hop vé6i dang
DA DP
thuc trén ta dugc DP - DQ = AD - DH = D_Q =D
Tir d6 hai tam gidc vudng DAQ va DPH dong dang nén HPD = QAD. C6 thé viét lai dang
thic trén la BPH = BAD + BAQ.
Vi BQ l1a tiép tuyén ctia (AFQ) nén BQF = BAQ = BPH — BAD. (2).
Tu (1) va (2) suy ra
BPE + BQF = BHP + BPH — BAD = (180° — PBH) — BAD
= (90° + BCA) — (90° — ABC) = BCA + ABC = 180° — CADB

Do dé BPE + gQ\F < 180°, vi vay hai tia PE va QF phai cit nhau.
Goi S 1a giao diém cta PE va QF. Khi do:

PSQ = 180° — (BPE + BQF) = CAB = EAF.
Néu S nam gitta P, F thi @ = 180° — E/b’??; con néu E nam gitta P, S thi widehat PSQ =

ESF.
Tir d6 ta nhan dugc S nam trén dudng tron ngoai tiép tam gidc AEF.

Cach 2.
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Goi U, V, S 1a giao diém thi hai cia PA, PH, PE v6i duong tron dudng kinh AH. Tam giac
AHP c6 cac dudng cao AV, BC, HU ching dong quy tai Q'.
Ap dung dinh i Pascal cho sau diém AESFHV ta cé ba diém

C=AENFH,P=ESNHV,SFNVA

thang hang, suy ra ' € FS. Gia st doan thang AD theo thi tu cit dudng tron duong kinh
(BC), (PQ’) tai K, L. Vi H la tryc tam tam giac ABC, va ABKC vudng nén

AABD ~ AADC = DA-DH = DB - DC = DK?.

Vi H 1a tryc tim tam gidc AQ'P tacé DL?> = DA - DH.Vivay DK = DL = K = L. Két
hop ABKC vuong va AABD ~ ACBF, suy ra

BD -BC = BA- BF = BK*.

Mit khic, BA- BF = BP? = BQ?, suyra BK = BP = B(Q. Diéu nay suy ra B 12 tim dudng
tron dudng kinh PQ’. Do d6 Q = @'. Do d6 giao diém ctia PE va QF 1a S nam trén dudng
tron (AEF). O

Nhan xét 3. 1. Bai todn nay ta nhdn thdy, F chinh la diém A-Humpty ciia tam gidc APQ.
DPong thoi, H via la truc tam tam gidc ABC vita la truc tdm tam gidc APQ).

2. Néu ta dp dung dinh Ii Pascal véi sdu diém AFTEHYV ta ciing thdy ET di qua Q'. Nhw
vdy: PF va QF ciing cdt nhau tai mét diém trén duong tron (AEF).

3. Bai tdp tuong tu nhu sau:
Cho tam gidc ABC' nhon, co cdc duong cao BE,CF. Goi P trén canh BC, () thudc tia
doi cia tia BC sao cho BQ?> = BP? = BF - BA. Goi S = QF N PE. Chitng minh bén
diem E, S, A, F dong vién.

Mot bai tap c6 md hinh tuong tu, xin dugc chia sé téi ban doc.

Bai toan 4. Cho tam gidc ABC khong cdn va khong vuong tai A. Cdc duong cao BE,CF.
Cdc duong tron (O), (Os) ciing di qua A va theo thit ty tiép xiic véi BC. D la giao diém thit
hai ciia (O1) va (Os). M, N theo thit ty la giao diém thii hai cia BA, BD va (05).P,Q theo
thit tu la giao diém thit hai ciia C A, C'D vdi (0y). R la giao diém ciia AD véi EF. S la giao
diém ciia M P va NQ. Chiing minh rang RS1.BC.

Loi gidi. Ta can c¢6 mdt bd dé: Cho tam gidac ABC. Céac dudng cao BE, C'F. Cic dudng tron
(01), (O9) cung di qua A va theo thi tu tiép xiic v6i BC. D la giao diém thy hai cta (O;) va
(03). R 1a giao diém cta AD véi EF. X la giao di€ém ctia BD va AC. Y la giao di€ém cia C'D
va AB. Khi do:

a. R thudoc XY.

b. XY | BC va RX = RY.
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Chii y rang D 1a diém A— Humpty clia tam giac ABC nén bd d& nay khong kho, xin danh
ching minh cho ban doc.

w

Trd lai bai toan,

Goi X 1a giao diém ctia BD va AC,Y la giao di€ém ctia CD va AB.
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Dé thiy:

(PB, PQ) = (DB, DC) = (DB, BC) + (BC, DC) = (AD, AB) + (AC, AD)
= (AC,AB) = (AP,AB) = (QP,B) = —(QB,QP) (mod )

Do d6, tam gidc BPQ can tai B. K&t hop véi BC tiép xiic véi (O,), suy ra PQ || BC.
Tuong tu, tam giac C N M can tai C' va NM || BC.
Dé thiy

(PB,CN) = (PB, AP) + (AC,NC) = (BD, AD) + (AD, ND)
=(BD,ND)=0 (mod 7)

Do dé: BP || CN.
Tuong tu BQ || CM.
Vay PQ || BC || NM, BP || CN, BQ || CM.
Do d6 cac tam giac CM N, BP(Q) hoac la anh cia nhau qua mot phép vi tu hodc la anh cia nhau
qua mot phép tinh tién. Vay nén
XP BP PB PQ QP SP

XC NC NC NM NM SM
Do d6 SX || CM. Tuong tu, chi y ring BP || CN,tac6é SY | BP || CN. Theo b dé trén,
chd y ring M N || BC,tacé XY || BC || MN.

Vay cic tam giagc SXY, C M N ddng dang cung hudng. Tt d6, chd y ring tam gidc C' M N cn tai
C, suy ra tam gidc SXY can tai S. Lai theo bd dé trén thi RX = RY nénsuyra RS1BC. [

Bai todn 5. (ELMO 2014.) Cho tam gidc ABC véi O, H lan luot la tdm ngoai tiép tam gidc,
truc tam tam gidc ABC. Goi wy,ws, la duong tron ngoai tiép tam gidc BOC, BHC. Gid sit
duong tron duong kinh AO cdt w, tai diém thit hai M, duong thang AM cdt lai duong tron w,
tai diém N. Tuong tu, gid st duong tron duong kinh AH cdt duong tron ws tai diém thit hai N
va duong thing AN cdt lai duong tron wy tai Y. Chitng minh rang MN || XY.

Loi gidi. Do OM 1. AX nén OX la duong kinh cia duong tron w;. Suy ra XC 1LOC, XB1OB
hay X C, X B la céc tiép tuyén ctia dudng tron (O). Suy ra AX 1a dudng dbi trung clia tam gidc
ABC'. Tacé o o

BMX = BCX = BAC = MBA = MAC.

Tuong tu ta cling suy ra MCA = MAB. Tacé N 1a giao di€ém thy hai ctia hai dudng tron
(AH),(BHC), nén theo tinh chit 1 thi N 1a diém A— Humpty. Suy ra, N nim trén dudng
trung tuyén dung tir A ctia tam gidgc ABC. Do ABY C' 12 hinh binh hanh va AX, AY dang gidc
nén

MAC = NAB = AYC = MBA = AYC.

AM AB
Suy ra AAMB ~ AACY = AC’ AY = AM - AY = AC - AB (1).
Lai co: MBA MAC NAB NBC
S AANB ~ ANACX = — AN = AB = AN - AX = AC - AB (2)
Wy AC ~ AX = :
AM AN

Tu (1), (2) suyra AM - AY = AN - AX = = MN || XY.

AX T AY
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]

Bai toan 6. (USA TST 2005) Cho tam gzac ABC noi tzep duong tron (O). Diém P nam trong
tam gidc ABC thoa man PCB = PAC PBC = PAB. Trung truc ciia doan AP cdt BC tai
Q. Chitng minh rdng AQP = QOQB.

Loi gidi. Khong mét tinh tdng quat, gia si AB < AC. Goi M 1a trung diém cta doan BC.D, K
1an luot 12 giao diém clia dudng phan gidc trong, phan gidc ngoai ting v6i goc A clia tam gidc
ABC.X la giao diém cta hai tiép tuyén tai B, C ctia dudng tron (O).Y 1a giao diém thi hai ctia
AK véi (O). SuyraY, O, M, X thang hang.

Theo gié thiét, suy ra P chinh 1a mot diém A— Humpty cla tam gidc ABC. Theo tinh chit vé
diém A— Humpty thi P nam trén dudng tron A— Apollonius, dudng tron dudng kinh K D. Suy
ra Q chinh I trung diém céia K D. Khi d6, AQP = 2AK P.

Goi F la giao di€ém ciua OQ v6i AX, T la giao di€m thd hai ctia AX v6i dudng tron (O). Theo
tinh chit 4, ta suy ra T cung thudc dlIdng tron A— Apollonius. Vay OQ LAX. Suyra QF M X
1a tf gidc ndi tiép. Suy ra F QM FXM.Do BX 1 tiép tuyén ctia duong tron (O) nén

ACB = ABX + BXA = ACP + BCP = ABX + BXA = ACP = BXA
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Y

Q

Xét hai tam gidac: AAPC, AABX cé PAC = ﬁ, ACP = AXB. Suy ra
AAPC ~ AABX = AP - AX = AB - AC.
Xét hai tam gidac: AABK, AAY C ¢6 VAC = B/A\K7 ABK = AYC. Suy ra
AABK ~ AAYC = AK - AY = AB - AC.
Tir d6, suy ra AP - AX = AK - AY. Két hop véi diéu kién PAK = m, ta suy ra
AAPK ~ AAY X = AKP = AXY.

Mait khac, @ = m = F/QT4 — FXM = A/[-(\P, két hop véi A/Q\P = QE(\P, suy ra
diéu phéi ching minh. O

Bai todn 7. (Brazil National Olympiad 2015.) Cho tam gidc ABC khéng déu cé H, G lan luot
la truc tam, trong tdm cia tam gidc. Goi X,Y, Z la cdc diém theo thit tu nam trén cdc duong
thang BC,C A, AB théa man AXB = BYC = CZA. Hai duong tron (BXZ), (CXY) cat
nhau tai diém thit hai P. Chiing minh rang P ndm trén duong tron duong kinh HG.

Loi gidi. Goi M 1a diém B— Humpty, N 1a diém C'— Humpty. Dé thdy: M € BG, N € CG.
va M, N cung thudc duong tron dudng kinh HG.
Do BXA + BZC = m nén giao diém 7T ciia dudng thang AX va C'Z nam trén dudng tron
(BXZ). Laico

(TA,TC)= (BA,BC)=(MA,MC) (mod )
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nén bén diém A, T, M, C' dong vién. Suy ra:
(TX,TM) = (CA,CM) = (BC, BM) = (BX, BM) (mod 7).

Do d6: B, M, T, Z dong vién. Vay nén M thudc vao dudng tron (BX Z). Ching minh tuong tu
N thudc vao dudng tron (CXY).

Ap dung dinh 1i Miquel vao tam gidc BGC ta c6: P thudc vao dudng tron (GM N). Viy P nim
trén dudng tron dudng kinh HG'. Piéu phai chiing minh.

]

Bai toan 8. (Sharygin Geometry Olympiad 2015.) Cho tam gidic ABC' nhon, khong cdn. Goi
Ay, By, Cy ldn luot la trung diém ciia BO,CA, AB. Goi By, Cs lan lugt la trung diém ciia
BA,,CA,. Goi Bs, Cs lan lugt la diém doi xiing ciia Cy qua B va cia By qua C. Chitng minh
rang giao diém cdc duong tron ngoai tiép cdc tam gidc BBy Bs, CCyCs ndm trén duong tron
ngoai tiép tam gidc ABC.

Loi gidi. Goi P 1a diém nam trén dudng tron ngoai tiép tam gidc ABC sao cho AP 1a duong
dbi trung ctia tam gidc. Goi P’ 1a diém dbi xting ctia P qua BC. Theo tinh chét trén ta suy ra P’
1a diém A— Humpty clia tam gidc ABC va P’ nam trén doan AA;.Ta c6

PAB = AA,B = ACP = PBB,

Suy ra AB la tlep tuyén clia dLIOng tron ngoa1 tiép tam gidac BA,P. Tu d6, ta c6 PBA =

CAlP = C’AlP’ Lai co P’CA1 BlAP nén APBA ~ AP'A;C. Suy ra APBA ~
APA,C.

Tir d6, dé dang suy ra P 12 tAm vi tu quay bién C'A; thanh AB. Do Bedi _ % _1 nén
T OBC Bad o

qua phép vi tu quay tam P trén sé bién B, thanh Bs. Suy ra: ByPBs = A\ PB = ABB, hay P

thudc dudng tron (BB, Bs).

Chiing minh tuong ty ta suy ra dugc P thudc dudng tron (C'C,C,). Diéu phéi chiing minh.

125



Tap chi Epsilon, S6 14, 12/2018

]

Bai todn 9. (G6, IMO Shortlist 2014) Cho tam gidc nhon ABC. Xeét cdc diém E, F ldn luot
nam trén cdc canh C A, AB. Goi M la trung diém ciia EF. Trung truc ciia EF cdt BC tai K.
Trung truc ciia MK cdt AC, AB theo thit tu tai S, T. Gid sit cdp diém E, F duoc goi la thii vi
néu tit gidc KSAT néi tiép. Gid sit cdc cdp Ey, F\ va Ey, Fy la cdp diém thii vi. Chitng minh
EE, FF
AB — AC”

rang

Loi gidi. V6i mdi cdp diém thi vi (E, F), ta sé n6i tam gidc K E'F' 1a tam gidc thu vi.

Tam gidc FF K 1a tam giac thi vi. Trudc hét ta ching minh rang KEF = KFE = A, didu d6
c6 nghia 12 dudng tron (w;) ngoai tiép tam gidc AEF tiép xic véi KE va KF.
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Ki hiéu (w) la duong tron di qua cic diém A, K, S va T. Pudng thang AM cit ST va dudng
tron (w) tai N va di€m L.

Vi EF || T'S va M 1a trung diém ctia EF, N la trung diém cta ST. Do K, M dbi xting véi
nhau qua ST nén KNS = MNS = LNT. Vi vily K, L dbi xiing v6i nhau qua trung truc cia
ST. Vivay LK || ST. Goi G la diém dbi xing v6i K qua N. Khi d6 G nidm trén dudng thang
EF vata c6 thé gia stt G nam trén tia M F. Ta c6:

KGE = KNS =3NM = KLA=180° — KSA

(néu K = L thi goc K LA dugc hiéu la géc giita AL va tiép tuyén ciia dudng tron (w) tai L).
Diéu nay c6 nghia la K, G, E, S dong vién. Vi K SGT 1a hinh binh hanh nén

KEF =KSG =180~ TKS = A
ViKE =KFnéntacs: KEF = KFE = ESuy ra AK 1a d6i trung ctia tam giac AST.

Goi Y la giao di€ém cta BE va CF. Xét bd séau diém (EEYFFA)c6 K = EENFF,B =
EY N FA,C = FY N EA thang hang, nén theo dinh 1i Pascal do ta c6: Y thudc dudng tron
(AEF). Puong cao BP, C(Q clia tam gidc ABC cit nhau tai Z nén

BYC =EYF =180° — BAC = BZC = Y € (BZC)

Goi R la trung diém ctia BC, AR giao v6i dudng tron (BZC) tai diém thit hai H. Khi d6 H 1a
diém A— Humpty ctia tam giac ABC. Ta co6:

FYH = HBC = HAF = H € (AEF)

 H —
Ma H € (APQ) nén theo phép vi tu quay tdm H, ti sO H—g, g6c quay QQH P bién () thanh L,
E\E, HP AP AB

bién F' thanh E va bién F} thanh £, bién F}, thanh E,. Do d6 FEHO  AQ ~ AC
]
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Bai toan 10. (Pé xudt 30/4/2016, THPT Chuyén Lé Hong Phong, TPHCM.) Cho tam gidc
nhon ABC va diém D di déng trén tia doi ciia tia C B. Puong tron (I) ndi tiép tam gidc ABD
va duong tron (J) néi tiép tam gidc ACD. Gid sit H, K la giao diém ciia hai duong tron
(I),(J). Chitng minh HK luén di qua mét diém cé dinh khi D di dong.

Loi gidi. Goi N, M 1an lugt 1a cac diém tiép xidc clia dudng tron noi tiép (I) véi cac canh
AD, BD.Q, P lan lugt 1a cic diém tiép xtc ctia dudng tron ndi tiép (J) v6i cdc canh AD, BD.S
1a giao diém ctia HK v6i AD.

Theo dinh 1i vé& diém Humpty ta suy ra £, F' 1a trung di€ém ctia M P va NQ. Do d6: EM =
EP = FN = FQ.

Goi T 1a hinh chiéu ctia tim bang tiép ting véi dinh B cta tam gidc ABC. Suy ra T cb dinh.
Goi F 1a giao diém ctia AT véi H K. Ta co:

CP:CAJrCQl)—AD’CT:CAJrAQB—BC
:>PT:CT—CP:AB+A2D_BD:AN

Tit day suy ra ET = AS, ED = SD. Ap dung dinh 1i Menelaus vao tam gidgc AT'D véi ba diém
S, F, E thang hang ta c6

FA ET SD
FT ED SA
Suy ra F 1a trung diém ctia doan AT, 1a diém cb dinh.

=1=FA=FT

]

Bai todn 11. Cho tam gidc ABC cdn tai A va M la diém 6 trong tam gidc ABC sao cho
ABM = BCM. Goi H, I, K lan luogt la hinh chiéu vuéng goc ciia diém M lén AB, BC,CA.
Goi E la giao diém cia M B va IH, F la giao diém cia MC va I K. Gid sit hai duong tron
ngoai tiép cdc tam giac MEH va MFK cdt nhau tai diém thit hai N. Chitng minh rang duong
thing M N di qua trung diém ciia BC.

(Tap chi todn hoc tudi tré sé 4/477-2017)
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Loi gidi. Dé& thiy céc t giac HBIM, KCIM noi tiép, suy ra

Do d6 EMF = EIF = EMF + HIM + KIM = BMC + BCM + CBM = 180° nén
EMFI noi tiép, tacé: MFE = MIE = MBH = BCM. Suy ra EF || BC. Goi P,Q lan
lugt 12 giao diém ctia MN véi EF va BC. Tacé: PNE = MHE = MBC = MEP.

Tuong ty ta chiing minh dugc PNF = MFP. Suy ra M 1a di€ém N— Humpty clia tam gidc
NEF. Do d6 P la trung diém EF, suy ra ) 12 trung diém BC.

A

]

Bai toan 12. Cho tam gidc nhon ABC (AB < AC) véi trung tuyén AM. Puong thing AM
cdt dwong tron ngoai tiép tam gidc ABC' tai diém thit hai D. Puong thang AB cdt duong thdng
CD tai E, duong thing AC cdt duong thing BD tai F. Puong tron ngoai tiép tam gidc ABF
cdt duong tron ngoai tiép tam gidc ACE tai hai diém A va P. Goi (S,) la duong tron di qua
C va tiép xiic véi AB tai A, (Ss) la duong tron di qua B tiép xiic véi AC tai A. Goi O la tdm
duwong tron ngoai tiép tam gidc ABC va Q la giao diém thit hai ciia (S,) va (Ss). Ching minh
tam gidc OPQ) la tam gidc vudng.

(Dé thi chon déi tuyén HSG quéc gia TP. Ha Noi, 2016 - 2017)

Loi gidi. Nhan thiy diém @ chinh 12 diém A— Dumpty ctia tam giac ABC. Ta c¢6

(PE, PF) = (PE, PA) + (PA, PF) = (CE,CA) + (BA, BF)
= (CD,CA)+ (BA,BD) = (CD,CA)+ (CA,CD)=0 (mod 7).

Do d6 E, P, F thang hang. Ap dung dinh 1y Menelaus cho tam gidgc ABM véi cat tuyén EDC
va tam gidc AC'M véi céat tuyén FBD ta cé

EA OB DM_1 “ FA BC DM_1
EB CM DA FC BM DA
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EA FA

Swyrd mn = 5o

hay BC' || EF. Khi d6

PBD = DEP = BCD,

din dén P B la tiép tuyén ctia dudng tron (O). Chiing minh tuong tu ta ciing c6 PC 1a tiép tuyén
ctia dudng tron (0O). Goi @’ 1a hinh chiéu cda O trén AP thi O, Q', B, C, P cung nim trén
duong tron dudng kinh OP.

E P -~ F

Suy ra

ABQ' = ABC — Q'BC = ABC — Q'PC = ABC — APC
— ABC — AEC = BCD = BAD.

Mit khdc, do BC' || EF nén BAD = BCD = CEP = CAP = CAQ'. Do 46 ABQ' =
CAQ'. Suy ra AC 1a tiép tuyén ctia (ABQ') nén (ABQ') = (.S,). Ching minh tuong tu ta c6
(ACQ') = (S1), suy ra Q = '. Vay tam giac O P() vudng tai Q). O

Bai toan 13. (Iranian Mathematical Olympiad.) Gid sit rang P la mét diém ndm trong tit gidc
ABCD sao cho - e
BPC =2BAC,PCA=PAD,PDA = PAC

Chitng minh rang PBD = |P/C'\A — B/C'\A|

Loi gidi. Ta dé dang nhan thiy P la diém A— Dumpty cla tam gidac ADC. Ki hiéu (wy), (ws)
theo thif tu 12 dudng tron ngoai tiép cac tam gidc APC, APD. ) 1a giao diém thi hai ctia PB
véi dudng tron (w;), DB cit (wy), AQ theo thi tu tai X, Y. Gid st rang Z 1a diém thi hai ctia
AB V6i (w).

Pit PAD = PCA = 8, PDA = PAC = 0.

( D& théy Y tdn tai, vi néu ngudc lai thi AQ | DB, khi d6 DXP = AQB = DBP. Suy ra
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B = X,khidé ABD = AXD = APD = 180° — (B + 6). Xét tam gidc ABD ta nhan dugc
BAC + ADB = (°, didu nay chi xay ra khi A, B, C, D thing hang ( v6 1i). )
Ta co: - o

PQA = PCA=PAD = PXD

Suy ra ti gidc PXQY ndi tiép. Suy ra BX - BY = BP - BQ.

Lai ¢6: Ppj(,) = BP - BQ = BZ - BAnén BX - BY = BZ - BA. Diéu nay c6 nghia la
AXZY ndi tiép. Do do,
AZY = AXY =180° — AXD

Mit khic, AXD = APD = 180° — (8 + 0) nén AZY = B + 0. Hon thé nita, AZC' =
PAC+PCA = 3+6.Vaynén AZC = AZY = B+6.Ma ZAC + ZAY = QAC = BPC =
9BAC = ZAC = ZAY = anénsuyra AAZC = AAZY = AC = AY. Didu nay din t6i
ABAC = ABAY = BCA = BY A. Vi vay

PBD = QBY = |BQA — BYA| = |PCA — BCA|.

Bai tap 1. (USA TSTST 2015) Cho tam giac ABC khong déu. Goi K,, L,, M, theo thi tu 13
giao diém ctia BC véi phan gic trong, phan gidc ngoai va dudng trung tuyén clia tam gidc ting
v6i goc A. Pudng tron ngoai tiép tam gidc AK,L, cat AM, tai diém thi hai X,. Pinh nghia
tuong tu véi X, X,. Chiing minh rang tim dudng tron ngoai tiép tam giac X, X, X, nam trén
dudng thang Euler ctia tam gidc ABC.

Bai tap 2. (IMO 2010/4, Modified) Cho tam gidc ABC vdi truc tim H. Gia st P 12 hinh chiéu

ctia H 1én trung tuyén C'M cia tam giac ABC. Giao diém thit hai cia AP, BP, C'P véi dudng
tron (ABC) theo thi tu 1a K, L, M. Ching minh rang M K = ML.
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Bai tap 3. (USA TST 2008) Cho tam gidc ABC véi trong tAm G. P 1a diém di dong trén doan
thang BC. Goi @, R 1an lugt 1a cic diém trén AC, AB sao cho PQ || AB, PR || AC. Chiing
minh rang khi P di dong trén BC, dudng tron ngoai tiép AQR ludn di qua diém cb dinh X thda
man B/\14G = m

Bai tap 4. (EGMO 2016/4) Hai dudng tron wy, wy ¢6 ban kinh bﬁng nhau, cat nhau tai hai diém
X1, X,. Xét duong tron w tiép xic ngodi véi w; tai T} va tiép xiic trong véi w, tai Ty. Ching
minh rﬁng X, Ty, X,T, cat nhau tai mot diém nam trén dudng tron w.

Bai tap 5. (Mathematical Reflections O371) Cho tam giac ABC v6i AB < AC. Goi D, E
1an lugt 1a chan dudng vuong goéc ctia B, C xubng AC, AB. Goi M, N, P 1an lugt 1a trung diém
ctia BC, M D, ME. Goi S la giao diém ctia N P va BC. Pudng thang qua A song song véi BC
cat DE tai T. Chiing minh rang ST tiép xtic v6i dudng tron ngoai tiép tam gidac ADE.

Bai tap 6. (EGMO Shortlist 2012/G7) Cho tam giac ABC(AB < AC) nhon véi O la tim
ngoai tiép tam gidc. Q 12 giao diém ciia phan gidc ngoai goc A v6i BC. P la diém bén trong
tam gidc ABC sao cho ABPA ~ AAPC. Chiing minh rang QPA + OQB = 90°.

Bai tap 7. (Iranian Geometry Olympiad 2014) Tiép tuyén tai A clia dudng tron ngoai tiép
tam gidc nhon ABC(AB < AC) cit BC tai P. Goi X la diém trén OP sao cho AXP =
90°. Piém E, F 1an lugt ndm trén canh AB, AC va & cung phia so v6i OP sao cho EXP =
m, FXO = ABX. K . L 1a giao diém ctia EF véi dudng tron ngoai tiép tam gidc ABC.
Ching minh ring O P 12 tiép tuyén ctia dudng tron ngoai tiép tam gidc K LX.

Bai tap 8. Cho P 1a mot diém trén dudng doi trung ciia tam gidc ABC. Goi Oy, Oy, O 1an lugt
la tAm dudng tron ngoai tiép cac tam gidc APB, C AP, ABC. Ching minh ring AO chia dbi
010,.

Bai tAp 9. Goi M, N lan lugt 1a cac diém trén nifa dudng tron dudng kinh AB, tim O. X 1a giao
di€ém ctia M N v6i AB. Goi K la giao diém thi hai cta hai dudng tron M BO, N AO. Ching
minh ring X K 1 KO.

Bai tap 10. Cho tam giac ABC ndi tiép dudng tron (O) c¢6 dudng cao AD. Pudng tron véi tim
trén AD va tiép xidc ngoai véi duong tron (BOC) tai X. Ching minh rang AX la duong dbi
trung cua tam giac ABC.

Bai tap 11. (Dua theo dé dé xuét ctia Luxembourg, IMO Shortlisted 2017,G2 Cho hai diém
R va S phan biét trén dudng tron 2 va A Ia tiép tuyén cla  tai R. Goi R’ 1a diém dbi xting clia
R qua S. Liy diém I trén cung nho clia cung RS clia dudng tron (2. Gid st dudng tron ngoai
tiép tam gidc ISR’ cat dudng thang A tai hai diém phan biét va A 1a mot diém cit gan diém R.
Puong thiang AT cat § tai diém thi hai J va K 1a giao di€m thi hai ctia R'I v6i Q. Chiing minh
rang S 1a diém R'— Dumpty clia tam gidc TAK.

Bai tap 12. (IMO Shortlisted 2017, G3) Cho tam gidc ABC noi tiép dudng tron (O). H 1a
truc tim tam gidc ABC. Pudng thang O A cat dudng cao clia tam gidc ABC ha tit B, C' theo
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thit tw P, Q.GiLIOim A- Humptycatamgic ABC .Chngminhrng L nmtrn@Ongtrn@ngknh
HT vi T ltm@ngtrnngoitiptamgic HPQ.

Bai tap 13. Cho tam gidc ABC ¢6 truc tam H. Goi M la trung diém cta doan BC, N la giao
diém cta doan AM véi dudng tron ngoai tiép tam gidc BHC. D la diém nidm trong tam gidc
HBC.Goi X € BD, Y € CD sao cho N la trung diém cta doan XY. Gia st AD, BY,CX
ddng quy tai L. Chiing minh ring A 1a trung diém ctia LD va bdn diém L,Y, X, D ddng vién.

Bai tap 14. (Toan hoc va tudi tré, T12/492). Cho tam gidgc ABC nhon véi cic dudng cao
BE,CF. ST 1a mot day cung ctia dudng tron ngoai tiép tam gidc AEF. Hai dudng tron qua
S, T tiép xuic véi dudng thang BC' 1an luct tai P, Q). Ching minh ring PE, QF cit nhau trén
dudng tron ngoai tiép tam gidc AEF.

Bai tap 15. Trong mit phang cho hai dudng tron (w;) va (ws) cit nhau tai A va B. Mot tiép
tuyén chung ctia hai dudng tron tiép xtc v6i (w;) 6 P va (ws) 6 T'. Cac tiép tuyén tai P va T ctia
dudng tron ngoai tiép tam gidc APT cit nhau tai S. Goi H 1a diém d6i xing ctia B qua PT.
Chiing minh A, H, S thang hang.

Bai tap 16. (USAMO 2008.) Cho tam gidc ABC. Goi M, N, P lan lugt 1a trung diém ctia
AB, AC, BC. Trung truc ciia AB, AC cit trung tuyén AP theo thit tu tai D, E. Goi F la giao
diém ctia BD va C'E. Chiing minh ring b6n diém A, M, F, N dong vién.

Bai tap 17. (VN TST 2012.) Trén mit phang, cho dudng tron (O) va hai diém cb dinh B, C
trén dudng tron nay sao cho BC khong la dudng kinh cta (O). Goi A la diém di dong trén
dudng tron (O) va A khong trung B, C. Goi D, K, J 1an lugt 1a trung diém ctia BC,CA, AB
va E, M, N 1an ludt 1a hinh chiéu vudng géc ctia A, B, C trén BC, DJ, DK . Chiing minh rang
cdc tiép tuyén tai M, N clia dudng tron ngoai tiép tam gidc £M N ludn cat nhau tai 7' cb dinh
khi A thay d6i trén (O).

[1] Anant Mudgal,Gunmay Handa, A Special Point On The Median.
[2] Tap chi To4n hoc & tudi tré, ,Nha xuét ban gido duc Viét Nam.

[3] Céc bai toan trén cac dién dan https://artofproblemsolving.com, https://
diendantoanhoc.net.

[4] Tran Quang Hung, Moi tuin mét bai toan hinh hoc, NXB DPHQG Ha Noi.
[5] Nguyén Vin Linh, 108 bai todn hinh hoc so cép, NXB PHQG Ha Noi.

[6] Tran Nam Diing ( Chii bién), Cdc phuong phdp gidi todn qua cdc ki thi Olympic.
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gpsi lon

MOT SO BO PE HUU DUNG TIEP CAN LOIT GIAI
TRONG CAC BAI TOAN HINH HOC

Lé Viét An
(TP Hb Chi Minh)

GIOI THIEU

Trong bai viét ndy, ching tdi xin gi6i thiéu mot sd b dé rét hitu ich ¢6 thé 4p dung trong
cdc bai toan hinh hoc, diic biét 1a c6 thé 4p dung tét trong cc bai hinh thi hoc sinh gidi.
Céc bd d& dudc phat biéu don gian nhung lai cho chiing ta mot géc nhin don gian hon khi
vé thém hinh phu, thAm chi diic biét héa chiing d€ 4p dung vao cac bai todn khac.

Trong mot bai viét [ 1] clia tdc giad ngudi Phap Jean-Louis Ayme c6 dua ra mot két qua va goi 1a
dinh Ii Reim nhu sau:

B6 dé 1. Cho hai duong tron (O1) va (Os) cdt nhau tai A va B. Mét duong thing di qua A cdt
(O1) va (O) thit t tai A, va Ay; va mot duong thing di qua B cdt (O1) va (Oy) theo thit tir tai
Bl va BQ. Khi do AlBl H AQBQ.

Chitng minh. C6 nhiéu trudng hop xdy ra cho hinh vé, § ddy tdc gia chi chitng minh cho mot
truong hdp nhu hinh 1.1. Cac trudng hop khac ban doc chiing minh tuong tu.

Tacé A, BiB = 180° — A, AB (vi ABB1 A, ndi tiép) = Ay AB = 180° — A3 By B (Vi ABBy Ay
ndi tiép).

Suy ra ffBl\B + @ = 180°. Do d6 A, B,//A;B; (theo d4u hiéu hai géc trong cling phia
bu nhau). [

Nhan xét. Ngodi ra bé dé 1 vdn diing trong cdc truong hop suy bién khi cdc diém tring nhau va
khi do ta xem canh do mot cdp diém tring nhau la tiép tuyén tai cdp diém tring nhau do hodc
hai duong tron (O1) va (Oy) tiép xiic vdi nhau. Cdc truong hop dugc minh hoa bang cdc hinh
vé sau ddy (xem cdc hinh l.a, 1.b, 1.c, 1.d, l.e, 1.f, 1.g, 1.h).

Diéu ngudc lai ctia bd dé 1 ciing diing. Va ta goi 12 dinh 1i Reim d4o véi ndi dung nhu sau:
Cho bén diém A, B, Ay, By cing nam trén ducong tron (O1). Trén cdc duong thing AA,, BB,
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Hinh 1.1

Hinh 1.a
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Hinh 1.b

Hinh 1.c
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Hinh 1.d

Hinh l.e
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Hinh 1.f

Hinh 1.g
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Hinh 1.h

ldy cdc diém Ay, By khdc tuong iing sao cho A\ By || AyBs thi khi do ton tai duong tron (Oy)
di qua bon diém A, B, As, Bs.

Tit bd dé 1 (dinh 1i Reim thuan) va dinh li Reim ddo, ta c6 hai hé qua rat hay dung dé€ chiing
minh dudng thang tiép xic véi dudng tron va hai duong tron tiép xic véi nhau.

Hé qua 1. Cho tam gidc ABC noi tiép duong tron (O). Mét duong tron (O') di qua cdc dinh B
va C' ldn luot cdt cdc duong thang AB va AC tai B' va C' khdc A. Pudong thdng t di qua dinh
A. Khi do t tiép xiic vdi (O) khiva chi khi t || B'C'.

Hé qua 2. Cho tam gidc ABC. Cdc diém B' va C' lan lugt nam trén cdc duong thing AB va
AC va khdc véi cdc dinh ciia tam gidc. Khi dé hai duong tron ngoai tiép ciia cdc tam gidc ABC
va AB'C' tiép xiic vdi nhau (tai A) khi va chi khi BC' || B'C".

Bay gio ta di xét mot sd thi du sau:

Vidu 1 (P1, IMO 2018). Cho I la duong tron ngoai tiép ciia tam gidc nhon ABC. Cdc diém
D va E lan lugt duge chon trén cdc doan thing AB va AC sao cho AD = AE. Cdc dwong
trung truc ciia BD va CE lan lugt cdt cdc cung nhé AB va AC ciia T tai cdc diém F va G.
Chitng minh rang DE va FG song song vdi nhau.

Loi gidi.. Tu ndi dung b dé 1, rd rang c6 hai huéng vé dudng phu dé€ ap dung bd dé 1. Huéng
thif nhét, ching ta xét hai giao di€ém clia cic cip dudng thang F' D va GE véi dudng tron I'; va
huéng thit hai 13 xét hai giao diém cia cac cip dudng thang FE va GD véi I'. Sau d6 tim cach
chiing minh hai giao diém ctia méi huéng véi cac diém D va E dong vién. Tuy nhién, khi vé
hinh va quan sét thi chi y rang tif gia thiét chiing ta c6 F'D = F B (tuong ting GE = GC). Do
d6 hudng thi hai 12 huéng t6t nhit dé c6 thé st dung dudc FD = FB . Cu thé chiing ta di dén
161 giai nhu sau (xem h. 1.2):

Goi H, K 1an lugt 1a giao diém thit hai ctia cac dudng thang F' D va GE v6i duong tron I,
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Hinh 1.2

Dé thiy AFBD ~ ANAHD (g.g). Két hop véi FB = FD.suyra AH = AD. Tuong ty, ta
clingc6 AK = AE. Do dé AH = AD = AE = AK, suy rabdn diém D, E, H, K cung thudc
dudng tron ©(A; AD).

Ap dung b8 dé 1 cho hai dudng tron ©(A; AD) va I' cit nhau tai H va K véi hai cat tuyén
HADF va KEG thi DE || FG. O

Vidu 2 (P4, IMO 2015). Cho tam gidc ABC noi tiép duong tron ) tam O. Puong tron T tdm
A cdt doan thing BC tai cdc diém D va E sao cho B, D, E va C déi mot phdn biét va ndm
trén duong thang BC' theo diing thit tw dé. Goi F va G la cdc giao diém cia T va , sao cho
A, F, B,C va G ndam trén ) theo thit tw dé. Goi K la giao diém thit hai ciia duong tron ngoai
tiép tam gidc BDF va doan thing AB. Goi L la giao diém giao diém thit hai ciia duong tron
ngoai tiép tam gidc CGE va doan CA. Gid sit cdc dwong thang FK va GL phdn biét va ct
nhau tai diém X. Chiing minh rdng X ndm trén duong thing AO.

Loi gidi.. Gia st cac dudng thang F D, GE, FK,GL cat lai  tai cac diém P,Q,Y, Z (xem h.
1.3).

Ap dung bd d& 1 cho hai dudng tron T' va € cit nhau tai F' va G véi hai cit tuyén FDP va
GEQ,tacé PQ//DE = BC.Do d6

BQ =CP. (1)

Ap dung bé dé 1 cho hai dudng tron ©(BDF) va Q cit nhau tai B va F véi hai cat tuyén BDC
va FKY ,taco

DK || CY. 2)
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Hinh 1.3

Ap dung bS dé 1 cho hai dudng tron ©(BDF) va Q cit nhau tai B va F véi hai cat tuyén BK A
va I'DP, taco

KD || AP, (3)
Tu (2) va(B)suyraYC || AP. Do d6

AY = CP. 4)
Chung minh tuong ty, ta cling c6

AZ = BQ. (%)

Tu (1), (4) va(5),suyra AY = AZ,suyra AO L YZ. TuddéYZ || FG nén FGY Z la hinh
thang can. Suy ra giao diém hai duong chéo FK va GL phai nam trén dudng truc doi xing cta
hinh thang, ciing la trung truc cua hai ddy FG vaY Z. Tuc la X € AO. ]

Nhan xét. Hdu hét cdc 10i gidi cho bai todn nay bdng cdch bién déi goc dé' ching minh X F =
XG . Tuy nhién bang cdch sit dung bé' dé 1 mét cdch khéo léo, chiing ta dd cé mot loi gidi rdt
nhe nhang cho bai todn ma khong can qua mét budc bién déi goc. Hon nita vdi cdch gidi twong
tu, chiing ta con co thé’ md chitng minh cho bai todn md réng bai todn bang cdch thay duong
tron T tam A bdi duong tron T ¢6 tdm ndm trén duong thang AO.

Vi du 3 (P3, IMO 2013). Pudng tron bang tiép goc A cia tam gidc ABC tiép xiic vdi canh
BC tai diém A, . Piém B, trén C A va diém C, trén AB dugc dinh nghia mot cdch tuong tw
bang cdch xét duong tron bang tiép goc B va goc C' twong ving. Gid sit tam duong tron ngoai
tiép tam gidc A, ByCy nam trén duong tron ngoai tiép tam gidc ABC. Chiing minh rang ABC
la tam gidc vuong.
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Hinh 1.4

Loi gidi.. Giasu I,, I, I, 12 tim dudng tron bang tiép cac géc A, B, C ctia tam gidc ABC . Goi
M,, M, va M, thi tu 1a trung diém cua I, 1., I.1, va I,1,.

Dé thiy A, B, C 1a chan cic dudng cao clia tam giac 1,11, (xem h. 1.4).

Vi sau diém A, B, C, M,, M,,, M, cung nam trén dudng tron Euler cta tam giac I,1,1.. Ta ¢
B/Rjz B]W/TC’nénBﬂa\Cl = Cﬂa\Bl.Laicé]\ZB\C& :JW/GB\A: ]\m:mlvé
M,B = M,C' nén AM,BC; = AM,CBy. Suyra M,B; = M,C}.

Chiing minh tuong ty, ta ciing c6 M,C; = M,A; va M A, = M_B,. Céac diéu nay chiing t4
rﬁng cac duong trung truc cua cac doan thezlng B,Cy,C1 A, A, B, véi dudng tron ngoai tiép tam
gidc ABC 1a cic diém trong ba di€ém M,, M, M,. Do d6 gia thiét tim dudng tron ngoai tiép
tam gidc A, B;C) nam trén dudng tron ngoai tiép tam gidc ABC, suy ra c6 mot diém trong ba
diém M, M, M, 1a tim dudng tron ngoai tiép tam gidc A, B,C.

Khong mat tinh téng qudt, ta gia st M, 1a tim dudng tron ngoai tiép clia tam gidc A, B;C;. Khi
a6 M, M, L AyB;.Ma M, M, || AC va [,B L C'A nén

AB; || I,B. (6)

Goi O 1a tam dudng tron ngoai tiép tam giac I,1,1.. Vi bon diém I,, I, B, C cing nam trén mot
duong tron dudng kinh I, 1. nén theo OI, L BC (mot két qua quen thudc), ma I,A; L BC tai
Ay nén ba diém I,, A, O thang hang. Tt d6 bon diém C, By, A; va O ciing nam trén dudng tron
dudng kinh OC' . Lai tif (6) nén theo phan ddo ctia bs dé 1, ta c6 bon diém I, B, C, O cing nim
trén mot dudng tron, suy ra O ndm trén dudng tron dudng kinh 1,1, hay ]b/O\I . =90°. Tur dé chu
yring OI, L CAvaOI, L AB nén BAC = Ib/O\IC = 90° (cdp gbc cb canh tuong ting vudng
g0c). [

Nhan xét. Co thé noi rdang, bé dé 1 ciing nhuw phan ddo ciia né rdt hitu hiéu trong bai todn ma
gid thiét ¢ nhiéu dwong tron tham gia.
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Vidu 4 (P3, IMO 2015). Cho tam gidc nhon ABC vdi AB > AC . Ky hiéu I" la duong tron
ngoai tiép, H la truc tam va F la chdn duong cao ha tiv A ciia tam gidc do. Goi M la trung
diém ciia BC. Goi Q la diém trén T sao cho ﬁQ\A = 90°, va goi K la diém trén T sao cho
]ﬁ(\Q = 90°. Gid sit rang cdc diéem A, B,C, K va Q doi mot phdn biét va nam trén T theo
diing thit ty do. Chitng minh rang dwong tron ngoai tiép cia cdc tam gidc K HQ va FK M tiép
xtc véi nhau.

Loi giai.. Ké duong kinh AA’ cda ' thitaco CH || BA’ (vi cung vudng goc véi AB ). Tuong
tu BH || CA’. Do d6 BHC A’ 1a hinh binh hanh. Suy ra M 1a trung diém H A’ (xem h. 1.5).

Hinh 1.5

Lai c6 AQA" = 90° = AQH nén ba diém Q, H, A'théng hang. Tit d6 bén diém Q, H, M, A’
thang hang.

Pubdng thing AH cit lai T tai H' thi AHA = 90°. Do d6 néu goi D := QK N A'H’ thi tit
HKD = DH'H = 90°, ta c6 td giac DK H H' ni tiép dudng tron dudng kinh DH .

VE duong tron (V) dudng kinh DH thi N la trung di€ém cia DH . Ta ¢6 BC || A’D(vi cing
vuong géc véi AH), két hop véi BC di qua trung diém ctia HA” | suy ra BC 1a dudng trung binh
ctia tam giac HA'D nén BC di qua trung di€ém cta HD hay N € BC.

Ap dung b dé 1 cho hai bd bdn diém ciing nam trén dudng tron dang suy bién ©(HKQ) va
®(HK D) véi hai cét tuyén HHD va KQD thitacé QH || DD (v6i ky hiéu DD la tiép tuyén
ctia (V) tai D), ma theo tinh chit tiép tuyén thi DD | ND ,suyra ND | QH = QA' tai H.
T d6 tacé6 NK? = ND?> = NF.NM (hé thic lugng cho tam giac vuéng H M N). Piéu nay
ching to

N K tiép xtic véi dudng tron ngoai tiép F K M. (7)
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Laivi NH 1L QH nén NH tlep xuc voi du’dng tron deng kinh QH (cting chinh la dudng tron

ngoai tlep HKQ), suy ra NKH = NHK = H QK nén NK ciing tiép xiic véi dudng tron
ngoai tiép H K Q, két hop véi (7) ta suy ra dpcm. [

Nhan xét. Khéo léo dp dung bé dé 1 ¢ dang suy bién ciing cho 1oi gidi dep.

Trong ki thi BrMO 2012-2013, vong 2 c6 mot bai toan sau:

B& dé 2. Cho tam gidc ABC va diém P nam trong tam gidc sao cho ABP = ACP. Dung
hinh binh hanh PBQC. Khi do QAB = C AP.

Pay 12 mot két qua lién quan chit ché dén ti gidc noi tiép trong mot dudng tron, diéu nay sé
dudc thiy ro khi ta goi giao diém clia cic dudng thang BP, C'P va AC, AB tuong ting thi cic
giao diém d6 cling véi cac dinh B, C ciing nam trén mot dudng tron. Sau diy chiing ta di dén
mot s6 chiing minh cho bd dé 2:

Chitng minh. Cach 1. Nhan xét riang yéu t6 hinh binh hanh "ggi" cho chiing ta vé quan hé song
song va bang nhau cta cdc canh d6i dién ctia hinh binh hanh. Do d6 sé "tan dung" cic cip goéc
so le, ddng vi trong bién ddi géc, cac doan thang biang nhau dé xem xét hai tam giac bang nhau.
Vi viy chiing ta sé dung thém hinh binh hanh d€ tao sy thuén 1gi trong phép chiing minh. Cu
thé nhu sau:

Dung hinh binh hanh APBR (xem h.2.1). Dé thdy ACQR 1a hinh binh hanh va APAC =

Hinh 2.1
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ABRQ (c.c.c). Do d6 PCA = @% Chi y rang PBA = BAR (so le trong). Vay
BQR = PCA = PBA = BAR.
Suy ra tif gidac AQBR ndi tiép. Do dé
PAB = ABR = AQR = QAC.
Céach 2. Chi y rang hinh binh hanh c6 mot tam ddi xiing. Do d6, xem xét ciu hinh ctia bd dé 1,
chung ta sé tan dung phép ddi xing tdm vé6i tim 1a trung di€m ctia BC. Cu thé nhu sau:

Goi M 1a trung di€ém canh BC'; dung hinh binh hanh ABA'C'; ké tli P céc dudng song song vdi
cac canh AB, AC cat AB, AC, A’'B thi tu tai E, F, G (xem h. 2.a).

Hinh 2.a

Dé thiy APBE ~ APCF (g.g) va cic hinh binh hanh AEPF, BEPG va A/CFG. Do d6

EP EP EB GP
EA FP FC GA’

kéthop v6i PEA = AFP = PGA.
Suyra APEA ~ APGA’ (c.g.c). Do dé PAE = PA'G.

Xét phép dbi xiing tam M: qua phep phép bién hinh nay thi cic diém A, B, C, P theo thi tu bién
thanh A’ C, B, ) nén QAC PAB.

Vay PAB = PAE = PA'B = QAC.

Ciach 3. Cich chiing minh tiép theo 1a dua vao quan hé dong dang cta hai hinh, viéc st dung
mbi quan hé cla hai hinh dong dang vao giai toan 1a mot k§ ning nén rén luyén nhuin nhuyén
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s€ cho ching ta cai nhin nhanh chéng trong viéc dinh huéng 16i giai va vé€ thém hinh phu. Cu
thé nhu sau:

Goi B' = BP N AC va (' = CP N AB. Dé thly AABC ~ AAB'C’. Do d6 chiing ta c6 thé
dung di€ém P’ sao cho AABC' U {P} ~ AAB'C' U{P'} (xem h.2.b).

Hinh 2.b

Dé thiy B’P'CP l1a hinh binh hanh. Do d6 AABC U {P;Q} ~ AAB'C’' U {P'; P}. Suy ra
OAC — PAC' — PAB.

Cach 4. Tir gia thiét PBA = PCA vachiy PBQ = PCQ. Suy ra QBA = QCA. Do d6
chiing ta s& nghi dén dinh Ii sin trong tam gidc. That vy, ap dung dinh 1i sin cho cdc tam gidc
ABP, ACP (xem h.2.1 hoac h.2.a hodc h.2.b), ta co:
PB___PA _ _PA _ _PC__ sinPAB _PB
sin PAB  sin PAB  sin ]§A\C’ sin ]§A\C’ sin ]§A\C’ pC
Tuong tu, ap dung dinh 1i sin cho cic tam gidc ABQ), AC(Q ta cling thu dugc

sinQ//E' _QC
sin @ QB

Chiy PB = QC va PC = (QB, suy ra

sin .ﬁA\B _sin Q/A\C’
sin @ sin Q/@ .

Dén day, két hdp véi PAB + PAC = BAC = QAC’ + QAB Do d6 ta phai c6 PAB QAC’

va PAC = QAB (xem thém bai viét itng dung cta ti s6 doan thang va ti s6 lugng giac,
Chuyén dé Toan hoc 10, PTNK). [
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Nhan xét. Chii ¥ rang bé dé 2 vin diing khi diém P ndm phia trong géc BAC chit khéng nhdt
thiét diém P phdi nam trong tam gidc ABC.
Ta sé diém qua mdt s6 bai todn c6 thé 4p dung dugc bd dé 1 sau:

Vidu 5 (P5, ELMO 2012). Cho ABC' la mét tam gidc nhon véi AB < AC, va D va E la cdc
diém ndam trén canh BC sao cho BD = CE va D ndm gifta B va E. Gid sit ¢é diém P ndam bén
trong tam gidc ABC sao cho PD || AE va PAB = EAC. Chitng minh ring PBA = PCA.

Loi giai.. Dung hinh binh hanh BPC(Q (xem h. 2.3).

Hinh 2.2

Khi d6 dé thiy ring tt BD = CFE, suy ra QF || PD || AE suy ra ba diém A, F va () thang
hang.

Ap dung b dé 2, ta suy ra dugc ABQ = ACQ. Vado d6 ABP = ACP. O

Vidu 6 (IMOSL G2, 2012). Cho ABC D la mét tit gidc noi tiép véi hai duong chéo AC va BD
cdt nhau tai E. Cdc duong thiang AD va BC kéo dai vé phia A va B cdt nhau tai F. Cho G la
diém sao cho ECGD la hinh binh hanh, va H la déi xitng cia E qua AD. Chitng minh rang
D, H, F,G dong vién.

Hu’o'ng dan. (xem h. 2.3) Tu FCE = FDE. Do do theo bo dé 2, ta c6 CFG = DFE =
DFH Do d6 ti glac DGF H noi tiép khi va chi khi DGH 1+ D DHF = 180°. Tuy nhién, chu y
ring FHG = FED (t1nh chit dbi xing truc) va FEB + FED = 180°. Do d6 bai tdo quy vé
ching minh FEB=F GD Diéu nay dong nghi véi viéc ching minh AFEB ~ AFGD, tic
1a ta chi can ching minh FBE = FDG.

That vay, vi ti gide ABCD va DG || AC noi tiép nén FBE = FBD = FAC = FDG. [
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Hinh 2.3

Nhan xét. Ré rang, néu chiing ta biét dén bo dé 2 thi vi du 6 thi thdy ré dugc hudng di ciia 1o
gidi mot cdch nhanh chong.

Vidu 7 ( G4, IMOSL 2009 ). Cho tit gidc néi tiép ABC'D c6 cdc duong chéo AC va BD cat
nhau tai E, va cdc dwong thing AD va BC' cdt nhau tai F. Goi G va H theo thit tw la trung
diém cia AB va CD. Chiing minh rang EF la tiép tuyén tai E cia duong tron di qua cdc diém
E, GvaH.

Lgi gidi.. Dung cac hinh binh hanh AEBM va CEDN (xem h. 2.4).

Hinh 2.4
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Khi d6 G, H 1an lugt 1a trung diém ctia EM va FN.Do d6 GH || M N. Suy ra

EHG = ENM. (8)

Ap dung bé dé 2 cho tam gidc FAB véi chi y FAE = @, va cho tam giac F'C'D véi chd
y FCE = FDE.Suyra MFA = EFB = EFC = NFD. Suy ra ba diém A, M, N thang
hang.

Dé thiy AEABU{M; E;G} ~ AFCD U{E; H; N}. Suy ra
FEG = FNH. ©)

Tit (8) va (9), suy ra FEG = EFG, tiic 1a EF tiép xtc véi dudng tron ngoai tiép tam gidc
EFFG. L]

Nhan xét. Bdi todn chi diing khi E, F, G khong thdng hang. Piéu nay tuong duong vdi AB va
C'D khéng song song vdi nhau.

Vidu 8 (Dai Loan TST 2014). Cho tam gidc ABC va dié’ P nam trong tam gidc, va cdc duong
thing AP, BP,C'P theo thit ty cdt lai duong tron ngoai tiép tam gidc ABC tai T, S, R. Cho U
la mét diém ndm trén doan thing PT. Mot duong thing qua U song song vdi AB cdt CR tai
W, va duong thdng khdc qua U song song vdi AC' cdt BS tai V. Cdc duong thing qua B song
song voi CP, qua C song song vdi BP cdt nhau tai Q. Gid si rang RS va VW song song vdi
nhau, chitng minh rdang CAP = @

Huéng dan. Goi E = BPNACvaF = CP N AB (xemh. 2.5).

Hinh 2.5

Theo bd dé 2, bai todn quy vé ching minh bén diém B, C, E, F dong vién.
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g 4 PV _ PU _ PW .
Ap dung dinh 1i Thales, tacd = = 55 = - Suyra VW || EF. Do do RS || VW || EF.

Ta c6 tid gidc BC'SR noi tiép véi chi y VIV || RS nén theo dinh li Reim déo, ta c¢6 ti gidc
BCWYV ndi tiép. Tiép tuc dp dung dinh li Reim dao cho tii gidc BCSR véichiy EF || RS, ta
c6 ti gidc BCEF ndi tiép. O

Du6i day tac gia xin trinh bay mot tiéu chudn vudng géc ciia hai dudng thing dudc biét dén véi
tén goi la dinh 1i Koutras. K&t qua nay mit du da biét dén trudc nim 1980, tuy nhién Stathis
Koutras, mot nha nghién ctiu ngudi Hy Lap da c6 nhiing dp dung dep cho tiéu chuan don gian
nay (hon 300 bai toan c6 thé 4p dung nd) va phd bién két qua nay. Noi dung cia dinh 1i nay nhu
sau:

B6 dé 3 (Dinh Ii Koutras). Cho tam gide ABC va doan thang MN. Goi My, Ny ldn lugt la hinh
chiéu ciia M, N lén AB; My, Ny ldn lugt la hinh chiéu ciia M, N lén AC. Khidé MN 1 BC

. N 2 . AB - AC
khi va chi khi o~ N

Chitng minh. C6 rat nhiéu ching minh cho bd dé 3(xem thém tai [5]), & dy tac gid xin gi6i
thiéu mot cach chitng minh bang truc dang phuong (xem h. 3.1).

Hinh 3.1

Puong thang qua M theo thi tu song song v6i AB, AC cit NN;, N N, tuong tng tai H, K va
cit BC tai P, Q. Goi (I), (J) 1a dudng tron ngoai tiép cac tam giac HPN, KQN.

Dé thay hai tam gidac ABC va M PQ c6 cic cip canh tuong dng doi mot hoic song song
hoictriing nhau nén tdn tai mot phép vi tu hoic mot phép tinh tién bién tam gidc nay thanh tam
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giac kia. Suy ra

AB AC
—_— = (10)
MP MO
Mat khac, lai c6
MH = M{Nyva MK = MsN,. (11
Dé thiy I, J 1a trung diém ctia NP, N@ nén
1J | PQ = BC. (12)

Vay AL — AL (vi (10) va (11)) <= MH.MP = MK.MQ <= Py = Puy) <

M N 1a truc déng phuong ctia (I) va (J) <= MN L I.J <= MN L BC (vi (12)). O

Ta di xem xét mot s vi du minh hoa cho su 4p dung ctia bé dé 3:

Vi du 9 (Dinh I Brahmagupta). Puong thdng ndi giao diém ciia hai duong chéo vuong goc
trong tit gidc noi tiép dwong tron voi trung diém ciia mot canh bén thi luén vudng goc vdi canh
bén doi dién.

Loi gidgi. Xét td gidc ABC'D noi tiép c6 AC L. BD tai E. M 1a trung diém ctia AB. Ta can
ching minh M E 1 BC (xem h. 3.2)

Hinh 3.2

Goi H, K 1an ludt 12 hinh chiéu vudng géc ctia M 1én AE, BE. Khi d6 H, K 1an lugt 1a trung
diém ctia AE, BE.Chi y tii gidc ABC'D noi tiép nén

EFH FEA ED

EK EB EC’

Theo b6 dé 3, tasuyra ME | BC. ]

FAEC =FEB.ED =
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Nhan xét. Cdch chitng minh dinh li Brahmagupta J trén la mot hudng di mdi la. Khong nhitng
thé, chiing ta con c6 thé’md réng két qud nay cho dwong doi song cia tam gidc & vi du tiép theo
sau ddy ma cdch chitng minh hoan toan tuong tu.

Vi du 10. Cho tam gidc ABC noi tiép duong tron (O). Chitng minh rang duong ddi song ving
vdi dinh A ciia tam gidc vudng géc voi AO (dwong ddi song iing vdi dinh A la dwong thing co
dnh doi xiing qua dwong phdn gidc dinh A ciia tam gidc song song véi BC).

Huéng dan. Cho ¢ 1a mot dudng dbi song clia ting v6i dinh A ctia tam gidc, ta can chiing minh
AO 1 0.Giast CAN{ = EvaABN{ = F.Khidé B, C, E, F dong vién. Phan tiép theo ban
doc ching minh hoan toan tudng tu nhu vi du trudce. [

Nhan xét. Vi du nay la mot két qud co bdn ciia duong déi song trong tam gidc. Két qud nay
ciing co rdt nhiéu dp dung va ban doc nén nhd.

Vi du 11. Cho hai duong thing x va x' khéng song song vdi nhau. Cdc diém phdn biét A, B, C
thudc x va cdc diém phdn biét A', B', C' thudc «'. Goi a, b, ¢ la cdc duong thing lan lugt di qua
A, B, C va cing vuéng goc vdi x; cdc dwuong thang o'V, ¢ lan luot di qua A', B', C" va ciing
vuong goc véi &'. Goi M = ana', N =bN¥ va P = cNc. Chitng minh rdng M, N, P thing

N PN 2 . AB _ A'B’
hang khi va chr khi 5= = ek

Loi gidi.. Goi Q = x N 2'; ton tai it nhat cip di€ém D € x va D’ € 2’ sao cho D # D’ va
DD" 1. MN (xem h. 3.3)

Hinh 3.3

Ap dung b d& 3, tit MN L DD’ suy ra
AB A'B
— = (13)
QD" QD

Tac6é M, N, P thing hang < PM | DD’ < AC — 4T . AB _ g vi(13)). O

Q
<
Q
)
Al
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Nhan xét. Vi du nay ciing la mot két qud co bdn cé nhiéu dp dung va ban doc ciing nén nhd.
Hon nita chiing ta con c6 thé chiing minh két qud tong qudt nhu sau:

Cho géc BAC va cdc doan thing MN va K L. Goi My, Ny, K1, L1 theo thit tu la hinh chiéu
ciia M,N,K,L lén AB, va My, No, Ko, Ly la hinh chiéu vuéng goc ciia M, N, K, L lén AC.
Khi do % = % khi va chi khi hai dwong thdng M N va K L cung phiong (song song hodc
trung nhau).

Vidu 12 (P5, IMO 1985). Mot duong tron tam O di qua cdc dinh A va C' ciia tam gidc ABC
va cdt AB va BC lan lugt tai cdc diém thit hai K va N. Goi M la giao diém khdc B ciia cdc
duong tron ngoai tiép cdc tam gidc ABC va K BN. Chitng minh rang OM B = 90°.

Loi gidi. Vi M khac B nén tam gidc ABC khong can tai B. Khong mat tinh tdng quat, gia si
AB < BC (xem h. 3.4).

Hinh 3.4

Tacé BM, KN, AC ddng quy tai tim dang phuong ctia ba dudng tron (O), ®(ABC), ®(BKN).
Goi P := BM N KN N AC; BB’ la dudng kinh cia ©(ABC)va L = BB'NKN.

Ap dung tinh chit diém Miquel cho tii gidc toan phan ACNKBF, tacé M € &(CNP).

Va dp dung tinh chat dudng dbi song (xem vi du 10) cho tam gidc ABC, tacé BB’ L KN tai
Lnén B'LN = 90° = B’C'N. Suy ra bén diém B’, C, N, L dong vién. Do d6

EBB/ — PB/@(B/C’NL) = B_CW — PB/@(CNP) — WBM

Suy ra B', L, M, P dong vién hay B'M 1 BP. Do d6 bai toan sé dugc chiing minh néu ta chi
ra dugc O € B'M hay B'O L BP.

That vay, goi O’ 1a tam cta ©(ABC); G, H lan lugt 1a trung diém cta AC,CN; va R, S lan
luot 12 hinh chiéu ctia B, B’ 1én AC. Khi d6 O’ 1a trung diém cta BB’ va OO'H 1a trung truc
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cia AC'nén AR || O'H || BS nén
RS =2HS. (14)
Mat khac, lai co

NC = 2GC. (15)

p dung b3 d& 3 v6i chi y BB’ L PN. Tacé &5 = BC Két hop véi (14) va (15), suy ra

= f;:g. Do d6 lai theo b6 dé 3, ta c6 B’O L BP. Bai todn dugc chiing minh. 0

A2

Nhan xét. Bai todn dugc xit li theo hudng sit dung bé dé 3 cho ta mot cdch nhin khd thii vi va
tu nhién.

Vidu 13 (IMOSL G5, 2005). Cho tam gidc nhon ABC vdi AB # AC, H la tryc tdm cua tam
gidc va M la trung diém cia BC. Cdc diém D trén AB va E trén AC va sao cho AE = AD
va D, H, E thing hang. Chiing minh rang H M vudng géc vdi ddy cung chung ciia cdc duong
tron ngodai tiép cdc tam gidc ABC va ADE.

Loi gidi.. Goi (O), (K) la cdc dudng tron ngoai tiép céc tam gidc ABC, ADE; G 1a giao diém
khéc A ctia (O) va (K). Ta can chiing minh HM 1 AG (xem h. 3.5)

Hinh 3.5

Dé thiy OK 1a trung truc ctia AG nén OK | AG. Do d6 ta chi can chiing minh HM || OK.

That vay, goi Oy, K1, My, Hy 1an luct 13 hinh chiéu cia O, K, M, H 1én AB, O, Ky, My, H,
1an luot 1a hinh chiéu ctia O, K, M, H 1én AC.

Ta co 01K1 = 01A — KlA = % — ETA = ? TLIOng tu, 02K2 = @ Suy ra

0K, CE

== (16)
0,K, BD
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Miit khic, lai c6 AEH = ADH (vi AE = AD)va ECH = DBH nén AECH ~ ADBH.
Do d6 FHC = DHB, két hop v6i D, H, E thang hang. Suy ra DFE 1a phan gidc ngoai tai dinh
H cta tam giac BC'H. Do d6

HFE va HD theo tht ty 1a phan giac trong cua cac tam giac H;C'H va Hy,BH. (17)

Dé dang c6 dudc

hai tam giac H,C H va H,BH ddng dang ngudc hudng. (18)

Tur (17) va (18) suy ra

CE CH, 2MH, MH,

= = = : (19)
BD BH, 2M,H, M,H,
T (16) va (19) suy ra % = % Dodé MH || OK.Vay MH | AG (dpcm). O

Nhan xét. C6 thé dp dung két qud vi du 12 dé gidi vi du 13. Va nguoc lai co thé sit dung cdch
chiing minh ciia vi du 13 dé gidi vi du 12.

Vi du 14 (Dinh If "Buém don"). Cho tit gigc ABCD ngi tiép duong tron (O) c6 hai duong
chéo AC va BD cdt nhau tai E. Puong thing qua E vuéng géc véi OF cdt AD, BC' thit tu tai
P va Q. Chitng minh rang EP = EQ.

Loi gidgi. Goi M, N thi tu 1a trung diém cta AD, BC; H, K thd tu 1a hinh chiéu cta E 1én
AD,BD;vagoi F = AD N BC (diém F ludn ton tai vi do hai diém P va Q xdc dinh) (xem h.
3.6)

Hinh 3.6
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Vi OF L PQ nén 4p dung bé dé 3, ta c6

MH  FQ
= 20
KN FP 20)
Vi AEAD ~ AEBC véichiy M, N 1a cic trung diém cta cac cidp canh AD, BC'va EH, EK
la hai dudng cao cua hai tam giac nay. Do d6 AFAD U{H; P} ~ AEBC U{K;N}.Do dé

EH MH 21
EK KN’

Tir (20) va (21), suy ra EH.FP = FEK.FQ. Tidc la dién tich hai tam gidc EF P va EF(Q bang
nhau. Do d6 E 1a trung diém ctia PQ. O

Nhan xét. Chitng minh dinh i "Buém don" c6 rdt nhiéu cdch khdc nhau, tuy nhién dudi goc
nhin bang cdch sit dung bé dé 3 la mot hudng di rdt mdi la.

Tai facebook [6] cia mdt nhom hinh hoc PERU GEOMETRICO, trong d6 c¢6 mdt bai toan cua
tac gia Miguel Ochoa Sanchez nhu sau:

B& dé 4. Cho tam gidc ABC va cdc diém P thuéc AB va Q thuéc AC. Puong tron ngoqi tiép
cdc tam gidc ABQ va ACP cdt nhau tai D khdc A. Goi M, N lan luot la trung diém cia BC
va PQ. Khi do (AB,NM) = (AC, AD)( mod ).

Chiing minh. Goi G la trung diém ctia BD (xem h. 4.1).

Dé thay (PB,PD) = (PA,PD) = (CA,CD) = (CQ,CD)( mod 7) va (BP,BD) =
(BA,BD) = (QA,QD) = (QC,QD)( mod 7). Do dé

hai tam gidac DBP va DQC ddng dang cung hudng. (22)
Suy ra
DB BP 2GN GN
DQ QC 2GM GM’
va

(GM,GN) = (QC, BP) = (DG, DB)(vi (22))( mod 27).

Do d6 hai tam gidc GM N va DQB dong dang cung hudng.
Suyra (MN,AB) = (NM,NG) = (BQ, BD) = (AC, AD)( mod 7). O

Nhan xét. Néu MN cdt AB tai T. Khi dé hodc BTM = DAC hodc BTM + DAC = 180°.
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Hinh 4.1

B§ dé 4 ¢ dudi dang tdng quat, do d6 dic biét hoa két qua nay sé thu dugc mot sd bai toan cb
nghia.

Néu cho M N di qua dinh A ctia tam gidc thi khi d6 PQ || BC. Theo bd dé 4 thi khi d6 AD la
duong dbi trung dinh A clia tam gidc. Do d6 chiing ta thu dugc bai toan sau

Vi du 15 (P2, Balkan MO, 2009). Cho tam gidc ABC, cdc diém M va N ldn lugt nam trén
cdc canhj AB va AC sao cho MN || BC. Goi P la giao diém ciia BN va C M. Duong tron
ngoai tiép cdc tam gidc BM P va C' N P cdt nhau tai hai diém phdn biét P va ). Chitng minh
ring BAQ = CAP.

Loi gidi. Dé thay Q 1a diém Miquel ctia td gidc toan phan AM PNBC. Do dé P = ©(ABN)N
O(ACM)NO(BPM)N®(CPN) (xem h. 4.2).

Goi D := APNBCvaF := APNMN.Xhido, tt MN || BC suy ra D, F la trung di€ém ctia
BC va MB.

Apdungbédé4,tacém:ﬂ\(§':@. O

Bay gid, 6 cAu hinh ctia b8 dé 4, néu cho AD 1a phan gic trong clia BAC. Khi do, DB = D@,
DC = DP vavi ADCQ ~ ADPB. Suy ra BP = C(Q. Hon nifa, theo két qua b3 dé 4 thi
M N tao véi hai dudng thang AB, AC mdt cip géc bang nhau nén M N song song v6i AD. Ta
thu dugc mot két qua kinh dién nhu sau

Vi du 16. Cho tam gidc ABC. Cdc diém E va F theo thit tw nam trén cdc tia C A va BA sao
cho BF = CE. Goi M va N theo thit tu la trung diém ciia BC va EF. Ching minh rang M N
song song vdi phdn gidc trong goc A cua tam gidc ABC.
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Hinh 4.2

Hinh 4.3
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Loi gidi. Goi G = CFNBE; K = MN N AC va D la diém Miquel cua ti gidc AFGEBC.
Ap dung b6 dé 4, ta cé

BAD = MKC. (23)

Dé thiy ADBF ~ ADEC, ma BF = CE nén DB = DE. Do d6 AD la phan giic cia
ABAE. Suy ra

BAD = BAC. (24)
Tir (23) va (24) suy ra MKC = DAC. Do d6 MN = MK || AD. 0

Nhan xét. Bai todn nay c6 nhiéu cdch gidi don gidn hon trén, tuy nhién chiing ta di tic b6 dé 4
cho ta mét goc nhin khdc dé’ddn dén vi du nay.

O ciu hinh bd @& 4, néu chon cic diém P, Q sao cho PQ la dudng dbi song ctia tam gidc ABC'
thi chiing ta thiy rang bs dé 4 13 mé rong clia bd dé 2.

Bay gid, néu tif cdu hinh ctia b6 dé 4, cho dudng thang AD di qua tim dudng tron ngoai tiép thi
chiing ta thu dugc M N L BC. Do dé N thudc trung truc ctia BC'. Ta di dén bai todn sau

Vi du 17. Cho tam gidc ABC néi tiép duong tron (O). Diém D nam trén AO khdc A. Puong
tron ngoai tiép cdc tam gidc ABD, ACD theo thit tu cit AB, AC tai E, F. Ching minh rdng
trung diém ciia EF cdch déu hai dinh B va C.

Loi gidi. Goi M, N lan ludt 1a trung diém cta BC, EF’; va H 13 hinh chiéu ctia A 1én BC (xem
h. 4.4).

Hinh 4.4
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Ap dung bd dé 4 véi chi y rang AH va AO la dang gidc nhau qua BAC ,taco
((MN,AB) = (AC,AD) = (AC, AO) = (AH,AB)( mod 7).

Suyra MN || AH L BC.Do d6é M N la trung tryc cia BC' nén NB = NC' (dpcm). O

Cubi cling, chiing ta sé di dén mot ap dung dep ctia bd dé 4 thong qua bai todn sau day

Vi du 18. Cho tam gidc khong cdan ABC néi tiép duong tron T, va duong tron néi tiép tam I
tiép xiic vdi cdc canh BC,CA, AB theo thit tw tai D, E, F. Tia Al cdtT tai L, va duong thdng
EF cat BC tai G. Cdc duong tron ngoai tiép ciia cdc tam gidc GBE va GCF cdt nhau tai K
khdc G. Gid sit dwong tron ngoai tiép tam gidc DKL cdt lai cdc duong thing BC va AL thit
tw tai P va Q. Chitng minh rdng duong thdng PQ) chia déi cdc doan thing AG, BE va CF.

Loi gidgi. Goi H, M, N 1an ludt 1a trung diém cia AG, BE, CF thi H, M, N 1a cing nam trén
dudng thiang Gauss cia ti gidc BCEF; ta dinh nghia lai diém P va @ 1a giao diém ctia dudng
thang HM N 1an lugt v6i BC va AL. Do d6 bai todn tré thanh viéc chitng minh nim diém
D, K, L, P, cung nam trén mot dudng tron (xem h. 4.5).

Hinh 4.5

Trudc hét, goi S 1a giao diém khac A ctia duong tron (AEF) va T'. Khi d6 S 1a diém Miquel
clia tid gidc toan phan BOEFAG. Do d6 S € ©(CEG). Ap dung bs dé 4, ta c6

(PQ,PD)=(HM,GC) = (CA,CS)( mod 7). (25)

Miit khéc, dé thiy c6 mot phép vi tu quay S; bién ASBF thanh ASCE. Chid y ring BF = BD

vaCE = CD. Suyra g—g = % = g—g. Do d6 SD la phan giac cua tam giac SBC nén SD di

qua diém L 1a trung diém cua cung BC khong chia A ctia I'. Do d6

(CA,CS) = (LA, LS) = (LQ,LD)( mod 7). (26)
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T (25) va (26) suy ra (PQ, PD) = (LQ, LD)( mod 7). Vay

bon diém D, L, P, () dong vién. 27

Goi R = ALN EF thi FE 1a trung diém ctia EF. Khi d6 RM, RN la cac dudng trung binh cia
céc tam gidc BEF va CEF. Do d6 RM || AB,RN || AC va RM = ZF va RN = % Két
hdp véi AQ 1a phan giac trong cia BAC, suy ra R() la phan giac cia tam giac RM N. Suy ra
%—% = g—% = % = g—g. Chi y cdc di€ém D, () cing nidm trong doan BC' va M N nén

(28)

EE
S

Goi J := BENCF. Ap dung dinh li Miquel cho ti gidc toan phan BCEFGJ ta ¢ K 1a diém
Miquel clia td gidc nay. Do d6 K 1a giao di€ém khdc J clia hai dudng tron &(JBC) va ©(JEF).
Do d6 tdn tai mot phép vi tu quay S, bién AK BE thanh AKCF. Chd y ring M, N theo thi
tu 12 trung diém ctia BE va C'F. Do d6 qua phép bién hinh S, thi M bién thanh N. Vi vay
(KM, KN) = (BE,CF) = (IB,IC) = (IM,IN)( mod 7). Dodé K € ®(IMN). Do dé

ton tai mot phép vi tu quay Sz bién AK BC thanh AKMN. (29)

Tix (28) va (29) suy ra qua phép bién hinh S bién D thanh Q. Do d6 (DP, DK) = (DC, DK) =
(QN,QK) = (QP,QK)( mod 7). Do d6

bén diém D, K, P, ) dong vién. (30)

Tir (27) va (30) suy ra nim diém D, K, L, P, () cung nam trén mot dudng tron. Ta cé dpem. [

Bai todn 1 (IMOSL G1, 2015). Cho tam gidc nhon ABC vdéi truc tam H. Ldy diém G sao
cho tit gidgc ABGH la hinh binh hanh. Goi I la diém trén duong thang GH sao cho AC' chia
doi HI. Gid sit duong thing AC cdt duong tron ngoai tiép GCI tai C va J. Chiing minh ring
1J = AH.

Bai todn 2 (P2, AMPO 2017). Cho tam gidc ABC véi AB < AC. Goi D la giao diém thit
hai ciia phdn gidc trong ciia goc BAC va duong tron ngoai tiép tam gidc ABC. Goi Z la giao
diém ciia trung truc ciia AC véi phdn gidc ngodi ciia goc BAC. Chitng minh rdng trung diém
ciia doan thdng AB ndm trén duong tron ngoai tiép tam gidc ADZ.

Bai toan 3 (P1, Advanced, |IGO 2018). Hai duong tron wy, wy cdt nhau tai A va B. Goi PQ la
mot tiép tuyén chung ciia hai duong tron véi P € wy va Q € wo. Mot diém X bdt ki ndm trén w,.
Puong thing AX cdt w, tai diém thit hai Y. Diém Y' #Y ndm trén w, sao cho QY = QY.
Puong thing Y'B cdt wy tai diém thit hai X'. Chiing minh rang PX = PX'.
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Bai todn 4 (P4, Iranian TST 2018). Cho ABC' la mét tam gidc (A # 90°). BE,CF la cdc
duong cao ciia tam gidc. Phdn gidc goc A cdt EF, BC lan luot tai M, N. Cho P la mét diém
sao cho MP | EF va NP 1 BC. Chiing minh rang AP di qua trung diém ciia BC.

Bai toan 5 (P3, USAMO 2005). Cho ABC' la mét ttam gidc nhon, va P va Q la hai diém nam
trén canh BC. Ldy diém C sao cho tit gidc loi APBC| néi tiép, QC || C A va cdc diém C, va
Q1 nam ciing phia so véi AB. Ldy diém B, sao cho tit gidc 16i APC By néi tiép, QB || BA va
cdc diém By va Q| nam cing phia so véi AC. Chitng minh rang cdc diém By, Cy, P va Q cing
nam trén mot duong tron.

B dé 5 (P3, China TST 2018). Cho dudng tron w tiép xiic vdi cdc canh AB, AC ciia tam gidc
ABC lan lugt tai D, E, sao cho D # B, E # C va BD + CE < BC. Cdc diém F,G ndm
trén canh BC sao cho BF = BD va CG = CE. Cdc duong thing DG va EF cdt nhau tai K.
Piém L ndm trén cung nhé DE ciia duong tron w, sao cho tiép tuyén ciia w tai L song song vdi
BC. Chiing minh rdng tam duong tron néi tiép cia tam gidc ABC nam trén duong thing K L.

B3i toan 6 (P5, China TST 2018). Cho tam gidc ABC véi BAC > 90°, va cho O la tam
dwong tron ngoai tiép va w la duong tron ngoai tiép ciia tam gidc. Tiép tuyén cia w tai A cdt
tiép tuyén ciia w tai B va C ldn luot tai P va Q. Goi E, F ldn luot la chdn duong cao ké tix P, Q)
dén BC. F, G la hai diém nam trén doan PQ khdc A sao cho A, F, B, E va A,G,C, D la cdc
bé diém déng vién. Goi M la trung diém cia DE. Chiing minh rang DF, OM, EG déng quy.

Bai toan 7 (P3, Intermediate, IGO 2015). Trong tam gidic ABC, M, N, P theo thii ty la trung
diém ciia cdc canh BC,C A, AB. Dung cdc nita duong tron duong kinh AB, AC ra bén ngoai
tam gidc ABC. MK, MN cdt cdc nita duong tron thit ty tai X,Y. Tiép tuyén ciia cdc nita
duwong tron tai X,Y cdt nhau tai Z. Chitng minh rang AZ 1. BC.

Bai toan 8 (Bai 0286, Mathematical reflections). Cho tam gidc ABC vdi truc tam H. Goi
HM la duong trung tuyén va HS la duong doi trung ciia tam gidc BHC. Goi P la hinh chiéu
vuong goc ciia A trén HS. Chitng minh rdang duong tron ngoai tiép ciia cdc tam gidc M PS va
ABC tiép xiic véi nhau.

Bai toan 9 (P4, IMO 2013). Cho tam gidc nhon ABC véi truc tam H, W la mét diém tiry ¥
ndam trén canh BC va W nam giita B va C. Cdc diém M va N ldn luot la chdn duong vuong
cao ha tir cdc dinh B va C. Ki hiéu w, la duwong tron ngoai tiép tam gidc BW N, va goi X la
diém trén w, sao cho W X la duong kinh ciia w, . Tuong tu ki hiéu w la duong tron ngoai tiép
tam gidc CW M, va goi Y la diém trén wy sao cho WY la duong kinh ciia w, . Chiing minh
rang ba diém X,Y, H thdng hang.

Bai todn 10 (P2, EGMO 2016). Cho tit gidc néi tiép ABCD, va cdc duong chéo AC va BD
cdt nhau tai X. Goi Cy, Dy va M theo thit tw la trung diém ciia cdc doan thing CX, DX va
CD. Cdc duong thing ADy va BCy cdt nhau tai Y, va dwong thing MY cdt cdc dwong chéo
AC va BD thit tu tai cdc diém phdn biét E va F. Chitng minh rdng duong thiang XY tiép xiic
voi duong tron di qua E, F'va X.

Bai toan 11 (Viét Nam TST 2006). Cho tam gidc nhon ABC' va truc tdm H. Phdn gidc ngoai
ciia tam gidc ABC' cdt cdc canh AB, AC' thit tw tai D va E. Puong phdn gidc trong ciia goc
BAC cdt duong tron ngoai tiép tam gidc ADE tai K. Chitng minh rang H K di qua trung diém
cua BC.
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Bai todn 12. Cho tam gidc cdn ABC véi AB = AC. T la mét diém trong doan C A. Trén tia
BT ldy diém S sao cho BS = BA. Goi O, 1 theo thit ty tdm duong tron ngoai tiép va tam
duwong tron néi tiép tam gidc ABT. Chitng minh rang OI vuoéng goc C'S.

Bai toan 13. Cho tam gidc khéng cdn ABC c6 O, I theo thit tu la tdm dudng tron ngoai tiép va
tam dwong tron noi tiép cia tam gidc. Goi M, N theo thit thit tu la déi xitng ciia cdc dinh B, C
tuong ving qua CI, BI. Chitng minh rang OI vuéng géc véi MN.

Bai toan 14. Cho tam gidc ABC khéng cdn tai A va néi tiép duong tron (O). Puong trung
tuyén ké tir dinh A ciia tam gidc cdt BC tai M va (O) tai G khdc A. Goi H, K thit tu la hinh
chiéu ciia G lén AB, AC. Goi N va P theo thit tu la trung diém ciia BK va CH. Chiing minh
rang AG tiép xiic vdi dwong tron di qua M, N, P.

Bai toan 15 (P7, USA TSTST 2012). Cho tam gidc ABC noi tiép duong tron ). Phdn gidc
trong goc A cdt BC va ) thit tw tai D va L (khdc vdi A). Goi M la trung diém canh BC. Duong
tron ngoai tiép tam gidc ADM cdt cdc canh AB va AC' thit tw tai Q va P khdc A. Goi N la
trung diém ciia PQ, va H la chdn dwong vuong goc ha tiv N xudng dwong thing N D. Chiing
minh rdng dwong thing M L tiép xiic vdi ngoai tiép ciia tam gidc HMN.

Bai viét da gidi thiéu mot s6 bs dé dién hinh dé ban doc c6 thém cong cu trong viéc gidi cac bai
toan hinh hoc & cic ki thi HSG. Tat nhién d€ gidi quyét cac bai toan hinh hoc, ching ta cAn phai
khéo 1éo, tu duy tritu tudng nhay bén. D€ dat dudc nhitng diéu nay thi viéc rén luyén thudng
xuyén dé ting thém kinh nghiém cho ban than. Van con rét nhiéu b3 dé khic nita tic gia sé gidi
thiéu cho ban doc vio mot bai viét khac. RAt mong nhan dugc su gép ¥ clia ban doc vé ndi dung.

Cudi cling, tic gia gii 15i cam on dén thay Tran Nam Diing va céc ban trong Ban bién tap da
doc lai ban tho va dua ra nhitng gép y x4c dang dé€ bai viét dudc hoan thién hon.

[1] http://jl.ayme.pagesperso—-orange.fr/Docs/Anton%20Reim.pdf.
[2] http://www.cut-the-knot.org/m/Geometry/Reiml.shtml.
[3] https://www.imo-official.org/.

[4] Dién dan AoPS, topic
https://artofproblemsolving.com/community/c6_high_school_
olympiads.

[5] http://www.cut-the-knot.org/m/Geometry/StathisKoutras.shtml.

[6] https://www.facebook.com/groups/perugeometricol.
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BAI TOAN HAY LOI GIAI DEP

Nguyén Duy Lién
(Truong THPT Chuyén Vinh Phiuc)

G101 THIEU

Giai dugc bai toan S6 hoc hay va khé, ta da cam thich thu roi. Nhung néu mot bai todn
S6 hoc hay va khé ma gidi dudc bang nhiu cach ma ti d6 ta c¢é thé giai dudgc, hay tao ra
mot s6 bai todn cling 16p bai todn d6 thi niém vui con nhan 1én nhiéu 1an. Bai viét nay, toi
xin gidi thiéu véi cac ban 4 cch giai cho bai todn s 2 vé S6 hoc kha hay va khé trong ky
thi Olympic Toan hoc Hoa Ky 2005 (USAMO 2005).
Bai toan. Chitng minh rdang hé phuong trinh
x4+ xP+x3y +y = 14777
4+ xPy+y*+y+z20 =157

khong co nghiém nguyén x, y, z.

L&i giai 1. Ta st dung modulo 19 dé chitng minh hé phuong trinh nay khdng c¢6 nghiém nguyén.

Taco 152 =8-19, 157 = —147 (mod 19). Bang gia tri cia 5" (n € N*) theo (mod 19).

Ne)

10 | 11
516

n |12 3|4 |5]6| 7|8
5"15/6|-8|-2[|9]|7|-3|4

[S—

Do d6 1477 = (=5)"* = —5% = 2 (mod 19) va 157'%7 = 5% = —8 (mod 19). Viét lai hé
phuong trinh

x4+ xP+x3y +y = 14777

P+ Xy +y +y 427 =157
Cong tuong ng theo vé ta dudc

(P 4y +1)7+2° = 14777 4157 4 1.
Lai thay 1477 4+ 157" 4+ 1 = —5 (mod 19), tit d6 suy ra
B+y+1)°+22=-5 (mod 19). (1)
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Miit khac theo dinh ly Femat’s ta c6 z!® = 0, 1 (mod 19) suyraz® = —1, 0, 1 (mod 19) do
d6 d& (1) xéy ra thi (x3 + y + 1)> = —4, —5, —6 (mod 19) vd 1y, vi v&i moi sé nguyén a thi
a? = -8, -3,-2,0,1,4,5,6,7,9 (mod 19). Vay (1) khong thé xdy ra hay 1a hé phuong
trinh khong c6 nghiém nguyén x, y va z. [

L&i gidi 2. Ta st dung modulo 13. Cong vé theo vé ta dudc
(4 y+ 1) 422 = 14777 4157 4 1.
Theo dinh ly Femat’s tacé a'?> = 1 (mod 13), Ya € Z, a # 0 (mod 13), ta c6
1477 = 457 =41 (mod 13), 157" = 1" =1 (mod 13).
Lai c6 1477 + 157" 4+ 1 = 6 (mod 13), tit d6 suy ra
(P +y+1)7+22=6 (mod 13). )
Mait khac v6i moi s6 nguyén a thia® = -5, —1, 0, 1, 5 (mod 13). Viét phuong trinh dau tién

cua hé thanh
(x>+1) (x> +y) =147 =4 (mod 13),

suy ra x> # —1 (mod 13) nén chi c6 thé x> = 0, 1, 5, —5 (mod 13) khi d6 sé tuong ding véi
x>+ y=4,2,5 —1 (mod 13), suy ra (x3 +y+ 1)2 =12,9, 10, 0 (mod 13).

Vay dé xdy ra (2) thi z° = 7, 10, 9, 6 (mod 13) vd 1y, viz> = -5, —1, 0, 1, 5 (mod 13), suy
raz? =5,12,0, 1, 8 (mod 13). Vay (2) khong thé xay ra, ta ¢ diéu phai chiing minh. O

L&i giai 3. Ta st dung modulo 7, modulo 8 va dinh 1y Mihailescu’s. Viét lai hé phuong trinh

(x> +y) (x> +1) = 147" (1)
(P+y)y+D=157""-2 (2

Tt phuong trinh (1) ta dugc x> + y [147"7 . Ta xét ba trudng hop sau:
e x3+y==+1:Tu(l)suyra= (x3+ 1) = 147", chonén
14757 -1 = x3 v 1477 — 1 = (—x)?,

didu nay vo Iy vi x chin x3 = (—x)*> = 0 (mod 8) ma

1477 —1 =2 (mod 8), 147" +1 =4 (mod 8).

e 7|x3+ y : Tu phuong trinh (2) suy ra 7|157"*" — z° nén z° = 157'*" (mod 7), suy ra
z2=3*=3 (mod 7),volyviz3>=—1,0, 1 (mod 7), Vz € Z.
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e 3|x*+y :Tu(l)suyra £3F(x*+1) = 147" k € Z, tr d6 din dén x*> + 1 =
+ 14;;57, chonén 31977k . 72157 1 | = (—x)? v 3157-%.72157 _| = x3 suy ra x chén,
vataco x? = (—x)> =0 (mod 8).

Phuong trinh 3197-%.72157 1 | = (—x)> khong xay ra 31°7%.72157 11 =2, 4 (mod 8).
Phuong trinh 3'577%.72157 _1 = x3 d& x4y ra thi 157 —k = 2r, r € N* khi d6 tr thanh
32772157 _ 1 = x3 vo ly (dinh ly Mihailescu’s ').

T cc trudng hop trén déu khong xay ra, ta c6 diéu phai chiing minh. ]

L&i giai 4. Ta st dung modulo 9, modulo 37 va BS dé LTE. Viét lai hé phuong trinh

(X 4+ y)(x + D(x? —x 4 1) = 7214317 (1)
B+ +1) =157 =23)(157° + 15723 + %) (2)

Ta thiy ring

e x2—x+1=x+1)>-3(x+1)+3suyraged(x +1,x2—x+1) <3
° (x+l)(x2—x—|—1):x3—|—l:7"-3b, a, b eN.

e x? > 2x khi |x| > 2 tuong duong x? — x + 1 > x khi |x| > 2
Néu |x| <2:

e x =1V x = —1khidé vé trai ctia (1) chin suy ra 1477 = 0 (mod 2) vd ly.
e x = 0thay vao (1) tadudc y + 1 = 1477 suyra y = 147"7 — 1, thé vao (2) ta dudc
1477 (1477 + 1) = 1577 —2°.

Ma 148 | (1477 4 1) va 148 = 437, suyra37 | (1477 + 1) ,do d6 37 |(157'*7 — 2%) |
tuong duong véi z° = 157'*7 hay z° = 9'%7 (mod 37), vo Iy vi

1=2%=(9")" =26* =26 (mod 37).
Néu |x| > 2 : Tt (1) chii y rang néu c6 x + 1 = £3% . 77 véi mbi cip sb nguyén duong (j, k)

c6 nghia la [x? — x + 1| < 3, diéu d6 khong thé dung. Vi vy chi ¢6 thé x + 1 = +3k, +7%
tuong Ung v6i x2 —x + 1 = 3-7™, 3" véim, k € N*.

e Nbux+1==7%thi(x+1)*=3(x+1)+3=3"dod67** £3.7%F + 3 = 37,
chonén 72 = 0 (mod 3), vd ly.

'Dinh 1y Mihailescu’s: Nghiém nguyén duong ciia phuong trinh x® — y* = 1, véia,b > lvax,y > 0la
x=3,a=2,y=2,b=3.

166



Tap chi Epsilon, S6 14, 12/2018

o Néux+1= 43K thi(x + 1)>*-3(x + 1)+3 = 3.7™ din dén 3%k +3kt1 43 = 3. 7™,
chonén 3%~1 £ 3% 41 = 7™ vi thé 3¥ (3*~1 £ 1) = 7™ — 1. Theo b dé LTE ta c6
U3 (3" (3"—1 + 1)) =v3 (7" —1),suyrak =2+ v3 (m) < 2 + logym. Vi thé

I R (3’<—1 + 1) < 32thomm (31Homm 1) = om 3m £ 1), (3)

V6im > 2thi (3) voly vi 7" — 1 > 9m (3m =£ 1) qua quy nap.
V6io<m<2:

o V6im = 2, tit phuong trinh 77 — 1 = 3%(3¥~! £ 1) ta thdy khong ton tai k € Z.

o Véim = 1t phuong trinh 7" — 1 = 3¥(3*~1 £ 1), suyrak = 1, x = —4, thé vao
(1), (2) tac 3'% | (x® + y) nén

3199 (157% — 2%) (157°% + 157%°2° + 2°).. 4)

DPé (4) 1a ding thi 9 chia hét it nhit mot trong hai thita s6 vé phai ctia (4). Néu
9] 157% — 23, thi z3 = 157% = 4*° =4 (mod 9), V0 ly.

Con néu 9| 157°% + 157%23 4 2°, thi 157°% + 157%2% + z° = 0 (mod 9). Tuy
nhién

157 4157923 426 = 74422 +25= (2 +2)° 3£ 0  (mod 9).

o Véi m = 0 tit phuong trinh 7" — 1 = 3K (3"_1 + l) ,suyrak = 1, x = 2 ciing
gibng nhu trudng hop khi m = 1 khong ton tai nghiém nguyén ciia hé.

Vay do do6 khong c6 truong hgp nao hé c6 nghiém nguyén. [

B6n 10i gidi trén cho ta vé dep ctia mdi con s, cach chon modulo cho né that dat gia nhu viéc
chon modulo 19 & 13i gidi 1, chon modulo 13 & 15i gii 2. Su két hgp nhe nhang va logic gitta
cac modulo dan xen vao d6 1a cac phép bién ddi dai s6, 1ap luan sb hoc cho mot 16i gidi gan giii
hon dbi véi hoc trd qua cic 15 gidi 3 va 4. Dic biét toi in tudng véi 10i gii 3 dich cudi cung cia
151 gidi dAn dén mot bai toan mdi dinh ly Mihailescu’s, mot dinh 1y rit méi dudc hoan thién va
cong b nim 2004, tinh yéu vdi nhitng con s6 di thoi thic vé tim toi cai méi la da dua toi dén
véi dinh 1y Mihailescu’s. Toi di doc, suy nghi, kiém chiing ndi dung dinh 1y, ngudn gbc dinh ly
va hiéu dugc cach chitng minh dinh Iy niy trong mot dém he dy. Ngoai cach gidi trén cac ban
cung toi tiép tuc di tim nhiing 15i giai mdi, c6 thé cho nhiing bai hay va kho trong von bai cia
ban. Ct nhu t6i thiét nghi da méi khi trong ddi ta dat dugc cac 16i gidi that ngan, dep va dat.
Nén ta van tran trong nhiing 16i gidi ctia ca nhan tuy c6 dai dong chiit dinh véi phuong cham
“Cdch gidi nay dai véi bai nay nhung sé ngdn vdi bai khdc.”
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HUGONG TOI KY THI VMO 2018-2019

L& Phuc Lu
(L6p Cao hoc Khoa hoc tu nhién TP.HCM)

LGOI BAN BIEN TAP

Ky thi chon HSG cép qubc gia (viét tit 1a VMO) nidm nay dién ra vao cac ngay 13 va 14
thang 01/2019. Trong bai viét ndy, tac gia sé dua ra gidi thiéu mot sd ndi dung huéng dén
rén luyén chudn bi cho ky thi nay, bao gdm: phan tich mot s6 bai todn trong dé thi HSG
cdc tinh, gidi thiéu mot sd bai toan hay, dé thi thi va dap 4n chi tiét.

Ta xét bai todn sau trong dé thi ctia Ninh Binh

Bai toan 1. Cho cdp sé céng (ay,) va cdp sé nhén (by,) déu cé cdc sé hang dwong. Biét rding
a; = by, a, = b,. Ching minh rang a; > by véimoi k =2,3,...,n— 1.

Bai toan nay chinh 12 dé& chon k¥ su tai ning ciia DH Bach Khoa Ha Noi 2012, ciing ¢6 xuat
hién trong dé thi HSG 16p 11 khong chuyén ctia TP.HCM nim truéc véi trudng hop n = 5. Bai
toan doi hdi so sanh cic s6 hang "niam giita" ctia hai CSC, CSN hitu han c6 ciing sd hang dau
va cubi. Nhu thé ta can tim mdi lién hé giita cic s6 & gitta d6 va cac s6 & hai dau?

(n—k)a; + (k- Da,

a, = ay + (n—1)d;a = a; + (k — 1)d hay a;, = .
n_

Tuong tu thi b, = "+/b7 *bk-1. Ap dung tryc tiép bat dang thiic AM-GM cho n — 1 s6 duong,
ta c6 dpcm.

Xem lai c4c bai toan trude dé thi trong dé thi HSG QG 2012, di c¢6 mdt bai da thiic tuong tu,
thuc ra chi 1a giai phuong trinh bac hai nhung c6 lién quan dén CSC nay; va nim d6, nhiéu thi
sinh da ling ting, khong tim dugc mbi lién hé nhu trén nén khong xit 1y dudc bai todn.

B3i todn 2. (VMO 2012) Cho hai CSC (ay), (b)) va xét ddy da thite Py(x) = 22 + apx + by
vdi 1 < k < n. Gid sit Py(x), P,(x) v6 nghiém. Chiing minh rdng cdc da thiic Py(x) véi
2 < k <n—1deéuvé nghiém.
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Tom tit 10i giai bai VMO 2012. Theo gia thiét thi a? — 4b; < 0,a? — 4b,, < 0. Ta can chiing
minh a? — 4b, < 0 v6i 1 < k < n. Dung cong thic mbi lién hé & trén, ta dua vé

(n—k)ar + (k — Da,|* (1= Kby + (k= 1)b,

n—1 n—1

<0
e (n—k)’a?+ (k—1)%2 +2(n — k)(k — Daya, — 4(n — 1) [(n — k)by + (k — 1)b,] < 0.
Theo bt dzzing thic AM-GM thi a;qa,, < @ nén

2(n — k)(k — Dara, < (n —k)(k —1)(a? + a2).

Chi § (n — k)* 4+ (n—k)(k—1) = (n—k)(n—1) va (k = 1)+ (n—k)(k—=1) = (k—1)(n—1)
nén ta viet thanh

(n—k)(n —1)(a —4by) + (k — 1)(n — 1)(a2 — 4b,) < 0.

Bit dang thic cudi diing nén ta c6 dpem.

Ti y tudng vé cong thiic mdi lién hé & trén, ta ¢ thé "ché bién" dé nhu sau:

e Xay dung hai CSC tng véi tung d6, hoanh do ctia day diém trong mit phing Oxy.

An+an42

e Gifu di yéu td CSC bing cach dung cong thic dic trung a,,,; = “*3

e Chuyén thanh dang cin thiic, lily thita d€ 1am khé hon yéu t6 tuyén tinh.

Tir d6 ta c6 bai todn sau (bai nay da dudc dung dé thi chon ddi tuyén cia A Rép).

Bai toan 3. Trong mdt phdng toa dé Oxy, cho ddy cdc diém phdn biét c¢é toa dd duong
A (203 y,) Vi n > 1, trong do cdc day sé thuc duong (z,,), (y,) xdc dinh bdi cong thiic

x2 + f%+2 VYn + y/Ynt2 2
Tpy1 = Tayn—i-l =\ )

Biét rdng cdc diém O, Ay, Asgis ciing ndm trén mot dwong thdang d. Chitng minh khong ton tai
hai chi s6i,j véi 1 < i < j < 2015 sao cho doan thing A;A; cadt d.

Loi gidi. Theo gia thiét, ta thiy hai day (z,), (y,) thda man o= 22 = k > (0.Ta s€ ching
minh rang véi moi i = 2, 2014 thi % > k. That vay, ta thly

_ xy + 4’7%+2 2 x5 + xi+2
Lp+l = —2 S Ty = —2

nén day (z2) 1ap thanh mot cip s6 cong. Do d6, véi moi i = 2,2014, dit a; =
thia; + 8 =1,2 <i < 2014 vata cd

2 2 2 ]2 2
T; = 0,7 + BiTo05 © T = ) ] + Bixsg;s.
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Tuong tu, ta cling co

yi = (/11 + Bivy y2015)2 nén ky; = (/21 + Biv/ $2015)2-

v/ @ia? + Biadors > (ain/T1 + Bin/Tao1s)

véi moi 2 < i < 2014 (*) Tuy nhién, (*) diing theo bét dang thic Cauchy-Schwarz vi

(i + Bi) (cua? + Biadgys) = (ouar + Bizaois)® > (in/Z1 + Bin/Tao1s) "

Ta can co

Do diy 1a cac diém phan biét nén A; # Asgs < 1 # 2015 va dang thic & (*) khong xay ra.
Tir d6 suy ra tit ca cdc diém Ay, As, ..., Agg4 déu nim dudi dudng thang d. Ta c6 dpecm. [
Cubi cling, ta xét bai toan tuong tu sau:

Bai toan 4. Chung minh rang ton tai 4037 so nguyén duong, bao gom cdc so ay, as, . . . ,a019
la 56 hang cua mot cap so nhdn va by, by, . . ., bagig la cdc so hang ciia mot cap so cong sao cho

ap < by <ag <by <...<agis < bz < Aop1g-

Ta xét bai todn sau trong dé thi cia KHTN Ha Noi
Bai toan 1. Tim tdt cd da thitc P(x) hé sé thuc sao cho
P*(z) — P(2?) = cx®'® V.
Bai todn nay tl\lu?ln tdy 1a mot bai dong nhit hé sd; tuy nhién, ta khong thé 1am mdt cach tdng
quat ngay ti dau dugc. D€ xt 1y triét d€, ta dung nhan xét quan trong sau:
B6 dé. Néu da thiic P(x) 1a tdng ctia it nhét 3 don thic (khic béc) thi P?(x) — P(x2) ¢6 it nhét

hai s6 hang.

Chiing minh. That vy, goi az™+bz™ 1 hai don thic ¢ bac thap nhat cda P(z) véim > n > 0;
khi d6, trong P%(z) s& c¢6 chda s6 hang 2aba™*". Tuy nhién, vi 2n < m +n < 2m nén sb hang
nay chic chian khong thé bi triét tiéu.

Tuong tu néu xét hai don thifc bac cao nhit. B§ dé dudc chiing minh. O

Trd lai bai toan, ta xét cac truong hgp sau

1. Néu P(x) = ax™ thi P?(z) — P(2?) = (a® — a)2® nén dong nhit hé sb c6 2n =

2018,a> —a =cnénc > —}1
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2. Néu P(z) = az™ + ba™ thi
P*(z) — P(2?) = (a® — a)2®" + 2abz™ ™ + (b* — b)z*™
thi phdi céa = b =1va 22™"" = cz®® nén c = 2, m +n = 2018.
Vay néu ¢ < —1 thi khong ton tai da thic théa dé; néu ¢ > —1, ¢ # 2 thi ¢6 ding mot da thic
thda man c6 dang az” véi a> — a = ¢; néu ¢ = 2 thi ¢6 cic da thic théa dé 1a
1009 91009 um o om

v6i m +n = 2018, m,n € N. Bai toan kha nhe nhang.
Tiép theo, ta xét mot bai toan tuong tu trong dé thi chon doi tuyén ctia TPHCM 2014:
Bai todn 2. Tim tdt cd da thitc P(x), Q(z) hé s6 nguyén sao cho

P(Q(z)) = x*" 4 2014z + 1,Vz € R.

Bai nay ciing tuong tu bai trén 12 phai tim cich thu hep s6 trudng hop can xét khi dong nhit hé
s6; nhung khoé hon & chd ta khong thé dung thuan tdy dai s6 d& 1am diéu d6. Ta x 1y nhu sau:

Pao ham hai vé, ta c¢6
Q' (x) - P'(Q(x)) = 201322 + 2014.

Dung tiéu chuin Eisenstein ting v6i sd nguyén t6 p = 2, ta ¢ vé phai bt kha quy. Do d6, néu
deg P(x) > 1,deg Q(x) > 1 thi vd ly. Vi thé nén chi can xét trudng hop deg P(x) = 1 hoic
deg Q(x) = 1.

Bai todn dén d6 chi can xét trudng hop va 1am cin thian cic buéc dong nhat hé s6 1a dugc.

DU c6 nhiéu k¥ thuat di kém bai todn vé da thic nhung viéc dong nhét bac, hé s6 cia da thiic
van 12 cong cu thuan tiy va hiéu qua. Chang han tiéu chudn Eisenstein va dinh ly v& da thic
nguyén ban ciing dudc chiing minh bang dong nhit hé sb.

Tiép theo, ta xét bai todn sau vé viéc dong nhét hé sb:
Bai toan 3. Tim tdt cd da thiic khdc hang théa mdn

P(z)P(x +1)=P(*+z+1),Vz € R.

Mot 16i gidi kinh dién ctia bai nay 1a dung sb phiic, chiing minh ring né chi ¢ nghiém la x = +i.
O day, ta xét mot cach tiép can khac.

Tru6e hét, 1o rang P(x) vd nghiém vi néu né c¢6 nghiém z, thi cling sé c6 nghiém khac 1a
22 + 19 + 1 > x0. Diéu nay cho phép xay dung mot ddy vo han nghiém cta P(z), kéo theo

P(z) = 0, khong thda do khong xét da thiic hing. Tir day suy ra deg P(z) ludn chin va trong
trudng hgp deg P = 2, ta tim duge P(z) = 22 + 1.
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Ta sé& chiing minh ring tit ca da thiic thda dé c6 dang (22 + 1)". That vy, ddng nhit hé s6 bac
cao nhit, ta c6 P(x) monic. Pit P(z) = (22 +1)" + Q(z) véi deg Q(z) = m < 2n. Thay vao
déang thic da cho

(2> +1)"+ Q)] [(2° + 22+ 2)" + Q(z + 1)]

= [((a;2+x+1)2+1) +Q(x2+1:—|—1)]
hay

(2? +1)"Q(z + 1) + (¢ + 22+ 2)"Q(x) = Q(2* + 2 + 1).

Néu Q(z) = 0 thi ta c6 dpcm. Néu khong thi so sanh bac hai vé, ta dudc 2n +m = 4n = m =
2n, khong thda. Bai toan dudc gii quyét.
Bing céch tuong tu, ta c¢6 thé giai dudc cac bai todn sau:

Bai toan 4. Tim tdt cd cdc da thicc P(z) théa man P(z)P(z + 1) = P(22% + 8x + 6), V.
Ddp sé la P(x) = (2x + 3)".

Bai toan 5. Tim tdt cd cdc da thicc P(z) théa man P(z* — 4z) = P?(x — 6), V.

Ddp sé la P(x) = (v +4)".

Cubi cuing, ta xét bai todn kinh dién sau vé u6c luong da thic:

Bai toan 6. Cho da thitc hé sé nguyén, bdc chdn, monic P(x) sao cho P(n) la sé chinh phuong

Vi vé sé n € Z. Chiing minh rang P(z) la binh phuong ciia mot da thiic hé sé nguyén.

Loi gidi. Bai toan trong truong hgp deg P(x) = 2 la kha quen thudc, nhung véi bic cao thi
khong dé! Ta chiing minh bd dé sau:

B6 dé. Véi moi da thiic monic hé sb nguyén P(z) c6 deg P chén thi ton tai da thiic hé s6 hitu ty

Q(z) sao cho
lim (M - Q(a:)) = 0.

T—-+00

That vay, ta co

P(z) — Q*(z
P() — Q) = )
VP(x)+Q(z)
Bic ctia mau 12 n nén can tim @ d€ bac cla tif < n — 1. Nghia 1a cic hé s6 ctia 2™, 2", ..., 2%"

A

déu bi triét tiéu. Tuy nhién, rd rang ta ciing chon deg Q(x) = n nén sé c6 n + 1 hé s6 dé “co
cAu”, tdc 12 ban chét 12 giai mot hé phuong trinh ¢6 n + 1 bién.

O day, ta dung cuc han dé thuc hién didu d6 dé hon. Trong cic da thiic monic Q(z) ¢
deg Q(z) = n, xét Qp(x) sao cho d = deg(P(z)—Q2(x)) min. Gid st d > n thi P(z)—Q3(x) =
az® + f(x) véi deg f < d. Xét Q(x) = Qo + 2z%~™ thi

a2$2d—2n

P(a) = Q@) = Pla) = (Qulo) + 5a"") " = ao’+ f(2) — a2 " Qufa) — 5

2

Chu y ring Qo (z) monic nén az? bi triét tiéu; ngoai ra 2d — 2n < n nén da thiic nay c6 bac nhéd
hon d, vo 1y vi dang xét da thiic ¢6 bac nhd nhit. Do d6 d < n. Suy ra ton tai Q(z) thda man b
deé trén.
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Ngodi ra, ton tai M € Z d€ M - Q(z) € Z[x]. Xét day sd a; < ay < az < ... la cdc sb d€
P(a;) 1a s chinh phuong, tdc 1a tuong dng ton tai cic s6 nguyén duong by < by < by < ... dé
P(a;) = b?. Suy ra

M(Q(ai) = bi) = M [Q(a) = V/P(@)] + M |\/Pla)) — b)) =0
khii — +00. Vi M(Q(a;) — b;) € Z nén ton tai iy di 16n dé
|Q(a;) — b;| < 1,Vi>ig = Q(a;) = b;, Vi > ip.
Suy ra P(a;) = Q*(a;) v6i moi i > iy, diéu nay ding véi vo s6 i nén P(z) = Q?*(x). Cubi
cung, chi y ring néu Q(z) ¢ Z[x] thi ton tai m € Z va mQ(z) 1a da thic nguyén ban. Suy ra

m?P(z) = (mQ(z))” ciing la da thiic nguyén ban, vo ly. Vay nén Q(z) € Z[z], bai toan dugc
gidi quyét hoan toan. O

Trén co s6 161 giai trén, thu giai bai toan md rong sau:

Bai toan 7. Gid sit P(z) la da thiic hé s nguyén, monic, sao cho ton tai vé han cdp s6 nguyén
duong (m,n) ma P(n) = m® + 3m + 1. Chitng minh rdng ton tai da thiic hé sé nguyén Q(x)
sao cho P(z) = Q3(z) + 3Q(x) + 1.

1.3. Vé bai toan hinh hoc trong dé Da Ning

Du6i ddy 1a mot bai todn toan trong dé 6n ctia Pa Ning (tac gia chinh 1a thay Tran Quang Hung).
Bai todn 1. Cho tam gidc nhon khéng cdn ABC néi tiép (O) va mét duong tron (w) cb dinh
qua A, O cat AB,AC é F,E. Gid st OE,OF cdat (O) 6 M,N. Goi P la diém trén cung
BC ciia (0). AP N (w) = L va OL cdt (O) é G, H (diém G, N cung phia so véi AP).
MPNCG = J,NPN BH = I. Chiing minh rdang khi P thay doi trén duong tron thi (P1.J)
luén qua diém cé dinh.

Loi gidi. Goi D la giao di€ém khéc A cta (w), (O).
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Tac6 LECD = #4922 = £4ED nép tam gidc ECD cén tai E hay EC = ED, ma OC = OD
nén OF 1a trung truc cua C'D.

Suy ra M la trung di€ém cung C'D cta (O). Do d6 BM 1a phan gidc géc B clia tam giac BC'D.
Tuong tu v6i N. Cling bang céch trén, ta c6 LD = LP va OL la trung tryc D P, kéo theo G, H
1a trung diém hai cung ctia (O), suy ra I, J 1a tim ndi tiép tam giac DBP, DCP. Gia st (PI.J)
cat (O) & T thi theo md hinh vi tu quay (chi y rang JM = DM, IN = DN), tacé

T™ JM DM
TN IN DN’

Do d6 tf gidc DNT M diéu hoa va T 1a diém cb dinh. Ta ¢6 dpem. O
Bai nay khong khé nhung vi hinh vé hoi rdi nén gay trd ngai nhiéu. Bai toan nay 1am minh nhé
dén bai toan hinh hoc thi thit VMO 2018 ctia nim tru6c véi ndi dung nhu sau:
Bai todn 2. Cho tam gidc ABC nhon ngi tiép duong tron (O) ¢é diém D di déng trén cung nhé
BC va khong trung vdi cdc dinh B, C. Goi I, J lan luot la tdm duong tron bang tiép ving véi
dinh A ciia cdc tam gidc ABD, AC D. Chitng minh rdang khi D thay déi thi

1. Tam duong tron ngoai tiép tam gidc DI.J luén thuéc mot duong tron cé dinh.

2. Pudng tron ngoai tiép tam gidc DIJ luén di qua mot diém cé dinh.

Loi gidi. 1) Gia st trung truc AD cat (O) tai M, N va P, Q 1an lugt 1a trung diém céc cung nho
DB, DC. Do I 1a tim bang tiép tam gidc ABD nén PI = PD, M1 = MD.
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Goi T 1a tam ctia (D1.J) thi T, M, P thang hang (cting thudc trung tryc ctia /D) hay T' € M P.
Tuong tu ta cling c6 1" € N(@Q. Mat khac,

1/~ =N 1,

ZNMP =3 (ACD n BD) ~ SACB,
tuong tu thi ZMNP = %AZEC. Piéu nay chiing té tam gidc TM N c¢6 kich thude cb dinh (vi
c6 hai géc va mot canh ké c6 dinh) nén 7O 1a trung tuyén cb dinh. Vay 7" thuoc dudng tron tim
O vé6i ban kinh khong doi.

2) Goi R, S lan luct 1a trung diém cic cung 16n AC, AB. D& thay I € DS,J € DR va
SA = SI,RA = RJ (tinh chét ctia tim dudng tron bang tiép).

Goi K 1a giao diém khéc D cta (DI.J) va (O). Tacé ZKSD = /KRD,/KID = /K.JD
nén AKRJ ~ AKSI(g.g).

Do d6, &8 = &4 — R4 diéu nay cho thy ti gidc ARKS la diéu hoa, suy ra K c6 dinh (vi

R, S ¢b dinh). Vay (DI.J) ludn di qua diém K cb dinh. O

Chi y ring K ciing chinh 14 tiép diém ctia dudng tron A — Mixtilinear ngoai ctia tam gidac ABC
dbi v6i (O). Ngoai ra, ta con chiing minh dugc ring:

e Puong tron dudng kinh 1./ ludn di qua tdm bang tiép géc A clia tam gidc ABC.

e Trung diém 7.J ludn thudc mot cung chita géc ¢ dinh dung trén RS.

Day 1a céc bai todn thd vi, moi ngudi hdy thi siic. Bai toan ciing ding khi thay tim bang tiép
bdi tam ndi tiép cta tam gidc ABD, ACD.

Thuc ra mo6 hinh ndi tiép 1a bai todn cii (trong tai liéu Around the world giai doan 1997 — 2002
clia tac gia Titu Andreescu c6); mo hinh bang tiép vira néu 1a nhd tuong tu héa ma thanh.
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Tré lai bai toan ban dau, ta ciing c6 thé chiing minh diém cb dinh 1 tiép diém cta Mixtilinear
noi cia tam giac DBC véi (O) (chang han dung nghich dao déi xting, nhung do dé VMO it khi
dé cap dén chii dé Mixtilinear nén ta ciing khong khai thac khia canh nay nhiéu).

Bai todn ban diu la sy LAP GHEP bai todn géc va dua vao md hinh dudng tron (w) dé gy ric
r6i hon. Thuc ra phuong phap nay khong 1am cho bai toan dep hon, nhung lai 1dm cho né thich
hop hon véi ki€u d& VMO (it vé dudng phu, chi nhin va khai thic mo hinh).

Qua bai ton trén, ta thu dugc mot bd dé kha thi vi. Cho tam gidc nhon khong can ABC ndi
tiép (O) va mot dudng tron (w) thay ddi di qua A, O cit (0), AB, AC' 6 D, E, F. Khi d6 ta c6
ED = EC,FD = FC. Ta c6 thé khai thic bd dé d6 dé€ “ché bién” thanh céc bai toan sau:

Bai toan 3. Cho tam gidc nhon khong can ABC noi tiép (O) va mét duong tron (w) thay doi di
qua A, O cdt (0),AB,AC 6 D, E, F. Tiép tuyén 6 D ciia (O) cdt BC & L va trung truc DL
cat EF ¢ K. Chitng minh rang K D tiép xiic (w).

Bai toan 4. Cho tam gidc nhon khéng cdan ABC néi tiép (O) 6 truc tam H va M la trung diém
AH. Goi (w) la dwong tron di qua A, M, tiép xiic véi AO & A. Puong tron (w) cdt duong tron
duong kinh AH, cat AB,AC 6T,R,S.Liy D € AB,E € AC sao cho RT = RD,ST = SE.
Chiing minh rang DE || AO.

Bai toan 1. Cho a,b,c > 0 thda mdn ab + bc + ca = 1. Tim gid tri I6n nhdt ciia
IR SR SR
S a2+l b+l 241

Cau nay c6 hai huéng tiép can la

A X X o 2(a+b+c) Xe 18 . . .
e Thay 1 — ab + bc + ca, quy dong mau dua vé P = @b Ora(era MOl dung danh gia

8(a+b+c)(ab+bc+ca) <9(a+b)(b+ c)(c+ a).

C

e Luong giac hoa, dit (a, b, c) — (tan é, tan %, tan 5) 10i ¢6

1
P = §(COSA+COSB+COSC+3).

Néu d& ddi yéu cu thanh min P thi sao? Khi d6, chic chin ding thiic khong xay ra tai “tam”
nita ma phai 14 tai “bién”. Ta phai du dodn déu bing xay ra khi c6 mot sb bang 0 va hai s6 biang
1, va dua véP > 2. Nhu thé c6 can phai don bién? Thuc ra chua can, ta chiing minh diéu nay
khong kho vi

P>2%< (a+b+c)(ab+bc+ca) > (a+b)(b+c)(c+a) < abe > 0.

Nhu thé mién gid tri ctia bi€u thic P kha hep, 2 < P < 2. Bai toan trén bién ddi thuén lgi
Vi gia thiét ab 4 bc + ca = 1 tao diéu kién cho phép thé va quy dong mau. Ta thi thay thanh

ab + be + ca = 3. Xét bai toan sau
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Bai todn 2. Cho a,b,c > 0 théa mdn ab + bc + ca = 3. Tim gid tri nhd nhdt ciia
IR S S
Cl4a? 1402 142

Loi gidi. Khong mat tinh tdng quat, gia st ¢ 12 s6 nhd nhét, suy ra 3ab > ab + bc + ca = 3 =

ab > 1. Ta chiing minh dugc = + 735 > 755 Vi n6 tuong duong (ab — 1)(a — b)*> > 0. Ta

sé chiing minh ring

2 1 3
+ > =
Il+ab 14+¢* 7~ 2
& 2(2+2¢2 +1+ab) > 3(1+ab+ & + abc?)
& + 32> ab+ 3abc®
& 4 ab+ be+ ca > ab + 3abc?
< 2 4 be + ca > 3abc?
< cla+b+c—3abc) >0
Miit khc, ta cling ¢6 (a-+b+-c)(ab+be-ca) > 3v/abe-3v/a2b2c® = 9abenén a+b+c > 3abe.
Do d6, bit dang thiic cubi & trén la ding va ta cé P > % Piéng thitc xdy rakhia = b=c =1
hodc a = b = v/3, ¢ = 0 va cdc hodn vi. O

Bai toan trén cho thdy du bing tai tim va tai bién ctia bai toan gbc da roi vao cung thdi diém
tai gid tri nhd nhét (chu y ring biéu thifc trén khong c6 gid tri 16n nhat).

Nhiing bai toan c6 “hai ddu bang” thuong 13 nhitng bai todn khé va dep. Dudi day 1a dé chon
doi tuyén Qudc gia clia Vinh Long 2018:
Bai toan 3. Cho a,b, c co tong bdng 0, tim gid tri nhé nhdt ciia

B a—1 n b—1 n c—1
w248 B2+8 248

Loi gidi. Dung danh gia ghép cip hai trong ba phan s6. Du dodan P > —g nén dua vé ching

minh
a—1 b—1 c—1 3
>

218 ®2+8 218= 3

hay
(a+ 2)2 (b+ 2)2 (c+ 2)2 <
a?+8 b2 + 8 c2+8

3
5
Gia st ab > 0 thitacd

(a+2)° (b+2)2> (a+b+4)° . (a+b+4)?  (c—4)?
a?+8  B2+8 T a?+b2+16 " (a+b)2+16 A+16°

Cuoi cung ta chi can chiing minh rang

Y 2 2 \2
e N Gt I D Gt SN
2+16 2+8 — 2  (2+8)(c2+16) —
Ding thifc xdy rakhia =b=c=0hoica = b= —2,¢c = 4. O
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Sau day 1a mot s6 bai toan tuong tu

Bai todn 4. Cho a,b, ¢ > 0 théa man ab+bc+ca = 1. Tim GTLN ciia P = = + = + 27

Goi y. St dung lugng giac (a b,c) — (tan4,tanZ tan $) dua vé 2P = cos A + cos B —

3sin?¢ +5——3(s1n———) + 8= pP<i O

Bai toan 5. Cho a, b, ¢ > 0 théa man ab+ bc+ ca = 3. Tim GTLN cuia P = a21+2 + b2£r2 + 6212_

Goi y. Ta can chitng minh P < 1 h.;:ly 2“; + be2 + 62+2 > 1. Tuy nhién, theo bat dang thiic
~ a C a 2 C a C1Ca

Cauchy-Schwarz thi VT > (et — a b ctidlobtboten) _ 0

Cubi cuing, xét bai toan hay va kho sau trong dé Brazil Revenge 2013, md rong bon bién clia bai
todn md dau. T4c gia clia 16i gidi dep bén dudi 14 thay Vo Qubc B4 Can.
Bai toan 6. Cho a,b,c,d > 0 théa mdn ab + be + ca + ad + ac + bd = 6. Chitng minh rang

1 1 1
3> a’+1 + b2+1 + c2+1 + d2+1 > 2.

O trudng hop tim gid tri 16n nhit, tacho a = b = ¢ = 1,d = 2n v6in — +oo thi ¢6
=+ 75 + =5 + 75 — 3- O ddy, ta phan tich trudng hop tim gid trj nhd nhit. Xét cic

truong hgp sau

1. Néuac<1thibd<1,tacél+c2<1+a%: 1+ <1+bi2: Ltb? han

b2
1 a? 1 b?
P> =2
(1+a2+1+a2)+(1+b2+1+b2>

2. Neu ac > 1, ta c6 cac nhan xét sau:

1 2
¢ 1+a? + 14-c? > 14-ac

e a+b+c+d > 4 vitheo khai trién binh phuong ctia tong va bat dang thiic AM-GM,
taco: (a+b+c+d)? =a®+ b+ + d> + 2(ab + be + cd + da + ac + bd) va
2(ab+bc+cd+da+ac+bd) < 3(a®*+b*+c*+d*)nénsuyraa+b+c+d > 4.

vi khai trién va rit gon, ta ¢6 (a — ¢)*(ac — 1) > 0, ding.

Tt d6, theo bét dang thiic Cauchy-Schwarz thi

2 1 1 1 1 1 1 9 1

“14ac 14062 1+d? 1+ac+1+ac+1+62+1+d2—3+2ac+b2+1+d2'

Chi y ring
2ac+b* = (b—a)(b—c)+ab+bc+ca < ab+bctca =6—d(a+b+c) < 6—d(4—d).

Dod6 P > g 4d+d2—|—1+d2 Xét hiéu
9 1 2d(2 — d)(d — 1)°
P—2= —2= > ()
02+ & 1+& O—dd+ ) (1+a) ~ "

dung vi0 < d < 2.
DodétacéPz2.D§1ngthli’cxéyrakhia:b:c:d:1hoéca:b:c:\/§,d:0.
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Bai toan 1. Tim s6 hodn vi (a1, as, . . . , axig) cia 2018 sé nguyén dwong ddu tién sau cho

i) ajp1 —a; < 1vdimoii=1,2,...,2017.
ii) Ton tai diing hai chi s6 i ma a; = i?

Y i) ctia bai todn 1a kha “kinh dién” trong cdc tai liéu vé dém bing truy hdi; y ii) thém vao du
khong méi, nhung ciing rit hay trong viéc khai thac su phan bd céc sb trong hoan vi. Ta c6 hai
huéng tiép can dé€ dém s6 hoan vi DEP chi thda man i), goi s, 1a s6 hodn vi clia n s6 nguyén
duong dau tién sao cho a;41 —a; < 1véii=1,2,3,....,n— 1.

Cdch 1. Goiklavitrithbamanay =n.Tacda,_1 > ap—1=n—1nénphdicdéar , =n—1,
cd nhu thé, tasuy ra a; = n — k + 1. Con lai cdc s6 phia sau a 12 1,2,3,...,n — k tao thanh
hoan vi dep nén trong trudng hop a; = n thi s6 hoan vi thda min 1a s,,_,. Chii y ring néu k = n
thi chi c6 1 hodn vi thdaman 1a 1,2, 3, ..., n. Tir d6 suy ra sd hodn vi thda man 1a

n—1
Sn =14 Snp=s1+8+ ..+ 1+L
=1
Chi y rang s; = 1, s, = 2 nén xt Iy cong thic truy hoi trén, ta c6 dugc s, = 2" 1. O

Tiép theo 1a mot cach chi ding nguyén ly nhan.

Cdch 2. Pau tién, ta viet so 1; so 2 s€ nam trudc hodc sau so0 1 nén co6 2 cach dat; so 3 s€ nam

phia truéc hodc sau s6 2 nén sé c¢6 2 cich dit, ... Ci nhu thé, néu da xép dugc k — 1 s6 dau
tién, ta sé xép s6 k vao hai vi tri: diu diy hoic sau sb k — 1. Do d6, theo nguyén ly nhan, ta sé
c6 2"t cach xép. O

Trd lai bai todn da cho, gid stitacéa, =ivaa; = j véi1l < < j <2018 Tacod

CLj Saj_1+1§aj_2+2§ §aj_(j_i)+(j—i) :’L—|—(j—l) :j
Pang thifc x4y ra nén tt ca cac sb & gitta déu “bat dong”; thé nén 7, j phai 1a hai sb lién tiép.
Mit khéc, a;41 < a; +1 = i + 1, nhung khong thé ¢6 a;,; = i + 1 (do chi ¢6 1 chi s6 théa man
ii)néna; 1, <i,maa; =inéna; ., <i— 1. Tiéptheo, a0 <ajp1+1<inéna; o <i—1.

Do d6, cac s tli a; 1 dén agis nhan gid tri khong vugt qud i — 1. Lap luén tuong tu, cdc sb tr
a; dén a;_; phai nhan gia tri khong nho hon j + 1. Do d6, hai doan hoén vi phia trudc a; va phia
sau a; phai c6 do dai bang nhau. Tir d6 ta suy ra i = 1009, j = 1010. R& rang cac hodn vi phia
trudc va phia sau déu phai 1a hoan vi dep va dudc sap xép doc 1ap véi nhau. Vay sd hodn vi can
tim la

1007 2 2014
S1008 - S1008 = (2'7)7 = 2°0M4,

Chii ¥ rang mot cach tuong tu, néu thay sd 2018 — n thi sd di€ém bit dong trong hoan vi sé
cung tinh chan 1€ véi n.

Ta xét bai toan khé hon bai da cho va tliing xuit hién trong dé thi cia KHTN 2010:
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Bai toan 2. Tim s6 hodn vi cia ay,as, as, . . ., a, cia cdc s6 {1,2,3,...,n} véin > 2 théa
mdn dong thoi:

i) a; £ ivdimoit=1,2,3,...,n.

i) ajy1 —a; < 1véimoit=1,2,3,...,n—1.
Trudc hét, ta sé tinh s6 cdc hodn vi thda man diéu kién ii nhung khong thda man diéu kién
i, tdc 1a trong hodn vi c6 it nht mot chi s6 4 ma a; = 7. Ta thiy ring néu ton tai i # j ma
a; = i,a; = j thi tuong tu trén, ta co:

e Vé6imoi kmai <k < jthiag =k.

e Goi z,y lan lugt 12 s6 nho nhét, 16n nhat théamin a; = i,1 <i<nthiz+y=n+ 1.
V6i mdi # ma 1 <z < [*H], tuong ty cach tinh s6 hodn vi théa man diéu kién ii 6 trén, ta thly
s6 hoan vi thda man 1a 22(*~2) néu # > 2 va bang 1 néu z = 1. Khi d6, s6 hodn vi théa man
diéu kién ii nhung khong théa man diéu kién i 1a

n+1 n+1

A=t 1 4l e
1 22@=2) — 1 472 =1 = .
t 2 + 2 g 3
=2 1=2
Vay s6 hoan vi can tim chinh 12
n+1
2"—1 N 4[T]_1 +2
3

Mot s6 bai todn tuong tu vé ki€u dém day sb hoic hodn vi

Bai toan 3. (A Rdp 2015) Héi ¢é bao nhiéu ddy s61 < a1 < as < ... < aja < 2018 sao cho

a; = i*(mod12)?

Huong ddn. Liét ké cu thé cac sd du ctia 42 khi chia cho 12, tac6 1,4,9,4,1,0,1,4,9,4,1,0.

Trit mdi s cho s6 du trén r6i chia cho 12, ta dua vé viéc dém sb day
OéblSbg§b3<b4<b5<b6§b7§b8§b9<b10<b11<612§168.

Pén day, ta ding song 4nh hoic chia keo Euler. [

Bai toan 4. (TP.HCM 2018) Héi c6 bao nhiéu hodn vi (a1, as, .. ., as) ciia 164 s6 nguyén

duwong ddu tién sao cho a; # i va a; = i (mod41) vdi moii = 1,2,...,1647

Huédng ddn. Chia cdc s tir 1,2, ...,164 thanh 41 nhém theo s du khi chia cho 41 thi 1 rang
mbi nhém c6 4 sb. Theo gia thiét thi cdc s6 trong mdi bo sé& dudc hodn ddi vi tri cho nhau. Ta
thly v6i mot bo (11, 79, 23, 74), ta ¢6 9 cdch hodn vi “khong c6 diém cb dinh (c6 thé liét ké hodc
dung cong thiic kinh dién 4! (& — £ + L) = 9).

Vi thé nén c6 tit ca 9*! hodn vi thda man dé bai. O
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Bai todn 5. (dua theo dé truong Dong mién Nam 2014) C6 bao nhiéu hodn vi (a1, as, . . . , asg1s)
cia (3,4,5,...,2020) sao cho a; > i?

Hudng dén. Trudc hét, ta c6 asgs € {2018,2019,2020} nén c6 3 cach chon. Tuong tu thi
asorr € {2017,...,2020} nhung loai di s dung cho a5 nén ciing chi con 3 cach. Cd nhu thé,
dén a3 con 3 cach; ay con 2 cach va a, con 1 cach. Tong s6 hodn vi la 2 - 32016, O

Bai toan 6. (bai todn phdt keo) Cé gido co 10 loai keo (méi loai ¢é nhiéu vién) va can phdt cho
30 hoc sinh ciia ldp (mot em nhédn khong qud 1 vién/loai), gid sit rang cdc em nay cé hoc luc
doi mét khdc nhau. Hoi co gido co bao nhiéu cdch phdt keo, biét ring néu hoc sinh A gidi hon
B thi B co keo gi la A co keo do (tinh cd truong hop khong em nao nhdn duoc keo)?

Hudng ddn. Xép 30 hoc sinh nay thanh mot diy A, A, ..., Asy theo thi ty ting dan cta hoc
luc. Xét loai keo dau tién, néu em A;, dudc nhén thi tit ca cac em Ay, Ajio, ..., Asy déu co;
nhu thé s6 cach phat keo bang véi s6 cach chon em dau tién tinh tif trdi qua dugc nhan keo, ¢
tat c 31 cach nhu thé. Tuong tu véi cac loai keo con lai, viy nén c6 31'° cach phat. O

Bai toan 7. (Bai todn con nhén) Mot con nhén co 8 cdi chdn, 8 cdp vd - giay khdc nhau (vé chi
ding chung véi chiéc giay tuong itng). Con nhén cé bao nhiéu thit tuw mang vo va giay dé sao
cho trén cung mot chdn, giay phdi dugc mang vao sau va?

Hudéng ddn. Ta “tuyén tinh héa” céc cip giay va v6, dat1a (ay, by), (a, b), . .., (as, bs).
Hodn vi cta 16 chi cdi nay 1a 16!, nhung trong moi cdp chit cdi, ta phéi ¢6 b; ding trudc a; (cdc

chit cdi khdc c6 xuét hién & giita chiing hay khong ciing khong anh hudng). Do d6, ta khong xét
hoan vi cua cac chir cai cung cap nén chi con 12—2! cach mang giay va v cho nhén. [

Bai toan 1. Cho tam gidc nhon ABC' co truc tdm H va duong cao BE,CF. Goi M, N, P,(Q
la trung diém BE,CF, AC, AB. Gid sit M N cdt AB, AC 6 L, K. Goi J la tam ciia (ALK).

1. Chitng minh rang J, P, Q thdng hang.
2. Chitng minh rang (HM N) tiép xiic véi (ALK ).

Loi gidi. Bai toan nay 1a mot ting dung dep cho md hinh tii gidc toan phan, két hop hang loat
hang diém diéu hoa.

1) Gia stt EF cit BC' & T thi c6 ti gidc toan phan BC'EF. AT véi duong thang Gauss M N nén
MN di qua trung diém X ctia AT. Pudng cao BE, C'F cat AT & S, R. Ta ¢6 hang diém diéu
hoa quen thudc (C'F, HR) = —1 nén theo hé thiic Maclaurin thi

HF-HC=HN - HR.
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Tuong tuthi HE- HB = HM -HSnén HN-HR = HM - HS. Do d6 M NSR 1a t gidc noi
tiép. Vi MQ || PK,QL || PN nén

XQ XM XL

XP XK XN’

suy ra

XM-XN=XL-XK=XR-XS5=XA®
nén X A tiép xuc véi (ALK). Ké X D tiép xtc v6i (J) thi XA = XD = XT géc ADT vudng.
Ngoai ra td gidc ALDK diéu hoa nén A(AD, LK) = —1, suy ra A(TD, BC') = —1 dan dén
D chinh la chan dudng cao dinh A. Do d6 JA = J D, diéu nay cho thiy .J thuoc trung truc AD,
chinh 1a PQ.

2) Dé thay 5 diém H, M, N, D, I cung thudc dudng tron dudng kinh HI (v6i I 1a trung diém
BC).Dodé: (HMN), (ALK) cung di qua D. Theo cau 1 thi XD?* = XL - XK = XM - XN
nén X D 1a tiép tuyén chung ctia 2 dudng tron. O
Mot bai toan tuong tu di cé xuat hién trong trudng Pong 2015:
Bai toan 2. Cho tam gidc nhon ABC khong cén néi tiép duong tron w. Puong tron o' thay doi
di qua B, C cdt cdc canh AB, AC lan luot tai E, F. Puong tron ngoai tiép tam gidc AEF cdt
lai duong tron [w tai K. KE, KF ldn lugt cdt lai duong tron |w tai Q, P. Goi T la giao diém
ciia BQ va CP. Goi M, N lan luot la trung diém BF,CE.

1. Chiing minh rang T thudc mét duong thdng cé dinh khi duong tron w' thay doi.

2. Chitng minh rang K A la tiép tuyén ciia duong tron ngoai tiép tam gidc AMN.

O day ta khong phan tich chi tiét 16i giai bai nay, c6 1& qua hinh vé sau, dbi chiéu lai véi bai trén,
ta c6 thé hinh dung ra cu thé hon:
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| T

Néu tdng quat bai trudng Pong Phi Yén, thay EF thanh d6i song bat ky, cic yéu tb sau sé& van
ding: X A tiép xtic (AMN) va (HMN), (AK L) tiép xc.

DPén day, ta lai nhé dén bai toan kha quen thudc trong dé IMO Shortlist 2009:

Bai toan 3. Cho tit gidc ABCD khéng phdi la hinh thang, néi tiép trong duong tron (O) cé
ACNBE = Eva ADNBC = F. Goi M, N lan luot la trung diém ciia AB, C'D. Chitng minh
rang duong thang EF tiép xiic vdi duong tron (EMN).

Thé thi bai toan nay vdi bai vira phat biéu & trén c6 lién hé gi?

Néu tinh y, ta c6 thé ddi thi tu diém, tif td gidc toan phan BCEF.AT, ta dudc ti gidc “1om”
BECF.TA. Nhu thé, bai toan IMO Shortlist trén phat biéu thanh T'A tiép xtc v6i (AMN).

Vay héa ra bai toan tdng quat & trén chinh 12 mot cach nhin khac ctia d& IMO Shortlist.

Chi y ring bd d& nay con mot cich khac d€ ching minh 1a ding dang gidc trong cc tam gidc
dong dang nghich. Nhu thé, quay lai md hinh trén, ta phat hién ra mot diéu thd vi 1a: AM, AN
dang giac trong géc A; con DM, DN dang gic trong goéc D ciia td giac AK DL. Nhu thé, c6
thé dat thém cic cAu hdi dai loai nhu: Chiing minh rang phan giac géc /M AN ludn di qua
diém cb dinh. Ngoai ra, ta con mot cach tiép cin nhe nhang hon cho bai todn trén la:

Loi gidi khdc. Vi cac tam gidc ABE, ACF dong dang nghich nén AM, AN dang gidc trong
A, kéo theo hai duong tron (AMN), (AK L) tiép xiic nhau & A (tinh chét quen thudc da xuét
hién trong VMO 2015). Ma XK - XL = XM - XN nén X thudc truc dang phuong ctia hai
dudng tron va X A tiép xtc véi ca (AKL), (AMN). O
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N6i tém lai, thay vi dung diéu hoa, viéc ding dang gidc gidp cho bai todn tdng quat & trén, ciing
nhu d& trudng Pong Phi Yeén, c6 thé dudc gidi quyét trong vai dong!

N6i dén bd dé nay, ta c6 mot bai todn tuong tu clia tac gia Tran Quang Hung 6n luyén cho doi
IMO cach day vai nam:

Bai toan 4. Cho tam gidc ABC va mét duong tron (I) thay déi luén qua B, C cdt doan AB, AC
lan luot tai D, E. Gid sit CD cdt BE 6 K va M, N la trung diém BD,CE. Puong thing K M
cit (KCE)d Rva KN cdt (KBD) 6 S. Chitng minh rang Al vuéng goc véi RS.

Cubi ciing, xin mdi moi ngudi thi stic véi bai todn trong dé chon doi tuyén A Réap 2017, ciing
1a mdt ting dung thu vi cia mo hinh trén.

Bai todn 5. Cho tit gidc ABCD khong phdi la hinh thang, noi tiép (O) c6 AB N CD =
E,ADNBC = Fva ACNBD = K. Goi G, H la trung diém AB,CD va I la tdm ciia (GHK).
Gid sit (I) cdt (O) 6 M, N sao cho tit gidc MGHN 16i. it P= MGNHN,Q = MNNGH.

1. Chitng minh rang I K, OF song song.
2. Chitng minh rang PK, IQ vuéng goc.

Néu dung cuc — dbi cuc, bai toan kha nhe nhang va néu da biét bs dé trong shortlist néu trén thi
bai toan cong kénh nay ciing kha “hién nhién”.

Ta xuét phat bang bai ton tim max ctia min sau day, xuét hién trong dé kiém tra trudng Pong &
Phu Yén

N ‘ Y £ . |902+0A’I7+5| L > £
Bai toan 1. Vdi moi cdp so thuc o, f, ddt M(a, f) = max +————. Tim gid tri nhé nhdt

eel-1;1)  lHL
ctia M (o, 3) khi o, 3 thay doi.
Dudi day 1a ddp 4n clia dé thi trong dé Phi Yén

Loi gidi. Dt g(x) = 2% +ax+ B thi |g(z)] < M(a, B) (|z| + 1), thay cdc s6 g(—1), g(0), g(1),
ta c6 max {g(—1) — ¢(0),9(1) — ¢g(0)} < 3M(«, 3). Ngoai ra, g(—1) = 1 — a + 3,9(0) =
B,9(1) =1+ a+ fnén3M (o, 8) > max{l —a,1+a} > 1. Suyra M(a,j3) > 3.
D€ y ring mudn c6 duge M = 1/3 thi phai c6 cac dang thiic xay ra trong cc danh gid trude do,
tic la
2 1
1-a+bl=[1+a+fl=z16=7

va giai hé nay dugc a = 0, 3 = —%.
Cubi cing, chi cin ching minh réng |z* — 1| < 1 (|z| 4 1) v6i moi = € [—1; 1] la bai todn két
thuc. [
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Dang todn min cia max ndy trong nim 2017 - 2018 viia qua da xuit hién kha nhiéu (trong dé
thi thit THPT QG). Qua that néu 1an dau giip dang nay va ta tiép can theo cach nghi don gian la:
tinh M (c, 3) theo «, 3 roi tim min ctia ham hai bién trén mién [a; b] thu dugc thi chac chin sé
rdi vao bé tic khi chia trudng hgp. C6 2 huéng xi ly bai toan dang nay

1. Céch 1. (theo huéng dai s6)
e Thay céc s6 thich hgp dé danh gid duge M > max{f(a), f(b), f(z0)}
e Tim cich phdi hop thich hop céc gid tri f d€ triét tiéu dugc tham céac tham sb.

2. Céch 2. (theo huéng gidi tich, ding do thi) Dua trén y tudng la: “trén doan AB, mudn
chon mot diém C sao cho khodng cach max{AC, BC'} 1a nhd nhét” thi ro rang, C' phai la
trung di€m AB. Diéu nay kh4 hién nhién!

Ta xét todn sau d€ thiy rd nodi dung cla céch 1:

Bai toan 2. Vdia € R, ddt M(a) = [maﬁ | =922 + 4z + al, tim a dé' M (a) dat gid tri nhd nhat.
—1;2

Loi gidi. Paty = —92% + 4z thi véi z € [~1;2], taco y € [—28; ). Ta dua bai toan vé tim
GTNN cta M(a) = [max] ly + a|. O day ham f can xét chinh 1a f(y) = y + a.
-28,%

ViM(a) > [f(=28)],|f (5)| nén 2M > |-28 + a —a — g = M > 55 Khi M = %, cdc
danh gia & trén phai xay ra dau bang, tuc la

s =1 (5) =2

4
(28 —a) 9 +a) >0
Cudi cing, ta chi can ching minh khi @ = 12* thi max ding la £2%. Budc nay c6 thé xit ly nhe
nhang bang khéo sat ham sb. O

Nhu thé, trong trudng hop chi cé6 mot tham s va bién véi tham sb “doc 1ap”, bai toan dudc gidi
quyét tron ven theo cich trén. Dudi ddy 12 mot s6 dang tuong tu:

Bai toan 3. Tim min ciia max |3% + m| trén D = [0;2]. Ddp s6 la: min max = 4 khi m = —5.
Bai toan 4. Tim min cua
r?+2x—1
max|———+m
r+1
trén D = [0;2]. Pdp s6: minmax = 2 khi m = 2.

Cau hoi dit ra 1a ngoai hai dau muit thi gia tri thd ba 12 2o can chon 1a gid tri ndo, c6 phai luén
la zo = “£2? That rt kho d€ trd 16i tong qudt khi chi dung céch thi 1, dudi ddy ta sé tiép can
theo huéng dung d6 thi, phat hién rd hon ban chit ctia dang Toan nay.

Ta xét do thi cia ham 16m bén dudi:
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[l

Do thi nay 16m nén trén mién [a; b], ham sb sé c6 ding mot cuc tri, dong thdi cling ¢6 ding mot
tiép tuyén song song vdi doan ndi hai dau muit.

Goi tén hai diu miit 12 A, B. Mudn tim mot dudng thang (d) nao d6 trén mit phang sao cho
khoang cach xa nhét tlf cic di€ém trén phan dudng cong gidi han gitta A, B cho dén (d) 1a nho
nhét, ta sé:

e Tim vi tri D xa doan AB nhét trén dudng cong.

e Chon tiép tuyén (d) ctia (C) tai D sao cho tiép tuyén d6 song song AB.

e Duong thing can tim s& nim giita AB va (d) va cich déu hai dudng d6.

DAy chinh 1a “tinh than” cla cdch thif 2. Ta xét vi du sau dé€ thy rd hon:

Bai todn 5. Vdia,b € R, ddt M(a,b) = max |X — (az + b)|, fim GTNN ciia M (a, b).

[1;2]

Loi gidi. Dat f(x) = L, dat A(1;1) va B(2; 1) la hai ddu mut ctia phan do thi cta < trén mién

dang xét. Phuong trinh AB : y = —z + 3.

Xét g € [1;2] thi k = f'(z9) = —-% la hé sb gdc clia tiép tuyén tai di€m c6 hoanh do . Tiép
. 0

tuyen song song véi AB khi

1 1 V2

- =—- 2 Typ=—.
3 2 2

Ta viét dugc phuong trinh tiép tuyén 1a (d) : y = —1z + V2.

Phuong trinh cin tim song song va cich déu hai dudng thang AB, (d) nén c6 phuong trinh la
y=—lo+1 (2 ++/2) vakhoang cichkhido1a L [v2 — 2| = 3 —~2. Do d6,khia = —1,b =

%—l—?th\lminM(a,b):%—g. O

Dudi day 1a mot s6 dang tuong tu:

Bai toan 6. Vdia,b € R, ddt M(a,b) = %na)ﬁ |22 — (az + b)
—1;4

, tim GTNN ciia M (a,b). Pdp s6

la: a = 3,b= £ vamin = 2

186



Tap chi Epsilon, S6 14, 12/2018

Bai toan 7. Vdi a,b € R, dat M(a,b) = I[na? % — (az 4+ b)|, tim GTNN ciia M(a,b).
051

deso‘ld:azZ,b:%—\/i, min:ﬁ—%.

O trén 1a cdc dang chudn muc, cubi cing xin gidi thiéu mot bai todn trong d& Hudng t6i VN
TST nam 2011:

Bai todn 8. Tim s6 m nhd nhdt sao cho ti ba sé thuc bdt ky thudc doan [0; 1] luén tim duogc hai
s6 .7 sao cho
0<zy(xr—y) <m.

Loi gidi. Datdoan E = [0, 1]. Bai toan tuong duong véi viéc tim

m— max { min {|xy(:l?—y)|}}

(abo)e® | {zy}c{abec}
Xét bd (a, b, ). Khong mét tinh téng quat, ¢6 thé gid st a < b < c. Khi d6 rd rang
ab(b — a) < ac(c —a) vabe(c — b) < ac(c — a)
Do do

min  {|zy(zr — y)|} = min{ab(b — a),be(c —b)}
{z,y}{a,b,c}

Miit khéc, do be(c — b) < b(1 — b)vab(b — a) < % nén

min{ab(b — a),bc(c — b)} < min {bz, b(1 — b)}

m = max {min{?bu —b)}}

Giai phuong trinh % =0b(1 —b) véib € E, tadugc b, = —2 + /8. Suy ra

Do dé

b3
3 v . <
min{%,b(l—b)}: 1 khi b < b;.
b(1—b) khi b>b.

Tir d6 dé dang tim dudc m = 10v/2 — 14. O

Bai toan 1. Vién todn cao cdp VIASM t6 chitc 6 budi chuyén dé cho n sinh vién ma méi budi co
diing 100 sinh vién tham gia. Biét rang khong cé 2 sinh vién nao ma hop lai tham gia dii 6 budi.
Tim gid tri nhé nhdt ciia n.

Loi gidi. (tham khdo ctia thay Nguyén Théi Vi, Titan Education Ha Noi). Ta xét c4c trudng hop
sau:
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1. Néu c6 mot sinh vién hoc 5 budi, thi vi budi con lai ¢6 100 ngudi hoc nén ton tai hai ngudi
di hoc di 6 budi, mau thuan.

2. Néu c6 mot sinh vién hoc 4 budi, thi 2 tap hdp sinh vién hoc 2 budi con lai phai khong
giao nhau. Do d6, sb sinh vién téi thiéu 1a 201 ngudi.

3. Ta sé ching minh ring s6 sinh vién t6i thiéu 12 200ngudi, vi mdi ngudi hoc 3 budi. That
vy, s cach chon mot tap hop budi dé hoc 1a C2 = 20. Tuy nhién, méi t& hdp budi c6 mot
t6 hop ddi (vi khdng c6 hai sinh vién hop lai di ca 6 mdn) nén sb t6 hop c6 thé Iva chon
thuc té€ 12 10 t6 hop. Ta chia 200 sinh vién thanh 10 nhém 20 ngudi, mbi nhém hoc 1 t&
hop, dudc s6 budi 1a 10 x 20 x 3 = 600, thda man yéu cau dé bai.

4. Néu sb sinh vién it hon 200, s& c6 t6i thiéu mot ngudi hoc 4 budi, va theo 1ap luin & trén
thi sb sinh vién it nhat 12 201, mau thuan.

Vay gid tri nho nhit can tim 1 200. [

Cau héi dang nay thudng phd bién trong cic bai toan dém bang hai cich. Bén dudi minh xin
phan tich thém vai ndi dung lién quan dén bai toan nay. Xuét phat tir bai IMC 2002 (kha quen
thudc):

Bai toan 2. Ldp hoc c6 200 hoc sinh , tham gia gidi 6 bai todn ma méi bai c6 it nhdt 120 hs

gidi dugc. Chitng minh rdang cé 2 hoc sinh co thé’ "hop tdc" vdi nhau ciing gidi hét 6 bai.

Loi gidi. Phan ching, mbi cip 2 hoc sinh déu cling khong giai dudc it nhat 1 bai. Ta dém sb bd
S =#({A, B}, C) véi cap hoc sinh A, B cung khong giai dugc bai C.

e chon cip A, B, c6 C2y,, chon bai C, c6 it nhat1a 1 nén S > C%,,.

e chon bai C, ¢6 6 céch, chon cip hoc sinh cung khong gii duge bai nay, ¢6 khong qua Cg,

Néam 2015, Viét Nam TST c6 mot bai tuong tu, nhung khong giai theo cach nhu trén dugc!
Bai toan 3. Trong ky thi vdn ddp, c6 100 thi sinh va 25 gidm khdo, méi thi sinh dugc héi bdi it

nhdt 10 gidm khdo. Chiing minh rang cé 7 gidm khdo c6 thé’ "hop tdc" véi nhau héi hét 100 thi
sinh trén.

Thuc ra so v6i bai 1 thi bai 2 tuong tu, theo nghia:

e 200 hoc sinh va 25 giam khao.
e ( bai toan va 100 thi sinh.

e S6 mbi quan hé: 120 hoc sinh /bai va 10 giam khao/thi sinh.
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e 2 hoc sinh hgp tac nhau va 7 giam khao hgp tac nhau.

Néu thuc hién theo cach tuong tu thi bit dang thifc cudi lai khong bi mau thuin (néu dé ddi sd
tir 25 thanh 24 thi lai dugc). Do d6, bai nay cin c6 cich tiép can chit hon. May man la diéu nay
khong kho, thdm chi con tu nhién hon.

Ta giai lai bai 2 theo cdch khac nhu sau, moi ngudi c6 thé tu gidi bai 3 theo cach nay

Cdch khdc. Chon ra hs gidi nhét. S6 cip (hoc sinh ,bai todn) ma hoc sinh gidi dudc bai todn it
nhét 12 6 - 120 = 720; ma [%} + 1 = 4 nén hoc sinh gidi nhit nay phéi gidi dugc it nhat 1a 4
bai (theo Dirichlet).

Loai hoc sinh nay ra cling véi 4 bai ban nay giai dugc; con 119 hoc sinh va 2 bai. S6 cip lic nay
itnhitla 2119 = 238, ma (28] + 1 = 2 nén sé gii dugc ca 2 bai nay. Do d6 hai hs gioi nhét
nhi 16p & trén sé giai dudc ca 6 bai. ]

Bai to4n dé Ninh Binh cho ta mét tinh hudng dic biét: "tim cuc tri ctia s6 hoc sinh", tic 1a phai
chi ra diu bang xay ra khi nao. Bai todn da chon cdc con s6 1y tudng, thuan 1oi cho viéc xdy
dung d6. Va 16i giai bén dudi ciing thé hién dugc y tudng cach da néu & trén.

Cudi cung, ta xem thit dé IMC 2013, dif kién kha gidng vé6i bai toan ban dau

Bai toan 4. Trong truong co 2n hoc sinh, n > 2. Méi tudn cé n hoc sinh tham gia dd ngoai. Ta
thdy rdng: 2 hoc sinh tity ¥ déu cé tham gia chung it nhdt 1 chuyén di. Hoi cé it nhdt bao nhiéu
chuyén di?

Dadp s6 bai toan 12 6.

Nhan xét rang cdc bai todn dang nay c6 "hoi huéng" dém bing hai cach. Tuy nhién, do cic con
s6 cho roi vao dang dic biét v hdi 16n nén viéc danh gid thong thudng sé gip nhiéu khé khin,
tham chi bi ngudc diu. Lic d6, ta can phai "quén bét" cac k¥ thuit manh ma suy luin nhe nhang
(nhu & trén dung Dirichlet + cuc han rat tu nhién) thi mdi gidi quyét dugc. Thit gii hai bai todn
tuong tu sau

Bai toadn 5. Cdu lac bé c6 n thanh vién, tham gia 12 budi chuyén dé ma méi budi co 24 thanh
vién. Biét rang 2 thanh vién bdt ky tham gia chung khong qud moét budi. Tim gid tri nhé nhdt
ciia n. Cdu héi tuong tu néu thay (12, 24) bdi cdp (10,7).

Goiy. Goiay,as, ..., ay, 13 sdbudi ma thanh vién thi 1,2, ..., n tham gia. Ta ¢6 hai u6c lugng

a1+a2+~-+an=288,
al 4+ a3+ -+ a2 <420

Dung ddnh gid a? > 3a; — 2, ta c6 dudc n > 222. Y sau van thuc hién tuong tu nhu danh gia
a? > 5a; — 6, thu duge n > 32. O
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Bai todn 1. Ton tai hay khéng mét hodn vi (a1, az, ..., aies) € S, théa man véi méi i €
{1,2, ..., 164} luén ton tai b; € {0, 1, ..., 40} sao cho

ay+ag+...+a; =0 (mod 41)?

Dud6i day 1a hai cach tiép can theo hudng diing cac k¥ thuat manh hoic di xay dung (15i gidi tham
khdo cua tac gia Nguyén Song Minh va Nguyén Ngoc Trung trén dién dan Mathscope.org):

Cdch 1. Pau tién xay dung day:
{0,1,40,2,39,4,37,5,36,8,33,9,32, 10, 31, 16, 25, 18, 23, 20, 21}.

V6i 20 s6 con lai, ta chia thanh 10 ciip ma tdng 2 s6 ctia 1 cip chia hét cho 41. V6i mot cép (a, b)
ma a < b, c6 thé ki€ém tra dudc rang ton tai

i€{1,2,4,5,8,9,10,16,18,20}, j € {21,23, 25,31, 32, 33, 36, 37, 39, 40}

mab+i=j (mod 41). Chén cip sb (b, a) vao ngay sau i 1a xong. O

Cdch 2. Gia st rj, 12 s6 du ctia 6* khi chia 41, do 6 1a cin nguyén thily mod 41 va
6°+6=1 (mod4l), 6*+1=0 (mod41).
Nén ta chia 40 s6 nguyén duong dau tién 1am 10 bd, mdi bo 4 sb & dang
(Tok, Tok—1, T2042k—1, T204+26), Vk=1,2,...,10.
Con a; = inéu4l | i, va agyyy, = 41t +a, v6it =0, 1,2, 3val <r < 40.
PEyrang, véimdi 0 < i < 9,0 <t < 3sétdntai k € Z* thoa

(a4lt+4i+17 Q41t+4i4+2, A41t4+4i+3, a41t+4i+4)
= (41t + o, 41t +rop_y, 41t + rooqop—1, 41t + T2040k) -

Vi thé nén ta co

A41¢4+4i+1 T Q41t4+4i+2 T Q41444543 + Qa1t+4i+4 = T2k T T2k—1 + T2042k—1 1 T20+2k
= 62k + 62k—1 + 620+2k—1 + 620+2k
= (60+1) (6*+6* ") =0 (mod 41).

Két hgp 41 | a; néu i | 41, nén néu m chia 41 du n thi c6
Sm=a1+a+...+an=a+ay+...+a, (mod4l).

Gia st n chia 4 du 7, ta xét
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Néur =0, thi S,, =0 (mod 41).

e Néur =1, thitdn tai s, k € Z* thda min
2 2
S = i1 =rop = (67)" = (r)°  (mod4l).
e Néur = 2, thi ton tai ¢, k € Z* théa man

S = Qi1 + Qaigo = Top + Top—1
=67 +6"" =6%2(6"+6) = (r—1)° ( mod 41).

Néu r = 3, thi ton tai 7, k € Z* théa min

S = Qai41 + Qaivo + Qaits

_ a2k | p2k—1 |, p2042k—1
= rop + Tok—1 + Too42k—1 =67 +6 +6

=6 +6""1(60+1) = (rr)’  (mod41).
Tém lai 1a ton tai hodn vi nhu yéu cau. O
Tiép theo, ta s& néu céc cich tiép can nhe nhang hon, cling 12 y ma tac gia "ché bién" ra bai nay.

Cdch 3. Dung b8 dé: s6 nguyén té p = 3k + 2 sé c6 tinh chit {13 23....,p°} 1a hé thing du
day dii mod p. Khi d6, ta chon a; = i® (mod 41) 1a xong, vi d€ y ring

P22+ 4k
ludn 1a s6 chinh phuong.
Chiing minh b8 dé: Gia st trong b trén ¢6 hai s6 i # j sao cho i* = 53 (mod p), suy ra
%% = 3¢ (mod p). Theo dinh Iy Fermat nhd thi **1 = j3**1 (mod p) nén

PB3EH = j3k:+1 =g j k= B (mod P)a
p),

kéo theo i (i — j) chia hét cho phay i = j (mod p), voly vii,j € {1,2,...,p}vai#j. O

Cdch 4. Nhan xét

143+5++2k—1=Fk
nén cach hodn vi sau diy sé thdéa man dé bai: Xép cac s6 18 tir 1 dén 41, xép céac sd chin tir 2
dén 40, tiép tuc xép cac s 18 tir 43 dén 81, ... cd nhu thé. ]

Lai gidi thif ba cho thay bat ky s6 nguyén td p = 3k + 2 ndo ciing ton tai hodn vi nhu thé. Tuy
nhién, 15i giai cubi cling cho thiy, cdc sé nhu thé c6 rat nhidu. Ta thd phan tich é cic s6 thoa
man ton tai hoan vi nhu thé, tam goi 1a "s6 dep".

Theo cach gidi d6, ro rang bat ky sd nguyén duong 18 2m + 1 nao ciing 1a "s6 dep". Tiép theo,
ta thly boi ctia 2m + 1 ciing dep, Vi 10 rang ta xép hét 2m + 1 s6 dau xong thi cti cong mdi sd
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cho 2m + 1 rdi xép dén cac sb tiép theo, va cii thé. Nhu thé, sb nguyén duong khong phai liiy
thita ctia 2 déu dep. Vay con liy thira ctia 2 thi sao?

S6 2 dep, xét hoan vi 1,2. S6 n = 2% ¢6 tdng cla tht ca n sb 1a 28~ 1(2F — 1), s6 nay chia n du
1a 2¥=1. Nhu thé thi v6i k chdn, khong ton tai hodn vi théa man dé bai. Tuy nhién, ta c6 nhan
xét rang néu a dep thi cac udc ctia a ciing dep, nhung vi sb 4 khong dep nén tit ca cac liy thira
khéc ctia 2 ciing thé.
VAy nén tat ci cic sd dep cn tim 1a 2 ciing tit ca cédc s6 c6 uc nguyén tb 18.
Lién quan dén tinh chét cta s6 nguyén t6 p = 3k + 2, ta c6 bai todn sau:

CL1:1 a2:2 a3:15,

Bai toan 2. Cho ddy s6 (a,,) théa man { . Chitng minh rdng tén tai
(ngs = 20) 15 — Qni1 — a5

hai s6 hang lién tiép ciia ddy chia hét cho 1019.

Loi gidi. DEy rang day s6 tuan hoan, va vi 1019 12 sé nguyén t6 c6 dang 3k +2 nén néu 2° = ¢/
(mod 1019) thi suy raxz =y (mod 1019). Do d6, ddy tuan hoan tit s6 hang dau tién.

Tinh ra ay = a_; = 0 thi bai todn dugc gidi quyét. ]

Lién quan dén hodn vi thda man diéu kién cho trudc, ta c6 bai toan sau trong dé thi APMO:

Bai toan 3. Tim tdt cd cdc so nguyén dwong n sao cho ton tai hodn vi {a1,as,...,a,} cia
{1,2,...,n}sao cho {a; + 1,as + 2,...,a, + n}va{a; — 1,a0 — 2,...,a, — n} cing la hé
thing dw ddy di theo modulo n.

Loi gidi. Trudc hét, xét hiéu

O_Zal Zz_z

=1

~.
~—
Il

1)
Z nin + (mod n)
nén n 18. Tiép theo, ta cling c6

inln D20+ _, (Z (@ + >> = PP o

nén n khong chia hét cho 3. Do d6 (n, 6) = 1. Ta chi can xét a; = 2i (mod n) 1a théa man. [J

Nham chuén bi cho ky thi, tac gia bai viét cé bién soan hai dé thi thi theo diing céu tric dé chon
HSG qudc gia cic nim gan day cling véi 16i gidi chi tiét, nhan xét, md rong. Céc bai toan c6
tham khao thém clia céc tic gia: thdy Vi Pinh Hoa (dé 2, bai 2a), thdy Pam Vin Nhi (dé 2, bai
1b), thay Nguyén Minh Ha (dé 2, bai 6b), thay Lé Bd Khdnh Trinh (dé 2, bai 4b), thday Duong
Chdu Dinh (dé 1, bai 5b), thdy Vii Thé Khéi (dé 2, bai 5), thay Nguyén Vin Linh (dé 1, bai 6b),
cting mot s6 dé thi that khac. Céc bai con lai do tac gia tu bién soan thém dé can dbi tinh kho-dé
va phu hdp vdi thi sinh.

192



Tap chi Epsilon, S6 14, 12/2018

Bai toan 1. Cho ddy sé (a,), (b,) xdc dinh bdi ag,by € R va véi méi n > 0, cdc s6 hang
(i1, byt duoce xde dinh theo ay,, b, bdi mot trong hai cdch

. 2018a. a ~
l) An+1 = 2019n7 bn+1 =1- 207119 ho.ac

.o . 2 o
ii) Qpi1 = a;,, b1 = ap.

1. Chiing minh rang néu ag € (—1; 1) thi ddy s6 (a,,) cd gidi han hitu han, tim gidi han do.
2. Gid sit asms < ag, tim gid tri l6n nhdt cua tong S = by 4 by + - - - + bog1s.

Bai todn 2. Cho tam gidc ABC nhon, khong cdn, néi tiép trong duong tron (O). Mot duong
tron (O') thay déi, luén di qua B, C va cdt cdc canh AB, AC theo thiit tw 6 D, E. Goi D', E'
lan lwot la cdc diém déi xitng véi D, E qua trung diém cdc canh AB, AC.

1. Chiing minh rang trung diém D'E' luén thudc mot duong thdng co dinh.

2. Trén cung nhé va cung lén BC ciia (O), ldn lugt ldy cdc diém R, S sao cho (DER), (DES)
tiép xiic trong vdi (O). Phdn gidc trong ciia cdc géc BRC, BSC' cdt nhau 6 K. Chiing
minh rdng duong tron (DEK) luén tiép xiic véi duong thiang BC.

Bai todn 3. Pa thitc f(x) hé sé thuc dugc goi la “dep” néu co thé biéu dién thanh f(x) =
(P(z))* — (Q(x))? trong dé P(x), Q(z) la cdc da thitc hé 56 thuc.

1. Chiing minh rang f(z) = 201822 — 2019 la da thitc dep.

2. Hoi c6 ton tai hay khong da thiic f(x) bdc nhdt la da thiic dep?
Bai toan 4. Mot bdang 6 vudng kich thudc 2019 x 2019 duoc phii kin bdi cdc hinh: chit L, vuéng
va chit Z nhu bén dudi (co thé xoay hinh tiy ¥ nhung khong duoc dé 1én nhau).

1. Héi c6 thé phii dwoc bang hay khéng néu khong sv dung hinh vuong 2 x 2 nao?

2. Chitng minh rdng trong moi cdch phi, ta déu cdn dung it nhdt 4039 hinh chit L.
Bai todn 5. Cho cdc sé thuc x,y, z théa man dong thoi cdc diéu kien 0 < z <y < x < 8va
3z + 4y > max {xy; %xyz — 8z} .

1. Chitng minh rang % + g + % > 3.

2. Tim gid tri I6n nhdt ciia biéu thitc P = x° + 1> + 2°.
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Bai toan 6. Cho tam gidc ABC nhon khéng cdn ngi tiép duong tron (O) c6 M, N lan luot
la trung diém AB, AC va D la trung diém cung lon BC ciia (O). Gid st K la mot diém nam
trong tam gidc va thoa man / KAB =2/KBA, /KAC =2/KCA.

1. a) Chitng minh raing KA = K D.

2. Gid sit AD cdit BC 6 T va TM cdt (BMC) 6 R, TN cdt (BNC) é S. Goi P la giao
diém ciia KB va OM, Q la giao diém ciia KC va ON. Chiing minh rdng truc ddng
phuong cua hai duong tron (TQR), (T PS) di qua O.

Bai toan 7. Véi cdc sé nguyén a, b nguyén té cing nhau va a > b > 1, xét ddy sé sau
Up = (a2"_1 + b2"_1) voin=1,2,3,...
trong do o(z) la sé cdc sé nguyén duong khong vuot qud x va nguyén to cing nhau véi x.

1. Chiing minh rdng néu p > 3 la s6 nguyén té 1é va cé s6 hang nao do cia ddy trén bdng
2pthia+b=2p+ 1 hodca+b=22p+1).

. . s .k 2018!
2. Chiting minh rdng uyus . . . u10o9 chia hét cho 1555

Bai toidn 1. Cho ddy sé (ay), (by) xdc dinh bdi ag,by € R va véi méi n > 0, cdc sé hang
A1, byt duoce xdce dinh theo ay,, b, boi mot trong hai cdch

. 2018a. a ~
l) Ap+1 = 2019n7 bn+1 =1- 207119 ho.ac

.o _ 2 o
ii) Gpi1 = a;, byi1 = ay.

1. Chiing minh rang néu ag € (—1;1) thi ddy sé6 (a,) cé gidi han hitu han, tim gidi han do.
2. Gid si asns < ag, tim gid tri lon nhdt cua tong S = by + by + - - - + byg1s.
Loi gidi. 1) Néu ay = 0 thi tit c4 cac sb hang clia ddy déu biang 0 va rd rang d6 ciing 12 gi6i han
can tim. Néu ag # 0 thi dé thdy a,, # 0,Vn, suy ra ¢, = |a,| € (0;1) va

2018
Cnil = mcn hodc ¢,,11 = ci véin > 0.

RO rang ¢, 11 < ¢, va day (c,) bi chan dudi béi 0 nén c6 gidi han, dat 1a L € [0; 1). Trong hai

cong thuc trén, ta cho n — +oo thi L = %L hoic L = L2.

Suy ra L = 0 hay lim ¢,, = lim |a,,| = 0, kéo theo lim a,, = 0.
2) Ta thdy néu day s xac dinh theo i) thi b, — ani1 = 1 — a,,, con néu xdc dinh theo ii) thi
bn+1 — Op41 = Qp — a'i <1-—ay.
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Do dé, trong moi trudng hop, ta luén cé
b1 — api1 <1 —a, = by <1+ (aps1 — ay).
Suy ra
bi + by + -+ bogrs < 2018 + (aso1s — ag017) + -+ + (a1 — ag) = 2018 + asgrs — ag < 2018.

Tir d6 ta c6 gid tri 16n nhét ciia S 1 2018, dat dudgc chang han khi ag = 0 (tit ca céac sd hang ctia
(an) 12 0, tit c& céc s6 hang cta (b,) 1a 1). O

Nhan xét. Chii ¥ rang néu lim |a,,| = L # 0 thi chua suy ra dugc ddy (a,) hi tu, vi né cé thé’
tién dén L hodc —L. Cdu b tuy khong kho nhung ¥ tuéng khd mdi mé, khong dé tiép cdn.

Bai todn 2. Cho tam gidc ABC nhon, khong cdn, ndi tiép trong duong tron (O). Mot duong
tron (O') thay déi, luén di qua B, C va cdt cdc canh AB, AC theo thii tw 6 D, E. Goi D', E'
lan lwot la cdc diém déi xitng véi D, E qua trung diém cdc canh AB, AC.

1. Chiing minh rang trung diém D'E' luén thudc mot duong thdng cé dinh.

2. Trén cung nhé va cung lén BC ciia (O), ldn lugt ldy cdc diém R, S sao cho (DER), (DES)
tiép xiic trong véi (O).Phdn gidc trong ciia cdc géc BRC, BSC cdt nhau é K. Chitng
minh rdang duong tron (DEK) luén tiép xiic vdi duong thang BC.

Loi gidi. 1) Goi M, N, P, lan luct 1a trung diém BC, D'E’, BE',CD’ thi dé thiy ti gidc
M PNQ@ la hinh binh hanh. Vi M P, M@ 1a cac dutng trung binh nén M P = %C’E’, MQ =

1 / « MP __ E'C _ AE _ AB 1na 2
5BD.Taco 3o = BD — AD — Ac,khong doi.
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Tam gidgc M PQ c6 M cb dinh, hai canh song song v6i AC, AB va c6 ty 1é khong ddi nén dudng
trung tuyén M N clia n6 sé c6 phuong khong ddi. P6 chinh 1a dudng ¢ dinh can tim.

2) Xét ba dudng tron (DER), (0), (0') c6 céc truc dang phuong ctia cic cip dudng tron 1a
DE, BC, tiép tuyén ctia (O) & R nén ching phai dong quy tai 7. Chiing minh tuong tu thi tiép
tuyén ctia (O) & S ciing di qua 7. Tir d6 suy ra BRC'S 1a tid gidc diéu hoa nén 22 = £B pgp

SC = RC
giao diém K hai phan gidc trong ctia ZBRC, ZBSC thudc BC.

Tacé /TSK = /TSB+ /BSK = /BCS + /CSK = /ZTKSnénTS = TK. Suy ra
TK*=TS?*=TB-TC=TD-TE.
Diéu nay cho thiy (DEK) tiép xic v6i BC & K. O

Nhan xét. O cdu a, ta cé thé chi ra duong cé dinh cdn tim chinh la duong ddi trung dinh M ciia
tam gidc M B'C' véi B',C" la trung diém AC, AB. Thuc ra ty s6 gg & ddy khong nhdt thiét
phdi bang %, bai todn vén diing néu thay ty sé dé bdi mét hing sé bét ky. O cdu b, ddy la bai
todn nhe nhang khai thdc mé hinh quen thudc vé duong doi song két hop vdi tinh chdt tik gidc
diéu hoa.

Bai toan 3. Pa thicc f(x) hé sé thuc duge goi la “dep” néu co thé biéu dién thanh f(x) =
(P(z))* — (Q(x))? trong dé P(x), Q(x) la cdc da thitc hé sé thuc.

1. Chiing minh rang f(x) = 201822 — 2019 la da thiic dep.

2. Hdi c6 ton tai hay khong da thiic f(x) bdc nhdt la da thiic dep?
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Loi gidi. 1) Ta sé& ching minh ring ton tai a,b,c € R tng v6i P(z) = a2 + b,Q(x) =
a®x® + cx. Thay vao va khai trién, ta c6

(3a’b — 2a%c)z* + (3a®b* — *)2® 4 b® = 201822 — 2019.

Ta dua vé hé phuong trinh sau

3a*b — 2a%c =0
3a%b* — ¢ = 2018
b = —2019

Tit phuong trinh dau ta ¢6 ab = 2c¢nén 3 - ¢ — ¢ = 2018 = ¢? = 6054. Ta tinh dugc b, ¢ nén
ciing tinh dugc a # 0. Vay nén f(x) = 2018z% — 2019 la da thic dep.

2) Gid st ton tai m,n € R véim # 0sao cho P?(x) —Q*(z) = mx+n. Pitu = deg P(x),v =
deg Q(z) thi dé thdy deg P3(z) = 3u, deg Q*(x) = 2v va 3u, 2v > 1 nén ta can ¢6 3u = 2v (d€
hé s6 cao nhét triét tiéu nhau), ti day suy ra u < v.

DPao ham hai vé, ta c6 3P?(z) - P'(x) — 2Q(z) - Q'(x) = m. Do d6 2Q(z) - Q'(x) + m chia hét
cho da thiic P%(x). Theo dé thi Q*(x) +mx +n = P3(x) ciing chia hét cho P?(z). Do do6, ta
co

R(z) = Q(z) 2Q(2) - Q'(x) + m] —2Q'(z) [Q*(x) + mx +n] = m-Q(z)—2Q'(z)- (mz+n)
chia hét cho da thic P2(x). Ta xét cdc trudng hop sau:
1. Néu R(z) = 0 thi R(z) = m - Q(x) — 2Q'(x) - (mx + n). Goi a # 0 1a hé sd bac cao
nhit cia Q(x) thi ma — 2vma = 0= 2v =1, vo ly.

2. Néu deg R(x) > 0 thi deg R(z
deg R(z) > 2deg P(z) = 2u =

< degQ(x) = v, ma R(x) chia hét cho P(r) nén
v. Diéu ndy cling vo ly.

O —

Vay nén khong ton tai da thic bic nhit thda man dé bai. O

Nhan xét. O cdu b, néu chi ding ddnh gid dai sé truc tiép thi khé xit ly dugc bai todn mét cdch
nhe nhang ma khéng sa da vao cdc tinh todn hé so. Viéc ding dao ham da cho ta thém mét rang
buoc bé sung cho diéu kién dé bai, gitip chi ra sw mdu thudn nhanh chong hon.

Bai toan 4. Mot bang 6 vuong kich thudc 2019 x 2019 dugc phu kin bdi cdc hinh: chit L, vuéng
va chit Z nhu bén dudi (co thé xoay hinh tity ¥ nhung khong dwgc dé lén nhau).

1. HGi c6 thé'phi dugc bdng hay khong néu khéng sit dung hinh vuéng 2 x 2 nao?
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2. Chitng minh rang trong moi cdch phii, ta déu can ding it nhdt 4039 hinh chit L.

Loi gidi. 1) Cau tra 15i 1a khang dinh. MAu chét 1a phai 1t dudc mot bang hinh vudng kich
thuéc 18, cu thé nhu hinh bén duéi

LI
-I:I'IL'I

Duing bang 9 x 9 nay, ta 14t dudc hinh vuong 2007 x 2007 & goc trén bén trai, con lai phan vién
trang c6 bé rong 12, ta lat bdi cac hinh chit nhat kich thude 2 x 3 (tao bdi hai khéi L).

2) Banh s6 bang nhu bén dudi

Dé thiy riang hinh vudéng 2 x 2 hoic hinh chit Z sé pht 1én ba s6 —1 va mdt sb 3 nén tdng cic
s6 trong mdi hinh bang 0. Con hinh chit L sé phii 1én mot s6 3 va hai s —1, hodc ba s6 —1 nén
téng cac s6 trong mdi hinh chit L 13 1 hodic —3. Goi x, y 1an lugt 1a s6 luong hinh chit L ma tdng
ba s6 trén d6 1a 1, —3. Ta tinh dudc téng cac s6 clia bang 1a

1010 x (3 x 1010 — 1 x 1009) + 1009 x (—1 x 2019) = 4039.
Suy ra z — 3y = 4039. Do do, téng s6 hinh chit L 1a z +y > x — 3y = 4039. Ta c6 dpcm. [

Nhan xét. Ta thdy rang vdi 2 khéi chit L (trimino) va k (k € Z) khoi chit Z (tetromino), ta cé
thé'tao dugc hinh chit nhdt kich thudc (2k + 3) x 2.

198



Tap chi Epsilon, S6 14, 12/2018

e " "N

Tuy nhién, can phdi cé mét hinh chit nhdt c6 kich thudc 1é thi cdu a mdi co thé’ gidi quyét duoc.
Nguoi ta con chitng minh duogc rang bang 6 vuong kich thudc n x n vdi n khong chia hét cho 3,
khi b6 di mét é bdt ky thi déu ldt dugc bdi cdc trimino.

O cdu b, viéc ddnh so khéo léo nhu trén khién cho viéc ddnh gid rdat hiéu qud va nhanh gon,
nhdt la viéc tong cdc so trén hai hinh kia bang 0.

Bai todn ldt gach ding trimino va tetromino la cdc bai kinh dién, dugc nghién citu nhiéu va viéc
dung té mau, ddnh trong sé la cdc cdch tiép cdn phd bién dé'xit ly. Ngoai ra, di véi cdc domino
(hinh 2 x 1), nguoi ta ciing xét cdc bai todn dém s cdch ldt cho cdc hinh ddc biét cho trudc.

Bai todn 5. Cho cdc s6 thuc x,v, z théa man dong thoi cdc diéu kien 0 < z < y < x < 8 va
3x + 4y > max {wy; %xyz — Sz} :

1. Chiing minh rdng & + g +32>3.

2. Tim gid tri 6n nhdt ciia biéu thitc P = x° + y® + 2°.

Loi gidi. 1) Theo gia thiét thi 3z + 4y + 82 > Joyz = 2 + L + 2 > J. Ap dung bit dang
thic (a + b+ ¢)> > 3(ab + be + ca) v6i moi a, b, ¢ € R, ta ¢6

8 6 3\2 48 18 24 3 4 8

S+ D) 32+ =24+ ) =18 24+ =4+ =) >0.

T Yy =z Ty Yz ZT Yz  zr XY
Do d6 & + & + 2 >3, ding thic xdy rakhiz = 8,y = 6,2 = 3.

2)Tacé$ > 1, 347 >2, 5+ +7 > 3néntadydodn cuc tri xdy rakhiz = 8,y = 6,2 = 3.

T

St dung khai trién Abel, ta c6

8° 6 35
85+65+35=x5(—5)+y5(—5>+z5(—5)
T Y z
8° g 6 g 6 3
_ 5 5 5 5 5
= ()= () (e S)
8\° 8 6\° 1 8 6 3\° 1
2(:1:5—y5)<—) +(y5—z5)(—+—) ~—+z5(—+—+—> ‘o7
T Ty
>2° — P +2(y° — )+ 3P =2+ + 20
Vay gia tri 16n nhit ctia P 1a 8° + 6° + 3° = 40787, dat duoc khiz = 8,y = 6,2 = 3. O

Nhan xét. Tong qudt ciay21a > 1,2 +2>2,¢ 424 ¢>3vaz>y>2>0,a>b>
c > 0thi 2% +y¥ + 2% < ¥ + b + cF véi moi s6 nguyén duong k. Bai todn khong mdy xa la va
gidi theo cdch kinh dién la dung khai trién Abel.
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Bai todn 6. Cho tam gidc ABC nhon khong cdn néi tiép duong tron (O) c6 M, N ldn luot
la trung diém AB, AC va D la trung diém cung lon BC ciia (O). Gid st K la mot diém nam
trong tam gidc va théa man L/ KAB = 2/KBA, /KAC =2/KCA.

1. a) Chiing minh rang KA = KD.

2. Gidsit AD cdat BC 6 TvaTM cdit (BMC)é R, TN cdat (BNC) 6 S. Goi P la giao diém
ciia KB va OM, Q la giao diém ciia KC va ON. Chitng minh rdng truc ddng phwong
cua hai duong tron (TQR), (T'PS) di qua O.

Loi gidi. 1) Trén AB, AC 14y cic diém E, F sao cho KA = KD = KE = KF thi theo tinh
chitciia K, tacé /ZKAE =2/KBA = /KEAnén EK = EB. Tuong tu thi FK = FC.

Mit khic DB = DC va ZDBE = ZDCF nén hai tam giac DBE, DCF bing nhau, kéo theo
LDEA=/DFAnén D € (AEF).Ma K latam cta (AEF) nénsuy ra KA = KD.

2) Tacé P € OM nén PA = PB, kéo theo AP la phan giac /K AB, tuong tu thi AQ) 1a phan
gidc ZK AC. Theo tinh chit duong phan gidc thi

PK AK QK AK TB AB

PB  AB’'QC  AC'TC AC’

Tur d6, theo dinh Iy Menelaus trong tam gidac K BC, dé thiy ring P,Q,T thang hang. Do
/PAK = /PBA, ZQAK = ZQC A nén dudng thang K A 1a tiép tuyén chung ctia hai dudng
tron (ABP), (ACQ);suyra KA? = KP- KB = KQ - KC va BPQC noi tiép.

Goi L 1a giao di€ém cta TO va (BOC) thi TL - TO = T'B - TC'. Xét phép nghich déo  tam T,
phuong tich Pz, o) thi

Q:0—-L, N—S5, Q—P.
Ma O, N, @ thang hang nén (SPL) di qua tim nghich ddo T hay (SPT) di qua L. Tuong tu thi
(SQT) ciing di qua L nén truc dang phuong cta hai duong tron (SPT), (SQT) chinh 1a TL di
qua O. Ta c6 dpcm. O
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Nhan xét. O badi todn trén, ta ciing thdy duoc cdch dé dung diém K la: cho trung truc AD cdt
cung chita goc géBAC dung trén BC. Ta ciing c6 khodng cdch tir khodng cdch tic M, N dén
hinh chiéu ciia K xudng canh twong iing thi bang nhau.

Bai toan 7. Vdi cdc sé nguyén a, b nguyén té cing nhau va a > b > 1, xét ddy sé sau
Up = @ ((12”_1 + bQ”_l) voin=1,2,3,...

trong do o(z) la sé cdc s6 nguyén duong khong vuot qud x va nguyén to cung nhau véi x.

1. Chitng minh rang néu p > 3 la sé nguyén té 1é va c6 sé hang nao do ciia ddy trén bang
2pthia+b=2p+ 1 hodca+b=22p+1).

. . N . A |
2. Chitng minh rang uius . . . U1009 chia het cho %.

Loi gidi. 1) Ta s€ chiing minh nhan xét:

Néu ¢(z) = 2p v6i p > 312 s6 nguyén t6 thi 2 = 2p + 1 hodc z = 2(2p + 1). Ta xét cic trudng
hop sau:

1. Néuz = 2kg v6i g 18 va k > 2 thi p(z) = ©(2F)p(q) = 2871 - ©(q), ma ¢(q) chin vé6i
moi ¢ > 3,;ma vy(2p) = 1 nén ta budc phai cé k = 2, g = 1, tiic la z = 4, khong thda.

2. Néu z = 2¢ véi q 1 thi p(z) = »(2)p(q) = ©(q) nén ta c6 thé dua vé xét trudng hop
x = ¢. Néu ¢ 1a hop s, ta c6 cac trudng hop sau

(a) Néu ¢ khong 1a Iy thita clia s6 nguyén t6 thi c6 thé viét ¢ = q1¢ v6i ged(qr, ¢2) va
q1 > 1,q2 > 11acéc s6 18, kéo theo ¢(q) = ©(q1)(q2) chia hét cho 4, khong thoa.

(b) Néu g = ¥ v6i 7 1a s6 nguyén t6 1&, k > 1, thi p(q) = p(r*) = r*~1(r — 1). So
sanh 7*~1(r — 1) =2pnénr — 1 = 2 va k = 2, kéo theo p = 3, khdng thda.

(c) Néu ¢ la s6 nguyén to thi ¢(q) =q¢—1=2p,suyrax =q=2p+ 1.

Tém lai, z = g hoidc 2¢, trong d6 ¢ = 2p + 1 1a s6 nguyén t6. Tir d6 suy ra

2p+1

2n—1 2n—1 2n—1 2n—1
a +b =2p=a +b =
o ) =2p 2(2p + 1)

v6i 2p 4 1 nguyén t6. Ta biét ring néu n > 1 thi ¢~ 4 b**~' 12 hop s vi n6 chia hét cho a + b

nén a* 1 + 0*"71 = 2(2p + 1). Suy ra a®" ! + b*" " chi c6 4 u6c 12 1,2,2p + 1,2(2p + 1),
. A < . , 2, < e 2n— 2n—1 ~n g

trong khi so nay lai couclaa +bvéi 2 < a+ b < SR Vo ly.

2
Do d6, taphdicon=1vaa+b=2p+1Va+b=212p+1).

2) Ta sé ching minh b8 dé: Vi moi a, b nguyén t6 cung nhau va n € Z* thi p(a™ + b") chia
hét cho 2n. That vay,
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S6 ¢ = 2n 1a gia tri nhd nhit cta ¢ d€ a¢ — b° chia hét cho ™ + b™. Vi néu khong, gia st c6
0 < k < n d€a™* — b"* chia hét cho a" + b" thi a*(a" + b") — b"(a* + b*) chia hét cho
a™ + b™. Suy ra b"(a* + b*) chia hét cho a" + b". Ma ged(a, b) = 1 nén ged(b™, a™ + b") = 1,
kéo theo a* + bF chia hét cho a™ + b™, vo ly.

Bing céch tuong tu, ta thdy ring v6i moi ¢ € Z* ma a® — b° chia hét cho a™ — b™ thi 2n|c. Mit
khac, theo dinh ly Euler thi

a? @) = 1 pp@" ) = 1 (moda™ 4 b") = aP@" ") — pela )
cling chia hét cho a™ + b". Piéu nay cho thiy ¢(a™ + b") chia hét cho 2n.

Tré lai bai toan, ta c6 uqus . . . U999 chia hét cho

21009°.1009! (1 - 3---2017) ~2018!

21009 /1 .3...9017 = = _
k 017 1009! 1009!

O

Nhan xét. Bai todn nay két hop nhiéu két qud cii ciia ham phi Euler. O cdu a, ta cdn vdn dung
khéo léo tinh chdt nhdn tinh ciia ham nay cing nhu vy(2p) = 1 dé giéi han lai cdc truong
hop. O cdu b, viéc chiing minh bé dé c¢é y tudng twong tw nhu tinh chdt ciia ord (nhung & ddy
xét cho biéu thiic khd ddc biét). Tiv y tudng cdu a, ta coé thé chitng minh rdng, phuong trinh
() =2- 3%+ v6i k € 7 6 diing hai nghiém trén tdp sé nguyén duong.

Bai toadn 1. Cho ddy s6 (uy,) xdc dinh bdi cong thitc

{UQ = 2,U1 = 4\/5,

Upto = 4\/§un+1 — Tuy,n >0
1. Chung minh rang phuong trinh usg1s - ©* + 2019 = ugs - 2 + 4dusgrg - = (dn x) ¢d hai
nghiém thuc phdn biét thuoc mién (0;2+/2).
2. Tim tdt cd cdc s6 thuc o sao cho ddy s6 (v,,) xdc dinh bdi
Vp = Cuy, + aCluy 1 + ?C2upy_g + - 4+ " CMug,Vn > 0
co gioi han hitu han.
Bai toan 2. Cho mot mdnh gidy hinh da gidc déu (H) c6 12 canh. Nguoi ta cdt (H) thanh cdc

mdnh gidy nhé hon sao cho tdt cd cdc mdnh thu dugc déu la hinh binh hanh.

1. Chuing minh rdng trong cdc mdnh gidy do, luén tim dugc 3 mdnh gidy co hinh chit nhdt.
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2. Hoi sé luong mdnh gidy cdt ra dugc it nhdt la bao nhiéu?

Bai todn 3. Vdi cdc sé thie m, n, gid sit ton tai ham s6 f : R — R théa man f(z+m- f(zy)) =
f(z)+n-xf(y) vdimoi z,y € R.

1. Chiing minh rang néu f la ham toan dnh va f(1) = 1 thi phdi c6 m = n.
2. Ung vdi m = n = 2018, tim tdt cd cdc ham sé théa man dé bai.

Bai toan 4. Trén duong tron (O), cho hai diém B,C c¢6 dinh va A thay doi sao cho tam gidc
ABC khéng cdan. Goi I la tam duong tron néi tiép tam gidc ABC va Al cdt BC é D. Puong
tron (BID) cat AB 6 E # B va duong tron (CID) cit AC 6 F # C. Goi M, N la giao diém
ciia BI, DE va CI, DF. Goi J la giao diém cia BF,CE va T la trung diém AJ.

1. Chitng minh rdng duong trung tuyén va duong cao dinh I ciia tam gidc IM N luén di qua
cdc diém c6 dinh khi A thay doi.

2. Puong tron qua E, J va tiép xiic véi AJ cdt ET & P, duong tron qua F, J va tiép xiic vdi
AJ cdt FT 6 Q. Phan gidc goc APJ, AQJ cit AJ ¢ R, S va RB cdt SC ¢ X, RC cdt
SB ¢Y. Chitng minh rdng tam cdc duong tron (AXY), (AMN), (APQ) thdng hang.

Bai toan 5. Cho n la sé nguyén duong. Mot con éch nhdy theo chiéu duong trén truc s, qua
cdc diém cé toa do {0,1,2,...,n}, bdt ddu 6 0, két thiic & n sao cho méi buéc nhdy c6 dé dai
la 1 hodc 2. Hai duong di ciia éch dugc goi la khdc nhau néu chiing cé mot vi tri nao do khdc
nhau.

1. Chung minh rang éch cé ding F,, dwong di khdc nhau néu & budc ddu tién, no nhdy dén
1 (trong do (F,) la day Fibonacci).

2. Mot dan éch gom m con ¢ ddic diém la 2 con bdt ky thi co cdc dwong di khdc nhau nhung
trén cdc duong di do, luén cé 2 vi tri lién tiép giong nhau. Tim gid tri l6n nhdt ciia m.

Bai toan 6. Cho tam gidc nhon khong can ABC noi tiép duong tron (O), ngoai tiép duong tron
(I). Goi A, la trung diém cung BAC ciia (O) va I A, cit BC 6 Ay, cdt (0) ¢ A'.
1. Chiing minh rang AA' di qua mét giao diém ciia (I) vdi duwong tron duong kinh I A,.

2. DPinh nghia twong ty vdi cdc diém By, Cy. Chitng minh rang AAs, BBy, CCy dong quy
tai mot diém nam trén O1.

Bai toan 7. Cho cdc sé nguyén duong a, b nguyén té cung nhau. S6 nguyén duong n duoc goi la
“lién két” vdi cdip sé (a, b) néu phuong trinh ax +by = n cé nghiém nguyén khong dm (z,y).S6
nghiém ciia phuong trinh do duwoc goi la “hé sé lién két”.

1. Chiing minh rdng néu sé6 nguyén duong n théa man 6n < abva n khong lién két vdi (a, b)
thi 2n hodc 3n lién két véi (a,b).

2. Gid st 2018ab < n < 2019ab va n lién két véi (a,b). Chitng minh rdng hé sé lién két ciia
n vdi (a,b) chi cé thé'nhdn cdc gid tri 1a2018 hodc 2019.
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Bai todn 1. Cho ddy s6 (uy,) xdc dinh bdi cong thitc

{UO = 2,U1 = 4\/5,

Upto = 4\/§un+1 — Tup,n >0
1. Chiing minh rang phuong trinh usgis - ©* + 2019 = ugs - 2 + 4usgig - = (dn x) c6 hai
nghiém thuc phdn biét thuoc mién (0;2+/2).
2. Tim tdt cd cdc s6 thuc o sao cho ddy s6 (vy,) xdc dinh bdi
vy = CoUy + aCluy, 1 + a?C?upy_y + -+ - + a"CMug, V0 > 0

co gioi han hitu han.

Loi giagi. 1)Patc; =1+ 2\/5, ¢y = —1 + 2v/2 thi d& dang c6 dudc u,, = ¢} + . Tu do, ta
chiing minh dudc rang day "Z—Il dong bién. Suy ra

u u . u Uu
= o2 im 2 5 2V <« 2 14202
Up Up, Up, Uy,

vii m01 n Z 1. Xét ham Sé f([L') = U2018 * 1'4 + 2019 — U2018 * [EQ — 4U2019 -z thi f(O) >
0, f(v/2) < 0, £(2¢/2) > 0 nén theo tinh chit ctia ham lién tuc, ta c6 f(z) = 0 c6 hai nghiém
phan biét. 2) Dung nhi thiic Newton, thay cong thiic tong quat cta (u,) vao (v,,) thi

vy = O 4+ 5) +aCi (i + ) +2C2 (2 + ) 4+ -+ a"C (S + )
= (c1 + )" + (o + )"

Néu |c; + | > 1,|ca + ] > 1 thi dé thiy lim v,, = +00. Do dd, ta can c6
e +al <Lje+al <1

va tim dudc o = —2+/2. Thi lai ta thiy ddy sb sé c6 dang a,, = 1 + (—1)", khong hoi tu.

Vay khong ton tai sd o thdéa min dé bai. O

Nhan xét. Ta co thé phdt biéu tong qudt thanh: néu a,b € Rva 0 < a® + 4b < 4, xét ddy s6
(u,) VOi cOng thitc Up o = Uy + bu, thi luén ton tai s6 o dé’(v,) xdc dinh nhu trén hoi tu.
Ngodi ra, f' (1) = 12ug0187% — 2uggiz va f'(z) = 0 < o = \/Lg, thay vao khdo sdt ham thi thdy

f'(z) = 0 chi c6 diing mot nghiém trén(0; 2v/2) va kéo theo f(x) = 0 o diing hai nghiém.
Bai todn 2. Cho mot mdnh gidy hinh da gidc déu (H) c¢6 12 canh. Nguoi ta cdt (H) thanh cdc
mdnh gidy nhé hon sao cho tdt cd cdc mdnh thu duoc déu la hinh binh hanh.

1. Chitng minh rang trong cdc mdnh gidy do, luén tim dugc 3 mdnh gidy cé hinh chit nhdt.

2. Hoi sé luong mdnh gidy cdt ra dugc it nhdt la bao nhiéu?
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Loi gidi. Nhan xét: Hai hinh binh hanh dugc xép ké nhau khi va chi khi chiing c6 mét cip cip
song song. Ngoai ra, tif mot canh bat ky trong 12 canh cia da gidc, ta c6 thé di dén cac canh
con lai thong qua mdt ddy cac hinh binh hanh lién tiép ké nhau.

1) Tit nhan xét trén, suy ra rang tif canh 1 — 7, c6 mdt diy cac hinh binh hanh dugc xép lién
nhau va méi hinh déu c6 mdt cip canh song song vdi 1, 7. Tuong tu ciing c6 mot day cac hinh
binh hanh tng véi cdp canh 4 — 10.

Tuy nhién, ta thdy ring cip canh (1,7) va (4,10) cta (H) 1a vudng géc nhau; va hai diy hinh
binh hanh & trén phéi giao nhau. Do d6, hinh binh hanh “giao di€ém” d6 chinh Ia hinh chit nhat.
Tuong tu véi cac hudng

(2,8),(5,11) va (3,9), (6,12).

Do d6, c6 it nhét 3 hinh chit nhat trong moi cach phan hoach.
2) Ciing theo nhan xét, mdi cdp hudng sinh ra bdi hai canh khong song song (i,7) véii,j €

{1,2,...,6} vai < j déu ting v6i mot hinh binh hanh nao dé trong cach phan hoach. Do do, s6
mién it nhit can dung 1a C2 = 15. Vay s6 ménh gidy it nht 1a 15 (nhu hinh minh hoa bén dudi).

12 2

11 3

10 4

O

Nhan xét. Bai todn hodan todn co thé tong qudt 12 — 4n. Ngoai ra, bang viéc dém bdng hai
cdch téng cdc goc trong ciia mién, hodc ding cong thiic Euler cho do thi phang (planar graph),
ta c6 thé chi ra sé diém bén trong da gidc khi cuc tri xdy ra la 10.

Bai todn 3. Vdi cdc s6 thuc m,n, gid si ton tai ham s6 f : R — R théaman f(z+m- f(xy)) =
f(x) +n-zf(y) véimoi x,y € R.

1. Chiing minh rang néu f la ham toan dnh va f(1) = 1 thi phdi c6 m = n.

2. Ung vdi m = n = 2018, tim tdt cd cdc ham sé théa man dé bai.
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Loi gidi. 1) Trude hét, ta thiy néu m = 0 thin - 2f(y) = 0,Vx,y € R, kéo theo n = 0. Con
néun = 0thi fz +m- f(z)f(y )) = f(z) v6i moi x,y € R. Néu m # 0 thi xét z sao cho
f(zg) # 0, chon y d€ f(y) = — Fagym thay vao, ta c6 f(0) = f(xg), kéo theo f(x) la ham

hing, khong thda man tinh chit toan dnh. Piéu nay cho thiy m = 0.

Cudi cung, xét mn # 0. Goi ¢ 1a sd thuc théa man f(x¢) = 0 thi cho # = ¢, ta c6 f(xg +
m - f(x0)) = f(xo) +n - x0f(1) = 29 = 0 hay f(0) = 0. Thay z = 1 vao dé bai, ta c6
f(A+mf(y)) =1+ nf(y) nén f tuyén tinh, ma f(0) = 0, f(1) = 1 kéo theo f(z) = =, thay
vao thi c6 ngay m = n.
2) D€ dé bién d6i, thay vi viét m = n = 2018, ta viét

fle+m- flzy)) = flz) +m-zf(y).
Choz=y=-Ltaco f(—2 +m-f(=))=0nén ton tai u d€ f(u) = 0. (%)
Thay z = u,y = 1,tac6 0 = muf(1) = uf(1) = 0. Ta xét hai trudng hgp:

1. Néu f(1) = 0 thi thay z = %,y #0,taco f(y) = 0,Vy # 0. Tiép tuc thay y = 0 thi
flz +mf(0)) = f(x) +m - xf(0). Chon x # 0,z # —mf(0) thi d& dang c6 dudc
f(0) =0néntacod f(z) =0,V € R.

2. Néu f(1) # 0 thi w = 0 hay f(0) = 0. Thay vao (x),tacé f () = .

Vé6i x,y # 0, datz—x+myf< >th1trongdeba1 thay x — < Y= 2,taco

/Gt ()= G) e ()= ()

Thay v — y,y — g,tacé

f@+mﬂww:ﬂw+mw(§).

Cudi cling, thay & — y,y —  tac6

f@+WU@D=f@%HmM(§>sz%ﬂmﬁ<§)+m

Do dd f(y +mf(z)) = f(y +mf(x)) + z. Thay y = —mf(x) thi
fl=mf(x) +mf(z)) =
nén f toan nh. Thay = — 1,y — = thi
fA+m- f(z)) = f(1) +m- f(z).

Vi f toan anh nén datt = mf(z) + 1,tacd f(t) =t + f(1) — 1 v6i moi ¢ € R. Thay vao
dé bai, taco f(1) = 1 nén f(z) = x,Vz € R.
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Vay tht ca cdc ham can tim 1a f(z) = 0, f(z) = . O

Nhan xét. Bai todn goc duoc ldy tir tap chi AMM cia My, nam 2003, gom hai bai todn PTH
cia tdc gid nguoi Trung Quoc dé nghi: Tim tdt cd cdc ham sé f : R — R théa mdn mot trong
hai diéu kién sau:

I f(x+ f@)f(y) = f(z) +of(y) vdiz,y € R
2. f(a+ f(zy) = f(2) + 2f(y) vii z,y € R.

Pady la hai bai todn hay va kho, can vdn dung khéo léo cdc ky thudt “thé lién tiép”. Cdu a da
duge dé cdp trudc do dudi hinh thiic f(x + 2f(x)f(y)) = f(z) + 22 f(y) va c6 thé gidi tuong
tw ddp dn. Tuy nhién, cdau b khé hon hdn khi thay 1 — 2018 (gidi theo cdch ding diém bdt dong
ciia ddp dn trén AMM ciing khong thuc hién duoc). Ky thudt bién doi 6 trén khd dn tugng, moi
la va da xit Iy duoc triét dé bai todn nay.

Bai toan 4. Trén duong tron (O), cho hai diém B,C cé dinh va A thay déi sao cho tam gidc
ABC khéng cdn. Goi I la tam duong tron néi tiép tam gidc ABC va Al cdt BC é D. Puong
tron (BID) cat AB 6 E # B va duong tron (CID) cdt AC 6 F # C. Goi M, N la giao diém
ciia BI, DE va CI, DF. Goi J la giao diém cia BF,CE va T la trung diém AJ.

1. Chitng minh rang dwong trung tuyén va duong cao dinh I cia tam gidc IM N luén di qua
cdc diém cé dinh khi A thay doi.

2. Puong tron qua E, J va tiép xiic véi AJ cdt ET & P, duong tron qua F, J va tiép xiic vdi
AJ cdt FT 6 Q. Phdn gidc géc APJ, AQJ cit AJ é R, S va RB cdt SC ¢ X, RC cdt
SB ¢Y. Chitng minh rdng tam cdc duong tron (AXY), (AMN), (APQ) thdng hang.

Loi gidi. 1) Do ti gidc BDIFE ndi tiép va c6 BI 1a phan gidc goc DBE nén ID = I E, tuong
tu thi /D = I'F. Suy ra I 12 tim dudng tron ngoai tiép DEF.
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Bing tam gidc dong dang, dé dang c6
ID*=IM-IB=1IN-IC

nén td gidc BM NC ndi tiép. Khi d6, M N 1a dbi song ctia I BC nén trung tuyén ctia IM N 1a
dbi trung ctia I BC' va sé di qua giao diém hai tiép tuyén ctia (I BC) & B, C; cling chinh 1a trung
di€ém cung 16n BAC cua (O). Mit khéc, dudng cao dinh I ctia IM N sé di qua tam ctia IM N
(theo tinh chét dang gidc), chinh 1a trung diém cung nhé BC cia (O).

2) Trudc hét ta thiy ring TA?> = TJ?> = TE - TP nén theo tinh chit quen thudc vé diém
Humpty trong tam giac AP.J thi

EA PA RA

EJ PJ RJ
nén ER la phan giac ZAE.J. Tuong tu thi F'S 1a phan gidgc ZAF.J. Theo cau a thi dé thiy
AE - AB = Al - AD = AF - AC nén ti gidc BEFC noi tiép trong dudng tron (O'). Ta sé
ching minh ring X,Y € (O).

Pé y ring LABJ = /ACJ, ma mubn X € (O') thi can ¢6 ZRBJ = /SCA,/RBA =
/SCJ. B6 dé: cho gbc x +y = 2/ + ¢ < 90° va S — 2 4y o — o/ 4y — ¢/ (chiing minh

siny sin y’

bing cach dung cip tam gidc dong dang c-g-c).

Theo b6 dé, ta chi can chi ra rang

sin Z/RBJ _sin ZSCA

sin /RBA sinZSCJ’

Ta co
EJ B RJ B SBRJ BJ -sinZRBJ sin ZRBJ EJ BA

EA  RA  Spps DBA-sn/RBA  sm/RBA EA BJ
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Tuong tu thi

sin/ZSCA FA CJ

sinZSCJ — FJ CA
va ta can c6 g—j . g\—? = f,—‘; : % d ﬁgjﬁg = ?—j : % Tuy nhién, Vi,hai cap taljn giac /{B}?, AQE
va BJC, EJF dong dang nén dang thic cuoi dung. Tu tinh chat cua ty so kép dé thay rang
XY, EF, BC dong quy. Theo tinh chit phuong tich thi M N, EF, BC dong quy. Ngoai ra, cling
theo tinh chit Humpty thi

LAPJ =180° — LAEJ = Z180° — LAFJ

nén APJF noi tiép. Tuong tu thi AQJE ciing noi tiép, khi d6 xét truc ding phuong cla
(APJF), (AQJE) va (O') thi AJ, PF, QE dong quy.

Lai dung ty s6 kép thi suy ra EF, PQ), BC dong quy. Do d6, BC, EF, PQ, XY, M N dong quy.
Léy giao diém ctia (AEF), (O) 1a G 1a cd ba dudng tron (APQ), (AMN), (AXY') déu di qua
ca A 1an G; ddng nghia véi viéc tim clia chiing thang hang. Ta c6 dpem. ]

Nhan xét. Bai todn vén diing néu thay EF la ddi song bdt ky ciia ABC. O doan chiing minh
XY € (0), ta c6 thé' diung phép bién hinh nhu sau: Ldy U la giao diém ciia phdn gidc goc
BPC véi (O) thi P la tdm vi tu quay bién B — R,U — A nén bdng bién doi goc suy ra
BR,U A cdt nhau trén (O'); tuong tu thi C'S, U A ciing cdt nhau trén (O') nén X € (O').

Hay thi gidi lai cdu a khi thay I, D bdi truc tdm va chdn duong cao. Pdy lai la bai todn hay va
kho, khéong tuong tw nhu bai da gidi!

Bai toan 5. Cho n la s6 nguyén duong. Mot con éch nhdy theo chiéu duong trén truc so, qua
cdc diém cé toa dp {0,1,2,...,n}, bdt ddu 6 0, két thiic 6 n sao cho méi buéc nhdy c6 dé dai
la 1 hodc 2. Hai duong di ciia éch duoc goi la khdc nhau néu chiing cé mot vi tri nao do khdc
nhau.

1. Chiing minh rdng éch cé diing F, duong di khdc nhau néu & budc dau tién, né nhdy dén
1 (trong do (F,) la day Fibonacci).

2. Mét dan éch gom m con cé ddc diém la 2 con bdt ky thi co cdc dwong di khdc nhau nhung
trén cdc duong di do, luon cé 2 vi tri lién tiép giong nhau. Tim gid tri I6n nhdt ciia m.

Loi gidi. 1) Goi a,, 12 s6 cich nhay ctia éch thi rd rang a; = as = 1.

Néu & budc cudi cuing, éch nhay budc do dai 1 thi truée d6, né da & vi tri n — 1 véi sb cach
nhdy 12 a,,_;. Tuong tu néu éch nhay budc do dai 2 thi trudc d6, né cé a,_, cach nhdy. Suy ra
Ay = Qp_1 + Qp_o va dé théy a, = F, 1asb hang thd n cia day Fibonacci.

2) Goi (2 1a tap hdp céc cach nhay ctia dan éch, ) 12 tap hop cach nhdy clia dan éch theo kiéu
clia cau a. Tiép tuc goi S; = QN Qg va S5 = O\ S;. Xét mot cach nhdy s € S, thi 16 rang &
budc dau tién, éch nhay dén sb 2. Ta chia céc s6 thudc s thanh cdc nhém c6 dang nhu bén dudi
(chd y ring s6 cudi ctia nhém trude van ding cho sb dau ctia nhém sau):
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(I) gdm cic bd sd (m,m +2,m + 3,...,m + 2k): trlt s6 dau thi cdc s sau lién tiép va két
thic bdi sd cung tinh chén 18 véi s6 dau.

(II) gdm cic bd s6 (m,m +2,m +3,...,m + 2k + 1): tuong tu trén nhung sb cudi lai khac
tinh chan 18 véi s6 dau.

Ta xét quy tac bién ddi f nhu sau:

(I’) thu duge t (I) véi dang (m,m +1,m+2,m+4,m+6,...,m+ 2k).
(IT’) thu dugc tu (IT) véi dang (m,m+ 1,m+3,m+5,...,m+ 2k +1).

Sau d6, ndi cac nhém vira bién ddi dé€ thu dugc f(s). RS rang v6i moi s € Sy thi f(s) € Q.
Chéang han

(0,2,3,5,6,7,9,10,11,12) 2 19 9 31 13 5,6,7], 7,9, 10, 11, 12]
U, 10,1, 3], 13,4, 5,7, [7, 8, 10, 12]

1, (0,1,3,4,5,7,8,10,12)

Ta thiy ring nhu cach bién ddi nay thi s, f(s) s& khong c6 hai vi tri lién tiép nao gidng nhau, do
do f(s) ¢ Q. Suyra f(S2) NS, = 2.

Ngodi ra, néu s; # s, thirdrang f(s1) # f(s2) nén f 1la mot don dnh. Do d6 |Q| = |S;|+[Ss| <
|S1| 4+ [ f(S2)] < |€Q0]. Ta cd dpem. O

Nhan xét. Cdu a nhe nhang va mang tinh dinh hudng cho cdu b (vi ré rang cdc cdch nhdy nhu
thé théa man rang budc la co hai budc lién tiép giong nhau).

O phdn chitng minh cuc tri, ta dd khéo léo tdn dung duoc ddc diém ciia budc nhdy dé dai 1,2
dé’thiét ldp dwoc dnh xa, ti do wéc lugng duoc sé phan tit cia cdc tdp hop. Bai todn ciing co thé
diung quy nap két hop véi phdn ching nhung xit Iy dai dong hon va khong dé dé’ ldp ludn triét
dé dwoc. Pady la ¥ kho nhdt ciia dé thi nay.

Bai todn 6. Cho tam gidc nhon khong cdn ABC néi tiép duong tron (O), ngoai tiép duong tron
(I). Goi A, la trung diém cung BAC cia (O) va [ A, cdt BC 6 Ay, cdt (0) ¢ A'.

1. Chiing minh rdang AA’ di qua mot giao diém cuia (I) véi duong tron duong kinh I A,.

2. DPinh nghia twong ty véi cdc diém By, Cy. Chitng minh rang AAs, BBy, CCy dong quy

. A - A > A
tai mot diém nam trén O1I .

Loi gidi. 1) Goi Ay 1a trung diém cung nhé BC ctia (O) va AgA’ N BC' = T. Bing tam gidc
dong dang, ta co AgA’ - AT = AgI? nén LTTAy = 90°. Goi M 1a trung diém BC thi TIM A,
ndi tiép. Ta cling c6 LAgA'T = 90° nén T1D A’ noi tiép.
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Goi D, E, F 1a tiép diém cta (1) 1én BC,CA, AB va S la giao diém thd hai cta dudng tron
dudng kinh I Ay vé6i (I) thi AyS tiép xtic (I). Dodé IS = ID, AyS = Ay D va

LSA'Ay = /DA'Ay = /DAl = /DTI = ZMTI = L MA = LAAGA, = LAA'As.

Do d6, A, S, A’ thang hang.

2) Ta sé& chiing minh ring AA; di qua chan dudng cao D’ ctia D 1én E'F. That vay,
Ta co ﬁzg = \‘gig = % = % (do T tiép xic (BIC)). N go~é1i ra, the? két qua quen thudc vé
hang di€ém diéu hoa thi D’'D la phan gidc ctia ZBD'C nén dé dang bién ddi goc thu dugc hai

tam gidc BFD', CED' dong dang. Do d6 £ = Z£ = BB Tacoty s6

Sappr AB sin/BAD' AB D'F  AB-BD sinC tan$§ sin®§ B2

Sicpr  AC sin/ZCAD' AC D'E~ AC-CD sinB tanZ sin?Z 102

2 2

nén AD’ di qua As. Nhan xét dugc chiing minh.

Goi E’, F' 1an lugt la chan dudng cao ké tit E, F trong tam giac ABC' thi tuong tu, ta cling c6
E' € BBy, F' € CCy. Taco E'F'1LID, ma BCLID nén E'F' || BC.

Tuong tutacd F' D' LCA, D'E’ 1. AB nén hai tam giac ABC, D' E'F' ¢6 cac canh d6i mot song

song nén ton tai mot phép vi tu Q tdm J bién ABC — D'E'F’; kéo theo AD', BE', C'F' dong
quy 6 J.
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Ngoai ra, 2 : O — O’ 1a tim ngoai tiép tam gidc D'E'F’, cling 1a tam Euler DEF nén
J € OO'. Hon niia, ta c6 két qua quen thudc: OI 1a dudng thang Euler ctia tam gidc DEF
nén O’ € OI. Két hop lai, tacé J € OI. Ma AD' = AA,;, BB' = BB,,CC' = CCs, nén
AAy, BBy, CC,y dong quy tai mot diém trén OF. O

Nhan xét. O cdu a, ta cé thé'sit dung b6’ dé sau: Cho hai diém M, N thay déi trén duong thing
chita canh BC ciia tam gidc ABC sao cho (M N, BC) = —1. Ké tiép tuyén MM', NN' dén
duong tron néi tiép (I) ciia ABC thi M'N' di qua A.

Chitng minh: Goi D, E, F la tiép diém ciia (I) lén BC,C A, AB. Chiéu vuéng géc D vao chium
I(MN, BC), ta dugc D(M'N', FE) = —1 nén tit gidc M' EN'F diéu hoa nén M'N' qua A.
O cdu b, ta két hop nhiéu phép bién hinh va vai két qud lai véi nhau mdi xit Iy tron ven duoc.

Bai toan 7. Cho cdc sé nguyén duong a, b nguyén té cung nhau. Sé nguyén duong n duoc goi la
“lién két” vdi cdip sé (a, b) néu phuong trinh ax + by = n cé nghiém nguyén khong am (z,v).S6
nghiém ciia phuong trinh dé duoc goi la “hé sé lién két”.

1. Chiing minh rdng néu sé6 nguyén duong n théa man 6n < abva n khong lién két vdi (a,b)
thi 2n hodic 3n lién két vdi (a, b).
2. Gid st 2018ab < n < 2019ab va n lién két véi (a,b). Chitng minh rdng hé sé lién két ciia

n véi (a,b) chi cé thé' nhdn cdc gid tri la 2018 hodc 2019.

Loi gidi. 1) Ta sé ching minh bS dé: Néu n khong lién két véi (a,b) thi ab — n lién két vé6i
(a,b). That vay,

Ta biét rang phuong trinh az + by = n c¢6 ho nghiém 1a (z,y) = (xo + bt,yo — at) véit € Z
va (29, 9o) 12 nghiém co 6. Khi d6 —b < 29 < b, —a < yo < a va xg, yo khong thé cing am.

Gia st rang x> 0 thi yo < 0 do az + by = n khdng c6 nghiém ty nhién.
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Khi d6 ab —n = a(b — xq) + b(—yo) v6i b — x5 > 0, —1o > 0 nén (b — 29, —yo) thdéa man; diéu
nay ching té ab — n lién két véi (a, b). Nhan xét dugc ching minh.

Tu nhan xét trén, ta thay sd nguyén duong n khong lién két véi (a,b) c6 thé viét dudi dang

n:ab—.pa—qbvéip,qez+.\f1n< %bnén%’—i-% > %.Giésﬁrﬁng% >4this > 2> 4
Ta xét hai truong hop:

. Néu%>%thi2p—b>Onénab—?(ab—pa—qb):a(2p—b)+2qb.

e Ngugc lai néu ? <

N =

thi £ > 3, suy raab — 3(ab — pa — gb) = a(3p — b) + b(3¢ — a).
Do d6, 2n hoic 3n lién két véi (a, b).

2) Ta chiing minh bai toan tdng quat dé chi ra s6 nghiém ctia phuong trinh ax + by = n véi
mab < n < (m + 1)ab, trong d6 m € N bang m hoidc m + 1. (%)

Ta lai tiép tuc chiing minh hai b& dé quen thudc khac:

1. Moisébn > ab — a — b déu lién két véi (a, b).

That vay, vi (a,b) = 1 nén{n,n —b,n —2b,...,n — (a— 1)b} 1a mot hé thing du day du
modulo a. Do d6, ton tai y d€ a|n — yb va dit ax = n — yb. Néu x > 0 thi cip s6 (v, )
thoa man. Ngugc lai, z < Othin —(a— 1)b<n—yb<ar < —anénn <ab—a—Db,
mau thuin. BS dé dudc ching minh.

2. Néu (a,b) = 1 thi ton tai duy nhit mot céch viétn = azx + by v6i 0 < x < b.

That viy, theo dinh ly Bezout thi ton tai =,y € Z d€ n = ax + by, viét x = bg + 2’ véi
0 < a2’ < b. Khi dé, n = a(bq + 2') + by = ax’ + b(aq + y). Ngoai ra, néu c6 hai cach
viét n = ax; + by, = axs + by thi a(x; — x2) = b(y2 — y1) chia hét cho b, kéo theo
L1 = T2,Y1 = Y2.

Trd lai bai todn, ta s& chiing minh (%) bang quy nap.

Véim = 0,tacé 0 < n < ab nén hién nhién s6 cich biéu dién 12 0 hoic 1; tiy thudc vao n
c6 lién két v6i (a,b) hay khong. Gia st (%) ding véi m = k > 0, xét s6 k + 1 véi diéu kién
(k+1)ab < n < (k+ 2)ab. Theo bd dé (1) thi ton tai cach biéu dién n = ax + by véi z,y > 0.

e Néu z < b thi chi c6 1 cach bi€u dién theo bé dé (2).
e Néuz > bthiditx = 2’ + bvadua vé ax’ +by =n — ab. Vikab <n —ab < (k+ 1)ab
nén ap dung gia thiét quy nap, ta thiy sb cach biéu dién & trén 14 k hodc k + 1.
Toém lai, s6 nghiém sé 12 & + 1 hodc k + 2, khang dinh (x) ding véi k + 1 nén theo nguyén ly
quy nap, (*) dugc chiing minh. Thay k& = 2018, ta c6 hé sb lién két bang 2018 hoic 2019. [

Nhan xét. Ldp bai todn vé biéu dién sé nay con co tén goi la bai todn chia dong xu Frobenius
hay bai todn Sylvester; ¢ ddy, ta cé cdc két qud dep vé viéc wdc lugng s cdch biéu dién doé. Cdc
bo' dé dimg trong bai tuy dugc chitng minh nhe nhang nhung xit Iy dang todn nay rdt hiéu qud.
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TRUONG PONG TOAN HOC MIEN NAM NAM 2018
VA NHUNG BAI TOAN HAY

Nguyén Tran Hitu Thinh, Pham Quéc Thang
Nguyén Trudng Hai, Vo Thanh Dat
(Trudng Pai hoc Khoa hoc tu nhién, DPHQG TP. Hd Chi Minh)
Tran B4 Pat
(Trudng Pai hoc Su pham Thanh phd Hd Chi Minh)

GIOI THIEU

Truong Pong Todn hoc mién Nam nim 2018 dudgc td chiic tai Trudng Phd thong ning
khiéu, PHQG TP.HCM. Pay la hoat dong dudc t& chic nham tao diéu kién cho cac doi
tuyén Toan hoc ctia céc tinh Mién Nam Trung Bo, Nam Bo va Thanh phd H6 Chi Minh
dugc hoc tap, giao Iuu va chudn bi tot nhat cho ky thi chon hoc sinh giéi Qudc gia nim
hoc 2018 - 2019. Bai viét sé xoay quanh mdt sb bai todn hay tai Truong Péng ciing nhu
md rong va cac ting dung cua no.

Trong bai ki€m tra s6 1 cia Trudng Pong Toan hoc mién Nam nidm 2018 c6 bai toan Giai tich
nhu sau.

Bai toan 1.0.1. Cho day sé (a,,) duoc xdc dinh bdi

ag=a >0

Ant+1 =

a) Cho a = 3. Chitng minh day (a,,) ¢6 gidi han hitu han.

b) Tim tdt cd cdc s6 thuc duong a dé’(a,) cd gidi han hitu han.

Chiing minh.
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a) Khia = 2, day sb da cho dugc xdc dinh bdi

N W

ag =

2
—1

@ ,Vn >0

n+1

Ap+1 =
Khi d6 a; = %, ay = 3—92. Khi d6, ta dé ching minh ring

1
<a, <0,¥Yn > 3.
n+1

Kep gidi han hai vé, ta dudc lim a,, = 0.

b) Ta sé& chiing minh ring a < 2 thda yéu cau bai toan. That viy, néu ay = 2 thi a; = i + 2,
Vi > 0. Do d6 lima,, = +o00. Néu ay > 2 thi day luc sau ludn 16n hon day véi ap = 2.
Do d6 lim a,, = +o0o0. Nhan xét rang néu tdn i € N sao cho a; < 1. Khi dé, ta dé ching
minh dudgc

<a, <0,Vn>1+2.
n+1

Do d6 lima,, = 0. Do d6 ta chi can xét sao cho a; > 1, Vi > 0. Gia st a,, > 1, khi d6

Up—1 > Vn—+1va

G > \/1+(1—n)\/1+n.

Lam diéu nay lién tuc, ta s& c6 dugc

ag > 1+1\/1+2\/1+3\/1+---+(n—1)\/1+n:cn.

D€ y ring ta c6 dang thiic quen thudc sau:

2 = 1+1\/1+2\/1+3\/1+--~+(n—1)\/1+n(n+2).

Khi d6, bang cach nhan lién hop va danh gid, ta sé dudc
1
0<2—-¢c, < ——.
n+2

Do d6 lim ¢, = 2. VAy néu a, < 2 thi sé ton tai chi s6 7 sao cho a; < 1. Khi d6 lim a,, = 0.
Néu ay > 2 thi lim a,, = +00. VAy a,, c6 gi6i han hitu han khi va chi khi 0 < a < 2.

Tom lai, bai toan da dugc giai xong. ]

Tac gia xin dé xuAt mot 16i gidi khéc cda thiy Lé Phic Lir.

215



Tap chi Epsilon, S6 14, 12/2018

Chitng minh. Ta van sé sit dung mot vai nhan xét nhu 10i giai 1. Néu a < 1 thi quay lai nhan
xét 6 10i gidi trén. Khi 2 > a > 1 thi ta dat ¢ = —= > 1. Cic ban d& ching minh bang quy nap
dugc rang

n+2
Ay > QTT
Ta sé& chiing minh ring
. n+2
lim “ont 1 =0
Diéu nay tuong duong véi
1
li =0
H ¢ lng- 27t . In2
Vay ta c6 dudc lim a,, = 0. [

Bing cach tinh todn mot sb gi4 tri, ta nhan ra diém nhay cam a = 2, tir d6 xét cdc trudng hop
d€ chia nhé di€ém nhay cam nay. Trudng hop 1 < a < 2 1a két qué chinh clia bai todn; viéc kep
ciing nhu kht cin va ddy ra gi6i han sé c6 hiéu qua. Chd y ring, chiing ta khé ma st dung bd
dé sau d€ gidi bai toan.
Bo dé 1.0.1. Cho 2 day 56 thiic duong (ay,), (by) va sé thic ¢ € (0,1) sao cho

(41 S qan + bn

Khi do lim a,, = 0.

Viéc st dung bd dé nay dé giai bai toan kha cong kénh va phic tap, cac ban c6 thé giai thi. Sau
day 1a cach phan tich hai huéng giai ctia bai toan. O 15i gidi du tién, nhan thiy ring ching ta
c6 thé khit cin tir cic dang thiic dé bai, tir d6 suy ra né 1a mot day tiém can véi diy Riemann,
ngoai ra, ban Nguyén Nguyén, hoc sinh trudng Phd thong ning khiéu, PHQG TP.HCM con ¢
cach dit day kha hay dé riit gon cin va xét trudng hgp cho bai toan. O 16 gii thi hai, viéc tinh
toan mot s gid tri ban dau cho ta cAm nhan vé viéc chiing minh quy nap cho bai toan.

Trong bai kiém tra s6 2 clia Trudng Pong Toan hoc mién Nam nim 2018 c6 bai todn Dai S6
nhu sau.

Bai toan 2.1.1. Tim tdt cd cdc bé gom 10 sé thice ay, as, as, . . ., ayo théa man diéu kién

2
6a;

2 2 2
ay a3+ ... +ajg

aZ:1+

vodimoit=1,2,...,10.
216



Tap chi Epsilon, S6 14, 12/2018

Sau day 12 19i gidi ctia ban Lé Vin Manh 16p 11 Toan dén tit Trusng THPT Chuyén Nguyén Chi
Thanh Dik Nong.
Chiing minh. Ta nhan xét rang a; > 1, Vi. That vay néu a; = 1 thi

2
6a; B

a+a3+...+ai,

Diéu nay vo li. Patd = a? + a3 + . .. + a?,. Khi d6

6X?2
X =148
t

tuong duong véi

6X°—dX +d=0.
Day la phuong trinh bac 2 theo an X, do d6 x; chi nhan mot trong 2 gi tri, goi 2 gia tri d6 1a a,
b va gia st ring c6 = s6 gid tri bang a va 10 — = s6 gid tri bang b. Trong d6

d+ V& —24d

a

12
va
b — d—d? — 24d

12
Ta c6 thé thdy a; = % la mot bo nghiém cua hé. Do d6 phuong trinh bac 2 trén ludn ¢6 nghiém.
Vi vay ma d > 24. Mit khéc, cong tit ca cac phuong trinh lai, ta c6

ai+as+...+a,=104+6 = 16.

Xét

—d+\/m)2+(10—x). (d_\/mf,

d=a+ad+...+ady=2z-
a1+a2+ +a’10 T 12 19

hay
36d = 5(d* — 12d) + (v — 5) - d - Vd? — 24d.

Diéu nay tuong duong véi

37?: .(1_1—2)+(:1:'—5)- o2 (1)

2
r—5 96 7 -5\
(2 \i-) - (552 =0 o

Néu z > 5 thi do d > 24 nén vé trdi ctia (1) ludn duong (Vo 1y). Néu 1 < z < 5 thi thay = = 2,
3, 4 ta thay vé trdi ctia (2) ludén am (vd ly). Néu & = 0 thi ta c6 dugc hé c6 nghiém

(a1,a ag) = 58 5
1y U2y ..y 10) — 5’57...75 .

217

Piéu nay dan dén




Tap chi Epsilon, S6 14, 12/2018

Néu = = 1 thi d = 32. Ti d6 ta thu dudc nghiém la
4 4
ce =4,=,...,=
(a17a27 ,(110) ( 737 73>
va cac hoan vi. ]

Loi giai nay kha cong kénh va phiic tap. Sau diy 1a mot cach gidi khic ciing cuing y tudng nhung
dugc thuc hién don gian hon.

Chiing minh. Dat T = af + a3 + ... + aj,. Khi d6, ta c6

6.X2
X=14+———.
+ T
Diéu nay tuong duong véi
6.X2
— = X+1=0.
T +

Day la phuong trinh bac 2 theo an X, do d6 x; chi nhan mot trong 2 gia tri, goi 2 gia tri d6 12 a,
b va gia st rang c6 u s gid tri bang a va v sb gid tri bang b. Mit khac, cong tat ca cdc phuong
trinh lai, ta cé

a,+as+...+a 9= 104+ 6 = 16.

Hon thé nifa, tif phuong trinh bac 2 ban dau, ta suy ra dudc

T 2+ ob?
a+b:ab:—:u.
6 6
Tu nhiing 1€ do, ta c6 hé phuong trinh
u+v =10
ua +vb =16
2 b2
a—f—b:ab:u
6
Thay v = 10 — u va b = %5, ta dugc
+ (10 —u) - —— =16
ua —u) - = 16.
a—1

Day 14 phuong trinh bac 2 theo a, ta tinh A thi diéu kién c6 nghiém ctia phuong trinh 12
u? —10u+9 >0,

tic la u < 1,u > 9. Khong mt tinh téng quét, ta xét u > 9 (vi ta ¢6 ddi vi tri cda m va n).

4 4

i. u=9. Ta cé nghi€ém (4, 30 §) va cac hoan vi.
8 8 8

ii. v =10. Taconghiém | -, —=,..., = | .
55 5
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Vay tém lai cac bo nghiém trén chinh la nghi€ém ctua phuong trinh. [
Sau day la 16i giai cua ban Phan Qui Loc hoc 16p 12T1 Truong THPT Chuyén Long An.

Chiing minh. Cong tit ca phuong trinh lai ta dudc
a1+ as + ...+ ay= 104+ 6 = 16.

Miit khac dp dung bét dang thiic Cauchy- Schwarz cho 9 s6 as, as, . . ., a1 ta dudgc

e 2 16 — a;)?
A +ai+.. . +ady>al+ (a2+a3+9 Tan) _ 2 06— a)f 9a1) .
Két hop véi phuong trinh dau tién ta thu dudc
6a?
ap < L+ 16—a1)2
a% + ( 5 1)
Diéu nay tuong duong véi
(5&1 — 8)(&1 — 4)2 S 0.
Do d6 a; = 4 hodc a; < £. Néua; = 4 thi
a2+a3+...+a10:16—4: 12.
Mat khéc
e 2122
a§+...+a§02(a2+a3+ + a10) = —=16.
9 9
Khi d6 ta thu dudc két qua tif phuong trinh dau tién nhu sau:
6a?
a3+ a3+ ... +aly = —— —a = 16.
ay — 1

Dau bang xay ra khi va chi khi

4 4
=14,-,....,=|.
(a17a27 aaflo) ( 737 a3>

4 4
=\(4,-,...,=
(al»a@v 7a10) < 737 73>

va cac hoan vi. Xét a; < %. Néu ton tai j # 1 sao cho a; = 4 thi ta lam tuong ty nhu trén sé thu

dudc bo nghiém
4 4
=14,-,...,=
<a17a27 7a10) ( 737 73>

va céc hoan vi. Néu a; # 4,7, 1am tuong ty trén ta thu dugc

Do d6 nghiém ctia hé 1a
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Do d6
ay + as + ... + ag S 16.

Dang thiic xay ra khi va chi khi

(a1,a apg) = 58 8
1,42,...,010) — 5757"'75 .

Vay tém lai cac nghiém da tim dudc nhu trén 1a nghiém cua hé phuong trinh. ]
Loi gidi sau 1a ciia ban Nguyén Thanh Loc thudc 16p 12T Truong THPT Chuyén Bén Tre.

Chiing minh. Khong mat tinh téng quat, gia st a; > ay > ... > aj. Tacé

6 (a% - a%o)

Y
ai+ai+...+ai,

(a1 — axo) (1 __ Sl tan) ) —0

ai+a3+...+al,

a1 — a0 =

hay

Néu a; = app thi
8

a; = a9 = ... = Q190 = —-

)
Néu 6(a; + ayo) = a3 + a2 + . .. + a2, thi thay vao phuong trinh ban dau ta dugc
6a?

a =1+ -—2—
! 6(a1+a10)

Diéu nay tuong duong véi
a1a1p = ap + aio-

Do do
6@1@10 = 6((11 =+ aw) = CL% + CL% + ...+ CL%O Z a% + 9@%0.

Ta thu dugc
(a1 - 3@2)2 S 0.

Diéu nay din t6i
4
a1:4,a2:a3:...:a10:—.
3
Do d6 hé c6 nghiém

(a1,a ap) = 58
1, W2, ...,010) — 5757"‘7

cung véi

[GURIEN

o] oo
N———" N~

(Clhaz, s 7a10) = (4;

va cac hoan vi. ]
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Tac gi4 xin nhic lai mot s6 dinh nghia va tinh chit cd ban clia s6 phiic dudc dung trong bai.
i. Tap hop cic sb phic dugc ky hiéu 1a C.
ii. V6i 2z = a + bi thi Z = a — bi dudc goi 1a sb phiic lién hop z.
1. Véi 21,29 € Cthiz + 29 =71 + %5.

iv. V6i 21 = a1+ bﬂ, va 29 = Qa9 + ng thi Im (2_122 + 2_221) =Im (2&1@2 + lebg) =0.

Ta xét mot bai todn sau trong budi tiéu thu bai gidng & truong Pong 2018

Bai todn 2.2.1. Cho da gidc l6i A1 A, . .. A, (n > 5). Goi By, la trung diém ctia canh Ay A1,k =
1,2,...,n, trong dé A, ., = A,. Chitng minh rang

1
[BiBs... B = 5 [AiAs. A,
trong do [S] la dién tich cia hinh S.

Trudc hét, ta phat biéu va chiitng minh mot bd dé sau:

B& dé 2.2.1. Cho da gidc 16i A1 A, ... A,. Goi ay,as,...,a, ldn luot la toa do cia cdc dinh
Ay, As, ..., A, trén mdt phdng phitc. Khi dé ta co

1
[A1 Ay ... Ay = §Im (@rag + azaz + ...+ Gp_1a, + Gpay) .

Chifng minh. Ta sé chiing minh bang quy nap theo n. Véi n = 3, tac gia xin d€ lai cho ban doc.
Gia stt ménh dé trén ding t6i n = k, ta chiing minh né ciing diing v6i n = k + 1. That vay, ta c6

[AlAQ e Ak+1] - [AlAZ e Ak] + [AkAk+1A1]

1 1
= §Im (@ras + azas + ... + Gp_1a; + aray) + §Im (@part1 + Grr1a1 + Grag)
1
= §Im (@ras + azas + ... + Gp_1a) + g1 + TGpia1) + §Im (aray + aray)
= §Im (@ras + azas + ... + Gp_1a; + ArQ41 + Tpriar)

Theo gia thiét quy nap, ta c6 diéu can chitng minh. [

Quay lai bai toan,
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Chitng minh. V6ii=1,2,...,n,ta goi a; 1a toa do clia A; trén mit phang phiic, khi d6 toa do
1 p N
cua B; sé la Elm (ai + air1). Ap dung Bo de 2.2.1, ta dugc

1 — — _
[BiB; ... B,] = ;Im (b1bg + bobs + . .. + byby)
1 - -
= glm a; + ag (ag + as) + ag + az (az + ag) + ... + a, + a1 (a1 + az)]

= T (4 T) (02 + ) + (@ + ) (a3 + 0a) + -+ (@ + ) (0 + )

_ _ _ 1 _ _ _
= éhn (@ras + azas + ... + aya1) + glm (azas + azay + ... + ajas)
1
+ glm (@Gras + azaq + . .. + @raz)

1
= ZIm(a_laQ —l—a_gag—i—...—l—@al)—i—glm(a_lag—l—a_gm—i—...—l—@@)

1 1
= 5[AlAz...A,J+glm(a—lag+a—2a4+...+a—na2)

= % [Ai Ay .. Ay + é ([OALAs] + [0AsAq] + ...+ [OA,Ag))

z%[AlAQ...An].

Vay ta dudc diéu phai chiing minh. O

Nhu vy, bing cong cu sb phiic, ta da dua bai toan hinh hoc trd thanh bai toan dai s6. Tit bg dé
trong chiing minh cuia bai toan trén, ta thu dugc mot hé qua quan trong sau:
Trén mit phang phic, cic di€ém A; (a;), Ay (as), ..., A, (a,) thing hang khi va chi khi

Im (ayas + azaz + ... + anay) = 0.

Liéu c6 mot 18i giai thuan tdy hinh hoc cho Bai toan 2.2.1? T4c gia xin dua ra bai tip sau dé
cac ban ren luyén thém.
Bai toan 2.2.2. Trén mdt phdng phiic, cho da gidc 16i PyP; ... P, ¢6 toa dé cdc dinh theo thit
tu la
l,e,...,&"
va da gidc 16i QyQ1 . .. Q,, ¢0 toa dé cdc dinh theo thit ty la
Ll4e,...,14e4... 4"

trong do € = cos 27“ + sin Qn—”z Tim ti so dién tich cua hai da gidc trén.

Trong bai kiém tra s6 2 ctia Truong Pong Toan hoc mién Nam nim 2018, thay Lé Viét An da
dé xuat mot bai toan hinh hoc thd vi nhu sau.
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Bai toan 3.1.1. Cho ANABC nhon véi AB < AC va cdc duong cao AD, BE, C'F. Trén cdc
doan thing BE, C'F lan lugt ldy cdc diém K, L sao cho Z/ALB = /AKC = 90°.

a) Chitng minh rdng cdc tiép tuyén chung ngoadi ciia duong tron ngoai tiép hai tam gidc
DBK va DCL cdt nhau trén K L.

b) Cdc duong thcfng DK, DL lan lugt cit EF tai M, N. Goi P la giao diém ciia BL va
CK. Chitng minh rang AP, BN, C M déng quy.

Tac gia xin dé xuét 10i gidi thong qua viéc bién ddi céc ti s6 canh.

A

O,

Chitng minh.

a) Goi Oy, O, 1an lugt Ia tam ctia (BK D) va (CLD). Ap dung hé thiic lugng trong AAKC,
tacéd AK? = AE - AC. Tuong tu AL?> = AF - AB. Mit khac do BF EC noi tiép nén
AF - AB = AE - AC. Nhu vy AK? = AL? hay AK = AL.Tacé ZAKC = 90° nén
K ndm trén (AFDC). Do d6

/DKC = /DAC = /KBD,

tic 1a K C 1a tiép tuyén ctia (BK D). Tit d6 ta dudc A, K, O, thang hang. Tuong tu A,

L, O, thang hang. Goi R 1a giao diém ctia K L va O;0,. Ap dung dinh ly Menelaus cho

AAO;0, v6i bo ba diém thang hang R, K, L, ta c6
RO, LO, KA
RO, LA KO,

1,
tuc la
RO, KO, _ Rpkp)
RO,  LO;  Ricrpy

Chiing t6 R 1a tim vi tu ngoai ctia (BK D) va (CLD). Vay ta c6 diéu can ching minh.
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b) Goi U 1a giao diém ctia AC' va DF. Goi W, V 1an ludt 1a giao diém ctia DM va AC,
DN va AB. Vi DF AC ndi tiép nén Ta c6

(VLDN)=F(VLDN) = F(ACUE) = (ACUE) = —1.
Tuong tu (W KM D) = —1. Nhu vay
B(VLDN) = (VLDN)=—-1=(WKMD)=C(WKMD).
Do d6 giao diém \cﬁa BV vaCW, BN va CM, BL va CK thang hang. Diéu d6 c6 nghia
AP, BN, CM dong quy.

Toém lai, bai toan da dugc giai xong. ]

Loi giai trén khéo 1éo & chd ching ta nhan ra dugec A, K, O; va A, L, O, 1a cac bd diém thﬁng
hang va ap dung dinh Iy Menelaus. Song, néu ta nhin & mot géc khac, bang viéc suy ra K, L lan
lugt 1a tam vi tu trong cia (AKL) va (BK D), (AKL) va (CLD), ta sé€ dung dinh ly Monge
D’alembert dé két thiic bai toan.

B§ dé 3.1.1 (Pinh Iy Monge D’alembert). Cho ba dudng tron (Oy, R1), (Os, Rs), (O3, R3)
phdn biét trén mdt phdng. Khi do tam vi tw ngoai ciia cdc cdp dwong tron (Oy, O3), (O, O3),
(Os, O1) ciing thuoc mot duong thing. Hai tdm vi ty trong ciia hai trong ba cdp dwdng tron trén
va tdm vi tu ngodi ciia cdp dwong tron con lai cing thudéc mot duong thdng.
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Chiing minh. Ta chiing minh dinh ly trong truong hgp ba tdm vi tu ngoai, truong hgp con lai
ching minh tuong tu. Goi tdm vi ty ngoai cla cac cap duong tron (O1, O3), (02, 0s3), (O3, 01)
lan lugt la Ag, Ay, Ay. Khi d6

A102 ] A203 ] A301 . RQ Rg Rl o
A103 AgOl A302 B R3 Rl RQ B

Theo dinh Iy Menelaus ddo cho AO; 0,03 va bo ba di€ém A;, Ay, A; thi ta thu dudc A, A,, As
thang hang. [

Quay lai cau (a) bai todn,

Chiing minh. Ta ¢c6 AO; | KC nén (AKL) tiép xic (BK D) tai K hay K 1a tAm vi ty trong
clia hai dudng tron nay. Tuong tu L 1 tim vi tu trong ctia (AK L) va (CLD). Ap dung dinh ly
Monge D’alembert cho ba duong tron (AK L), (BK D), (CLD), tacéd K, L va tadm vi tu ngoai
clia (BK D), (CLD) thing hang. m

O bai todn trén, ta thiy tinh chat AKX = AL tuy dé chiing minh nhung lai 12 mot trong cic miu
chdt cia bai toan. Ngoai ra, cAu hinh trén con nhiéu diéu can ban luan hon. Phan sau tic gia xin
gi6i thi€u mot vai hudng khai thac tu bai toan.

Bai toan gdc 1a mot ciu hinh dep, trong ciu hinh d6 ta sé con thay rit nhiéu bai todn thi vi khéc.
Bai toan dau tién nay dudc tdc gia tim ra trong viéc ¢ ging giai quyét bai toan theo hudng bién
ddi goc.
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Bai toan 3.2.1. Cho AABC ¢6 duong cao AD, BE, CF déng quy tai H. Trén cdc doan thing
BE, CF ldn lugt ldy cdc diém K, L sao cho ZALB = /AKC = 90°. Gid sit (BK D) cdt
(CLD) tai diém thit hai X. Chitng minh rang HLX K la t gidc diéu hoa.

A

B % C
X
Chitng minh. Goi Oy, Oy 1an lugt 1a tam ctia (BK D) va (CLD). Ap dung hé thic lugng trong
NAKC,tacé AK? = AE - AC. Tuong tu AL? = AF - AB. Mit khac do BFEC noi tiép nén
AF - AB = AE - AC. Nhu viy AK? = AL?> hay AK = AL. Tacé ZAKC = 90° nén K nam

trén (AF DC). Do d6
LDKC = £ZDAC = ZKBD,

tic 12 K C 1a tiép tuyén cta (BK D). Tit d6 ta dugc A, K, O, thang hang. Tuong tu A, L, O,
thang hang. Goi R 1a giao diém ctia K L va O;0,. Ap dung dinh Iy Menelaus cho A AO, 0, véi
bd ba diém thang hang R, K, L, ta cé

RO\ LO, KA _,
RO, LA KO,

tuc la
RO, _ KO, Rk

R02 L02 N R(CLD) ’
Chiing t6 R 1a tim vi tu ngoai cia (BK D) va (CLD). Thong qua bién d6i goc, ta c6

LKXL=/KXD+/LXD=/KBC+ /ZLCB =180°—- ZKHL.

Do d6 tif gidc K HLX ndi tiép. Tacé AK? = AF - AB = AH - AD nén NAKH ~ ANADK.
Nhu thé

KH AH

KD AK’
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Tuong tu,
LH AH
LD~ AL’
Do do
KH KD
LH LD
Mic khac
KD KX
LD~ LX
do K L di qua tiép tuyén chung ngoai ctia (BKDX) va (CLDX). Nhu vay
KH KX
LH LX
hay HLXK 1 ti gidc didu hoa. 0

Tir két qua trén, ching ta c6 mot bai toan dep do thiy Lé Viét An d& xuit nhu sau.

Bai toan 3.2.2. Cho AABC ¢ duong cao AD, BE, CF dong quy tai H. Trén cdc doan thing
BE, CF ldn lugt ldy cdc diém K, L sao cho ZALB = ZAKC = 90°. Goi U la trung diém
ciia K L. Goi P la giao diém cia BL va CK. Chitng minh rdng ti gidgc HU P D néi tiép.

Loi giai bén dudi sé dudc tiép tuc bing nhiing két qua ctia Bai toan 3.2.1.

A

Chiing minh. Goi X la giao diém thi hai cia (BK D) va (CLD). Do P la giao diém cia tiép
tuyén K C cta (BK D) va tiép tuyén LB cta (CLD) nén P nim trén truc dang phuong cta
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(BKD) va (CLD) hay P, D, X thang hang. Do K H L X 1a ti gidc diéu hoanén HX, HU la
hai dutng dang giac trong AK H L. Ta can chitng minh

ZHDP+ ZHUP = 180°

hay
/ZHDP+ ZHUK = 90°.
Ta co
/HUK = /UHL+ /HLK = /KHX + ZKXH.
Mat khac,
LHDP =/XHD + /ZHXD.
Do do
/HDP+ /HUP =/KXD+ /KHD = /KBD + /KHD = 90°.
Vay tii gidc HU PD ndi tiép. 0

Cubi cling, tic gia sé dua ra mot s6 md rong ciing nhu bai tap d€ ban doc rén luyén thém vé cic
tinh chét thd vi nay.

O bai toan gbc, ta thiy tinh chit vuéng géc khong dugc ting dung nhidu ma chi ding tinh chét
clia tf gidc noi tiép, nhu thé ta c6 thé phat trién v mé rong bai todn nay.

Trong bai toan gbc, hai diém E, F chinh 1a giao diém cta dudng tron dudng kinh BC véi cac
canh CA, AB. Viy ta c6 thé thay dudng tron dudng kinh BC' thanh mot dudng tron bat ki. Tur
do, ta di dén két qua sau.

Bai toan 3.3.1. Cho AABC nhon. Mét dwong tron di qua B, C' cdt cdc canh C A, AB ldn lugt
tai E, F. (AEB) va (AFC) cdt nhau tai D. (AEB) cdt doan thang CF tai L. (AFC) cdt doan
thing BE tai K.

a) Chitng minh rang cdc tiép tuyén chung ngodi ciia duong tron ngoai tiép hai tam gidc
DBK va DCL cdt nhau trén K L.

b) Cdc dwong thing DK, DL ldn luot cdt EF tai M, N. Goi P la giao diém ciia BL va
CK. Chitng minh rang AP, BN, CM déng quy.

Bai toan 3.3.2. Cho AABC nhon. Mét dwong tron di qua B, C' cdt cdc canh C A, AB ldn lugt
tai E, F. (AEB) va (AFC) cdt nhau tai D. (AEB) cdt doan thang CF tai L. (AFC) cdt doan
thing BE tai K. Goi X la giao diém thit hai ciia (BK D) va (CLD). Goi tam vi tw ngodi ciia
(BKD) va (CLD) la R.

a) Chiing minh rang RX tiép xiic (KLX).
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b) Tiép tuyén qua R khdc RX ciia (KLX) tiép xiic (KLX) tai H. Goi U la trung diém ciia
K L. Goi P la giao diém ciia BL va CK. Chitng minh rdng HU P D ndi tiép.

Tac gia xin dé xuat thém mot s6 bai toan lién quan dén dinh Iy Monge D’alembert dé ban doc
ren luyén thém.

Bai toan 3.3.3 (IMO Shortlist 2007). Cho tit gidc 16i ABCD. P la mét diém trén canh AB.
Goi (I), (1), (Iy) lan luot la la duong tron néi tiép tam gidac DPC, APD, BPC. Gid sit (I)
tiép xiic véi (1), (I) ldn luot tai K, L. AC giao BD tai E, AK giao BL tai F. Chiing minh
rang E, I, F thdng hang.

Bai toan 3.3.4. Cho AABC, P la diém ndm trong tam gidc sao cho AB + BP = AC + CP.
BP, CP giao AC, AB ldn luot tai Y, Z. Chitng minh rdng tdm vi ty ngodi ctia duong tron nji
tiép cdc tam gidc APY va APZ ndm trén BC.

Dau tién, ta s& dén v6i mot cau t& hop dudc ra trong dé tiéu thu ctia Truong Pong Toan hoc
mién Nam nim 2018.

Bai toan 4.0.1. Trong duong tron tam O bdn kinh bdng 2, cho 52 diém Ay, As, ..., Ass théa
man voi moi ¢ = 1,...26 thi Ayy_1Asg > 1. Chitng minh rdng ludn ton tai ba sé tw nhién i, 7j,
k théa i < 7 < k déoAZAk > A]Ak

Dudi day 1a mot hinh minh hoa cho bai toan trén.
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Cam gidc rang khi c6 nhiéu diém hon thi cac diém sé& gan nhau hon. Khi d6, bd 3 s6 tu nhién 4,
4, k s& dudc sinh ra. D€ tim dudc 3 s6 i, j, k nhu vy, ta sé dua vao tinh chit véi moi ¢ = 1,26
thi Ay,_1 Ay, > 1. Tas€ coi j la 2¢g — 1, k 1a 2¢. Luc nay, cong viéc cua ching ta la tim 7 sao
cho A;A;, < 1.Y tudng don gian 1a xét i ciing c6 dang 2¢. Ta c6 15i giai nhu sau.

Chitng minh. Xét cac diém Ay v6i k = 1,26. Ta chiing minh ring ton tai hai diém trong s6
26 diém d6 c6 khoang cich nhoé hon hoic bang 1. Gia st phan ching hai diém bt ki trong sb
chiing déu c6 khoang cich 16n hon 1. Khi d6 céc hinh tron c6 tim 12 céc diém Ay, véi k = 1, 26,
ban kinh bdng 1 ludn rdi nhau va chia trong hinh tron (O, 2) . So sanh tdng dién tich ciia 26
hinh tron nho va hinh tron 16n tim O, ta cé

1\? 5\
20| =) < -] .
"(2) = (3)
BAt dang thiic trén sai vi 26 > 25. Do d6, tdn tai hai diém trong sb cac diém A,y véi k = 1,26

¢6 khoang cach nhd hon hoac bﬁng 1, gia st la Ag,,, Ao, m < n.Pati = 2m, j = 2n — 1,
k = 2n, ta c6 diéu can chiing minh. ]

Bai toan nay xuét phat tif mot tinh chit kha dep ctia mot loai ham s6, dudc goi tén 1a ham sb
tu co rit (self-contracted). Mot ham sd f: (0, +oo) — R™ dudc goi l1a tu co rit néu véi moi
a,b,c €I C (0,40),a <b < cthid(f(a),f(c)) > d(f(b), f(c)). Moi ham s tu co rit, bi
chin déu hdi ty, tdc lim,_,,  f(z) = a € R™. Ldi dung tinh cht nay, tac gid da dua ra mot bai
toan trong trudng hop don gian hon. Bai toan dugc phat biéu 1a tinh chét tu co rit dbi v6i ddy sd
thuc, dudc dé nghi cho cau ddy s6 ngay thi thd nhat.

Bai toan 4.0.2. Cho day s6 {a,},, . - Day {an}, o duoc goi la dep néu nd bi chdn va ton tai
s6 tu nhién ng € N* sao cho vdi moi i, j, k € N*, ng < i < j < k thi ta luén cé

la; — ag| > |a; — ay . 3)

a) Cho mot vi du vé mét ddy sé hoi tu nhung khong dep.

b) Chitng minh moi ddy sé dep déu hoi tu.

Chiing minh.
a) Xét day s6 {a,}, . cho bdi a, = —%. Day s6 trén hién nhién hoi tu vé 0. Ta ching

minh {a,}, . khong dep. Gia sit {a,}, .. dep. Khi do, ton tai sO ty nhién ny € N* sao
cho v6i moi 4, 7, k € N*, ng < i < j < k thita luén co

a; — ax| > a; — ag|.

Tuy nhién, xét i = 2ng, j = 2ng + 1, k = 2ng + 2, tacd

| | 1 N S |
a; — ay| = — — = |a; — ag| .

M ony  2mo+2 2mg+1  2mpgt2 TH
Do do, {an}, - khong dep.
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b) Ta chiing minh moi day s0 dep déu hoi tu. Gia s ton tai {a,, }, .. 12 ddy s dep va khong
hoi tu. Khi d6, {a,,}, .- bi chdn va khong phai ddy Cauchy. Do {a,,}, .. bi chin nén ton
tai M > 0 sao cho |a,| < M v6i moi n € N*. Do {a,},, . khong phdi diay Cauchy nén
ton tai € > 0 sao cho véi moi ny € N*, ton tai m, n > n, thoa

|y, — an| > €.
Chon ny = 1, ta tim dudc m; > n; > 1 thoa

|@m, — an,| > €.
Chon ng = my + 1, ta tim dugc mao, ny > mq + 1 thda

|y — any| > €.

Xay dung véi cach tuong tu, ta thu duge mot day {b, }
man v6i moi n > 1, ta ludn c6

nene 1 dy con clia {a, }, . thoa

|bok—1 — bog| > €.

Do {b,},cy- 12 day con cta {a,}, . nén {b,}, . cling dep. Xét cdc s6 boy,, k € N*.
Néu ton tai hai s6 by;, by, i < k théa man |by; — byy,| < 1 thi bod ba s 2i, 2k — 1, 2k khong
thda man (3). Ngudc lai, néu khong ton tai hai sb nhu vy thi cac tap (me — %, bay, + %)
khong giao nhau. Diéu nay 1a vo 1i vi c6 vo han tap nhu thé chia trong tap (—M, M). Do

do, {a, }, - hoi tu.
Tom lai, bai toan da dugc giai xong. ]

Ngoai cach chitng minh nay, ban Poan Cao Kha, mot thanh vién ctia doi huin luyén vién ciing
c6 mot 16i giai khac, st dung dinh 1i Bolzano-Weierstrass. Ban doc c6 thé thi st dung gdi y nay
d€ c6 cach gii khac cho bai todn. Tuy nhién, do 13i giai 1a thuan 1i thuyét (st dung ddy Cauchy
hoic dinh 1i Bolzano-Weierstrass) nén c6 phan khong phut hdp véi mot bai day sd ngay thi thi
nhat. V& dinh 1i téng quét vé tinh chét tu co rit trong khong gian nhiéu chiéu, day 12 mot két
qua trong todn cao cp, ban doc thuc su cdm thiy yéu thich chi dé niy c6 thé tim doc & tai liéu
[2]. Trd lai véi bai toan dau tién, ta thly y tudng dé& c6 ducc Bai toan 4.0.1 chinh 13 qua trinh
chiing minh diy diém tu co rit hoi tu. Xét diy diém bi chiin, khong hoi tu, ta cAn chiing minh
day khong tu co rit. Do day diém khong hoi tu, tuong tu bai todn 2, ta sé xdy dung dudgc day
vO s6 di€ém A;, A,, ... théa man v6i moi k € N* thi Ay,_1 Ay, > e. DE tién cho viéc trinh bay
todn, tic gia di cho ¢ = 1 va day bi chiin trong hinh tron ban kinh bang 2. Thuc té 12 véi cach
chitng minh nhu Bai todn 4.0.2 (xét cic dudng tron c6 tam la cac diém chén), ta khong can dén
v s6 di€ém ma chi can 52 diém dé€ chiing minh bai toan 1. Cau héi dit ra 1a liéu 52 ¢6 phéi 1a
con s6 tbi uu cho bai todn nay hay chua? Cau héi nay xin danh cho ban doc tra 1.

Bai toan 4.0.3. Trong duong tron bdn kinh bang 2, cho 2n diém A, A,, ..., As, théa mdn vdi
moi k = 1,n thi Agp_1As, > 1. Tim s6 n nhé nhdt sao cho trong moi tdp hop diém nhu trén,
Iuén ton tai ba sé tw nhiéni, j, k, i < j < k < 2ndé A; Ay, > A Ay.

Ngoai ra, ta ciing c6 thé c6 dudc thém mot bai toan trong khong gian ba chiéu, véi cach ra dé
tuong tu Bai toan 4.0.1.
Bai toan 4.0.4. Trong khéi cdu tam O bdn kinh bang 2, cho 452 diém Ay, As, ..., Auss thoa
man vdi moi q = 1,226 thi Ay, 1 As, > 1. Chitng minh rdng ludn ton tai ba sé tw nhién i, j, k,
i <j<kdéAAr > AjA;.
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http://mathworld.wolfram.com/dAlembertsTheorem.html

[4] Nguyén Vian Linh, Monge D’alembert theorem.
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NHUNG CO HOI MO RA SAU NGAY HOI
TOAN HOC MO

Bai: Pham Hy Hung, anh: Manh Tung

Sang 9.12, gan 1.000 sinh vién, hoc sinh thudc nhiéu trudng dai hoc va trung hoc phé thong &
TP.HCM va mot s6 dia phuong khac 6 Nam bd da tham du Ngay hoi Toan hoc mé (MOD) tai
Truong Pai hoc Sai Gon. MOD 2018 tai TP.HCM la chudi cic hoat dong bao gom trién lam
"Nhiing  ctfa toan hoc" véi cic mé hinh todn dudc in bang mdy in 3D, vira truc quan toan hoc,
vita nhu tic phAm nghé thuat va nhiéu gian hang clia cac don vi vé gido duc toan (Todn IQ, todn
cho tré em, toan tiéng Anh, toan cho hoc sinh, sinh vién) va STEM (Robotics, American Stem,
mo hinh cau lac by STEM) cuing mot s6 don vi xuét ban sach... Trong tim ciia ngay hoi 1a hoat
dong chuyén mon c6 chi dé "Toan hoc khong xa cach" véi bai gidng "Todn hoc trong tri tué
nhan tao" va toa ddm "Hoc toan d€ lam gi?".

Hinh 1: Toa dam "Hoc Toén d€ lam gi" tai MOD 2018.

Su kién da thu hit sy tham du ctia nhiéu tén tudi trong nganh toan nhu GS. TSKH Ha Huy Khodi,
nguyén Vién truéng Vién toan hoc, PGS TS Lé Minh Ha - gidm dbc diéu hanh Vién Nghién ctiu
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Hinh 2: GS Ha Huy Khodi phat bi€u tai MOD 2018.

Cao cip vé Toan (VIASM); GS Ho Tii Bao tiing 1am tai Vién Khoa hoc va Cong nghé Tién tién
Nhat Ban (JAIST), gidm dbc phong thi nghiém khoa hoc dit liéu tai Vién Nghién ciiu cao cip
vé Toan va hién 12 giam ddc Vién John von Neumann (Pai hoc Qubc gia TP.HCM); GS Nguyén
Hung Son (DH Warsaw, Ba Lan); Nha gido Nguyén Khic Minh, Phé tdng bién tap Tap chi Pi;
TS Nguyén Thanh Nam - Phé Chii tich HPQT trudng Pai hoc FPT, Cha tich Dai hoc truc tuyén
FUNiX; TS Tran Nam Diing - Phé hiéu trudng trudng Phé thong Ning khiéu (Pai hoc quéc gia
TP.HCM), PGS TS Pham Hoang Quan - Hiéu truéng trudng Pai hoc Sai Gon...

MOD da gay mdt hiéu dng truyén thong tot khi c6 khoang hon 30 ban tin, bai bdo da xuit hién
trude va sau khi su kién nay dudc dién ra. Noi dung bai gidng, cdc y kién phat biéu tai toa dam
da dugc nhiéu tin, bai phan 4nh.

Bai viét trén Epsilon muén nhin manh dén mdt cau chuyén khic dugc trao ddi tai MOD bén
canh cdc hoat dong ké trén.

Gip g3 cac nha téan hoc, ban t5 chifc sau khi két thiic cac hoat dong chinh ctia ngay hdi, dng
Hoang Nam Tién, Chii tich Cong ty phan mém FPT néu 1én mot nhu cau thuc té FPT dang rét
can nhiing nhan su dudc dao tao chuyén siu vé toan va todn ting dung & cac nganh hoc miii nhon
hién nay dang phat trién rit nhanh 1a Tri tué nhan tao (AI) va hoc mdy (machine learning). Ong
Hoang Nam Tién mong ring trong tuong lai gin, cac trudng dai hoc sé chi trong hon dén viéc
dao tao dé€ dap ing nhu ciu nay. Ong Hoang Nam Tién khang dinh, sap t6i FPT sé wu tién nhan
ngudi tot nghiép dai hoc vé Al hoic machine learning véi miic luong va ché d6 dai ngod c6 thé
canh tranh dudc véi cac cong ty nudc ngoai.
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Hinh 4: Hoc sinh va sinh vién tham gia cac hoat dong tai MOD 2018.
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Hinh 5: TS Tran Nam Diing tr3 18i phdng vin vé MOD

Theo TS Tran Nam Diing, trong hai nim lién tiép, mién dong va mién tdy nam bd déu c6
hoc sinh dat huy chuong toan qudc té (IMO). Thanh tich huy chuong vang IMO 2017 cia
Hoang Hitu Quéc Huy (Ba Ria- Viing Tau) va huy chuong dong IMO 2018 ctia D6 Hoang
Viét (Pong Thap) 1a niém khich 1¢ mang dén nhiéu cam hiing cho hoc sinh & céc tinh mién
tdy va mién dong Nam bd.

TS. Huynh Quang Vi, Truéng Khoa Toan — Tin, Truong Pai hoc Khoa hoc Tu nhién, Pai hoc
qudc gia TPHCM va TS. Phan Hoang Chon, Truéng Khoa Toan — Ung dung, Trudng Pai hoc
Sai Gon cung bay td mong mubn lam sao nam dugc nhu cau cla cac doanh nghiép dé c6 thé
"d6n dau" viéc dao tao.

PGS TS Lé Minh Ha - gidm dbc diéu hanh Vién Nghién ctiu Cao cip vé Toan (VIASM) ciing
cho ring chiing ta c6 thé da sai 1am khi da c6 thdi cii n6i 1am toan co ban 1a. .. nghéo va viée d6
khién x nhiéu ngudi e ngai hoc toan. Thuc té hién nay da thay d6i, rat nhiéu co hoi méi da dugc
md ra.

Vé diéu nay, TS. Huynh Quang Vii va TS Phan Hoang Chon déu dong y va gidi thich thém, néu
cid n6i dén hoc todn chi dé nghién ctiu, giang day hoic 1am 1y thuyét nhu tif trude téi nay thi van
khé thu hut sinh vién theo todn. Nhung néu theo nhiing chuyén nganh toan tng dung dang c6
nhu cau cao clia xa hoi thi nganh toan ciing sé& thém siic hip din d6i véi sinh vién. Hoc todn va
toan ting dung ra trudng c6 viéc lam &n dinh, luong cao thi chic chan toan sé hap dan sinh vién.

V6i bé day gan 40 nim nghién ctiu vé tri tué nhan tao (AI) va hoc mdy (machine learning), GS
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Hinh 6: GS Ho Td B4o phat biéu tai MOD 2018.

Hd Ti Bao cho rang hoc toan sé c6 nhiéu co hdi viéc 1am, nhit 12 trong bdi canh chuyén ddi
cong nghé s6 dang dién ra rAm ro hién nay. "Mubn lam cach mang phai c6 luc lugng. Mudn lam
cach mang cong nghiép 1an thi tu phai c6 ngudn nhan luc s&", GS Ho Ti Bao da viét nhu vay
trén tap chi Tia Sang. Khi dudc yéu cau néi thém vé& nhan luc sb trong cudc toa dam tai MOD
2018, 6ng nhan dinh: “Chiing ta dang séng trong thdi dai s6. Khai niém Al bay git ngudi ta
nhin rong hon, nhung c6t 16i 1a chd nao dung dit liéu mot cach khon ngoan thi d6 1a tri tué nhan
tao. Ma dit liéu 12 nhiing con s6. Khéi luong cong viéc hién nay lién quan dén todn rat 16n. Néu
vilia ¢6 kha ning dung todn viia biét cong nghé thong tin, tiic ¢6 kha ning phan tich dit liéu thi
do chinh 1a cong viéc cua tuong lai”.

GS Nguyén Hung Son ciing nhin manh dén vai tro ctia todn ddi véi nhan luc sb: “Lam tri tué
nhén tao, 1am khoa hoc dif liéu hién nay 1 nhitng ngudi phai c6 day di cac kién thifc khong chi
mot nganh ma da nganh. Nhiing ngudi 1am khoa hoc dit liéu tt thi cAn phéi c6 kién thiic vé tin
hoc, d6 1a hién nhién. Phai c6 kién thic tot vé todn hoc, phai c6 k§ ning mém dé néi chuyén véi
khach hang. Phai c6 nhitng kha ning biéu dién két qua...”.

Ong Hoang Minh Chéu, cuu hoc sinh chuyén Toan AO- Pai hoc Tong hgp Ha Noi, mot trong
nhitng thanh vién sang 1ap FPT, nguyén Phé Chd tich Hoi ddng Quan tri FPT cho ring Viét Nam
c6 thé manh vé toan. Thé manh d6 thé hién & doi ngii gidng day todn hién nay & cac trudng dai
hoc ca trong va ngoai nudc, & cac thé hé hoc sinh dam mé va theo hoc toan va ci & cac phong
trao hoat dong vé toan. Ciing gidng nhu GS Hd Tii Bao, 6ng Hoang Minh Chéu cho ring trong
thoi dai cong nghé 4.0 hién nay, toan hoc dang md ra nhitng cd hdi méi cho ban tré.
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N 4

Hinh 8: Thiy gido Nguyén Khic Minh phat biéu tai MOD 2018.
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EPSILON, MOD, BM2E VA TINH THAN
TINH NGUYEN

Tran Nam Diing

MOD 2018 tai Tp HCM di dudc t6 chiic thanh cong. Bai viét cia anh Pham Hy Hung sé mang
lai mot biic tranh toan canh kha ddy di vé Ngay hdi todn hoc md nay. O day t6i mubn viét vé
dong luc ding dang sau cac hoat dong thanh cong thdi gian vira qua: tinh than tinh nguyén.

Céch day 10 nim, vao dip cudi nim 2008, t6i di chinh thiic r8i FPT sau 13 nim cong tic dé
danh thdi gian cho mot Ap : xiy dung phong trao chuyén todn cho cic tinh phia Nam. Véi vai
trd chi 12 mot gidng vién cia mot trudng Pai hoc, t6i chon cach tiép can xa hdi héa, tinh nguyén
va tranh thi su Ging hd clia cd nhan va tap thé.

Thé rdi cdc Seminar todn so cap, CLB todn hoc Lé Hong Phong, Loi gidi va binh luan dé thi
céc tinh va cdc thanh phd, Li giai va binh luin VMO, Trai hé toan hoc 2009, Gip g6 toan hoc,
trudng dong toan hoc, tap chi Epsilon da ra doi. Pa s cic hoat dong van tiép tuc dén ngay hom
nay.

Mot dic di€ém chung clia cic hoat dong nay 1a c6 chét lugng chuyén mon t6t nhung lai it ton
kém, da s6 12 mién phi, con néu c6 phi ciing rit nhé. Ching han khi tdi 1am CLB to4n hoc Lé
Hong Phong, toi xin anh Tran Pic Huyén (lic d6 1a hiéu phé nha trusng) 1.000.000/thang cho
20 hoc sinh LHP, cdc em & trudng khac nhu PTNK, Tran Pai Nghia, Nguyén Thuong Hién ...
mudn tham gia thi déng 50.000/th4ng (va thudng thi quén déng ciing ... khong sao).

Xuat ban Epsilon, mot tap chi c¢6 chit luong t6t (vé ca ndi dung va hinh thiic), ¢ chi phi rat
thip, gan nhu t6i thiéu.

Khi t6 chiic nhiing su kién 16n nhu Trai hé toan hoc 2009, MODs 2017, MOD 2018 thi can
nguon tai trg. R4t may mén 12 ludn c6 dii nhitng ngudi tai trg nhu vay. Tai MOD 2018, ngoai su
dong gop vé tai luc, vat Iu va nhan luc ctia 3 don vi td chifc chinh 12 VIASM, SGU va HCMUS
cung 17 don vi tham gia gian hang thi BM2E ciing c6 nhiing déng gép ddng ké nhung tham
ling: chi phi m&i khach mdi, chi phi cho d6i STEM Nam Truc du MOD, chi phi truyén thong,
chi phi thiét k&, in 4n va dong phuc, chi phi phti wifi, chi phi Gala-dinner danh cho céc VIP, qua
ting cho cic VIP, mot phan chi phi viin nghé, chi phi quay phim va chup 4nh ... tit cd déu dugc
14y tif cac nguodn tai trg cia BM2E. Da s6 cdc nha tai trg cd nhan déu khong mudn néu tén, nén
& day toi chi mubn nhic dén su trg gitip ctia mot s6 don vi : Titan Education, FPT Software,
Funix, NXB Kim Pong, CNC BROS. CO. LTD. Khong c6 su déng gép ctia cdc nha hdo tim,
chic chin 1a BTC sé rat kho khin va khé 1ong c6 thé t§ chic dudc mot MOD hoanh trang va
hiéu qué nhu da dién ra.
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Thanh céng ctia MOD 2018 va ctia cac hoat dong da, dang va sé dién ra cia BM2E gtii dén cho
chiing ta mot thong diép ngam: tinh than tinh nguyén c6 mdt siic manh khiing khiép. Chi can
lam viéc t6t, chiing ta s& dugc tng ho. Va c6 thé 1am dudc nhiing viéc 16n lao. Vi thé, hdy lam
viéc t6t. Chung tay 1am viéc tot.

Cudi cuing, xin gti dén ban doc noi dung mot 14 thu ma toi da glii dén vo chong clia mot nha tai
trg, qua do toi giai thich cac nguyén tac van hanh, dong cd bén trong cia BM2E.

Kinh giti anh chi
Em gidi thich kyj mét chiit vé tinh than va co ché ciia BM2E

BM2E la mét phong trao tinh nguyén, khong cé yéu té kinh doanh. BM2E cdn mot sé nguon tai
tro dé’lam tot hon, nhung sitc song ciia no khong phu thuéc qud nhiéu vao nguén tai tro. Béi vi.

Mot la: Cdc hoat dong ma BM2E la hoat dong xa hoi hoa, khong dem cdi gi di cho khong.
Nguoi thu hudng ciing phdi mdt tién, chi la it hon ddng ké’so vdi binh thuong. Vi du thay vi phdi
c6 10M mdi moi duoc 1 thdy gido vé day trong 1 ngay thi nay chi can 3M. Sdch mua tir nudéc
ngoai vé trudc ddy thuong gdp doi gid bia (do phi ship va trung gian) thi nay thdp hon gid bia.
Quyén sdch gid 50 USD chi mdt Itriéu VND.

Lam sao minh lam dugc? D6 la gid tri ciia BM2E. Minh lam dugc nho minh té chiic tot, c6 su
uing ho va cd tinh than tinh nguyén é moi ngudi tham gia

Hai la: BM2FE co nhitng hoat dong co thu nhu 16 chiic thi, xudt bdn sdch, lam dé thi theo don
dcit hang. Trén tinh than BM2E thi I¢ phi thi rdt nhd, nhung do minh t6 chiic tot va cé su iing
ho cua cdc tinh nguyén vién nén chi phi ciing la tdi thiéu, tic do ma cé sé du. Phdn lam dé thi
theo don ddt hang ciing rdt trién vong, vi minh lam tot thi tiép tuc c6 don hang (hién nay dd co
Singapore, Myanmar, Philippines ddt hang).

Ba la: BM2E néu dem ra nudc ngoai thi rdt hiéu qud. Nguoc vdi VN, noi ¢6 nhiéu nguoi gioi
nhung thiéu tién thi & nhiéu nudc, ho cé tién nhung khong cé nguoi gidi, néu cé thi phi rdt ddt.
Cho nén minh cé thédao tao GV dé cung cdp cho cdc nudc trong nhiing dot day ngdn. Em dd
tung sang Myanmar day 5 ngay (thuc day chi 2 ngay) ma thu nhap lén dén 3.000 USD. Chinh
tir nguon tién nay ma ndm ngodi em iing trudc mua sdch tie My vé bdn cho ban doc cd nudc véi
gid ré (da thu héi von). Sau nay minh cit nguoi di, liic vé moi nguoi co thé trich

Bén la: O phan dao tao GV, ban ddu cdn mét it tién dé’khdi dong, tao cii hich. Nhung sau nay,
khi bdn thdn GV ho y thitc dwoc di hoc la cdn thiét dé'tding ndng sudt lao déng (mét gio day todn
tiéng Anh hay todn 1Q duwoc trd gdp déi, tham chi gdp 3 gio binh thuong) thi ho sé khong ngai
bé tién di hoc. Duong nhién trén tinh than khong ldy kinh doanh la muc dich, hoc phi vdn luén
vita sitc. Dut chdt lugng luén ddt 1én hang dau. Tinh than cia bon em la dit lam tinh nguyén, ldy
it tién nhung chdt lwong va thdi do phuc vu vdn phdi tét nhdt.

Puong nhién, néu cé nguén tai tro tot thi bon em sé lam tot hon, to chitc dugc nhitng hoat dong
cong dong chdt luong (nhw Ngay hoi todn hoc md, Bai gidng dai chiing, Tap chi Online, trao
cdc gidi thudng cho cdc cd nhdn va té chitc cé dong gop hiéu qud cho phong trao ... )

Kinh thu

Em Nam Diing
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