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La chiéc xe chay bang ning luong "tinh nguyén" Epsilon tiép tuc 12 mot san phdm tip thé cia
cac tdc gia dén tli trong va ngoai nudc, thudc nhiéu thé hé, dai dién cho nhiéu nganh nghé.

Pugc dinh huéng bang tinh than tu do, Epsilon sé khong c6 mot khuon khd chung nao vé noi
dung 14n phong céch, ngoai tri viéc chac chin cic bai viét & nhiing mifc do khac nhau sé lién
quan dén toan va nhitng ngudi yéu toan.

Pugc xay dung v6i phuong cham “du 1a sén pham mién phi nhung phai that chuyén nghiép",
Epsilon 15 ciing nhu céc sb trude ctia Epsilon sé dudc bién tap va trinh bay rat can than, chin
chu.

Epsilon s 15 sé lai tiép ndi con dudng tinh nguyén ctia 14 sd Epsilon di truéc, dé roi sé lai ¢6
Epsilon 16, Epsilon 17, ... nhiing tic phdm dem vé dep toan hoc dén cho moi ngudi, noi nhiing
ngudi yéu todn c6 thé chia sé nhitng diéu minh tam dac.

Va bay gio, moi cac ban cung doc Epsilon 15.
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KHAM PHA CAC CHIEU AN GIAU
CUA KHONG THOI GIAN

Nguyén Ai Viét
(Vién Cong Nghé Thong Tin, Pai Hoc Quéc gia Ha Noi)

GIOI THIEU

Chiing ta séng trong khong gian bao nhiéu chidu? Tai sao ching ta thudng quan niém
khong gian ma ching ta dang séng lai c6 3 chiéu va thdi gian chi c6 1 chiéu? Néu c6
nhitng chiéu con bi 4n gidu, 1am thé nao d€ kham phd ra ching? Néu cic chiéu 4n gidu
la gidn doan, ching ta c6 thé dinh nghia dao ham theo cac huéng gidn doan. Hinh hoc
Riemann md rong sé bao gdm tit ca cic tuong tac vat Iy ma chiing ta biét. Cau triic todn
hoc dugc xdy dung mot cach thi cong dua trén truc gidc don gian nhu vy din dén hinh
hoc khong giao hoan, mdt trong nhiing cAu triic hinh hoc tdng quat va hién dai nhat. Noi
dung ctia bai viét dua trén bai gidng dai chiing nhan ngay hoi Toan hoc 2017. Qua d6 tic
gia ciing trao ddi vé mot cach dao tao Toan hoc khac so véi luyén thi cho cic ky thi Todn
Qubc té.

Giai thudng Nobel nam 2017 dudc trao cho R.Weiss, B.Barish va K. Thorn vé viée quan sat dudc
song hip dan tai LIGO vao ngay 14 thang Chin nim 2015. Day 12 chiing minh thuc nghiém cudi
cung cta hinh hoc Riemann 4 chiéu, trong d6 3 chiéu khong gian va 1 chiéu thdi gian, do
A Einstein va D.HIIbert xdy dung nim 1915. Dua trén Iy thuyét nay A Einstein da tién doan su
ton tai cia séng hap din vao nim 1916.

Hinh hoc Riemann 12 hinh hoc ctia khong gian Euclide 4 chiéu bi cong di. D€ dé tudng tuong,
chiing ta sé xét mot khong gian 2 chiéu bi cong di nhu trong Hinh 1. M6t cach truc gidc, chiing
ta sé tudng tugng c6 mdt mit phang dan hodi, 1am bang cao su chang han. Néu chiing ta dit mot
vt ning 1én mit cao su do, vat ning sé tao nén mot chd 1om va mit cao su trd nén cong di xung
quanh vat ning d6. Néu chiing ta thd mot vién bi 1én mit cong, vién bi sé bi "hiit" vé phia vat
nang.

Einstein cling quan niém nhu viy trong khong thdi gian 4 chiéu, cac vat c6 khoi lugng s& lam
cong khong thdi gian xung quanh chiing va hiit cac vat c6 khdi lugng khac. Nhu vay, tuong tc
h4p din c6 ban chit hinh hoc, mo ta dd cong ctia khong thdi gian.
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Hinh 2: Sdp nhdp hai 16 den tao ra séng hdp dén

Khi chiing ta xem xét cac chiéu khong gian binh dang véi chiéu thdi gian, cc dai lugng hinh hoc
khong con cb dinh nifa, cdc khai niém do cong, do dai, géc déu thay ddi theo thdi gian. Chinh
su dao dong, nhay nhot va truyén tin hiéu nay 1a séng hip dan. Tin hiéu séng hip dan quan sat
dudc tai LIGO la tir mot su kién xdy ra cach day 1.3 ty nidm, hai 16 den sdp nhap vao nhau, tao
thanh mot chin dong khing khiép lam bién dang vii tru (Hinh 2). Dao dong nay truyén véi van
tbc anh sang vé dén véi chiing ta sau 1.3 ty nim.

Thi nghiém tai LIGO dugc thiét 1ap tai hai dia diém cach nhau hon 3 nghin km trén nuéc My,
va cuing bat dudc tin hiéu gidng hét nhau, do dudc dao dong thay ddi bat thuong vé do do chiéu
dai v6i do chinh xdc vo cung cao vdi cac cong nghé hién dai nhit.

Nhu vy, sau 100 nim, chiing ta da chiing minh dugc quan diém khong thdi gian cong cia
Einstein-Hilbert 12 diing dan. Cau hdi con lai 1a khong thdi gian ching ta dang séng c6 thuc chi
¢6 4 chiéu hay khong?

Tir khi toan hoc méi ra ddi, ching ta da thudng nghi ring khong gian c6 3 chiéu. Chiing ta coi
diéu d6 1a hién nhién. C6 1& diéu d6 xuat phat tlif quan sit truc gidc géc phong cia chiing ta.
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Hinh 3: Gdc phong va khong gian 3 chiéu

Moi vi tri, d6 vat déu c6 thé md td bdi do cao, bé rong va bé dai, tuong ing véi khoang céch téi
tuong nha (Hinh 3).

Quan niém thdi gian vé thdi gian 1 chiéu gin lién viéc do thdi gian bang ddng hd qua lic (Hinh
4), cho du hién nay, ngudi ta do thdi gian bing rat nhiéu cong cu tinh vi hon.

Nhu vay, ching ta mo td moi su kién bdi 4 s6 thuc (z,y, z,t), trong d6 x,y va z 1a cic toa dd
khong gian, con ¢ 12 thdi gian. Theo quan niém nay, su kién hodc vi tri cia d6i tuong vat chét
ton tai dudc xac dinh bang dia diém va thai diém.

Trong vat 1y ¢& dién diéu d6 tuyét d6i ding. Tai mot thai diém cho trudc, chi c¢6 thé c6 mot su
kién x4y ra tai mot dia diém. O nha hat, trong mot budi dién, mot ghé chi gianh cho mot ngudi.
Trén mdy bay va cac phuong tién giao thong cling vay.

Quan niém vé khong gian va thdi gian clia Einstein hoan toan dua trén viéc mo ta su kién bang
4 s6 thuc nhu trén. Liéu trong thuc té diéu d6 c6 phai 1a tuyét d6i?

Chung ta sé chi ra mot sb trudng hop ma chiing ta da vi pham quan niém khong gian su kién 4
chiéu néi trén trong thuc té.

Trudc hét, trong tu duy phan dodn chiing ta cho rang tai mot thai di€ém, mot vi tri c6 nhiéu kha
ning xdy ra cic su kién khac nhau. Khi phan do4n, ching ta phai xem xét cic su kién dong thdi
va binh dang. Néu st dung cong cu hinh hoc cho viéc phan dodn nhu thé, khong gian su kién 4
chiéu khong di. Chi c6 mét chia khoéa trong chiim chia khéa mé duge mot 16 khéa trong thuc
té. Nhung trong phan dodn, cdc chia khéa déu binh dang (Hinh 5)

Tuong tu, cic co gdi can chon mot ngudi trong sd nhiéu chang trai dé t6i dam cudi chi c6 mot
chii ré dudc lua chon. Ai sé 14 ngudi chong can chon? Trong cc kha ning, nhiéu tham s6 nhu
tudi tac, sic khée, tinh nét, dao dtic, tién bac,... da phai tinh dén. Diéu d6 cho thiy khi chon lua,
cdc co gai da phai 1am viéc trong mot khong gian khong chi mo ta bdi 4 chiéu. Su kién ddm
cudi 4 chiéu, chi c6 mot chu ré phai théa man cac tham sb 4n gidu khac (Hinh 6).

Trong thé gi6i luong ti ctia d6i tugng vi md tif nguyén tif tré xudng, moi kha niing déu c6 thé

ddng thoi xay ra. Hé thic bat dinh ndi tiéng ctia W.Heisenberg cho rang moi su kién trong thé
gi6i vi md déu c6 su bit dinh vé toa do, thdi gian, xung luong va ning luong. Mot hat dién ti
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Hinh 4: Dong ho qud ldc do thoi gian I chiéu

Hinh 5: Cdc khd nang
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Hinh 6: Chii ré dugc chon nho cdc tham sé dn gidu nao?

_Uncertainty Principle

Position.® Momentum, Position
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We can know position accurately,
but not both

Hinh 7: Hé thitc bdt dinh Heisenberg

c6 thé dong thdi ton tai & nhiéu ndi trong ciing mot liic. Vi vdy tai mot dia diém, mot thdi diém
ciing c6 thé c6 nhiéu kha niing khac nhau c6 thé xay ra.

Trong thé gi6i luong tit, chiing ta khong thé trong cdy vao truc gidc chi dua trén quan sat biang
mat thuong. Moi khi ning déu phai tinh dén. Tai toa do khong thdi gian (x,y, z,t) c6 thé c6
nhiéu su kién kha di va déu "xdy ra" theo quan diém luong td. Trong thuc té, ngoai cc chiéu
vat 1y, con ¢6 cac chiéu xa hoi, tAm 1y, y thiic con phiic tap va tritu tugng hon, giy ra nhiing bt
dinh con cao hon.

Diéu d6 4nh hudng thé nao dén quan niém vé khong thdi gian?

Cac chiéu khéng thdi gian con an giau

Viéc phat hién ra cac chiéu con an gidu sé dem t6i nhiing nhay vot hét stic to 16n vé mit nhan
thic. Ching ta c6 thé 14y vi du sinh dong nhit vé su khac biét vé nhin thiic giita loai tinh tinh
bo bang 4 chan, quan niém thé giéi nhu khong gian 2 chiéu va ngudi ding thang, biét c6 thé
gidi 3 chiéu (Hinh 8).
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Hinh 8: Vit chdt va tuong tdc trong mé hinh chudn

Chiing ta s& xem xét kha ning mé rong khong thdi gian 4 chiéu ctia Einstein v6i mot sb chiéu
con 4n gidu d€ giit dugc cac thanh tyu ctia hinh hoc Riemann 4 chiéu. Bén canh d6 ching ta sé
xem xét viéc mé rong d6 ¢6 mo ta dude nhiing diéu gi bén canh tuong tic hip din va liéu chiing
¢6 mo ta dudc cdc thanh tyu mdi nhit ctia vat ly hay khong.

Bic tranh vé vat chit va cac tuong tac cla chiing ta ngay nay 1a M6 hinh chuin do A.Salam,
S.Weiberg va S.Glashow [1] dé xuit don gidn hon rt nhiéu so v6i bang tuan hoan ctia Mendeleev,
chi gdm céc hat quark, lepton, cic tuong tac manh, yéu, dién tif va hat Higgs nhu trong Hinh 8.

Trong md hinh trén vé vat chét va tuong tic, phia trai ching ta c6 6 hat quark mau tim va 6 hat
lepton mau xanh 14 cdy. Tuong tdc manh mo ta bing céc hat gluon g, tuong tic yéu va tuong tc
dién tir md ta bang cac hat photon v, Z va W mau dé. Hat Higgs H mau vang sinh khdi lugng
cho cac hat con lai.

Trong M6 hinh Chuin, c4c tuong tdc manh, yéu va dién t, dugc xay dung xuit hién nhd mot ly
thuyét dya trén doi xdng dia phuong SU(3) va SU(2) x U(1) do C.N.Yang va R.Mills tim ra
ti nim 1954 [2]. Nhu vy, ching ta c¢6 dugc tuong tac hap din 1a nhd hinh hoc Riemann trong
khong thdi gian 4 chiéu, con céc tuong tac khac c6 dudc 1a nho ly thuyét Yang-Mills. Trong Mo

10
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hinh Chuan

Cau hoi dit ra 1a: Liéu c6 thé mé rong hinh hoc Riemann ctia khong thdi gian 4 chiéu bang cach
bd sung thém céc chiéu an gidu dé c6 thé c6 dudgc tit ca cac tuong tac trong Md hinh Chuin?

Nim 1921, Th.Kaluza [3] dé xuit md rong hinh hoc Riemann 4 chiéu sang 5 chiéu. Ly thuyét
nay mo ta dong thoi tuong tac hip din va tuong tac dién tii. Einstein d Ging hd y tudng nay
cho dén cudi ddi, coi diy 1a phuong phdp d€ mo td moi tuong tac cta tu nhién. Trong thuc té,
tif nhitng nim 1980 cho dén nay, vat ly hién dai ciing phat trién theo huéng mé rong hinh hoc
Riemann vao nhiéu chiéu dé€ thdng nhit cac tuong tac bang cac ly thuyét hinh hoc: siéu hip dan
11 chiéu, ly thuyét day 26 chiéu, ly thuyét siéu day 10 chiéu. Cac ly thuyét nay déu cé nhiing
thanh tyu to 16n vé mit toan hoc va vat ly. Tuy nhién, do st dung cic chiéu compact va lién tuc
nén cic ly thuyét ndy déu chita vo han cic hat c6 khdi lugng khong quan st dudc trong thuc té.

Dé€ tranh viéc ndy, ngudi ta c6 thé nghi dén cic chiéu 4n gidu gidn doan. Chang han chiéu bén
trong c6 thé 1a N diém. Khi d6, 1y thuyét sé c6 hitu han hat, viéc tinh toan véi cic dai lugng hitu
han va kiém chiing thuc té ciing dé dang hon.

Khi khong gian cong thim chi xoan, hoic c6 nhiing dic trung topo phiic tap, ky di, viéc xic
dinh chiéu ctia khong gian nay bang truc gidc khong don gian nhu nhin vao géc phong. Chiéu
ctia khong gian dudc xac dinh nhd dao ham. Pudng cong c6 tiép tuyén tai moi diém la dudng
thang, ng v6i dao ham theo mot bién duy nhét, do dudng cong la mot chiéu.

Tai moi diém trén mot mit cong bat ky, déu c6 mot mit tiép xiic, ing véi dao ham theo hai bién
doc 1ap lién tuc, nhu vy mit cong 13 hai chiéu. Mot cich téng quat, mdt khong gian cong n
chiéu bat ky sé c6 mot khong gian tiép xic la khong gian Euclide n chiéu R, va sé ¢6 dao ham
theo n bién ddc 1ap. Nhitng khdi niém nay, hoc sinh trung hoc dii chua biét dén khong gian n
chiéu ciing c6 thé ndim dugc kha dé dang.

VAn dé dit ra nhu sau: Néu cdc chiéu 4n giu 1 gian doan, 1am thé nao chiing ta c6 thé quan sat
dudc chung.

Trong bai nay chiing ta sé chi han ché v6i mot chiéu thi 5 gidn doan, bén canh 4 chiéu khong
thoi gian lién tuc. Viéc md rong véi nhiéu chiéu gidn doan hoan toan tuong tu va dé dang.

Theo logic & trén, nhan thiic chiéu cta khong gian thong qua khai niém dao ham. Nhu vay, dbi
v6i chiéu gidn doan, dao ham sé dugc dinh nghia thé nao? Piéu nay hoan toan don gian véi hoc
sinh trung hoc. Gia st trong chiéu gidn doan thi 5 bén canh 4 chiéu lién tuc khong gian va thoi
gian ta c6 N diém zg, 71, ..., zy_1 gidn doan. D€ don gian ching ta sé chi xét trudng hop cac
diém no6i trén cach déu nhau mot khoang khong déi 6o = 1/m. Khi d6 dao ham thi 5 tai di€ém
¢ dudc dinh nghia kha truc giac nhu sau:

Os f(i) = m(f(i+1) = f(i =1))/2 (1)

11
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Déi véi cac diém & dau mit ¢ va xy_; ta ¢6 thé c6 hai cach dinh nghia. Cach thi nhét tuong
ing véi viéc cdc diém gidn doan nim trén mot dudng cong md c6 dinh nghia nhu sau:

95£(0) = m(f(1) = f(0))
Osf(N—1) = m(f(N—=2)— f(N-1)).
2)

Cach thit hai tGing véi viéc cac diém gidn doan nam trén mot dudng cong déng, dudc dinh nghia
nhu sau:

d5(0) = m(f(1) = f(N =1))/2
O5f(N—1) = m(f(N—=2)=f(N-1))/2
3)

Trong trudng hgp khong gian trong c6 2 di€ém gian doan, chiing ta sé dung khai niém dao ham
nhu sau:

95f(0) = m(f(1) - f(0))
Osf(1) = m(f(0) = f(1)).
(4)

Véi dinh nghia chiéu bén trong gin doan va dao ham theo chiéu gian doan nhu vay, chiing ta
hoan toan c6 thé xay dung hinh hoc Riemann véi cc chiéu bén trong gidn doan.

Trong hinh hoc Riemann thong thudng, cac dai lugng hinh hoc nhu d6 do, do cong, lién thong,
do xoan déu mo ta bang cac tensor hiép bién, trong dé cac bién khong gian va thdi gian déu
dong vai tro binh dang. Piéu d6 c6 nghia la & dau c6 dao ham theo mdt bién khong gian va
khong gian thi cling c6 dao ham theo céc bién con lai. M rong véi cac chiéu gidn doan chi don
thuan 12 trong cac biéu thic, ching ta bd sung thém dinh nghia dao ham theo chiéu gian doan
bén canh cac dao ham theo khong thoi gian.

Nam 1995, Viet va Wali da xdy dung thanh cong hinh hoc Riemann cho khong thoi gian mé
rong véi mot chiéu gian doan c6 2 diém [4]. N6i mot cach khéc ly thuyét nay c6 hai 14 khong
thoi gian 4 chiéu. Trong ly thuyét mé rong nay, ching ta s& c6 mot cip trudng hip din va mot
cip trudng dién tit. Trong mdi cip, mot trudng 1a khdng c6 khbi lugng va mdt trudng c6 khdi
lugng. Trong trudng hop cic trudng cé khoi lugng triét tiéu, ching ta c6 dudc lai két qua cia
Kaluza, ma khong can chiéu bén trong lién tuc.

Diéu ly thi hon 13 hinh hoc Riemann mé rong niy c6 thé xay dung chit ché vé mit toan hoc dua
trén cac khai niém ctia hinh hoc khong giao hoan do A.Connes [5] dé& xuit, nhu 13 buéc phat
trién tu nhién ctia hinh hoc thong thudng.

Cau hoi dugc dit ra 1a: Y nghia thuc té cta chiéu gidn doan thi 5 12 gi va tai sao lai ¢6 2 diém?
Nim 1989, A.Connes va J.Lott [6] d€ xudt md hinh nhu sau: Céc hat xoan trai séng trén mot
14 khong thoi gian 4 chidu va cdc hat xoan phai sdng trén mot 14 khong thai gian 4 chiéu khéc.
Nhu vay khong thoi gian thuc su sé c¢6 thém mdt chiéu gian doan gdom 2 diém. Chiéu gian doan
nay dugc thé hién bang su ton tai clia cac hat vat Iy xoan phai va xoan tréi.

12
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Trong md hinh khong thdi gian Connes-Lott phang, 1y thuyét Yang-Mills sé tu dong bao gdm
ca hat Higgs, nhu 12 thanh phan thi 5 clia cdc hat truyén céc tuong tic yéu va dién tur.

Ly thuyét Viet-Wali tuy ly thd & viéc trudng dién tit xuit hién cung véi trudng hip dan trong
mdt hinh hoc Riemann md rong, nhung chua bao gdm dudc tuong tac yéu va tuong tic manh 1a
cac ly thuyét Yang-Mills dua trén dbi xiing phi Abel SU(3) va SU(2).

Nim 2015, Viét va Du [7] chiing minh dugc mot dinh 1y quan trong: chi ¢6 thé mé rong 1y thuyét
Viét-Wali d€ hinh hoc Riemannn véi mot chiéu an gidu gian doan gdm 2 diém, bao gdm cic
trudng Yang-Mills phi abel trong 2 trudng hop. Trong trudng hop thit nhét, trudng Yang-Mills
trén mot 14 khong thoi gian phai la abel. Trong trudng hgp thi hai, trudng Yang-Mills trén ca
hai 14 khong thdi gian phai gidng hét nhau.

Diéu thd vi 12 trudng hop thii nhit ap dung dugc cho tuong tac yéu va dién tir. Trong M6 hinh
chuén cic tuong tac yéu va dién tif dua trén ly thuyét Yang-Mills v6i nhom phi abel SU (2) < U (1)
cho céc hat xoan trdi va nhém abel U(1) cho cdc hat xoan phai. Mit khéc, trudng hop thi hai
4p dung dudc cho tuong tdc manh néu tuong tac manh 1a trudng Yang-Mills v6i cling nhém dbi
xtng phi abel SU(3) cho hat xodn phai va xodn trdi. N6i mot cac khdc, moi tuong tic cia tu
nhién déu 1a thanh phan mé rong cla hinh hoc Riemann véi chiéu 4n gidu gidn doan.

Dé c6 ca cac tuong tdc manh yéu va dién tif trong hinh hoc Riemann md rong, ching ta c6 thé
dua vao thém 2 chiéu gidn doan 1a chiéu thi 5 va thd 6 clia khong thdi gian va dp dung dinh ly
Viét-Du 2 1an. Lan thi nhit, hinh hoc Riemann 6 chiéu sé bao gdm hinh hoc Riemann 5 chiéu
va trudng Yang-Mills phi abel SU(2) x U(1) trén 14 khong thoi gian 5 chiéu thi nhét va truéng
Yang-Mills abel U (1) trén 14 thi hai.

Ap dung dinh 1y Viét-Dy 14n thi hai, hinh hoc Riemann 5 chiéu sé bao gdm hinh hoc Riemann
4 chiéu cta Hilbert-Einstein va trudng tuong tic manh véi dbi xiing phi abel SU(3) cho ca hai
14 khong thai gian 4 chiéu cho cic hat xoan phai va xoan trai. Trong khi d6, 1y thuyét Yang-Mills
5 chiéu véi dbi xting phi abel SU(2) x U(1) chinh 1a Iy thuyét Connes-Lott cho tuong tic yéu
va dién tlif bao gdom ca céc hat Higgs.

Néi tém lai, hinh hoc Riemann mé rong véi 2 chiéu gidn doan bao gdm tit c tuong tdc cla tu
nhién va hat Higgs nhu 13 thanh phan ctia trudng hip din mé rong. Pic biét 1y thuyét nay gii
thich dugc tinh chét ddi xiing clia tuong tdc manh va tuong tic yéu dién tit. N6i mot cach khéc,
chiing ta da quan sat dudc cac chiéu 4n gidu gidn doan thong qua sy ton tai clia cdc tuong tic
manh, yéu, dién tif va hat Higgs.

Ly thuyét dep dé nay chi dya trén dinh nghia don gian vé dao ham theo céc chiéu gidn doan ma
hoc sinh trung hoc ciing c6 thé hi€u nhu trén. N6i cach khdc 12 cAu tric hinh hoc khong giao
hodn ctia hinh hoc hién dai ciing véi 1y thuyét thong nhit cic tuong tac cla vat ly hién dai tu
dong xuét hién mot cach dep dé nhd 2 chiéu 4n gidu gian doan.

Chiéu thi 5 theo quan niém ctia Connes va Lott m6 t4 hai 14 khong thdi gian cho cédc hat vat
chit xo4n phai va xoin trdi ching ta quan sat dudc trong Md hinh Chuin. Chiing ta c6 cau hoi
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Hinh 9: M6 hinh khong thoi gian 4 ld

cudi cuing: Y nghia thuc su té chiéu 4n gidu thi 6 1a gi? C6 mot md hinh kha di d€ 1y giai chiéu
thi 6 nhu sau: ching ta cé thé cho rang trén 14 khong thsi gian 5 chiéu thd nhit ching ta c6
céc vat chit cia M6 hinh Chudn, trén 14 khong thdi gian 5 chiéu thi hai 1a cc vat chit méi ma
chiing ta chua ting biét tdi.

Diém thi vi 1a tif cic quan sét vé vil tru, ngudi ta da chiing minh dudc rang, cac vat chét ctia Mo
hinh Chuén chi chiém chua t6i 5% tdng s vat chét c6 trong vii tru. Khoang 25% vat chét cia vii
tru 12 vat chat t6i. Nhu vy, chiéu thit 6 ¢6 thé mo ta su hién dién vat chét tbi. Truong Yang-Mills
U(1) néi trén s&é md tA mot trudng photon mdi 1a photon t6i, c6 khdi Iugng va truyén tuong tac
thd 5 ctia vat chit nhu mot s6 nha vat ly da dé xuit [8].

Muc dich ctia bai viét nay 1a chi ra ring cac khai niém tritu tugng ctia Toan hoc hién dai nhu
hinh hoc Riemann khong giao hodn va bai todn thdng nhit moi tuong tic cla tu nhién c6 thé
hiéu dudc nhd viéc phan tich siu sic khdi niém chiéu va dao ham gian doan 1a mot khai niém
chiing ta da biét tif trung hoc.Khong thdi gian ma chiing ta dang sdng c6 thé bao gom céc chiéu
gian doan ciing c6 thé hiéu 14 4 14 khong thdi gian 4 chiéu nhu trong Hinh 9.
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TRIET HOC TRONG VAT LY
PHAN 1

Nguyén Lé Anh

G101 THIEU

Mot "nha chép st duong dai mo ta tic gia clia bai viét nay nhu sau: "anh mudn hiéu
duoc cdc vi nhdn trong khoa hoc thuc sy dd nghi gi, va vi sao ho c¢o dugc nhitng y tudng,
cong trinh phdt minh dé’ doi nhu vdy — qua dé anh mudn hiéu vii tru, thé gidi nay va loai
ngudi hon nita! Piéu do trudc kia hdu nhiw khong twdng, nhung bdy gio tra ciiu tién ldm,
anh bdo “hoc mot tudn by gio bang ngay xua hoc cd ndm” — anh nghién citu lai lich sit
todn hoc va mdt bo mon co rdt nhiéu lién quan téi né la vdt Iy, hoc thdt nghiém tiic voi
sitc doc hiéu ky la ciia minh! Vi du: anh nghién citu rdt ky Einstein — mot thién tai vi dai
nhung theo anh 6ng chua duoc chudn bi t6i da vé mdt todn hoc. Anh say ddm trudc cdi
phdt minh “nhé bé” cia éng da mang lai cho 6ng gidi Nobel vit Iy — no rdt ngdan gon
va dep. Thé con thuyét tuong déi hep, thuyét twong déi md réng!? Nhiéu cdi éng Einstein
nay cing “dodn mo” va ngay todn hoc liic do ciing con chua phdt trién dii cho cdc suy
dodn cua ong..."

kA1)

Vang, "nha chép sii" dang néi t6i Nguyén Lé Anh, mot trong nhiing tic gid "ti" cla
Epsilon. Trong s6 bao thi 15 nay, Epsilon tran trong gi dén ddc gia phan mot trong loat
bai Triét hoc trong VAt 1y clia ong.

C6 1& ngay tlf nho toi da thita hudng tir ba tdi dic tinh yéu tu do khong c6 bat ké mot c4i gi han
ché dudc tu duy ctia dng dy. Ong 4y ké chuyén 1a lic con phai di & chin trau thué & cac bai tha
ma. Nhiing liic 1d vé ngap khip ndi dng Ay tréo 1én cdc ngdi md. Bon tré con thi rat s¢ ma va 1&
duong nhién khong dita nao ddm tréo 1én noi cao nhét chd cdi bia md dé ngdi tranh 10. Toi thi
nghe ba t6i ké thé va t6i suy nghi. Tuy van rat sg va khong dam néi ra nhung toi da khong han
tin 12 ma c6 that va vé sau nay tdi ciing khong tin cac luc siéu nhién 1a c6 that.

Su viée la thé nay.

Bon tré trong khu tip thé nhd thudng chdi véi nhau. Nhém nhé 4y ciing c6 thii linh va thi linh
thi lu6n 1a dai dién cho chan Iy ma moi thanh vién déu tuan theo mot cach tu nhién. Thii linh cdi
nhém ctia bon tré chiing toi 1a con clia bac giam dbc. Mot 1an thi linh tuyén bd “con Coc la cdu
ong Troi ai ma ddnh né la Troi ddnh cho”. Toi khi 4y chic 5 tudi va ci nhé mai mot ngay toi
nhin thdy duéi gdm giudng c6 mot con céc to. Toi lang ling ddnh chét nd. Nhiing ngay sau déy
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t6i quan sat xem ong Trdi c6 biét chuyén khong. That khong may cho t6i vio mdt dém tdi khi
dang di trén con dé tdi nhin thiy anh tring ci mai & phia trudc mit. Toi d€ y cdc 6ng sao ciing
nhu vay. Thé 12 tdi ho4ng sd va hiéu ra la dang bi 6ng Trdi dang theo déi. Va rang 6ng dy sé sai
Thién Loi danh chét t6i. Toi con nhé mot budi tdi tdi da khéc khi me toi khdng cho toi di theo.

Nhiéu ngay sau toi khong ngti dugc va roi vao hodng loan. Thé rdi dén mot ngay toi dua ra két
luan “éng Troi da quyét giét chét minh thi minh ciing khong thodt dugc vdy néu ngay ndo con
séng thi cit nén song thodi mdi theo ¥y minh.” Toi khong chi thuc hién nhu vdy ma bat dau quan
sat bau troi dé cb tim hiéu vé né. C6 1an toi hdi me toi vé cac ngodi sao. Me t6i khong hiéu ndi
tinh canh clia toi khi 4y va khong tra 15i chiing tif ddu ma ra ma chi 1én trdi va bdo & trén iy ¢
sao Than Nong 13 ngudi day cho t3 tién cach trong 1da. Toi da budc phai tu nghi “cdc 6ng sao
kia tir ddu ma ra?” Toi nghi c6 mot cai vom rit cing va cic 6ng sao gin & trén ddy. Thé rdi toi
tu hoi “lidu khi toi dén dugc cdi vom dy va ddp ra mdt 16 thing thi toi sé nhin thdy gi?” Va toi
da cho rang t6i sé lai “nhin thdy moét cdi vom nita” va ci nhu thé. Dén khi 16n tudi toi vain gitt
nhiing ky niém con tho 4y nhung t6i da hiéu ra rang cai nguyén 1y “nhin thdy mét cdi vom nita”
chinh 12 mot nguyén tac rit co ban d€ nhan biét. Chiing ta khong thé nhan biét ra dudc cai gi
ngoai nhiing céi ching ta c6 thé nhan thiy D6 1a nguyén 1y “Két qud quan sdt su vt sé phdi bdt
bién néu chiing ta ldp lai quan sdt mot lan nita cit nhu thé, nhi thé ... Rt cudc su vat phai bat
bién v6i quan sat va héa ra cac su vat nhu viy khong c6 nhiéu. Moi phat minh vé vat 1y ly thuyét
héa ra 1 dua trén nguyén ly ny nguyén ly bat bién.

Chiing ta ludn cho rang tit ca nhitng gi chiing ta nhan thy va hiéu biét 1a dén véi ching ta mot
céach ty nhién va hién nhién. Sy that thi khong phai nhu vay. Tinh khach quan ctia qua trinh quan
sat cho rﬁng “chiing ta chi co thé’ quan sdt dugc mot s kién khi c6 mot tin hiéu ti vt ma chiing
dang mudn quan sdt di t6i”. Viy c6 thé c6 hai kha ning. Thif nhét 1a khi céc tin hiéu Ay truyén
t6i tidc thai va kha ning thif hai 12 cdc tinh hiéu truyén t6i véi mot do tré thdi gian nhét dinh.

D6i v6i kha niing thit nhit “su lan truyén titc thoi”. Néu céc thay ddi 6 diém ndy dugc lan truyén
mdt cach tiic thdi t6i tit ca cac diém khac nhau trong vii tru thi hanh vi cia mot vat sé 1a két qua
clia su tac dong tiic thdi toan vii tru 1én né. Nhu vay khai niém vé ¥ mudn chd quan clia chiing
ta s& khong con bdi mdi cii chi ctia chiing ta khong con phu thudc vao ¥ mubn clia ndo bo minh
va nhu vay khai niém chét ndo ciing khong con bdi ngudi chét nhung van di lai binh thudng.
Chung ta khong chip nhan mot thuc té nhu vay.

D6i v6i kha ning thit hai “su lan truyén khong ticc thoi”. Nhu vy su lan truyén sé c6 mot van
toc nhat dinh ndo d6. Néu van téc ndy ma c6 thé ting 1én maii thi chiing ta s& tiém cin dén mo
hinh “su lan truyén titc thoi” nhu thé ching ta cAn phai chip nhan c6 mot gi6i han cuc dai nao
d6 cho van tdc lan truyén tic dong. Khi mot ngudi & vi tri ndy nhan dudc tin hiéu tif mot ngudi
& vi tri kia thi ca hai ngudi déu da bién ddi. Nhiing thong tin di dudc truyén di Ay 1a thuoc vé
qua khui né khong phan anh hién tai khach quan cia ca hai ngudi. Nhu vay chung ta khong cé
cach nao nhan biét thiy dudc su vat cho du 13 ching & gan ching ta dén miy. S& di chung ta c6
thé “nhdn thdy” su vat & diém khac 1a do chiing ta c6 kha ning tai tao lai su viéc “Iii vao qud
khit”. Ching ta lam dudc diéu Ay 12 nho vao mot hé thdng niém tin.

Vil tru dudc quan niém 12 hién hitu khach quan noi cic vat chit van dong trong khong gian va
thdi gian khong phu thudc vao bat ké mot ai. Tinh khach quan dudc hiéu 1a chiing van dong theo
cac quy luat ndi tai va né ciing ham y 12 cic quan sat cia moi ngudi c6 thé khong gidng nhau
nhung chiing c6 thé chuyén ddi theo nhiing nguyén tic nhét dinh. Niém tin con mach bao cho
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chiing ta 1a chiing ta c6 thé nhan thiic d€ hiéu vil tru thong qua cdc quan sat. Nhu thé niém tin
néi rang nhiing gi x4y ra ngay canh chiing thi ciing sé nhu vdy & vao bit ky mot noi nao khac
trong vil tru. D6 12 niém tin vé tinh ddng nhit va ding hudng cia vii tru. Chiing ta sé néi 16 hon
vé hé théng cac nién tin nay.

Chiing ta ludén mudn dugc biét chiing ta dang séng trong mot khong gian thé nao? Mot cau
héi rat khoé tra 18i. Trude hét ching ta dé cap t6i khoang cach. No6i téi khoang céch 1 ching ta
thudng nghi t6i phép do diing mdt cdi thuée. Khoang céch gitta hai diém 12 s6 1an do dugc. Nho
vao phép do ma ching ta c6 thé xac dinh dudc do dai tuong dbi ctia khoang cach ndy so vdi
khoang cach khéc. Pay dudc goi 1a phép do cd dién.

Déi v6i nhiing vat & xa va khong thé t6i duge nhu tam ctia Trai DAt chiing ta khong thé tién hanh
do theo phuong phap cd dién. Pudng kinh trai dit dugc Eratosthenes xdc dinh tif 276 nim trudc
Cong Nguyén nhd vao su dong dang. Eratosthenes & Egypt cho 1am mdt cai hd hinh cau va cim
mot céi que thang ding t6i tim cia no.

Vao ding thdi diém khi ma mit trdi chiéu thang géc & Syene' 6ng do dd dai bong ciia cai que
1én mit hd. Do dai nay chia cho khoang céch tir Syene t6i Egypt? chinh bang véi ty 1¢ chiéu dai
clia que so vdi v6i ban kinh trai dat.

W cam goe find v\vﬂ\a L7

R

The distane. Bow SWM o Alerandrion 5 500mi.
h?\ﬂ;hvv\w\ho:wbk L&V\Lﬁ&. L oYne Orcnmferme of Hhe

Hinh 1: Thi nghiém ctia Eratosthenes. Bong ning vao ngay ha chi & Syene 1a thang diing, nhung
do dudc & Alexandria 12 7.2 d6. Cin cii vao khoang cach giita 2 thanh phd nay va géc do dugc,
Eratosthenes da suy ra dudc ban kinh cta trai dat.

'Ngay ha chi, 21/6. Tét ca ch thich trong bai 1 ctia Ban bién tap Epsilon.
%Y téc gia néi thanh phd Alexandria & Ai Cap.
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Cung thdi gian nay, khodng cach tir Trai Dét t6i mit tring dudc nhitng ngudi Greeks da xic
dinh. Khoang t6i xuét hién trén mit tring c6 thé do d6 1a ving ma sang miit trdi khong chiéu
vao. Hién tuong nhu thé nay dudc goi 1a tring tron tring khuyét. Bong den trén mit tring cling
c6 thé sinh ra khi né di vao viing bi trdi dit che khuét. Hién tugng nhu thé nay dudc goi 1a nguyét
thuc. Nhu vay khi xay ra nguyét thuc Tring bi tdi lai do bi mit dit che khuét anh mit trdi. Hay
néi cach khac 1a né di vao khoang tdi phia sau do trdi dét tao ra d6 1a mot hinh chép. C6 thé
lam thi nghiém va nhén thiy ty 1& khoang céch t6i cai bong giifa trua ctia mot hinh cau so véi
dudng kinh ctia né bang 108 1an. Nhu vay céi béng ma Trai Dt tao ra khi che Mit Trdi 12 mot
hinh chép véi chiéu dai gip 108 1an dudng kinh Trdi PAt. Khi mit Tring di vio céi chdp y sé
bi tdi do 4nh sang tif mit trdi khong con chiéu dugc téi né bi Trai DAt che mét. Hién tuong nay
dudc goi la Nguyét Thuc. Ngudi ta do dugc khoang thoi gian ma mat Trang bi Nguyét Thuc tu
day tinh ra dudc quing dudng ma mit Tring di chuyén trong khoing chép tbi ctia Trai Dat 1a
2.5 1an duong kinh me?tt Tring. Nhu vay Khoang cdch tir tréi Dat t6i mit Tring bang 1% ~ 31
lan duong kinh trai Dat.

ToSun —mM@M@m@m™>

F —
e
————___________________________ .

L

Hinh 2: Tam gidc ABC (chdp bong clia trdi Dat) c6 ddy bang dudng kinh cia trai DAt va dudng
cao bing 108 1an dudng kinh trai Dit. Tam gidc AEF (tam gidc nay dudc tao nén khi nguyét
thuc toan phan xdy ra) c6 ddy bang 2,5 1an dudng kinh Mt Tring va chiéu cao bang 2,5 lan
khoang cach tit Mit Tring dén trai DAt. Tam gidc CED (ch6p bong clia Mit Tring) c6 ddy bang
dudng kinh Mit Tring va dudng cao bang khoang cach ctia Mit Tring dén Trai Dat. Cac tham
s6 ching ta déu da c6 vay c6 thé dé dang tim ra ddp s6 clia bai toan: Chiéu cao cia tam gidc
ABC bang 2,5 + 1 = 3,5 lan khoang céch giita Mit Tring va Trai Dat, suy ra khoang cach tit
Mat Trang dén Trdi Dat 1% ~ 31 lan duong kinh trai dat.

Khoang niam 250 truéc Cong nguyén Aristarchus 14 ngudi dau tién di st dung hién tuong tring
tron tring khuyét dé do dudc khoang cach tir Trai dét t6i Mit troi. Ong cho riang khi mat Tring
sang mot ntia tifc 1a lic Mit Trdi chiéu thang géc véi nd. Vao ding lic iy ong do dudc tia
sang tit Mt Troi t6i Trai DAt lam thanh mot goc 87°. Tir tam gidc vudng, géc vuodng tai mit
tring, duong huyén 1a mit troi va trai dit goc nhon tif mit troi t6i trai dat va mit tring 1a 87°
Aristarchus da tinh dudc khodng cach tir trai dit t6i mit troi dai gip 20 1an khoang cach tir trai
dAt t6i mit tring. Két qua tinh ctia Aristarchus khong dudc chinh x4c 1a do dng x4c dinh sai goc
va géc 1éch thuc té 1a 89°50'. Trén thuc t& khodng cach tif mit trdi t6i trai dat dai gip khoang
400 1an khodng céch tUf trai dat t6i mit tring.
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Lich st vin minh nhan loai chim di gan 2000 nim va chi dugc viét tiép vao thé ky 16.

Khoang nim 1591, khi b6 ctia Galilei mat, dng phai thay cha lo cho cidc em. Ong vira phai tra
tién hdi mon cho 2 em géi va phai trg cip cho em trai 1a mot nhac si nghéo. Muia hé nim diy &
Venice xuat hién mot thi d6 choi cho phép “kéo cdc vdt & xa vé gan nhu & ngay trudc mdt” dé
nhin. Ong da t6i ddo Monado mua mot chiéc va bat dau bat chudc dé ché tao. Kinh clia 6ng c6
thé kéo vat & xa hon 8 1an so véi kinh ctia thi trudng va vi thé 6ng ban dudc khd tién. C6 tién 6ng
bat tay vao ché tao kinh t6t hon va bat diu quan sat bau trdi. Vao nim 1610, Galilei xuat ban
cudn sach mo ta vé bé mit mit tring. Do st dung kinh vién vong ctia minh Galile c6 thé quan
st truc tiép bang mat hién tudng “trdng tron khuyét” ciia cidc mit tring quay quanh sao Mdc
phan cubi quyén sach clia 6Gng mo ta viéc nhin thiy va nghién cifu hién tugng 4 miit tring ctia va
quay quanh sao Mdc (Jupiter). Nhu vdy bang thuc nghiém quan sit Galilei chi ra sao Mdc ciing
nhu Trai Dat déu quay quanh mit troi.

Vao ndm 1653, Christiaan Huygens da st dung kinh vién vong Galilei d€ quan sat sao kim va
st dung sao Kim thay cho Mit Tring trong két qua do khoang cach tir trai Dat t6i mit Troi
theo phuong phap ctia Aristarchus. Ong thu dudc két qua hoan toan chinh xac, nhung Christiaan
Huygens khong dua ra gidi thich cdch ma dng tinh dugc khoang cach tir trai dét ti sao Kim.

Distant stars

Near star
parallax
motion

Parallax
angle

Near star

Earth’s motion around Sun

Hinh 3: Po khoang cach bang phuong phap quang sai.

Vao nim 1672, Giovanni Cassini do dugc khoang cach tir Trai Dét t6i sao Héa bing phuong
phdp quang sai. Ban chit clia phuong phdp quang sai 12 xdc dinh chiéu cao cta tam gidc cin
khi biét do dai canh ddy va géc & dinh. Khoang cach ti Paris t6i Guiana da biét, Cassini & Paris
va cti Jean Richer t6i ving Guiana. Ca hai cting lic do goc tia sang dén tif sao Héa. Ho xdc
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Hinh 4: Khoang cach tif trai d4t dén chom sao Bac Pau.

dinh dugc tam gidc cin c6 géc dinh 1a sao Hda va canh ddy 1a Paris va Guiana. Tt diy Giovanni
Cassini x4c dinh dugc khoang céch tir Trai Dét t6i sao Hoa. Tir ddy Cassini, bing phuong phap
tuong tu nhu cla Aristarchus, da tinh dugc ty s6 khoang cach tir Trai DAt t6i Mt trdi va tir Trai
DAt t6i sao Hoéa va nhu vay “do” dudc khoing cach tif trdi dat t6i mit troi.

Viéc biét dudc do dai duong kinh trai dt khi quay quanh mit trdi bang phuong phap quang sai
ngudi ta xac dinh dugc khoang cach tu mat troi téi cac vi sao khac trong vii tru. Khoang cach

2, 4 - PN N 2 % 3600180 1A
tu0nog Ung V01\qu2/1'ng,sa1/‘1 duQ(i goi la 1pe (doc la parsec). No tuong dudng voi =>=—— lan
khoang cach tu trai dat t61 mat troi.

Céac phép do quang sai cho phép chiing ta xac dinh dudc khodng céch tir trai dat téi cdc sao &
tuong ddi gan vi du nhu dbi véi cac sao trong chom Pai Hum Tinh & vao khoang cich khoang
80 nam anh sang

Do goc quang sai ctia cac vat G cang xa cang ngay bé, nén phuong phap quang sai chi cho phép
xdc dinh khoadng cach t6i cdc vat thé trong pham vi 500 pc — tic khodng 1630 nim 4nh séng.

Viao nidm 1786, Goodricke phat hién ra sao Delta Cephei & cidch mit trdi 244 pc, nhip nhdy véi
chu ky 5.26 ngay. Vao nim 1912, Henrietta Swan Leavitt sau khi nghién cu cac sao nhip nhdy
gibng nhu Delta Cepheid Henrietta phat hién ra quy luat chu ky nhip nhdy ctia sao ty 1¢ thuin
v6i do sang tuyét d6i clia n6. PO sang clia sao ma & dudi trai Dat do dudc ty 1& nghich véi binh
phuong khodng cach tif sao t6i trdi dat. Nhu vy bang viéc do chu 1y nhip nhdy va do sang quan
sat dugc tir trai dit chiing ta c6 thé tinh dudc khoang cach tir trai dit t6i sao. Hién nay c6 khoang
hon 1000 sao thudc dinh dang Cepheid dudc xac dinh.

Vao nam 1923, Edwin Hubble da st phuong phédp tinh khoang cach méi va phat hién ra tinh
van Andromeda & xa 780000 pc xa dén ndi né khong thé dudc chifa trong Thién ha Ngan ha cia
chuing ta. Va nhu vay do6 1a mot thién ha méi.

Vao nim 1929, ciing bing phuong phdp tinh khodng cich méi nay, Edwin Hubble dua ra nhan
xét phd tét ca cac thién ha & xa déu c6 xu huéng dich dd. Theo nguyén Iy Doppler, phé 4nh siang
dich d tiic bu6c séng 16n 1én va diéu nay ching to vat phat sing dang chay ra xa khéi nhau véi
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van téc v = Hy x d. Hé s6 H, khoang bang 70 km/s. Nhu vay thong qua viéc do do dich do ctia
pho 4nh sdng phat ra tif sao chuing ta c6 thé xdc dinh dudc khoang cach t6i no.

Chiing ta dbi dién v6i hai phuong phap do khoang cach. Phuong phdp do quang sai thuc chat 1a
dua ra mot con sb dua trén cic quan sat vé géc quang sai va md hinh tam gidc lugng trong hinh
hoc Euclid. Néu qua that cic tia sang di theo dudng thang tir vi tri ma né phat sang t6i chiing ta
thi phuong phap quang sai cho két qua diing. Phuong phap Cepheid dua trén cudng do dnh sdng
phuong phéap Hubble dua trén do do dich d6 cta phé dnh séng.

Mot cau hdi dit ra 1a “Néu co thé'tién hanh viéc do dac dong thoi duoc thi liéu cdc phiwong phdp
do cé dwa ra ciing mot két qud?”

Phuong phdp x4c dinh khoang cach ctia Hubble 12 dua trén su dich vé phia dé ctia phd dnh sdng
do khong gian dan nd ma céc vat chay ra xa khoi nhau. Anh sang chuyén dong vugt qua mot
khoang cach cang 16n thi chu ky anh sang cang dan ra. Phuong phap xac dinh khoang cach dua
trén dich chuyén do c6 1€ sé cho chiing ta gi4 tri thuc khoang cach gitta cdc vat thé trong vii tru.

— Hét phan 1 -
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CAU CHUYEN VE DINH LY HAM SO Cos

Tran Nam Diing
(Pai hoc Khoa hoc Tu nhién, PHQG TP. HCM)

Khi hoc 16p 7, chiing ta dugc hoc vé tiéu chuin bang nhau ciia hai tam gidc. D6 1a tiéu chuin
c-c-c, c-g-c va g-c-g. Thém mot chiit nita, khi hoc dén dung hinh, ching ta ciing biét ring mot
tam gidc sé dung dugc khi biét 3 canh, 2 canh va gbéc xen giita hay 2 géc va canh xen giita. Ban
than toi rat thich thu véi y phat trién tiép theo: Cdi gi dung dudc thi x4c dinh dugc va moi yéu
td di kém theo sé phai xdc dinh dugc hay tinh dudc theo cic yéu td ban dau.

Nhu thé, do tam gidc 1a dung dudc khi biét 3 canh, nén cac yéu t6 lién quan nhu chu vi (hién
nhién), dién tich, do dai cac dudng dic biét, ban kinh cac dudng tron dic biét,... déu sé phai tinh
dudc theo 3 canh.

Tir d6 ma ta ¢ cong thifc Heron, céc cong thic tinh do dai trung tuyén

S abc
r = —, =

» H,

Nhiing cong thic nay ta da dudc biét tit cAp 2. Nhung tam gidc lai con c6 thé dung dudc khi
biét hai canh va géc xen giifa, ciing nhu biét hai géc va canh xen giita (do tong ba goéc bang
180° nén diéu nay ciing c6 nghia Ia ta biét ca 3 géc). Nhu vy cac yéu td trong tam gidc sé tinh
dugc theo hai canh va géc xen giita. Piéu nay kha hién nhién vé6i dién tich vi ta ¢ cong thiic
S = %bc sin A. Nhung chu vi thi sao? D€ tim chu vi, ta sé phai tim canh thu ba, v cdng thiic
dé€ tim do dai canh thif ba theo do dai hai canh va géc xen gitta chinh 1a dinh 1y ham s cos.

a? = b*> + c? —2bccos A.

Dinh 1y nay, mot mit khéc ciing gidp chiing ta tim dudc do 16n cac géc khi biét do dai 3 canh
clia tam gidc, mot van dé ma & trén ta chua nhic dén. Cu thé

b? 4+ c? —a?

cos A =
2bc

Cudi cuing d& hoan chinh biic tranh vé& 3 diéu kién bang nhau clia cdc tam gidc, ta chd y ring
trudng hop bang nhau g-c-g hay cach xac dinh tam gidc khi biét 2 géc va 1 canh dén chiing ta
dén dinh ly ham s6 sin

sinA sinB  sinC 1

a b ¢ 2R’
23
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C6 nhiéu cach chiing minh dinh Iy ham s6 cos, trong d6 cach ngan gon va hién dai nhét 1a dung
véc-to va tich vo huéng. Tuy nhién ban than toi thich ching minh dinh 12 ham sb cos bang cach
st dung dinh 1y Pythagore. Téi rit thich cdi quan hé bién ching: Dinh Iy ham s6 cos la md réng
ciia dinh Iy Pythagore, dwoc chitng minh bang cdch sit dung dinh Iy Pythagore.

Xét tam giac ABC ¢6 BC = a, CA = b, AB = c. Xét truong hdp A nhon. Trong hai
géc B va C c6 it nhat mot géc nhon. Gia st d6 1a C. Ha dudng cao BK xudng AC. Khi d6
AH =ccosA,CH =b —cosA, BH = csin A.

Ap dung dinh Iy Pythagore cho tam gidc BCH
a?> = BC?=BH?+ CH? = (csin A)*> + (b — ccos A)*> = ¢? 4+ b — 2bc cos A.
binh ly dudc ching minh.

Tir dinh 1y ham s6 cos va cong thiic sin 4 = ?)—S, ta suy ra
. Cc

2 2_,2
cosA EEe=at p2 2 2
cotA = = 2be =
sin A % 48

D6 chinh 1a dinh 1y ham s6 cot .

b24-c2—

~ < 2
Cling t cos A = >—57—%, tasuy ra

. 24+ c2—a2\> Ja+b+c)a+b—c)b+c—a)c+a—Db)
sind = +/1 — = )
2bc 2bc

Tu d6 suy ra cong thuc tinh dién tich tam giac theo do dai cac canh

S=+pp—a)p—Db)(p—c).
D6 chinh 1a céng thitc Heron, va tht nhién ciling tir day thi ta suy ra

sin A sin B sinC . 25

b

a b ¢ abc

chinh 1a dinh Iy ham sé sin .

Dinh ly Ptolemy. Cho tit gidc ABCD ndi tiép mot duong tron, khi do ta c¢é ddng thiic

AB-CD + AD - BC = AC - BD.
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Dinh 1y Ptolemy c6 nhiéu cach chiing minh khéc nhau nhu céch ching minh st dung tam gidc
dong dang, st dung phép nghich dao, st dung sb phiic, sit dung luong giac (thong qua dinh ly
ham sb sin). O day ta sé trinh bay cach ching minh st dung dinh 1y ham s6 cos .

D¢ tién trinh bay, ta dit AB = a, BC = b, CD = ¢, DA = d, AC = x va BD = y. Ap
dung dinh Iy ham sb cos cho cdc tam gidc ABC, ADC tacé

2 1L p2 2 24 42 2
cosB=L X sp=C T4 X
2ab 2¢cd

Vi B + D = 180° nén cos B + cos D = 0. Tu day ta tinh dugc

, cd@ +d?* +ab(c*+d?*) (ac+bd)(ad + bc)
x* = = .
ab + cd ab + cd

Hoan toan tuong tu ta co

)2 = (ac + bd)(ab + cd)
ad + bc '
Tir ddy suy ra x2y? = (ac + bd)? tic 1a xy = ac + bd, va ta c6 diéu phai chiing minh.
Chu y la tu 10i giai trén ta tinh dugc

a’+ b*—c?—d>

B =
- 2(ab +cd)
va
sin B = Va+b+c—d)b+c+d—a)c+d+a-b)d+a+b—o)
i 2(ab + cd) :
Tur day, do

1 1
Sapcp = Sapc + Sapc = Eab sin B + ECd sin D,
ta tim dudc cong thitc Heron cho tit gidc noi tiép

S = Sapcp = V(p—a)(p—b)(p—c)(p—d),

véi p = W la ntta chu vi cua ti giac.

St dung thém dinh 1y ham s6 sin, ta s& tinh dugc ban kinh dudng tron ngoai tiép ti gidc

R V(ab + cd)(ad + bc)(ac + bd)
— IS .

Phép chiing minh dinh ly Ptolemy va viéc tinh cdc dai lugng lién quan cho chiing ta mot két
luan thi vi. Mic du khong thé xac dinh mot tii gidc khi biét do dai 4 canh (theo thif tu) ctia n,
nhung ti gidc nay sé xdc dinh néu ta biét thém riang né 1a tii giac noi tiép. C6 mot diéu thi vi 13,
trong tit ca céc t gidc ¢6 4 canh a, b, ¢, d (theo thit tu) cho trudc thi 1t gidc néi tiép cé dién
tich l6n nhdt.

Ta chiing minh su kién nay bang cach st dung cong thiic Heron cho tam gidc. That vy, gia st

x 12 do dai duong chéo AC. Khi d6 dién tich ti gidc ABCD bang tdng dién tich hai tam gidc
ABC va ACD.
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Ap dung cong thitc Heron tinh dién tich tam giac, ta c6

4Sapcp = v/4a?h? — (a® + b2 — x?) + \/4czd2 — (c2 4 d? — x2)%.

Ap dung bt dang thitc

VAT B4 VT DT < \J(4+C) — (B+ DY

dung vé6i |B| < A, |D| < C.Tacd

\/4a2b2 — (a%2 + b% — x2)2—|—\/4(32d2 —(x2—c2—-d?)?*< \/(2ab +2¢d)? — (a? + b2 — 2 —d?)>.

Déu bang xay ra khi
2ab 2cd

a2+ b2 —x2 x2-—c2-(gd?%

tic 1a khi

, ab(c*+d?) + cd(a* + b?)
X =
ab + cd

chinh 12 d6 dai dudng chéo ciia ti gidc ndi tiép ma ta di tinh & trén.

b

Dinh Iy Napoleon. Cho tam gidic ABC. Dung ra phia ngoadi tam gidc cdc tam gidc déu
BCA,, CAB;, ABC,. Goi A,, B,, C, la tdm gidc gidc déu nay. Tuong tu, dung cdc tam
gidc déu BCAsz, CAB3, ABCj; vao phia trong tam gidc va goi Ay, B, Cy4 la tdm cdc tam
gidc nay. Chitng minh rang A>B,C, va A4B4Cy la cdc tam gidc déu va hiéu dién tich hai
tam gidc déu nay bdng dién tich tam gidc ABC.

Ap dung dinh Iy ham s6 cos, ta c6

ByC; = ABZ + AC; —2AByAC, cos(B, AC,)

2 b2 2
- % +3 - gbc cos(A4 + 60°)
2 b2 2 1 3
=T pe —cosA—isinA
3 3 3 2 2

a’ + b? + c? N 28
6 V3
Tuong tu, ta ciing tinh dugc C, A2, A, B2 bing véi % + 2_5.;, Suy ra tam giic A, B,C,

déu va co dién tich bang

a?+b>+c* 25\ V3 (@2 +b2+cHV3 S
6 " A)a T 24 T2

_I_ R
6 V3
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Hoan toan tuong ty ta chiing minh dudc tam gidc A4 B4C, déu va cé dién tich bing

(a2+b2+02 2S) V3 @+ +AHV3 S
6 V3 '

4 24 2
Tt d6 suy ra két luan thi hai ctia bai toan.

Bai toan. Cho ba duong tron bdn kinh Ry, R,, Rz déi mot tiép xiic ngoai vdi nhau. Khi do
€ ton tai hai duong tron cung tiép xiic vdi cd 3 duong tron nay, gom mét duong tron nhé co
bdn kinh r va mot dudng tron Ion bdn kinh R (dudng tron Ion c6 thé suy bién thanh dudng
théng, khi do ta coi R = oo). Chitng minh rdng ta cé hé thiic

1 N I 5 1 o 1 o 1

r~ R "\Ry R, Rs)
0 ddy ddu + hay ddu — phy thudc dwong tron Ion tiép xiic ngoai hay tiép xiic trong véi 3
duwong tron da cho.

C6 nhiéu cich tiép can d€ ching minh dinh 1y nay. O déy ta dua ra cach giai stt dung dinh
ly ham s6 cos. Goi Oy, O,, O3 lan ludt 1a tim cac dudng tron ban kinh R;, R,, Rz tuong
ting, O 1a tam dudng tron nho tiép xiic 3 dudng tron néi trén. Goi «, B, y 1a sd do cac géc
0,003, 03001, 0;00,.Via + B + y = 360° nén ta dé dang chiing minh dugc

cos?a + cos?f + cos’y —2cosacos Bcosy = 1. (1)

Ap dung dinh ly ham sb cos cho tam gidc 0,005 véichiy 0,03 = R, +R3, 00, =r+ R»,
003 =r + R3, tadudc.

(r+R)>+ (r+R3)>— (Ro+ R3)> 12+ rRy+7Rs— RyR;
2(r + R2)(r + R3) (r + R2)(r + R3)

cosoa =

Tuong tu

r2+rR3—|—rR1—R3R1 7'2—|-7'R1—+-I’R2—R1R2
,COSYy =
(r+ Ro)(r + Ry) "T T ROG Ry

cosf =

Thay vao (1) rdi rit gon, ta dugc

(RIR3 + R3R% + RIR — 2R  RaR3(R, + Ry + R3))r?

2)
— 2R, RyR3(R1Ry + RyR3 + R3Ry)r + R2R2R% = 0.

Day chinh 12 phuong trinh bac 2 dé tinh r. Hoan toan tuong tu, ta tim dudc phuong trinh bac 2
d€ tinh R.

27



Tap chi Epsilon, S6 15, 06/2019

Néu R2R% + R2R2 + R2R? —2R Ry R3(R; + R, + R3) > 0 thi R 1a nghiém ctia (2), khi d6

1 1 r+ R . 2R1R2R3(R1 + R2 + R3) . 2 2 2

r R R R2R2R2 R TR

Néu R2R2 + R2R? + R2R? — 2R, R, R3(Ry + R, + R3) < 0 thi —R 1a nghiém ctia (2), khi do

I 1 r—R  2RiRR3(Ry + Ry +R3) 2 2 2

r R r(=R) R?R2R? RRT R3

Chi y diéu kién
RERS + R5R3 + R3R} — 2R RyR3(Ry + Ry + R3) = 0,
c6 thé bién d6i thanh
(VRiR: + vVR2R3 — VR R3)(vVR2R3 + VRiR3 — VRIR2) (VR Ry —  RaR3 + v/ Ri R3)
(vVRiR, + VR2R3 + v/R1R3) =0

Nhu viy sé tuong duong véi

VRiR; + v/RaR3 — /R R3 = 0,

hoac

—V R1R2 + \/R2R3 + \/R1R3 == O, \/Rle— \/R2R3 + \/R1R3 == 0

Vé miit hinh hoc, cic diéu kién nay tuong duong vdi tron ban kinh R, tiép xiic véi cac dudng
tron ban kinh R;, R3 va tiép xuc vdi tiép tuyén chung ctia hai dudng tron nay (cic trudng hop
con lai ciing tuong tu). Liic nay thi dudng tiép tuyén chung clia ba dudng tron chinh 1a “duong
tron” v6i ban kinh R = oo tiép xiic vdi ca ba dudng tron.

Trudng hgp R?R3 + R3R2 + R2R? — 2R Ry R3(R; + Ry + R3) > 0, tuong ting véi trudng
hop ton tai dudng tron ban kinh R tiép xic trong véi ba dudng tron ban kinh Ry, R,, R3 (va
chia ca 3 dudng tron).

Trudng hop RZR3 + R3R3+ RZR? —2R; Ry R3(R; + Ry + R3) > 0, tuong ting véi trudng hgp
ton tai dudng tron ban kinh R tiép xiic ngoai vdi ca 3 dudng tron ban kinh R;, R,, Rz (nhung
khong phai la duong tron nho bi kep gitta 3 dudng tron - dudng tron nho nay la dutng tron ban
kinh r).

Trong ky thi chon doi tuyén Viét Nam du IMO 1983 c6 bai toan hinh hoc sau. Khong c¢6 nhiéu
thi sinh gidi dudc bai nay, vi 16i gidi bang hinh hoc thuan tiy dudng nhu khé tim dugc. Ngudi
viét bai ndy da gidi dugc né nhd 4p dung dinh ly ham sb cos va cic ly luan gidi tich.
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(Viet Nam TST 1983). Cho 3 tia Ox, Oy, Oz (khdng c6 hai tia nao tring nhau hodic doi
nhau) va mét doan thing ¢é do dai p. Chiing minh ring ton tai duy nhdt b 3 diém A, B, C
thuoc Ox, Oy, Oz tuong iing sao cho chu vi cua cdc tam gidc OAB, OBC, OCA déu
bang nhau va bang 2p.

Goi géc gilia céc tia (Oy, Oz), (Oz, Ox), (Ox, Oy) lan lugt 1a «, B, y. Gia st da dung dugc
cac diém A, B, C théa min diéu kién dé bai. Pit 04 = x, OB = y, OC = z. Diéu kién chu
vi tam gidc OAB bang 2p c6 thé viét lai thanh

x4y + /x2+ y2—2xycosA = 2p.
Bién d6i tuong duong dang thiic nay, ta dudc
x2 4+ y2—2xycosA =4p> —4p(x + y) + x% + y% + 2xy,

tuong duong voi
plx+y—p) = xycoszg

Tuong tu, ta co
p(y+z—p) = yzcoszg, pz+x—p)= zxcoszg.

Tir phuong trinh thit nhét va phuong trinh thif ba ta rit ra dugc

_ rlp—x) __ plp—x)
p— XCOSZ%’ p— xcoszg'

Thay vao phuong trinh thi hai, ta dugc

p(p(p—x> p(p =) ): PA(p — x)cos’
(p

2Y B ’
p —xcos“;  p— xcoszg — xcos?%). (p — xcoszg)
hay la

2 2
p—X p—X (p —x)"cos*3

_ 11—
p —xcos’5  p—xcos?h (p — xcos?%). (p — xcoszg)

= 0. 3)

Bai to4n quy vé viéc chiing minh phuong trinh (3) ¢6 nghiém duy nhit x v6i 0 < x < p.

Loi gidi ndam 1983. Pt f(x) 1a biéu thic & vé trdi (xem x 12 an sd, con lai 13 tham sb) tham s
thi f la ham lién tuc trén [0, p] vada co f(p) = —1 va

a
22 >0.

o
0)=1+1—1-cos’= =si
£(0) + cos2 sm2

Do d6 theo tinh chét ctia ham lién tuc, ton tai xo € (0, p) sao cho f(xo) = 0.
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Dé ching minh phuong trinh f(x) = 0 chi c6 mdt nghiém duy nhét, ta ching minh f(x) 1a
ham giam trén (0, p). St dung hing dang thic x + y — 1 —xy = —(1 —x)(1 — y), ta viét f(x)
lai duéi dang

X X . 2B .,y p—X p—X .20
f(x)=— . -sin”— - sin“ = + . S5 sin” —.
p— xcoszg p— xcoszg 2 2 p-— xcoszg p — Xxcos“3 2

4 X X N A4 3 A gy A N pP—X p—X S 4 N A

Ta co Py Sl—y la cac ham so tang trén [0, p] con pey S la cac ham so

giam trén [0, p] (c6 thé tinh dao ham clia cac ham s nay) va cdc biéu thiic nay déu duong nén
suy ra f(x) l1a ham sb gidm.

Vay phuong trinh f(x) = 0 c6 nghiém duy nhit xo thudc (0, p). U

Loi giai nay kha cong kénh va thuc su 1a rit ... diing cAm. C4i ham f(x) khiing khiép iy ma
d4am di chitng minh 13 ham giam. Thuc su thi néu tinh dao ham truc tiép thi ding 1 kinh khiing.
O day ta da biét tich f(x) = —Ag(x)h(x) + Bs(x)t(x) véi A, B > 0, g(x), h(x), s(x),
t(x) >0, (x)>0,h(x)>0,5(x) <0, (x) <0, tit d6 suy ra

S (x) = —A[g ()h(x) + g(0)h ()] + B[s (1)1 (x) + 5(x)1 ()] < 0.
Trong diéu kién phong thi, thuc su khong c6 thdi gian d€ trau chudt tim 15i giai dep hon.

Sau nay, khi gidi lai bai nay ciing cich hoc sinh, t6i da tim ra cach giai gon hon, khong can ding
dén giai tich. Tham chi con gii ra luén nghiém tudng minh.

Céch 1. Cu thé thi phuong trinh (1) c6 thé bién d6i thanh phuong trinh bc hai
2B oV

o o o
(coszz + coszg : coszg — cos” - — cos 5) x? + 2psin25x — pzsin25 =0.

Lai dit vé trai 1a f(x) thi

F0) = —psin’% <0, f(p) = psin’E 52 >0,

nén theo dinh 1y vé diu ctia tam thic bac hai, phuong trinh f(x) = 0 c6 nghiém thudc (0, p).

Ta co
f(x)y=2 (0052% + coszg . coszg — coszg — coszg) X+ 2psin2%.

Vi f(x) 1a ham bac nhit va
£1(0) = 2psin2% >0,

f(p)=2 (COSZ% + Coszg -coszg - coszg - coszg) p+ 2psin2%

= 2psin2é . sinZZ > 0.
2 2
Nén suy ra f (x) > 0 véi moi x thudc [0, p]. Suy ra phuong trinh f(x) = 0 cé nghiém duy
nhét thudc (0, p). O
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Cach2. batX =2 Y = %, Z = <. Phuong trinh

X
p’
plx+y—p) = xycoszg,

c6 thé viét lai thanh

X+Y-1= XYcoszg,

hay la

1-X)1-Y) = XYsinZ%.

Tuong ty ta c6 cac dang thiic
1-Y)1-2) = YZsinZ%, (1-2)(1—X) = ZXsinzg.
Nhan céc hé thic nay vé theo vé rdi khai ciin, ta dugc

1-X)1=Y)1=2)=XYZ sin%sing sin%,

tu day suy ra

|7 Zsin%sin%
sin 2
do dé .
7 _ sin 2 .
sin £ +sin%sin§
Tuong tu tim dudc X, Y. ]

O trén, ta da giai mot bai todn hinh hoc bing phucng phap dai s6 thong qua dinh Iy ham sb cos .
Bay gio, & chiéu ngudc lai, ta cing dén véi mot bai toan thuan tiy dai sd nhung da dugc gidi
kh4 hiéu qua bang phuong phép hinh hoc.

Bai toadn. Choa, b, ¢, d la cdc s6 thie duwong théa man a®> + d* —ad = b? + c% 4 bc va
a’ + b? = ¢? + d?. Tim gid tri ciia

ab + cd
ad + bc’

Thoat nhin thi dy 13 bai todn dai sb thuan tdy, chd c6 mot ti hinh hoc nao. Sau mot hdi bién ddi
dai sd, tinh hinh c6 vé r6i. V& nguyén tic thi v6i 4 4n sb thuan nhét, ta can 3 phuong trinh méi
giai dugc. Ma ¢ day chi c6 3.

Cic biéu thic a® + d? — ad, b? + ¢? + bc goi dén céc y tudng hinh hoc. Cu thé 1a dinh Iy ham
s6 cos vdi cac goc 60° va 120°. Theo goi y nay, 15 giai thi nhat da dudc tim ra
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Céch 1. Dung tam gidc ABD c¢6 AB = a, AD = d va ZBAD = 60°. Theo dinh ly ham s
costhi BD? =a?>+d?—ad =b*>+c?>+bc. Vi(b—c)? <b?>+c?+bc < (b+c)?nénta
dung dudc tam gidc BDC sao cho BC = ¢, DC = b (C va A nam khéc phia d6i v6i dudng
thang BD).

Lai 4p dung dinh ly ham sb cos ta suy ra ZBCD = 120°. Vi
ZBAD + ZBCD = 60° + 120° = 180°,
nén tit giac ABCD noi tiép. Ap dung dinh 1y Ptolemy ta suy ra ab + cd = AC - BD.
Via? + b? = ¢? + d? nén t gidc ABCD c6 hai dudng chéo vudng gdc, suy ra
AC - BD =2SABCD.

Tic la ta co
ab +cd =2SABCD. 4

Cubi cung, ap dung cong thiic tinh dién tich tam gidc theo hai canh va géc xen giifa ta cé

3
2SABCD = 2SABD + 2SBCD = ad sin60° + bc sin 120° = (ad + bc)%. (5)

Tit (4) va (5) ta suy ra 22ed = /3, -

Kh hai long. Nhung c6 vé van con phiic tap qua. Giai gi ma dung hét tit ca cac kién thidc hinh
hoc thé nay?

Suy nghi mdt chiit, ta thiy budc dung tam gidac BD C c6 thé 1am khac di mot chiit, d€ tin dung
diéu kién a? 4+ b? = ¢? + d? mdt cach don gian hon. Cu thé 1a ta dung tam gidc BDC sao cho
BC = b, DC = ¢ (C va A nim khéc phia dbi v6i dudng thang BD). Ciing tuong tu nhu trén
ABCD la tit giac noi tiép. Ap dung dinh ly ham sb cos vao cac tam gidc ADC va ABC, ta cé

AC? = c?> +d? —2cd cos D = a®> + b? — 2ab cos B.

Suy ra cd cos D = ab cos B. Vi B va D bu nhau nén tu day suy ra cos B = cos D = 0, tuc la
B = D = 90°. Bay gio thi chi cin tinh dién tich td gidc ABCD bang hai cich 1a ra

Sapcp = Sapc + Sapc = Secp + Spap-
ab  cd _ adsin 60° | be sin 120°
2 2 2 2 '

btcd __ /3 P N coe 1 a1 .
Suy ra 2725 = % D6 chinh la cach giai thu hai.

Nhan xét. Thuc ra c6 cach gidi thuan tiy dai sb rit dep cho bai todn nay, cu thé nhu sau. Ta c6
ad +bc =a*+d* —b*>—c? =2(a® — c?) = 2(d* - b?).

Mat khac
(a? — c?)(d* — b?) = (ad + bc)* — (ab + cd)*.
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Tur do

d + bc)?
w — (ad + bc)? = (ab + cd)?,
cho nén ;
(ab + cd)?* = Z(ad + be)>.
Suy ra
_ab+ cd B NE)
ad +bec 2

Tuy nhién thi c4ch gidi dung hinh hoc van rat doc ddo.
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Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S6 15, 06/2019

gpsi lon

MA VA CAc KY THI OLYMPIC TOAN
PHAN 1

S.B. Gashkov

Todn iing dung - do la khi ban di tim 10i gidi cho bai todn, con todn 1y thuyét - do la khi ban di
tim bai todn dé gidi.

Finn,”Anna va hiép si 4o den”.

Ban doc hdy th stic tu minh gidi it nhAt 12 mot vai bai trong céc bai toan din ra duéi ddy. Nhiing
bai todn nay & dang nao dé da dudc dé& xuit & cac ky thi Olympic toan khac nhau 1) (3 trong
ngoic sé ghi 1o xuit xi cdc bai todn, va cic bai todn niy c6 thé tim thiy trong [2, 8-11]). C6
diéu gi chung giilta c4c bai toan nay?

Bai todn 1 (MMO 1954, vong 2, 10.5). Xeét tdt cd cdc s6 c6 10 chit s6 trong hé thdp phdn, ma
trong cdch viét chi sit dung cdc chit sé 1 va 2. Hdy chia chiing thanh 2 nhoém, ma téng hai sé
bdt ky thudc cing mot nhom chita it nhdt hai chit sé 3.

Bai todn 2 (MMO 1967, vong 2, 8.3). Bé'md hda cdc biic dién tin ta can chia tdt cd cdc “tic”
thdp phdn - chudi gom 10 ddu chdm va ddu gach ngang thanh hai nhom, sao cho cdc tiv cing
mot nhom khdc nhau & it nhdt 3 vi tri. Hay chi ra mot cdch chia nhuw vdy hodc chitng minh la
khong ton tai cdch chia nhu thé.

Bai toan 3 (Olympic CHLB Diic, ndm hoc 1970/1971, vong 2). O b lac Mumbo-Umbo tét cd
cdc tén goi déu khdc nhau, tao thanh tir hai chit cdi A va B, ¢6 do dai n va khdc nhau & it nhdt
3 vi tri. Chitng minh rang bo téc nay co khong qud % nguoi.

Co thé dat duoc gid tri bién nay khong? O b6 t6c ABBA bén canh cdc cdi tén khdc nhau & it
nhdt 2 vi tri. Chitng minh rdng & bo toc nay co khong qud 2n — 1 nguoi. Gid tri bién nay c6 thé
dat duoc khong?

Bai toan 4. Goi tdp hgp tdt cdc cdc bo k-phdn do dai n la (xq, Xa, ..., X,) trong do x; €
{0,....k — 1} la ban co k-phdn n chiéu. Con xe 6 6 (x1, X2, ..., X,) S€ dn dugc cdc 6

(X1yee o Xie 1, Vo Xis oo Xp), y=0,...,k—1,i =1,...,n.

Goi m(n, k) la s6 con xe nhé nhdt cé thé dn dugc tdt cd cdc é cia ban co. Chitng minh rdang
a) m2,k) =k.
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b) (ASO 1971, 9.6, 10.6) m(3, k) = [%}

Kk

d) Néu k la liiy thita ciia s nguyén t6, thi bdt ddng thiic & ¢) bién thanh ddng thiic véi
n=1+k+--+k',i=12,...

Bai toan 5 (Chiéc quat than clia Edouard Lucas?). Khdn gid dugc yéu cdu nghi dén mot sé
nao do trong cdc sé tie 1 dén 31. Nha do thudt sé yéu cau khdn gid thong bdo trong cdnh quat
nao cé s6 ma anh ta nghi, trong cdch quat nao khéong co.

Cdnh quat thit nhdt gom cdc s6 1é

Cdnh quat thit hai gém cdc s6 2,3,6,7,10,11, 14,15, 18, 19,22, 23,26, 27,30, 31.

Cdnh quat thit ba géom cdc s6 4,5,6,7,12,13,14, 15,20, 21,22, 23, 28,29, 30, 31.
Cdnh quat thit tw bao gom cdc s6 8,9,10, 11,12, 13,14, 15,24, 25,26,27,28, 29, 30, 31.

Cdnh quat cudi cing gém cdc so tir 16 dén 31.

Nha do thudt sé tim dugc sé ma khdn gid nghi bang cdch nao?

Bai toan 6 (Dinh Iy Zarankevic?). Gid sk = kqp(n, m) la s6 s6 1 nhiéu nhdt trong bdng gom
n dong, m cot cdc 56 0, 1 va khong chita a dong, b cét ma giao ciia chiing chita toan sé 1. Khi

do k la sé 1on nhdt sao cho 4)
k/n m
<@a—1 .

TAt ca cdc bai todn nay déu lién quan dén mot linh vuc clia toan ting dung hién dai - 1y thuyét
ma héa thong tin. Chiing ta sé biét cac bai toan nay dudc giai nhu thé nao sau khi doc cic muc
tuong tng ctia bai viét nay.

Ghi chu

1) MMO: Moscow Mathematical Olympiad, ASO: All Soviet Union Olympiad, ARO: All
Russian Olympiad

2) Bai todn nay dudc 14y tif cudn sach vé Todn hoc giai tri, xuat ban vao thé ky XIX bdi nha
toan hoc ngudi Phap Edouard Lucas (1842-1891), tac gia clia nhiéu bai todn va dinh ly
dep.

3) K.Zarankevic (1902-1959) — nha todn hoc ngudi Ba Lan, cong b bai toan vé chi dé nay
vao nhiing nim 50 ctia thé ky XX. Ban than dinh ly nay xuit hién l1an dau tién trong cic
bai b4o ctia nha toan hoc Hungary Paul Erdos (1913-1996). Mot s6 bai todn 12 trudng hop
riéng cia dinh ly nay xuit hién trong [4].

5 X
4) Tu gid veé sau, ta ky hiéu (

) 12 56 t6 hop chap y tit x phan td.
y
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Ban ddu thi anh ta tin la truée mdt anh ta la mdt md, bdi vi su kién cdc nha gid kim va thdy
dong ngay xuwa hay ding cdch viét bi mdt da tré thanh diéu ma moi nguoi déu biét: ré rang,
nhitng nguoi tim kiém sy thdt nay hodc la mudn gidu bi mdt khéi nhitng doi thii, hodc che gidu
khoi dnh mdt soi méi ciia nha tho.

John Glasby, “Chiéc guong den”.

Ma nhi phan C d6 dai n 1a mot tip hop bat ky cac bo nhi phan do dai n (cidc bo nay con
dudc goi 1 tir ma)®. Khodng cach giita hai tif a, b 1a s6 cac vi tri ma & d6 céac tir ny khéc
nhau. Vi du d(a,b) = 3 trong trudng hop a = (11001), b = (00011). Hién nhién 1a véi moi
a,b,c € B" ta c6 bit dang thic tam gidc d(a,b) + d (b, c¢) > d(a, c), ngoai ra con c6 hai diéu
kién d(a,b) = d(b,a) vad(a,b) = O khi vachikhia = b.

Ta goi s6 d(C) = min, pecd(a, b), khoang cach nhd nhit gilia cdc phan tif phan biét ciia C 1a
khoang cach nhé nhét cia ma C. Trong bai todn 3 thuc chat ta quan tim dén ma c6 khoang cach
nhd nhéit khéng nhé hon 3 va ma c6 khoang cach nho nhét khong nhd hon 2. O bai todn 2 ciing
¢6 hai ma c6 khodng cach khong nhod hon 3. Bai toan 1 ciing dé dang giai quyét néu nhin thiy
mbi lién hé clia n6 v6i ma c6 khoang cach nho nhét bing 2.

Cac ma c6 kha niing sita sai phdi 1a cic ma c6 khoang cach 16n hon 1. Vi du ma C bao gdm tét
ca cac bd c6 trong luong chin. Trong ludng ctia mot bo 1a s6 cac vi tri khac 0 trong bo d6. Ma
nay (né cho chiing ta 1i gidi phan 2 ctia bai toan 3) c6 thé dung dé€ tim ra 1 16i. Gia st ring ta
can chuyén di theo mot kénh khong tin ciy tif nhi phan x = (x1,...,x,—;). Ta biét ring & tur
nhan dugc c¢6 thé c6 mot 16i (0 bi chuyén thanh 1 hodc ngudc lai). Néu nhu ta chuyén ding tit
x thi khong thé phat hién 1a c6 bi 18i hay khong. Nhung néu ciing véi tif x ta bd sung thém bit
kifmtrac, = x; @ --- ® x,_; (trong d6 & 1a phép cong theo md-dun 2)® va chuyén tir da dugc
ma hoa
c=1(c1,....¢n) = (X1,..., Xn—1,Cn),

thi 16i sé dugc phat hién, bdi vi néu khong c6 18i thicy @ --- @ ¢, = 0, con néu c6 16i thi tdng
nay sé bang 1. Ma nay goi 1a kiém tra tinh chdn 18”.

Ma nhi phan tuyén tinh d6 dai n 13 tip hop cac véc-to nhi phan dd dai n sao cho téng hai véc-to
bat ky ctia ching theo mo-dun 2 ciing thudc ma. S6 cic sd 1 trong tdng cia hai véc-to theo
mo-dun 2 chinh 1a kho4ng cach giita chiing. Ma nhi phan tuyén tinh c6 thé coi 1a khong gian
véc-to trén trudng {0, 1} tf hai phan t. Chiéu cia khong gian nay dudc goi la chiéu ctia ma.
Phin don gian nhit vé 1y thuyét ma nhi phan tuyén tinh chang qua 1a phat biéu lai nhiing dinh
ly ctia dai s6 tuyén tinh. C4c bai todn 9, 10 dudi day chinh 1a v& ma tuyén tinh (va chiéu ctia
chung).

Ta c6 thé xét khdng chi ma nhi phan ma la ma g-phan véi ¢ > 2. Khoang céch giiia hai véc-to
g-phan x, y 1a s6 p(x, y) cdc toa dd ma & d6 hai véc-to nay khong triing nhau. Pinh nghia nay
trung véi dinh nghia ta da dua ra trén ddy, va vdi dinh nghia nay ta ciing c6 bat dang thiic tam
giac p(x,y) < p(x,z) + p(z, x). Khoang cach ma, cling nhu trong trudng hdp nhi phan, 1a
khoang cach nho nhit giita cc véc-to ma phan biét.
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Néu nhu ma c6 khoang cich ma d = 2t + 1, thi n6 c6 thé stia dén ¢ 16i. That vay, néu nhu trong
qud trinh truyén tif ma x xay ra ¢ 15i thi ta nhan dugc tit x da bi bién dang véi p(x’, x) = t.
Theo tit x” ta ¢6 thé phuc hdi lai tit x mot cach duy nhét, vi néu nhu tir hai tit ma khac nhau x, y
ta thu dugc cting mot tir bién dang véi khong qua 7 16i x° = y’ = z thi theo bét déng thiic tam
gidc ta co

20+ 1=d <d(x,y) <d(x,z)+d(z,y) <t +1=2t,
mau thuin. Phuc hdi tif ma theo tir da bi bién dang dugc goi 1a giai ma®.
Néu nhu khoang cach ma bang d, thi ma c6 thé phat hién dudc d — 1 16i (néu nhu tif nhan dudc
12 tir ma thi khong c6 16i xdy ra, vi d€ thu dudc mot tif ma khac phdi c6 it nhit d 16i, ma theo
gia thiét thi chi c6 téi da d — 1 16i, néu tit nhan dudc khong phai 12 tif ma thi di c6 16i xay ra).

Mot vin dé dugc quan tdm 1a véi n, d cho trudc tim ma q-phan c6 luc luong® 16n nhit do dai n
va khoang cach d. Goi lyc lugng ctiané la m,(n, d). V6i d 18 batky, d = 2t + 1 ta dé dang thu
dugc can trén sau day (tir d6 suy ra 19i giai cho phan dau clia bai toan 3 va muc ¢ clia bai toan*.
Dinh Iy 1 (Can Hemming — Rao'?, cin clia sip xép cau). Vdimoin,q,d

n

mg(n.d) < q
t n ;
>|.]@-D
i=0 \ !
Noi riéng trong truong hop q = 2
27’!

L&i giai. Ta chi cAn xét cac qua cAu ban kinh ¢ v6i tAm tai cac tif ma va chd y riang chiing khong
giao nhau, va m6i mot qua cau gom
t
n i
> (1w
i=0

bd (mbi mdt bod trong qua cau hoan toan duge xac dinh bdi khong qud ¢ vi tri ma né khac véi
tam, va gia tri  mdi vi tri ¢6 ¢ — 1 cach chon). Vay tdng sb céc tif trong tit ca cdc qua ciu bang

my(n.d) ) (7) (¢ 1",
i=0

nhung s6 nay khong thé vugt qua ¢”- 1a sb tit ca cdc tlit g-phén, tir d6 suy ra bit dang thic can
ching minh. [

Ma ma & d6 can trén nay dat dudc dudc goi 1a hoan hio (hay 1a xép kin, vi né tao ra mot cach
pht hoan hio hinh 1ap phuong g-phan nhiéu chiéu bing cic qua cau).

Can duéi cia sap xép cau dugdc dua ra bsi Hilbert!'!.
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Dinh Iy 2. Vdimoin, q, d

n

my(n,d) > ——— .
-1 n )
2 () (@—1)
i=0 \!
Noi riéng trong truong hop q = 2
2n

my(n,d) > —————.
-1 { p

Z ( ‘ )

i=0 \!

L&i gidi. Xét mi cyc dai v6i khoang cach d (luc lugng ctia n6 theo dinh nghia bing m,(n,d))
va xdy dung qua cau ban kinh d — 1 ¢6 tAm tai cdc tif ma. Theo nhu lap ludn & trén thi mdi qua

cau nhu vy chifa
d—1
n i
> (1)

i=0
bd ma. Hop clia tt cd cdc qua cau nay sé phi toan bd hinh 1ap phuong g-phan (néu mot dinh
nao d6 khong dudc phi thi né sé nam & khoang cach khong nhd hon d dén tit ca cc tif ma, nhu
vay ta c6 thé bd sung né vao ma ma khong 1am ting khodng cich, mau thuan vdéi tinh cuc dai
cua ma). Vi vay

d—1
n .
mq(n,d) Yy (l) (=1 >q",
i=0
tif d6 suy ra danh gid ma ta can'2. O

Y tudng chitng minh cin sap xép cau tir 1au da dudc biét dén trong hinh hoc!? va ciing dudgc st
dung trong 1y thuyét xap xi'*. Nhiing y tuéng nay tir 1au ciing dudc st dung trong céc bai toan
olympic.

Bai toadn 7. Chifng minh rang ta co thé ddt it nhdt 74 dong xu bdn kinh 1 1én ban chit nhdt kich
thudc 12 x 22.

Bai todn 8 (Cau héi 1, MMO 1958, vong 2, 8.5, 9.4.). Goi a la sé Idn nhdt cdc hinh tron
duong kinh 1 khéng giao nhau ndam trong da gidc M, b la s6 nhé nhdt cdc duong tron bdn kinh
1 phii kin toan bo da gidc M va ¢ la sé I6n nhdt cdc dudng tron bdn kinh 1 khong giao nhau,
c6 tdm nam bén trong da gidc M. S6 ndao lén hon? a hay b? b hay c?

Bai todn 9 (MMO 1980, 9.2). Trén bdng diéu khién cé mot s6 mit ma nho do ta co thé diéu
khién bdng dién. Khi nhdt mot niit bdt ky thi mot s6 bong den trén bdng sé ddo trang thdi (tdt
thanh bdt, bdt thanh tat. Véi moi niit sé cé bo bong den lién quan dén nd, trong do cdc bo bong
den c6 thé giao nhau). Chitng minh rang s cdc trang thdi co thé ciia bdng la mot lily thita clia
2. (Hai trang thdi cua bang dvwoc goi la khdc nhau néu chiing khdc nhau 6 trang thdi cua it nhdt
mot bong den).
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Bai toan 10. Tiéu ban thiét ldp N danh sdch. Nguoi ta thdy rdang néu ldy hai danh sdch bdt ky
trong N danh sdch nay hop lai, réi xéa di nhitng nguoi cé & trong cd hai danh sdch thi ta dugc
mot danh sdch thit ba ciing nam trong N danh sdch néi trén. Chiing minh rang N = 2k — 1 vdi
s6 nguyén duong k nao do.

Ghi chu
5) Ma C c6 thé coi 1a tap con ctia tip hdp cic dinh ctia hinh 1ap phuong nhi phan n chiéu
B" = {0, 1}".

6) Theo dinh nghia x; @ - -- ® x, bang s du khi chia téng x; + --- + x, cho 2. Téng theo
mo-dun 2 chi khic vé6i tong binh thudng & dang thic 1 @ 1 = 0.

7) Ngudi ta thusng ding ma nay dé kiém tra tinh toan ven clia thong tin. N6 cho biét 1a c6
10i xdy ra, nhung khong tim dudc 16i ¢ dau va khong sira 16i.

8) Giii ma 12 mot qua trinh khong don gian va tiép theo ta sé khong néi vé qud trinh nay.
9) Luc lugng ctia ma 1a sb phan ti ctia ma do.

10) Richard Hemming (1915 — 1998) - nha toan hoc nguti My, Calyampudi Radhakrishna
Rao (1920) - chuyén gia toan thdng ké ngudi An DJ.

11) Edgar Hilbert (1923 — 2013) - chuyén gia ndi tiéng ngudi My vé todn rdi rac. Khong
nham 6ng v6i nha toan hoc vi dai ngudi Diic David Hilbert (1862 — 1943).

12) Nha toan hoc X6 viét R.R.Varshamov (1927 — 1999) di 1am manh két qua nay mot chiit
cho moi ma tuyén tinh, vi vdy can nay con dudc goi la can Varshamov-Hilbert.

13) Bét dang thiic Blichfeldt cho mat do cia sap xép khbi cau trong khong gian, xem [15].

14) Dung dé thiét 1ap bét dang thic giita Entropy va dung ludng ctia khong gian metric.

Thé nhiung moi cé gdng tim chia khoa dé’ gidi md déu ddn dén thdt bai, va khi do Smit hiéu rang
ngay tir ddu anh ta da di theo mét hudng sai.

John Glasby, “Chiéc guong den”.

Vi cac ma nhi phan trong trudng hop khoing cach 16n thi danh gia & dinh 1y 1 1 rt tho va ta
c6 thé 1am manh mot cach dang ké. Ta ¢é cdc ménh dé sau

B& dé 1. Ta cé bét ding thiic m(n,d) < 2m(n — 1,d).

That vay,  ma c6 luc lugng m(n, d) sé khong it hon mot nita tif ma c6 thanh phan thi n gidng
nhau (bang 0 hay bang 1). Néu nhu ta bd thanh phan nay di thi dudc ma c6 luc luong khong nho
m(n,d)

hon =3 véi khodng céch khong nho hon d.
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B6 dé 2. Néud léthim(n,d) = m(n + 1,d + 1).

Ta bd sung vio mdi tif ctia ma cuc dai do dai n va khoang cach d thém mot thanh phan dé trong
lugng cua ti thu dudc 1a chan (ta xét ma md rong). Luc luong ctia ma khong thay ddi,nhung
khoéang cich gitta hai tif bat ky sé& chin. Vi khodng cich nay khong gidm nén né sé khong nhd
hon d 41 (va sé bang d +1 & chd ma truc d6 bang d). Tu day suy ram(n,d) < m(n+1,d +1).

Ngudc lai, gia st ta c6 ma lyc lugng m(n + 1,d + 1). Ta xét trong ma nay hai tor ¢c6 khoang
cach d + 1 va xét thanh phan ma & d6 hai tit khac nhau. Ta bd thanh phan nay & tit ca cac tif thi
dugc ma ¢o luc lugng m(n + 1,d + 1) c6 do dai n va khoang cachd + 1 — 1 = d. Nghia la
m(n,d) > m@n + 1,d + 1), tit 46 suy ra dang thic can chiing minh.

Dinh Iy 3 (Can Plotkin'?). Vdi

1) Véi2d >n >d thi

d
m(n,d)<2|:2d_n].

2) n = 2d ta cé bdt ddng thicc m(n,d) < 2n.

3)dléva2d +1>n>dth

4) n =2d + 1 ta cd bédt ddng thitc m(n,d) < 2n + 2.

Xét ma cuc dai luc luong m = m(n, d) véi khoang cich d. Ta ddnh gia tong R cac khoang
cach doi mot gitta cc tif ciia nd. Hién nhién R > w, va dau bf?mg chi xay ra véi cac ma
ddng cu (ma c6 khoang cach déi mot gitta cc tit bang nhau). Goi /; 12 s6 cac tif ma ma thanh
n
phan thi 7 bang 1 thi R = ) h;(m — h;), (sO céc cép tit khac nhau & thanh phan thd i bang
i=1

h;(m — h;)). Theo bit dang thifc giita trung binh cong va trung binh nhan h; (m — h;) < mTz, do

do6 véi hi nguyén, ta co
m? m?
hi(m_hi)g[T], R<n|:Tj|-

— 2 ~ N 2, A 2 ~ 2 N
vay ——m & ——. 1a 1a vO1 >n,neumile thita com < S , con
Nhu vay 2= < nm2 Nghia la véi 2d 18 thi t < 2L <258

néu m 1é thi
+1<< 2d <2 d
m < < .
2d —n 2d —n

Vé6i 2d = n tac6 thé bo dé 1 thi

d
=mQd,d) <2mQd —1,d) <4 =4d = 2n.
m = m(2d, d) < 2m( ) [2d—(2d—1)] "
Néu d 18 thi v6i 2d + 1 > n, theo b8 dé 2 ta cé
d+1
,d) = 1,d+1)<2|———|,
m(n,d) =m(n + +1) |:2d+1—n}
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con véi 2d + 1 = n thi
m=mQ2d +1,d)=mQRd +2,d +1)<4(d+1)=2n+1).

V.I.Levenstein'® chiing minh (xem vi du [6, 7, 14]) dudc rang diu bang & cac bit dang thic xay
ra khi va chi khi ton tai ma trin Hadamard bac n chia hét cho 4 bat ky. Vé ma trin Hadamard
xem muc 3.1.

Bai toan 11 (Dua trén MMO 1993, 10.5). Trong bdng phdn logi cdc loai thuc vdt dugc mo td
béi 100 ddu hiéu nhi phdan. Bang phdn loai digc goi la tot néu nhu hai lodi thuc vdt bdt ky khdc
nhau & nhiéu hon mét nita ddu hiéu. Chitng minh rdng ¢ mot bang phdn loai tot cé khéng qud
a) 50 lodi thure vdt b) 34 loai thucc vat.

Bai toan 12. Trong bdng phdn loai cdc lodi thuc vdt dugc mé td bdi 128 ddu hiéu nhi phdn.
Bdng phdn logi dugc goi la diing néu hai loai thuc vdt bdt ky khdc nhau & khong qud mét nita
ddu hiéu. Chitng minh rdng trong mot bdng phdn loai diing c¢o khéng qud 256 loai thuc vit va
hdy chiing t6 rdng tén tai mot bang phdn loai c6 diing 256 loai thuc vdt.

Bai toan 13 (MMO 1948, vong 2, 16p 9-10, bai 4). i) Tit mot diém trong khong gian 3 chiéu cé
thé’ké nhiéu nhdt bao nhiéu tia sao cho goc giita hai tia bdt ky déu tir?

(ii) Ta néi hai bo (ay, .. .,a,) va (b, ..., b,) dé dain tao véi nhau mot “goc ti” néu
a1b1 + .. —I—anbn < 0.
Chitng minh rang néu hai bo bdt ky tic m bo déu tao thanh mot goc tiuthin < n + 1.

Bai todn 14 (ASO 1970, 9.4). Tir cdc chit s6 1 va 2 tao ra 5 s6 ¢6 n chit sé sao cho hai sé bdt ky
gidng nhau & diing m vi tri, nhung khong co vi tri nao ma 6 do cd 5 sé déu giong nhau. Chiing
minh r[ing% <7< %

Bai toan 15. C6 N = 2k + 1 56 ¢6 n chit sé tao thanh tir cdc chit s6 0 va 1 sao cho hai sé bdt
N N A . . . - . N m N+1 N I3 _ s m N

ky trung nhau J ding m vi tri. Chiing minh rang > < 3, connéu N = 2k thi 7 < TN

Bai todn 16. Co N sé c6 n chit s6 dwoc tao thanh tix cdc chit s6 0 va 1, trong do khong co vi tri

ndao ma ¢ do tdt cd cdc sé déu giong nhau. Chitng minh rang L %

Bdng do vang bdy gio bi thing 16 chd, nhu la miéng pho mdt Thuy Si. Chiing ndm & cdc niit
ciia lwdi toa do cuia ngai Descartes, nhung khéng phdi niit nao ciing bi dong. Két qud la mét su
két hop la liing ciia quy tdc va ngdu nhién, cé 1é ddy la mét doan vin duoc in ré rang nhung dd
duoc mdt md hoa.

Neal Stephenson, “Hé thong ciia thé gidi”.
Jacques Hadamard (nha todn hoc xult ching ngudi Phép, 1865 — 1963) da di dén khdi niém

ma trin nay khi gidi bai toan t6i vu: Trong tit ca cdc ma trdn n x n vdi cdc phan ti c6 tri tuyét
dbi khong vudt qua 1, tim ma tran c6 dinh thifc 16n nhat. Két qua 1a néu n 13 bdi ctia 4 (hay
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bing 2) thi ma trin nhu vy sé dudc tao thanh tit cic phan tif bang %1, trong d6 tich vd hudng
ctia hai dong bit ky (phan biét) va hai ¢t bat ky bang 0. Ta hiéu tich vd hudng cia hai véc-to
x = (x1,...,xp) vay = (y1,...,yy) la dai lugng x;y; + --- + x,y,. Cac véc-td co tich
vO hudng bing 0 dudc goi 1a vudng géc. Ma tran véi tinh chét vita néu dudc goi 1a ma tran
Hadamard. Dé dang chiing minh dudc rang viéc ddi dau tat ca cdc phan i trén mot dong bat ky
s& bién mot ma tran Hadamard thanh mot ma tran Hadamard khac!”. Diéu tuong tu ciing ding
cho céc cot. Vi vay ddi khi trong dinh nghia ma trin Hadamard ngudi ta b sung thém diéu kién
dong trén cung va cot tn cuing bén trai chiia toan s6 1.

Tir diéu kién vuong géc ctia mot dong bat ky v6i dong trén cling gdom toan sb 1 suy ra trong tat
ca cdc dong con lai s6 cac s6 1 bang s6 cac s6 —1, va nghia 1a n chin. Trong ly thuyét ma ngudi
ta st dung cdc ma tran thu dugc tif ma trin Hadamard bing cach thay —1 bang 0. Thay 1 va
0 bang bé trai va bé gai va giai bai toan 18, ban doc dé dang chiing minh dudc ring néu kich
thuéc cia ma tran Hadamard n > 2 thi n 1a bdi cua 4.

Dé xay dung ma trin Hadamard ngudi ta da nghi ra cdc phuong phdp rat thong minh, nhung
gia thuyét rang v6i moi n 12 bdi s6 clia 4 ton tai ma train Hadamard bac n van chua dudc chiing
minh.

Ta dua & day cac xay dung don gian nhit cic ma tran Hadamard, cho phép xay dung chiing véi
n = 2%. V6i n = 2, hién nhién ma train Hadamard c6 dang

1 1
we(t).
Néu ma tran A,« kich thudc 2F x 2% da dugc dung, thi ma tran Ay+1 c6 thé dudc tao thanh tir
4 block kich thuéc 2% x 2% nhu sau

A . Azk Azk
P Ay —Ax )’

Bai toan 17. Chitng minh bang quy nap rang ddy cdc ma trdn dwoc xdy dung nhu & trén diing
la cdc ma tran Hadamard'3.

Bay gio doc gia c6 thé dé dang gidi quyét muc cudi cling ciia bai todn 12.
Bai todn 18 (ASO 1983, 9.5). Nhom tré ciia mot nha tré xép thanh ting cdp néi dudi nhau.

Hon nita, trong moi c¢dt sé bé trai bdng sé bé gdi va sé cdp ma 6 dé c¢o 1 bé trai, 1 bé gdi bdng
s6 cdc cdp con lai. Chitng minh rdang sé tré trong nhom chia hét cho 8.

Bai todn 19 (MMO 1959, vong 2, 7.5). Cho cdc sox;==+1,i=1,...,n. Chiing minh r&ng
néu X1Xy 4+ XoX3 + -+ + Xp_1Xn + Xpx1 = O, thi n chia hét cho 4.

Bai toan 20 (MMO 1971, vong 2, 10.1). O dinh ciia mét n-gidc déu ta viét cdc sé 1 hodc —1.
Néu nhu xoay da gidc déu mét goc 2"7”, k =1,...n—1, nhdn cdc s6 & cdc dinh trung nhau
va céng tdt cd cdc tich do lai thi két qud sé la 0. Chitng minh rdang n la binh phiong clia mot sé
nguyén.
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Trong bai toan 20'°, bay gid thi ta c¢6 thé doan dudc, thuc chit 12 néi vé ma tran Hadamard, va
ding hon 13 cdc ma trin Hadamard véi diéu kién b sung hodn vi vong quanh. Trong cudc thi
hoc sinh dugc dé nghi tim tit ca cdc ma tran nhu vay. Ban giam khao ciing khong c6 15i giai cho
bai todn ndy, va bai todn dudc dit tén “Bai todn Zelevinsky?°. Trudc d6 bai todn ndy da dugc
biét dén nhu bai toan Raser vé ma tran Hadamard vong quanh. Bai todn nay cho dén nay van
chua c6 16i giai.

Dudi thuat ngit nay 1a mot khai niém don gian, trong d6 thuc chét 1a néi vé bai toan sau (dudc
xem xé€t trong [4]).

Bai toan 21. Cho 10 tdp hop 4 phdn ti, hon nita hop ciia hai tdp hop bdt ky c6 ding 7 phdn tit.
Hoi rang hop cuia 10 tdp hop nay cé thé co bao nhiéu phdan tit? Pong thoi hdy chi ra tdt cd cdc
truong hop co thé.

Diapsd: 1 4+3-10=31val+ 3+ 32 =13,

Gia st hop clia cdc tap hop nay gdm m phan tit. Ta cho tuong ing mdi mot tap hop nay véi mot
bd gdm cic s6 0 va s6 1 v6i 4 s6 1 & céc vi tri tuong dng véi cac phan ti cia tap hop di cho,
ta dugc tap hop dinh cia hinh 14p phuong nhi phan m-chiéu, nim & 16p thi tu (tic 1a c6 trong
luong bang 4). Diéu kién bai toan c6 nghia 1a khoang céch giita cdc dinh nay bang 7. M4, nim
trong cling mdt 16p, tiic 1a tir cac bd c6 trong lugng bang nhau dudc goi la dong trong, con ma
ma khoang cach giita hai tit ma bit ky bang nhau, dudc goi la dang cu. Bai todn md ta tat ca cic
ma dang cu dong trong kha phiic tap.

Bai toan 22. Chiing minh ring mad ddng cu t6i dai chiéu dai n = q* + q + 1 vdi trong q + 1
va khodng cdch 2q + 1 ¢6 lyc luong khéng qud q* + q + 1. Ddu bang xdy ra khi va chi khi ton
tai mdt phdng xa dnh bdc q.

Ghi chu
15) M.Plotkin — chuyén gia ngudi My vé ly thuyét ma, ngudi da chiing minh dinh Iy nay vao
khoang nhitng nam 1960.

16) Vladimir Iosifovic Levenstein (1935—2017) - chuyén gia ndi tiéng ngudi Nga vé ly thuyét
ma.

17) Chi diing quén kiém tra tinh truc giao clia cac cOt.

18) Trudc Hadamard thi J.Sylvester (1814 — 1897) da dé xuét cach xay dung ndy, vi thé cic
ma tran ndy c6 thé goi 12 ma trin Hadamard — Sylvester.

19) Bai todn 19 thuc chét 1a phuong 4n don gian héa clia bai todn 20 va gan véi bai todn 18.

20) Ngudi dé xuét bai toan nay 12 nha todn hoc néi tiéng A.V.Zelevinsky (1953 —2013), trudc
d6 da ting dat huy chuong toan quéc té va lic d6 1a sinh vién nim thi hai.
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BAI TOAN POI NON - PHAN 3

Ding Nguyén Pic Tién
(Bergen, Na Uy)

GIG0I THIEU

O nhitng s6 Epsilon dau tién (Epsilon 1 va 2), ching toi da gidi thiéu véi ban doc hang
loat bai toan ddi nén khic nhau. Cho dén thai di€ém hién nay, ngudi viét da suu tap dudc
hon 100 bién thé khic nhau ctia bai todn ndy, va c6 1€ gidi toan hoc van chua bao gio thoi
yéu mén thé loai bai todn nay. Trong s6 Epsilon 15 nay, chiing tdi gi6i thiéu mot phién
ban mdi clia bai toan - Bai toan doi nén 2019, van tif ngudn quen thudc: nha toan hoc
Stan Wagon G dai hoc Macalester.

(Bai toan doi nén 2019). C6 rat nhiéu chiéc nén c6 mau sic khac nhau dugc ddi trén dau
cdc ngudi choi, mdi ngudi dude ddi mot nén va mau nén 2 ngudi bat ky o thé trung nhau.
Mbi ngudi khong biét mau nén ctia minh nhung lai thiy dudc mau nén ctia moi ngudi khac.
Khi ngudi dan tro yéu cau, tit cd bon ho phai doan mau nén ctia minh. Ngudi choi (toan bo)
sé thang néu ho dodn cuing mot mau, va it nhit mot ngudi dodn ding mau cia minh. Ngugc
lai ho sé thua. Khdc biét véi nhiing bai toan ddi nén trude, ngoai viéc ddi non ra, ban td
chiic con cung cip mdt chiéc may sinh ra mot sé nguyén ngiu nhién. Toan bd ngudi chai c6
thé thiy con s6 dugc tao ra tif mdy trudc khi doan mau nén, va ho trudc khi duge ddi nén cé
quyén chon pham vi sinh ra sd ngau nhién nay (vi du tir 1 t6i 100).

Trong liic chdi, ngudi chai khong dudc cé bit cif trao ddi gi véi nhau, nhung ho dudc thao
luan chién thuat trude khi choi. Hiy tim chién thuét sao cho kha niing chién thing cta ho 1a
cao nhit.

Vi du mot chién thuat c6 thé nhu sau: gia st chi c6 2 mau nén (d6 va xanh), 2 ngudi choi
thi néu may sinh ra so chan, ho chon mau do, néu may sinh ra so 1€, ho s€ chon mau xanh.

a) Hay tim chién thuét sao cho kha ning thing trong trudng hdp c6 2 mau nén, 2 ngudi choi
la cao hon 50%

b) Gia st ¢6 100 ngudi choi, va c¢6 100 mau nén khac nhau. Néu ngudi choi chon khoang
sinh ngau nhién tir 1 dén 100 va may sinh ra sd nao thi tit cd bon ho s& ho mau ng vé6i sd
d6 thi khi d6 x4c suét thang ctia ho 1a 1%. Liéu c6 thé thang v6i kha ning cao hon?
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Bai toan nay dudc 14y tif ngudn (Seacrest and Seacrest, The prisoner shouting puzzle and varia-
tions, Amer. Math. Monthly, 126 (April 2019), 291-305), két hop véi cac 15i gidi do Stan Wagon
thu thap trén nhom todn hoc giai tri cia ong.

Chién thuat quen thudc (mdi ban doc xem lai nhdm bai todn niy & Epsilon 1 va 2) 12 "Cling
chon mau d3", "Cling chon mau xanh", hoiic "Chon mau ma minh nhin thay".

RO rang trong 2 trudng hop dau, ho ludn thod man diéu kién 1: dodn cing mau nén véi nhau,
nhung c6 thé mau ho dén khdng phai mau nén ho doi. Véi trudng hop cudi (chon mau ma minh
nhin thiy), thi chic chin ho sé thoa diéu kién 2: c6 it nhét 1 ngudi ddi ding mau nén ho ddi,
nhung lai c6 thé khong thod diéu kién 1 vi ho c6 thé doan 2 mau khac nhau. Nhu vy, néu git
nguyén mot cach chon, kha ning thang chi la 1/2 hay 50%.

Chiing ta ciing thy rang chi c6 4 kha ning véi 2 nén: dé/dod, xanh/xanh, do/xanh va xanh/do.
D1 kha ning nao xay ra, thi 2 trén 3 chién thuat néu trén cling déu gidp 2 ngudi choi chién thing
v6i kha niing 2/3 (cao hon 1/2). Do viy ho c¢6 thé dua ra chién thuit danh s6 cho cic cach chon
trén 1: "Cung chon mau do", 2: "Cung chon mau xanh", va 3:"Chon mau ma minh nhin thiy"
va sau d6 sé dung mdy sinh s6 ngau nhién trong 1, 2, 3 d& quyét dinh.

Chién thuat véi kha ning thang 2/3 nay 1a tdi wu va phan chiing minh xin phép dudc xem nhu 14
bai tap dbi véi ban doc.

V6i trudng hop téng quat véi n ngudi choi va h mau nén, ta ciing cé thé ap dung cach lam &
phan 1.

Xét cac mau 1a ¢(1), ¢(2), ..., ¢(n), ta c6 2 "hé&" chién lugc nhu sau:

- Hé céc chién lugc chon mau ¢ dinh F(i) véi 1 < i < h: bat ké thdy noén mau gi, tit ca déu
cting chon mau c(i). Chién lugc nay dam béo ring tit ca cac ngudi choi déu chon ciing mot
mau.

- Hé cic chién lugc chon mau nén clia minh dya trén nhiing gi nhin thiy: ta goi céc chién lugc
nay 1a S(j), v6i 1 < j < n — 1. Chién lugc S(j) 1a: tudng tuong xép hang moi ngudi theo mau
nén ting dan va hét mau mii 1én ngudi thif j trong hang do.

Hay xét hé chon mau cb dinh: Gia st ¢6 k (k < h) mau nén khac nhau trong mot 1an choi. Khi
d6 chién lugc F (i) v6i i 1a mot trong k mau sé chiac chin 1a chién thuét thanh cong, va tit c cic
chién thuat khac sé that bai. Vay trong s h chién thuat hé cb dinh, c6 k chién thuit thanh cong.
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V6i hé chon mau dua trén mau nén nhin thy: gia st toan bo n ngudi choi déu xép hang theo
mau nén ting dan, ta tam goi hang nay 12 hang "day di". V6i bat ky mot ngudi choi p nao do,
ddi v6i ho n — 1 ngudi con lai sé 12 mot hang c6 dudc tit hang "day da" khi xo4 di phan ti thi p.
Th xét chién thuat S(7), khi ngudi p chon ngudi thi j trong hang, ngudi nay sé dng vdi hodc
ngudi j, hodc thi j + 1 so v6i hang day du, tuy thudc vao gia tri ctia p. Nhu vay, chién thuat
S(j) chi thanh cong khi va chi khi j va j + 1 ddi noén cung mau véi nhau. B4i vi ¢6 & mau nén
nén c6 k — 1 vi tri trén hang day di c6 2 ngudi lién tuc khdc mau nén véi nhau, hay néi cach
khéc, trong s6 n — 1 chién thuat S(j) thi k — 1 s& thit bai, va sé c6 n — k thanh cong.

Két hop 2 hé chién thuat lai v6i nhau, ta c6 k + (n — k) = n chién thuat ¢6 kha ning thanh cong
trén téng s6 h + n — 1 chién thuat. Do vay, tuong tu nhu phan 1, véi bat k€ céach thiic doi nhu
thé nao, néu ngudi chai chon ngiu nhién cing mdt chién thuat dé choi thi kha ning thang ctia
holan/(n+h —1).

Véi trudng hdp cu thé 100 mau nén, 100 ngudi choi, ta c6 kha niang chién thang 1a 100/199, hon
50.25%. Mot két qua cao vuot troi so véi udc lugng so luge ban dau.
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KHAI THAC BAI PHUONG TRINH HAM PE IMO 2017

Nguyén Thé Anh
(Gi4o vién THPT Nguyén Hiéu Tu, Vinh Long)

Trong cac ky thi IMO 2017 dién ra tai thanh phd Rio de Janeiro, Brazil c6 bai toan phuong trinh
ham rét ly thi cla tic gid Dorlir Ahmeti dén tir Albania. Trong bai viét nay, ching toi xin giri
dén ban doc céc cach tiép can 15i giai va hudng phat trién bai toan; tir d6, tao ra goc nhin mdi
vé cdc van dé khéc trong ky thi IMO. Duéi day 1a n6i dung bai todn do.

Bai toan 1. (IMO 2017) Tim tdt cd cdc ham s6 f : R — R thod mdn
FU@) W)+ fz+y) = flay) 0]
voimoi z,y € R.
Phan tich. Gid s ton tai ham f thod man bai todn. Néu f(0) = 0 thi thay y = 0 vao (1), ta cé
FU0)f (@) + f(x) = f(0) = f(z) =0,Vz e R.
Néu f(0) # 0, thay x =y = 0 vao (1), ta cé
FUF(0)%) + £(0) = £(0)

F(f(0)*) = 0. Liic d6 ¢ € R sao cho ¢ = (f(0))* ma f(c¢) = 0. Gid sit ¢ # 1 thay
—<-:y = cvao (1) ta duoc

i (Tl) f©)+ 1 (j+) ~f (Cj 1.6)
@f(0)+f(cc_21) =f<cc_21)

Suy ra f(0) =0 (vé Iy) nén c =1 = (f(0))* va f(1) = 0. Bén ddy ta cé mét s6 hudng gidi nhu
sau

Loi gidi 1. 0 ddy diém nhdn trong cdc trinh bay nay la tdp trung sit dung cdch bién doi khéo
Iéo tir viéc thay thé x, y.

Chu y rang néu ham s6 f(r) thda man d& bai thi —f(z) ciing thé. Do d6, ta c6 thé gia sk
£(0) < 0 vavi thé nén f(0) = —1.
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e Thay y = 1vao(l)tacd f(z+1) = f(x) — 1.

e Thay y = 0 vao (1) taco f(f(x))

I
—_
|
—
—~
S
:_/
=
€}
=

Theo quy nap thi f(x+n) = f(x) —nvéimoix € Rvan € Z. Suyra f(n) =1 —n,Vn € Z.
Tac6 f(1 = f(x)) = f(f(f(2))) = f(x) nén f(=[(z)) =1+ f(z).

e Thay y = 2,tacé f(—f(z)) + f(zx +2) = f(2x) nén f(22) = 2f(x) —
e Thayy = —1,taco f(2f(z)) + f(xr — 1) = f(—x) nén

2f(f(@)) =1+ f(2) + 1 = f(=z) = f(-2) =2 - f(z) = —f(z +2).
Suyra f(—x)f(—y) = f(z +2)f(y +2).

e Trong (1), lai thay (z,y) — (—x, —y) thi
(=) f(=y)) = fey) = f(—x —y) = [lay) + [z +y) - 2.
e Trong (1), thay (z,y) — (z + 2,y +2) tacé

f(f(x+2)f(y+2)) = flry+22+2y+4) — f(z+y+4) = flay+2x+2y) — f(r+y).

Suy ra
flay) =2f(x+y) =2 = flay+ 22+ 2y) = flay) + [z +2y) — 1 = f(ay + 22 + 2y).
Dé thy véi moi u,v € R, tdn tai x,y € Z van € Z dé cho xy = u, 2z + 2y + n = v nén

fw)+ flv—=n)—1= f(u+v—n)
< flu)+ flo)+n—1=flut+tv)+n
& f(u)+ f(v) = 1= flu+to).

Thay (u,v) = (f(z),z), taduge f(f(z)+2) = f(f(z))+ f(x)—1=0nén f(z) = 1—=z,Va.

Tuong tu thi f(x) = z — 1 cling thdéa man. VAy nén c6 tit ci ba ham sb théa man dé bai 1a

fle)=0,f(x)=1—=z, f(z)=2—1,Vx e R.
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Loi gidi 2. Hudng gidi dung tinh don dnh.

Khéng mit tinh tdng quat, ta gia sd f(0) = —1thi f(x + 1) = f(z) — 1. Ta cn chiing minh f
la don anh.

That vay, gia stt f(a) = f(b) lic d6 theo dang thic trén, ta ciing c6 f(a — 1) = f(b— 1) vavi
thé nén néu cip (a, b) théa man thi (a — 1,b — 1) ciling thé. Nhu vay thi s6 a, b ¢6 thé chon cho
nho tly y va & day ta cho a < 1. Khi do, ton tai r, s € Rsaochors +1=a,r + s = b.

Hé nay c6 nghiém vi khi rit s theor, tacor> —br +a—1=0v6i A = b* —4(a — 1) > 0.
Thay x = s,y = r vao (1), taco f(f(s)f(r)) + f(s+ 1) = f(sr). Suy ra

) ) +f) = fla=1) = fla) +1=fb) +1

Dén day suy ra f(s) = 0 hodc f(r) = 0 hay s = 1 hodc r = 1. Trong ca hai trudng hop, ta déu
c6 a = bnén suy ra f la don anh. Thay y = —x vao (1), ta co

ﬂ() xD—P‘(wﬂszf+U—1
f(f(@)f(=2)) = f(=2"+ 1)
f@)f(-2) = =2 + 1.

Thay y = 1 — z vao (1), tacéd

@) f(1 =) = f el -2))
2)fl—2)=2(l—2)=2—2°

f(z)
fl@) 1+ f(-2)=z(l-z) =2 -2’
flz) +

)+ flo)f(-2) =2 (1 —2) =2 — 2°.

Tu hai déng thic trén, ta c6 f(z) — 22 + 1 = v — 22 = f(z) = 2 — 1. Truong hop f(0) =
lam tuong tu ta co f(x) = 1 — z. Vay nghiém cta bai toan la

@) =0, f(x) =21, f(2) = 1 .
O]

Nhan xét. O vé trdi biéu thicc f(f(x)f(y)) cia (1). Ta b6 di f(y) nhdm gidm béi truong hop
cho f(0). Mét diéu Iy thii la cdch gidi quyét van nhu bai todn 1. Tit d6 ta c6 Bai todn sau.

Bai toan 2. Tim tdt cd cdc ham s6 f : R — R thod mdn
(@) + fl@+y) = flzy) @)

voi moi x,y € R.
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Loi gidi. Gia st ton tai ham f thod man bai toan. Thay x = y = 0 vao (2), ta c6
F(F(0)) + f(0) = (0)
Néu £(0) = 0 thi thay = = 0 vao (2), ta c6
F0) + fly) = f(0) = fly) = 0,Vy € R.

Néu f(0) # 0 thi f(£(0)) =0, 1ldc dé I € Rsao choc= f(0) ma f(c) = 0 Gid sl c # 1 thay
r=cy=—-vao (2)taco

s+ f () =1 ()

cr0+7(:5) -1 (:5)

Suyra f(0) =0(vo1ly),dodéc=1= f(0)va f(1) = 0, thay z = 1 vao (2), taco

UMW)+ fly+1)=fly) 1+ fly+1) = fy)

Gia st f(a) = f(b) v6i a < 1, ldc d6 tuong tu cach giai bai gbc thi Ir,s € R sao cho
rs+1=ua,7+s=>5. Thay x = s,y = r vao (2), tacod

F(F(s)) + f(b) = fla=1) = (fa) + 1) = (f(b) + 1)

= f(f(s)) =1
= f(f(s)+1) =0
= f(s)+1=1
= f(s)=0=>s=

do d6é a = b suy ra f la don anh. Thay y = 0 vao (2), ta co

f(f (@) + f(x) = f(0)

= [(f(z)) =1 f(z)

= [ = f(x) = F(f(f(x))) =1 = f(f(x)) = f(z)
=1-f(x) =

= f(z) = —z+ 1.

Thé f(z) = —x +1 vao (2),tacé f(x) = —x + 1 khong thoa man (2). Viy nghiém ctia bai todn
1a: f(z) = 0. u

Nhén xét. O vé trdi biéu thitc f(f(z)f(y)) ciia (1), ta bé di f(x) nhdm gidm bét trudng hop
cho f(0). Mot diéu Iy thii la cdc gidi quyét vdn nhu bai todn 1 khi thay déi mién xdc dinh va
mién gid tri thanh f : [0;1] — [0; 1].

Bai toan 3. Tim tdt cd cdc ham sé f : [0;1] — [0; 1] thod mdn
F(f@)*) + f(x+y) = f(ay) 3)

vdi moi z,y € [0;1].
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Loi gidi. Gia st ton tai ham f thod man bai toan. Thay x = y = 0 vao (3), ta c6
FUF(0)%) + £(0) = £(0).
Néu £(0) = 0 thi thay y = 0 vao (1), ta c6
FUF(0)°) + f(w) = £(0) = f(w) = 0, € [0;1].

Néu £(0) # 0 thi f(£(0)*) = 0nén I¢ € R sao cho ¢ = (f(0))> ma f(c) = 0. Gia sit ¢ # 1

thay z = ¢;y = -5 vao (3) ta co

Suyra f(0) = 0,vo 1y nén ¢ = 1 = (£(0))*> = f(0) = 1va f(1) = 0, thay = 1 vao (3), ta c6

FEQD+fA+y) =fy) 1+ fly+1) = f(y).

Gia st f(a) = f(b) lic d6 Ir,s € Rsaochors+1=a,r + s =b. Thay x = s,y = r vao (3),

ta co
FUF)?) + f(b) = fla=—1) = fla) + 1= f(b) + 1

do d6 a = b suyra f la don anh. Thay y = 1 — z vao (3), ta cé

Ff@)) = f@(1—2)
= f@)P=z(l—-a)=a—2>= f(z) = V-2

Thé f(x) = Vo — 22 vao (1), ta cé f(z) = V& — 22 khdng thoa man (3).

Vay nghiém cutia bai toan la f(z) = 0. O

Bai toan 4. Tim tdt cd cdc ham s6 f : R — R thod mdn

FF@FW)?) + fla+y) = fzy) )

voi moi x,y € R.

Loi gidi. Gia st ton tai hAm f thod man bai toan. Thay z = y = 0 vao (4), ta c6
FUF(0)%) + £(0) = £(0).
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Néu f(0) = 0 thi thay y = 0 vao (4), ta c6

F(fF(@) F(0)%) + f(z) = f(0) = f(z) = 0,Vz € R.
Néu f(0) # 0 thi f(f(0)*) = 0nén 3¢ € R sao cho ¢ = (f(0))* ma f(c) = 0 Gia sit ¢ # 1

thay z = ¢;y = -5
))f0—+0=%;&0

) =1(55)

Suyra f(0) =0(oly)nénc=1=(£(0))*> = f(0) = 1va f(1) = 0, thay y = 1 vao (4), ta c6

FF@ Q)+ fL+2) = f(2) & 1+ flz +1) = f(2).
Gia st f(a) = f(b) lic d6 Ir, s € Rsaochors+1=a,r + s =b. Thay x = s,y = r vao (4),

ta co
((@ﬂﬂ% () fla=1)=f(a) +1=f(b)+1
FUf(s)f(r)?) =
FUF(s)f(r)* + ) 0
@va+1_1

Suy ra f(s) = 0 hodc f(r)> = 0nén s = 1 hodc r = 1. Do d6 a = b suy ra f la don énh.

Thay y = 0 vao (4), tacé

f(f (@) + f(z) = f(0)

= f(f(z))=1- f(z)

= f1—f(2) = f(f(f(@) =1- f(f(z)) = f(z)
=1-— f(x ):x

= f(z) = -z + 1.

Thé f(z) = —x+1 vao (1), tacé f(x) = —x + 1 khong thoa man (4). Viy nghiém ctia bai todn
la: f(x) =0. O

Nhan xét. Tong qudt khi thay 2 béi s6 nguyén duong chdn bdt ky, ta cé bai todn sau.
Bai toan 5. Vdi k la s6 nguyén duong cho trudc, tim tdt cd cdc ham sé f : R — R thod mdn
k
FU @) F () + flx +y) = f(ay)

voimoi x,y € R

Loi giai bai toan nay dudc thuc hién hoan toan tuong tu nhu trudng hgp ma 2, ting véi k = 1.

Cudi cling, ta xét mot bai tuong tu véi bai toan ban dau nhung 16i gidi khé hon nhiéu. D& bai cu
thé nhu sau (16i giai cla thanh vién peo trén dién dan artofproblemsolving. com).
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Bai toan 6. Tim tdt cd cdc ham s6 f : R — R thod mdn

fUf@)f(y) = flx+y)+ fzy)

voi moi x,y € R.
Loi gidi. Néu f(0) = 0, thay y = 0 vao dé bai, tac6 f(0) = f(x) + f(0) = f(x) =0, V.

Gia st rang f(0) = a > 0. Ta s& lan lugt chiting minh céc khang dinh sau:

1. Pat D = {z|f(zx) = f(—2)} thiz,y € D = x +y € D.
That vdy, 0 € D,z € D = —x € D. Trong gia thiét, thay (z,y) — (—z, —y), tacé
Fo+y)+ flay) = F(F@) ) = F(F(=2)F(=y)) = F(—z =) + F(a).
Suyra f(x+y) = f(—r—y)nénz+y € D.
2. Néu ton tai u, v € R sao cho f(u) = f(v) thiu—v € D.

That vy, 1an luot thay (z,y) — (u, 1), (v,1), tacé f(u+ 1) = f(v + 1). Do d6, bang
quy nap, ta thu dugc f(u+n) = f(v+n) véimoin € Z*.

Thay (z,y) — (u,n), (v,n) rdi so sanh, ta c6 f(nu) = f(nv),Vn € Z*.

Thay (x,y) — (u, ), (v,v) rdi so sanh, ta c6 f(u?) = f(v?).

Thay (z,y) — (u+1,—1), (v + 1, —1) rdi so sénh, ta c6 f(—u — 1) = f(—v —1).
Suy ra f(—u) = f(—v) nén f(u+n) = f(v+ n) ding véi moi n € Z.

Thay (z,y) — (u, —v), (v, —v) 16i so sanh, ta c6

flu—v)+ f(—w) = a+ f(—v7).

Thay (x,y) — (v, —u), (u, —u) 16i so sénh, ta c6

flo—u)+ f(—w) = a+ f(—u?).

Chd y ring, ta ciing ¢6 f(—u?) = f(—v?)nén f(u —v) = f(v —u) = u—v € D.
3. f(n+2)= f(n) véimoin € Z.
That vay,

Ditd = u—v € D. Gia st ring f khong don 4nh, tiic 12 tdn tai cip (u,v) d€ f(u) = f(v)
nhung u # v, tuong ing d # 0. Taco f(d) = f(—d) va f(d+ 1) = f(—d + 1).

e Thay (z,y) = (4 —1,—-d+1), (3 —1,d+1) rdi so sanh, tacé f (d + & — 2) =
f(d+1%).Suyra2 € D. D€y rang f(2) = f(—2) nén f(n +4) = f(n). Do d6
f(5) = f(1).

e Thay (z,y) — (§,5),(3,1) réisosanh, tacéd f (5+ 1) = f () nén5 € D. Vi
tinh “cOng tinh” ctatdp Dnénb € D,2 € Dchingtd1l € D.Suyra f(1) = f(—1).
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Tudosuyra f(n+2) = f(n),Vn € Z.
4. QC Dva f(x) =a,Vz € Q.

Xét s6 nguyén duong n, thay (z,y) — (1—2,n—1), (1 =2, n+1) rdi so sanh, ta c6
f(n+2-2)=f(n—2+2)nén2—-4€ D.Ma2 € D nén dé ching minh dugc
%GDvéinséhﬁut§/§ED.Dod(’)QCD.

Xét xo € Q thi thay (z,y) — (ZQ—O, IQ—O) , (%, —%0) roi so sdnh, ta dudc f(x) = a.

5. fladon anh trén R.

Theo trén thi f(1) = a. Thay (x,y) — (—1,0), (x—1, 1) rdi so sdnh, tacé f(z) = a, V.
Tht lai thiy khong thoa. Do d6, khong ton tai ham “khong don 4nh” nao théa min dé bai.
Suy ra f don anh.

6. a=1.
Tiép theo,

e Thay (z,y) — (0,0), tacé f(a?) = 2a.
e Thay (z,y) — (a? a?),tacé f(a') = 2a = f(a®). Suyraa' = a®> = a = 1.

7. f(x) =z +1véimoiz € R.

e Thay (z,y) — (0, —1), (1, —1) vast dung tinh don anh, tacé f(—1) [f(1) — f(0)] =
Onén f(—1) =0.

e Thay (z,y) = (z,—x —1),tacd f(z)f(—z — 1) = —x(z + 1).
e Thay (z,y) —» (—z,—1)taco f(—x— 1) =1— f(x).
Suy ra f(2)(1 — f(z)) = —(z + 1) hay
(&) 2= 1] [f(@) + ] = 0.

Do d6 v6i moi € R thi f(x) = z + 1 hodc f(x) = —x. Tuy nhién, gid st c6 zy d€

f(wg) = —wo thi thay (z,y) — (20, 20),tacd f(2z0) =0=>z9=—1vaf(-1)=1=

—1+ +1vin théa man f(z) =z + 1.
8. Néua < 0thi f(z) = —z — 1.

Ta thiy ring néu f(z) théa man thi — f(x) ciing thda nén & trén ta da c6 f(z) = o + 1
ting v6i a > 0 thi cliing s€ c6 f(z) = —x — 1 Ung véi a < 0.

Vay tit ca cdc ham théaman dé baila f(z) =0, f(x) =z + 1, f(z) = —2 — 1,Vz € R. [J
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XUNG QUANH PE THI HOC SINH GIOI
VUONG QUOC ANH 2019

Cao Hoang Duc
(Truong Ashbourne College, United Kingdom)

Ki thi Olympic danh cho hoc sinh gidi todn Vuong qubc Anh 2019 (British Mathematical
Olympiad) viia dudc dién ra theo ciu triic 10 bai todn trong hai vong. Véi thdi gian 210 phiit &
mdi vong, da c6 hon 1000 thi sinh tham du vong 1, va 100 thi sinh tham dy vong 2 v6i muc dich
khuyén khich va chon loc c4c hoc sinh ¢6 ning khiéu va dam mé véi bd mén toan hoc trén khap
1anh thd ctia Vuong qubc Anh.

Nhan dip ki thi Olympic toan qudc t& (IMO) lan thit 60 sap tSi sé dudc td chiic tai dai hoc Bath,
Vuong qubc Anh, bai viét nay nham muc dich gidi thiéu ban doc vé cac dé thi hoc sinh gidi &
Vuong quéc Anh méi nhit cling nhu 16 giai va binh luan vé céc bai toan trong dé thi.

Bai toan 1. Mot day s6 gom 5 s6 ¢6 hai chit sé nguyén duong dugc viét 1én bdng theo thit t
tang ddn. Méi mot sé trong 5 s6 nay déu la boi cua 3, va cdc chit s6 0,1,2,3,4,5,6,7, 8,9 xudt
hién diing mot lan trén bdng. Hoi c6 tong cong bao nhiéu cdch biéu dién ddy sé lén bdng. Luu
¥ rdng s6 6 hai chit s6 khong bt ddu tir s6 0.

Bai toan 2. Vdi mdi s6 nguyén duwong n > 3, ta xdc dinh mot vong-n la mot cdch sdp xép vong
tron cua n s6 nguyén duong (khong nhdt thiét phdn biét) théa man tich ciia moéi ba sé nguyén
lién tiép la n. Xdc dinh s6 sé nguyén n théa man 3 < n < 2018 sao cho ta cé thé'tai dugc mot
VOng-n.

Bai toan 3. Ares nhdn hai sé nguyén khdc cé hiéu la 9. Grace nhdn hai s6 nguyén khdc nhau
6 hiéu la 6. Hai tich nay déu dat cing mot gid tri T. Xdc dinh cdc gid tri c6 théciia T.
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Bai toan 4. Xeét ' la mot nika duong tron duong kinh AB. Mét diém C ndam trén duong kinh
va hai diém E va D ndm trén cung BA, véi E ndm giita B va D. Goi F la giao diém ciia
cdc tiép tuyén cia T tai D va E. Gid st ZACD = /ECB. Chiing minh rang ZEFD =
ZACD + ZECB.

Bai toan 5. Cho hai khéi hinh tru dong dang vdi nhau. Tong ciia chiéu cao ciia cd hai la 1.
Tong ciia dién tich toan phdn ciia cd hai la 8w. Tong thé'tich ciia cd hai la 27. Tim tdt cd khd
ndng co thé' cho méi hinh tru.

Bai toan 6. Mot con kién Ada bdt ddu xudt phdt tai diém O trén mdt phdng. Sau khi bdt ddu,
moi phiit né chon mét huéng Bdc, Nam, Dong, Tay, va di chuyén 1m theo hudng do. Sau khi két
thiic 2018 phiit, né nhén ra rang né da quay tré lai diing diém O. Goi n la sé khd ndng c6 thé
dé chuyén hanh trinh ciia con kién théa mdan yéu cdu. Gid tri cao nhdt cua lity thita ciia 10 la
udc cua n la bao nhiéu?

Bai toan 1. Cho tam gidc ABC. Goi L la duong thing qua B vudng géc véi AB. Puong thing
qua A vudng goc véi BC cdt L tai diém D. Puong trung truc ciia BC cdt L tai diém P. Goi E
la hinh chiéu ciia D lén AC.

Chiing minh tam gidc BPE la tam gidc cdn.

Bai toan 2. Vi mot s6 nguyén n, mét tép hop bao gom n* qudn co ma thudt duoc dct lén mot

ban co n?® x n? bao gom n* é vuéng don vi. Tai mot thoi diém, moi qudn co di chuyén dén mot

6 mdi sao cho khodng cdch gitta tdm 6 vuéng mdi va véi tém é cii la n. Cdc qudn co sé chién

thdng néu trudc va sau tin hiéu, khong cé cdc qudn co nao trén cing mét hang hodc mot cét.

Vi nhitng gid tri ndao ciia n, qudn co c6 thé gianh chién thdng?

Bai toan 3. Cho s6 nguyén té p 1é. Hoi c6 bao nhiéu tdp hop con khdc réng cia
{1,2,3,....,p—2,p—1}

6 tong cdc phan tit chia hét cho p?

Bai toan 4. Tim tdt cd cdc ham sé f tiv tdp hop cdc sé thuc duong dén tdp hop cdc sé thuc
duong sao cho f(x) < f(y) khix < yva

f@) + f(@®) + flz) + f(1) =2 +2° + o + 1

voi moi z > 0.
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Bai toan 1. Mot day s6 gom 5 s6 ¢6 hai chiv s6 nguyén dwong duogc viét 1én bdng theo thit tu
tang ddn. Méi mot so trong 5 s6 nay déu la boi cua 3, va cdc chit s6 0,1,2,3,4,5,6,7,8,9 xudt
hién diing mot lan trén bdng. Hoi co tong cong bao nhiéu cdch biéu dién ddy sé lén bdng. Luu
¥ rdang sé ¢o hai chit s6 khong bdt ddu tiv s6 0.

Loi gidi. Néu A = ab:3 thi khi d6 a + b:3. Tit d6 suy ra a, b déu 1a bdi ctia 3 hoidc a chia 3 du 1
va b chia 3 du 2 hoiic a chia 3 du 2 va b chia 3 du 1. Ta phan hoach cac chit s6 0, 1, ...,9 thanh
ba tap hop

e Sy = {0,3,6,9}, tap cic s6 chia hét cho 3.

o S; = {1,4,7}, tap cic sb chia 3 du 1.
o Sy =1{2,5,8}, tap céc s6 chia 3 du 2.

Ta c6 hai trudng hgp sau:

1. Néu a,b € Sy: Tru6e hét, néu b = 0 thi a c¢6 3 cach chon. Véi hai chit s6 con lai, ta c6 thé
chon dudc 2 s ¢6 hai chit s6 12 boi cta 3.

Nhu vay sb cach chon & day 1a: 3 x 2 = 6 cach.
2. Néu a, b déu khong 12 bdi ctia 3: Ta chon 3 sb con lai nhu sau:
e V6isd A co chii s6 1, ta c6 3 cach chon chit s6 con lai tir tap So.
e V6i sd A c6 chit s6 4, ltic nay ta chi con 2 chit s6 c6 thé chon tif tap Ss.
e V6i sd A c6 chit s6 7, ta chi con duy nhét 1 chit s6 ¢ thé chon tir tap Ss.

Ngoai ra, véi mdi sd chon dudc tir 2 chit sd, ta 1ap dudc 2 s6 ¢6 hai chit s6 (vi du nhu véi
hai chit s6 1, 2 thi ta dudc hai s6 12 va 21).

Vay ¢6 3 x 2 x 1 x 23 = 48 s6 thda man yéu cau.

Khi ta c6 5 s6 nhu vy, chi c¢6 duy nhét 1 cach sap xép ching theo thi tu ting dan.
Vay tong cdng ta c6 6 x 48 = 288 céch.
O

Bai toan 2. Vdi mdi sé nguyén duong n > 3, ta xdc dinh mot vong-n la mot cdch sdp xép vong
tron cua n s nguyén duong (khong nhdt thiét phdn biét) théa man tich ciia méi ba sé nguyén
lién tiép la n. Xdc dinh s6 sé nguyén n théa man 3 < n < 2018 sao cho ta cé thé'tai duoc mot
vong-n.
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Loi gidi. Gia st cac so trén vong-n 1a aq, as, ..., a,. Ta co:

a1aoa3 =N
& ap = ay.
20304 — N

Tuong tu nhu vay, ta c6 thé chitng minh dudc a; = agpi1, Ao = A3z, A3 = A3,

biata; = x,a: = y,a3 = 2z, do d6 xyz = n. Ta xét cac trudng hgp sau:

1. Néun = 3k + 1, khi do:

a3k A3k+101 = N = Z(Ez =n.

Suy ra x = z, tuong tu ta ciing sé c6 z = y. Suy ra n phdi 1a 14p phuong ctia mot s6 tu
nhién.

2. Néun = 3k + 2, chiing minh tuong tu ta ciing sé c6 n 1a 1ap phuong ctia mot s tu nhién.
3. Néun = 3k, dé thiy moi sd n lic nay déu théa man.

Nhu viy, yéu cau bai todn trd thanh tim tit ca s6 nguyén n trong khoang 3 < n < 2018 1a sb
1ap phuong hoac la bdi cta 3. Ta ¢ cac trudng hgp sau

) ) 2018 — 3 )
e SO cac son labdicua 3 1a {TJ + 1 =672 so.
e S6 céc s6 1ap phuong 1a [ v/2018] — 1 = 11 s0.

. . 2018
e S céc sb 1ap phuong 1a boi cta 3 1a { \ 7J — 4.
Vay theo nguyén ly bu trit, tng cdng c6 672 + 11 — 4 = 679 s6 thdéa man dé bai.
]

Bai toan 3. Ares nhdn hai sé nguyén khdc cé hiéu la 9. Grace nhdn hai s6 nguyén khdc nhau
c6 hiéu la 6. Hai tich nay déu dat ciing mot gid tri T. Xdc dinh cdc gid tri c6 thé ciia T.

Loi gidi. Goi hai sb nguyén ctia Ares 12 a vd a — 9. Goi hai s6 nguyén ctia Grace la b va b — 6.
Theo gia thiét, ta c6 phuong trinh

a(a—9) =b(b—6)

& 4a® — 36a — 4b* +24b =0

& (2a—9)* — (2b —6)* = 45

& (2a —2b— 3)(2a + 2b — 15) = 45.
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Dit v = 2a — 2b — 3,y = 2b + 2a — 15, dé thiy z, y 1a c4c s6 nguyén 18 va:

r+y+18
R
b_y—x+12
B 4

Ta c6 bang sau gid tri sau

x| —45| =15 -9 5| =3 | —1 1 31 5 9 |15 45
yl| -1 -3|—-|-9|-15|—-45] 45 15| 9 5 | 3 1

a | =7 0 1 1 0 -7 116 | 9| 8 8 19| 16
b| 14 6 0 -8 | 14|16 | 4 2 108
T 112 0 | -8|=8| 0 112 | 112 | 0 | =8| =8| 0 | 112

Nhu vay T € {-8,0, 112}.
]

Nhén xét. Cdc bai todn 1,2,3 déu la nhitng bai todn tuong doi dé. Tuy nhién, viéc tinh todn
ciing khd nhiéu trong mét thoi gian ngdn ciing la mot van dé déi véi da so thi sinh tham gia.

Bai toan 4. Xeét ' la mot nika duong tron duong kinh AB. Mét diém C ndm trén duong kinh
va hai diém E va D nam trén cung BA, vdi E ndam giita B va D. Goi F la giao diém cia
cdc tiép tuyén cia T tai D va E. Gid st ZACD = /ECB. Chitng minh rang ZEFD =
LACD + LECB.

Loi gidi.
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Goi O 1a tim dudng tron. VE duong kinh EE’ va goi D' 1a diém dbi xting ctia D qua AB. Nhu
vay D’ € (O), ngoai ra ta cling co:

/ACD' = Z/ACD = /ECB
Tit d6 ta c6 thé chiing minh dudec E,C, D’ thang hang. Ngoai ra do Z/ZDD'E = /DE'E va
ACDD’', ADOE' 1an luct can tai C va O, ta con cé:

/DCE =2/DD'C =2/DE'O = /DOE

Suy ra tit gidc CDEO ndi tiép. Ngoai ra, ti gidc F'DOFE ciing noi tiép.
T d6 ta c6 tif gidc F'DCE ndi tiép nén:

ZDFFE =180° - ZDCE = LZACD + ZECB

]

Bai toan 5. Cho hai khéi hinh tru dong dang vdi nhau. Tong ciia chiéu cao ciia cd hai la 1.
Tong cua dién tich toan phdn ciia cd hai la 8w. Tong thé'tich cia cd hai la 2. Tim tdt cd khd
ndng co thé cho méi hinh tru.

. X N N N ~ s 2 A A N 1 R A X
Loi gidi. Goi h,r lan lugt 1a dudng cao va ban kinh cia mot khoi tru va z la ti so dong dang

(h,r, k € Rt). Nhu vay dudng cao va ban kinh ctia khéi tru con lai 1an ludt 1a hk va rk. Ta tinh
duoc

Téng chiéu cao cla ca hai 1a
h+ hk = h(1 + k)

Téng dién tich toan phan cia c4 hai 12

2rr? 4 2mrh + 27r°k? + 27rhk? = 27r(r 4+ h) (1 + K?)

Tong thé tich cta cé hai la
Thr® + whr?k® = 7hr*(1 4 k?)

Tu do, ta c6 hé phuong trinh sau

W1+ k) =1 ’"‘:ﬁk
2rr(r +h)(L+ %) =81 S p(r 4 h)(1+k2) = 4(1)
whr¥(1+ k%) = 27 Pl-k+k)=2 (2)

2
T phuong trinh (2),tacé:r =/ —————.
phuong trinh (2), ta co: r Hl—k—ka
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Thay tht c& vao phuong trinh (1), ta dugc:

3 3 1
1+ k%) =14
\/1—k+k2<\/1—k+k?+1+k)( +E)

Quy dong hai vé, ta dugdc

201+ k) (L + kY +2(1 — b+ E2)(1 + k) = 4(1 + k)

bita = /2(1 —k+k?),b =1+ knéna,b > 0. Ngoai ra, ta cing c6

2 b2 2b
@t va1+k3:%.

1+ k2=

Ta viét lai phuong trinh

20(a* +0*)  a(a® + b?)
3 + 3

= 2a%b < 2a%b + 2% + a® + ab® — 6a%b =0

& 26° + a® + ab® — 4a*b = 0 & a(a® + b* — 2ab) + 2b(b* — a*) =0
S alb—a)*+2b(b—a)(b+a) =0« (b—a)(ab— a*+ 20> + 2ab) =0
& b—a=0hay3ab—a®+ 20> =0

0 1 £, o2
béya=+2(1-k+k)>= \/g(l —k)? + 5(1 + k)2. Theo bat dang thiic Minkowski thi

ok VBYT L (vek Ve L | (voR\ (vaR) T, (=B L (v2)
EERCE R CRORETRG

= a < 2k+2=2b.

Suy ra 3ab — a® + 2b* > 0. Nhu vay chi con trudng hop a = b, khi d6

V201 —k+k)=k+1ek —4k+1=0.

Giai phuong trinh bac 2 trén, ta dudc k = 2 4 /3. Thé vao dé tim h, r, ta c6 hai cip nghiém

3+v3 3+V3 3—v3 3-3
(h’r)e{( 6 3 >< 6 ' 3 >}
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Nhan xét. Ddy thdt chdt lai mét bai todn gidi phuong trinh twong doi kho. Ngoai cdch dt dn
phu dé’ co thé bién doi dai s6 mot cdch thudn tién nhu trén, ta con co thé chuyén vé va binh
phuong dé’khai trix di ddu cdn. Sau khi it gon, ta nhdn dugc mot phuong trinh doi xiing sau:

kS — 3k% — 5k + 10k — 5k%> — 3k +1 = 0.

) ) 1.
Ta c6 thé chia k3 cho hai vé va ddtt = k + z dé giai quyet.

Bai toan 6. Mot con kién Ada bdt ddu xudt phdt tai diém O trén mdt phdng. Sau khi bdt dau,
moi phiit né chon mot huong Bdc, Nam, Péng, Tay, va di chuyén 1m theo hudng do. Sau khi két
thiic 2018 phiit, né nhén ra rang né da quay tré lai diing diém O. Goi n la sé khd ning c6 thé
dé chuyén hanh trinh ciia con kién théa mdan yéu cdu. Gid tri cao nhdt cua lity thita ciia 10 la
udc cua n la bao nhiéu?

Loi gidi. Goi A latong sd cach Ada c6 thé di chuyén.

Tru6e hét, néu Ada di chuyén qua phia Pong 2 1an thi sau d6 mdt lic ndo d6 Ada ciing phai di
chuyén qua phia Tay « 1an. Nhu véy s6 1an di chuyén qua phia Pong bing s6 1an di chuyén qua
phia Tay cua Ada.

Tuong tu thi s6 1an di chuyén qua phia Bic cling bang s6 1an di chuyén qua phia Nam.

Goi n 1a s6 1an di chuyén qua phia Tay, khi d6 s6 1an di chuyén qua phia Nam sé 1a 1009 — n.
V6i mbi n ¢b dinh, ta c6 2018! cach sip xép budc di chuyén. Ngoai ra, c6 n! hodn vi cac budc di
chuyén phia Tay, n! hoan vi di chuyén phi Pong, (1009 — n)! hoén vi cc budc di chuyén phia
Bic, (1009 — n)! hodn vi cac budc di chuyén phia Nam.

2018! 2018!

Tom lai ta ¢6 -
oM LI CO L Il % (1009 — 1)1 x (1009 — n)! — (n))2((1009 — n)1)2

Tong cong ta co

1009 1009

A 2018 B 20180 10090 1009!
— 2 (n1)2((1009 —n)!)2 £ 1009! x 1009~ nl(1009 —n)! "~ n!(1009 — n)!

_gkj 2018 1009 1009 _ ([ 2018 % 1009 1009
_n:O 1009 n 1009 —n J  \ 1009 n 1009 — n

n=0

Dén day, ta xét da thic f(z) = (1 + 2)?"%, ta c6
2018
2018 i
ro =3 (M)

Ngoai ra

2018 i
F(z) = (14 2)1%9 x (1 4 )10 Z ( 1009 ) ( 1009 )xz

Z_
=0 j= ]
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Can bing hé s6 ctia 219, ta dudc dang thiic sau
2018 \ %’9 1009 1009
1009 / —~ n 1009 — n
Nhu vay, ta co

A 2018\ _ (20181 \®
— 1000 ) ~ 10092

Dén day, ta tim sb cac chit s6 0 tan cing clia A bang cach tim s& mii cao nhit ctia 2 va 5 trong
phan tich thanh nhén t cia A.

Dit B = /A, tru6e hét, ta tinh s6 mil cao nhét ctia 5 trong phén tich nhan ti cda A.
St dung ham dinh gi4, ta c

vs(B) = v5(2018!) — 2v5(1009!)

Ta st dung b6 dé sau

BG de. (Céng thiic Legendre) Vi s6 tu nhién n va sé nguyén t6 p, khi do:
“|n

vp(n!) = Z {—J
Viéc chiing minh b3 dé trén kha don gidn p dung cong thifc trén, ta dé dang c6 sd mii cao nhat
cua 5 trong B 1a 2.

2018 2017 2017
B_<1009>_(1009)+<1008)
2017 2017
= 2( 1009 > = 2020( 1007 )

Do d6 4| B nén sb chit s6 0 tan cung cta B 12 2

Ngoai ra:

Két luan: s6 mii cao nhét cia 10 1a udc ctia B 1a 4. O

Nhan xét. Bai 6 la bai todn kho nhdt vong 1 do dp luc thoi gian va ciing phdi tinh todn nhiéu.
Diém trung binh ciia bai 6 trén moi thi sinh la 0, 8/10.
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Bai toan 1. Cho tam gidc ABC. Goi L la duong thing qua B vuéng géc véi AB. Puong thing
qua A vuoéng goc véi BC cat L tai diém D. Puong trung truc cia BC cdt L tai diém P. Goi E
la hinh chiéu cia D lén AC.

Chitng minh tam gidc BPFE la tam gidc cdn.

Loi gidi. Goi P’ 1a tim dudng tron ngoai tiép tam gidac BEC.

Bién déi goc, ta co:

180° — ZBP'C - 180° — 2(1800 — ZBEC)
2 N 2

=/BFEC —90°=90° - ZBFA

/P'BC =

Ngoai ra, ti gidc ABDE ndi tiép nén ZAEB = Z/ADB
Suyra ZAEB = ZABC va /P'BC = /PBC.
Tu day ta dugc P = P’ hay APBC cén tai P.
O

Bai toan 2. Vi mot s6 nguyén n, mét tép hop bao gom n? qudn co ma thudt duoc dct lén mot
ban co n* x n? bao gém n* 6 vuéng don vi. Tai mot thoi diém, méi qudn co di chuyén dén mot
6 mdi sao cho khodng cdch gitta tdm 6 vuéng mdi va véi tém é cii la n. Cdc qudn co sé chién
thdng néu trudc va sau tin hiéu, khong cé cdc qudn co nao trén cing mét hang hodc mot cét.

Vi nhitng gid tri ndao ciia n, qudn co c6 thé gianh chién thdng?
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Loi gidi. Ta xét hai truong hgp:

V6i n chin: Ban diu, ta dit tAt ca cdc quan cd 1én dudng chéo. Tiép theo, ta c6 thé di chuyén
nhu sau:

2
2,0 n A N, 2 A N P ~ . A A s X A N
e VGi 5 quan c0 0 trén cung, ta co thé di chuyén qua bén trai moi quan n 0.

2
e TV A sy gt A T 2 N 2 x. A N
e VGi 5 quan cg tiep theo, ta c6 thé di chuyén qua bén phai moi quan n 6.

M6t vi du cho n = 2:

1

\__/

I

7N
\i)

@
N/

1

Véi n 1é: Ta danh s6 cdc hang tir 1 dén n? theo thd tu tlf trén xudng duéi, va danh sb cac cot tir
1 dén n? theo thy tu tir trdi qua phai. V6i mdi 6 hang 7 cot j, ta ki hiéu1a 6 (7, 7).

Xét tbng S = ZiQ + 42 véi tht ca cic 6 chifa quan cd ma thuat. Theo gia thiét, dé thiy

n2

S=2 Z i 1a mot sd chan.

i=1

V6i mbi 6 (i, j), sau mot phép bién ddi thanh 6 (i & a, j & b) thi S dugc viét lai thanh:
S = (i+a)+(G+b)?) =D (i’ + )+ 2ai + 2bj + a* + °)

=3 (1 + 2 20i £ 2+ n?) = S+ (D +20i £2b5) + 0

Dé€ ta thuc hién dugc yéu cau dé bai, S’ phai bang S. Suy ra S’ 1a mot s6 chin. Tuy nhién, S 1a
mot sb chin, Z(iQaz’ + 2b5) 1a mdt s6 chdn va n? 1a mot s6 18, vo ly. Do do, ta khong thé thuc
hién cho n 1é.

Két luan: moi s6 n chin déu thuc hién dudc yéu cau dé bai. [
Bai toan 3. Cho s6 nguyén té p lé. Héi cé bao nhiéu tdp hop con khdc réng ciia
{1,2,3,...p—2,p—1}

o téng cdc phdn tik chia hét cho p?
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Loi gidi. Pat S = {1,2,....,p — 1}, p(S) 1a tap hop bao gém céc tap con cla S, P la tap hgp
con clia S va théa man yéu cau, T 1a tap hgp bao gdm cac tap hop P. Nhu vay |p(S)| = 2P~

Ta thiét 1ap anh xa f : p(S) — T nhu sau:

V6i mdi tap hop {ai, as, ..., a,, } c6 tdng 1a s, ton tai sé nguyén duong 0 < 7 < p sao cho s+mr
chia hét cho p. Ta thiét 1ap P = {by, bs, ..., b,,} sao cho b; € S va b; = a; + r (mod p)

Nhu vay, mdi tap hop thude o(S), ta ludn chuyén vé dude mot tap hop P thdéa man dé bai. Tuy
nhién, v6i mdi tap hop P nhu vy, ta lai ¢6 p cich tao thanh tif cdc tap hgp thudc p(S), trir
trudng hop P = 0.

< R -l
Do d6, so tap hgp thoa man de bai 1a
p

]

Nhén xét. O ddy, ta cé thé' gidi quyét bai todn bing phuong phdp ham sinh dya vdo ¥ tudng sé
phiic nhu sau:

p(p—1)

Xet da thite f(x) = (1+2)(1 +22)...(1+ 2P = ap + a1z’ + ... + appn T 2
2

Nhdn thdy rdng vdi méi cdch chon mot tdp hop con théa man dé bai sé twong iing vdi 1 don

Vi trong tong cdc hé sé chia hét cho p & trong da thiic trén. Do do, ta chuyén bai todn thanh

tinh A = Z as. Phdn tinh todn con lai, ban doc cé thé gidi quyét dua trén tinh chdt ciia nhom
plt

cyclic.

Bai toan 4. Tim tdt cd cdc ham sé f tie tdp hop cdc sé thuc dwong dén tdp hop cdc sé thuc
duong sao cho f(x) < f(y) khiz < yva

f@Y+ f@)+ fl@)+ f)=a'+2°+x+1
véi moi x > 0.
Loi gidi. Gia st ham sb f : RT — R théa man f(z) < f(y) khiz <y va
fF@h) + f@®) + fla) + f(1) =2’ +a® +a+1
v6i moi x > 0.
Thé x = 1, d& thdy f(1) = 1. Ta viét lai phuong trinh

Fah) + f(@®) + flo) =a* +2° + 2 Ve > 0 (%)

Thé z = 22 vao (*), ta cé

f@®) + fa®) + f(2®) =2+ 2" + 2* Vo > 0
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Tu day suy ra f(2%) — 2% = f(x) — 2 Va > 0. DE thiy:
f (x8k> — ¥ = f (1:81671) — == flz)—=x
— = f (x“) 8 Ve > 0,keN
V6i xz < 1, ta co:
f@)—z<f) -2 =1-2¥Vo<z<1,keZ

Cho k — —o0, ta co:

. k . 8
lim 2% = lim a2* =2°=1
k——oc0 k—-+oo

Suy ra f(z) < 2V0 <z < 1. Khi d6

faH+ f@) + flr) <z* +2°+aV0<z < 1

Do dé f(z) =2 v6imoi 0 < x < 1.
Tuong tu véi x > 1, ta ciing duge f(z) = x.

Két luan, f(x) =  la nghiém duy nhét ctia phuong trinh.

Néu so sanh véi cac d thi hoc sinh gidi quéc gia & Viét Nam (VMO, TST) thi céc bai toan trén
kha "nhe nhang" vé k¥ thuat, dic biét 1a phan hinh hoc. Tuy nhién, c4c bai todn trén lai yéu cau
nhiéu y tudng doc ddo va kha ning bién ddi dai s6 cao. Pay ciling 13 xu hudéng ciia da sb cac ki
thi § phuong tay trong thdi gian gan day.

[1] https://www.ukmt.org.uk

[2] https://bmos.ukmt.org.uk
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HocC PEM NHU THE NAO?

Vii Hong Son
(Gido vién THPT Chuyén Hung Vuong)

Trong to4n hoc, mdi bai todn hinh hoc, sb hoc, dai s6 ... d&u c6 nhiing vé dep riéng. Nhung véi
c4 nhan tac gia, cdc bai toan t& hop, dic biét 1a bai toan dém c6 mot vé dep rat dic biét. Ban ¢
tim dudc & dau nhitng bai todn c6 phat bi€u don gian, dé nhé nhu thé? Ban c6 tim dudc & dau
cdc bai toan ma c6 thé ca 16p déu lam dudc, nhung mdi ban lai ra mot két qua khac nhau? Va
hén ban sé cam thiy vo cung sung sudng khi minh 1a ngudi duy nhét trong 16p ra dap sb diing?
N6 12 mdt cam xuc rt khac biét so v6i khi minh ban gidi dudc mot bai toan.

MBbi khi nghi ra 16i giai cho mot bai toan, dic biét 12 cdc bai toan don gian nhét; thong thudng
toi it khi cho phép minh dugc cdm thiy théa man. Téi ludn c6 mot cau hdi dit ra trong dau 1a:

1. L&i gidi nay c6 thé dit dung cho cac bai toan khéc hay khong? Minh ¢6 thé sang tao ra cac
bai toan gan gidng bai toan cii ma khong thé st dung 15i giai trén hay khong?

2. Néu suy nghi theo hudng khac c6 thé c6 nhiing 15i giai khac hay khong?

3. Néu téng quat hoa bai toan, cach gidi cii con dung dudc khong? Liéu c6 cach gidi méi tot

hon.

Ba phan ctia chuyén d& "Hoc dém nhu thé nao" sé& cling ban di theo ba cau héi trén.

Chiing ta hdy dén véi vi du dau tién.

Vi du 1. Tir cdc chit s6 1,2, 3; hoi c6 thé 1ap dudc bao nhiéu sb tu nhién c6 10 chit sb.

Loi gidi. Pay 12 mot bai toan st dung quy tic nhan cd ban. Xét mot s6 c¢6 10 chit sb bat ki
a1a9...a10. Khi dé:
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1. C6 3 cach chon a4 1a 1, 2 hoac 3.
2. C6 3 cach chon ay 1a 1, 2 hoac 3.
3. ...

4. Co6 3 cach chon aqg 1a 1, 2 hoac 3.

Theo quy tac nhan, c6 tit c¢6 3'° cch chon s @yay...ar. Vay c6 tht ca 3'° s théa man yéu cau
bai toan. ]

Néu chiing ta thay ddi gia thiét di mot chiit, nghia 12 thém mot s yéu cau cho sd @yaz...a0 can
tim, ching ta c6 thé thu dugc hang loat bai toan.

Vi du 2. Tir cic chit s6 1,2, 3; hoi c6 thé 1ap dudc bao nhiéu sb tu nhién 18 ¢6 10 chit s6.

Ddp sé. 2.3°. ]
Vi du 3. Ti céc chit s6 1,2, 3; hdi c6 thé 1ap dudc bao nhiéu sd ty nhién c¢6 10 chit s6 ma hai
chit s6 ké nhau bat ki khac nhau.

Loi gidi. Xét mot s6 c6 10 chit s6 thdéa min yéu cau bai toan @1as...aro. Khi dé:

1. C6 3 cach chon aq 1a 1, 2 hoac 3.

2. C6 2 cach chon ay do ay khac a;.

3.,

4. C6 2 cach chon aq¢ do aq¢ khac ag.
T\heo quy tac nhan, c6 tit c6 3.2° cach chon sb @raz...arg. VAy c6 tit ca 3.2° s6 thda méan yéu
cau bai toan. [

Vidu 4. Tir cic chit s6 1,2, 3; hoi c6 thé 1ap dudc bao nhiéu sb tu nhién 1€ ¢6 10 chit s6 ma hai
chit s6 ké nhau bét ki khac nhau.

Nhén xét. Xét mot s6 6 10 chit s6 théa man yéu cdu bai todn Giay...ayo. Néu vdn dém mot cdch
thong thuong nhu trudc, ta co:

1. Co 3 cdch chon aq la 1, 2 hodc 3.

2. Co 2 cdch chon as do as khdc a;.

N

. Co 2 cdch chon ag do ag khdc ag.
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Co bao nhiéu cdch chon ag?

Ta thdy ngay ao phdi théa man hai diéu kién dong thoi: vita phdi la s 16, vita phdi khdc aq.
Nhue vdy néu ag = 2 sé ¢6 2 cdch chon ayo; nhung néu ag = 1 hodic ag = 3 thi chi cé duy nhdt
mot cdch chon ayo. Nhue vdy ta khong thé sit dung quy tdc nhdn trong truong hop nay. Vdy phdi
gidi quyét nhu thé nao? Ta thdy ayo thi bi diéu kién rang budc, tuy nhién a, lai khong co diéu
kién rang budc gi. Nhu vdy chi cdn dém nguoc lai tit phia ay, ta dé dang tim ra loi gidi.

Loi gidi. Xét mot s6 c6 10 chit s6 thda man yéu cau bai toan a1as...a1. Khi do:

1. C6 2 cach chon ag 1a 1 hoac 3.
2. C6 2 cach chon ag do ag khac aq.
3. ...

4. C6 2 cach chon aq do a; khac as.

Theo quy tic nhan, c6 tit c6 2'° cach chon s6 aras...amo.
Vay c6 tat ca 2'° s6 théa man yéu cau bai toan. O

Nhan xét. Ta nhdn thdy néu dém tic dau t6i duéi ma vudng thi dém nguoc tic dudi lén dau. Viy
néu & ddu ciing vudng thi phdi dém nhu thé nao? Ta sé nghi ra bai todn ma phuong dn dém tir
dudi lén ddu ciing khong sit dung duoc nita. Hay ndi cdch khdc, ta phdi thém diéu kién cho a.
Cdch don gidn nhdt la gi? D6 la a, phdi khdc 0. Ta cé bai todn sau.

Vi du 5. Tir cdc chit s6 0, 1, 2, 3; héi c6 thé 1ap dude bao nhiéu s6 tu nhién 18 c6 10 chit s6 ma
hai chit s6 k& nhau bét ki khac nhau.

Pém tir diu dén duoi khong dudc, tir dudi 1én dau ciing khong xong, vdy phai dém nhu thé nao?
Néu ban dé€ y thiy rang sb 10 trong bai toan trén 1a khong hé quan trong, ta hoan todn c6 thé
tdng quat cho n. Khi d6 ta c6 thé nghi dén phuong 4n truy hoi.

Loi gidi. Ta xét bai todn téng quat: Tir cdc chit 6 0, 1,2, 3; hdi c¢6 thé 1ap dudc bao nhiéu sb tu
nhién 18 c6 n chit s6 ma hai chit sd ké nhau bat ki khac nhau.

Ki hiéu f, la sb can tim. Xét n > 4. Goi a;az...a, 1a s6 c6 n chi s6 thda man yéu cau bai toan.
Khi d6 ta thiy a,, phai 1a s6 18 va a; phai khac 0. Ta xét hai trudng hop

1. as = 0. Khi d6 c6 3 cach chon a; 1a 1,2, 3. Do a3 # ay = 0 nén azay...a, tao thanh mot
s0 ¢ n — 2 chit s0 1€ thda man yéu cau bai toan. Khi d6 ¢6 f,,_s cach chon so azay...a,.

2. ag # 0. Khi d6 c6 2 cach chon a; 12 2 s6 thudc tap {1,2, 3} va khic a,. Hon nita azas...ay,
tao thanh mot s6 c6 n — 1 chif s6 1é théa man yéu cau bai toan. Khi d6 c6 f,_; cach chon
86 Ao20a3...Ay,.
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Theo quy tac cong va quy tdc nhan, ta c6
fo=2fn1+3fn2 Vn>4.

Dé dang tinh dudc f; = 2, f = 4, f3 = 14. St dung céc kién thiic co ban vé day sd, ta c6

fu=5 (3= (1)),

Vay fip = 29524. O
Tuong tu nhu trén, ta c6 thé sang tao ra hang loat bai toan. Va chic chin, sé khong c6 mot
phuong phap chung c6 cdc bai toan nay.

Vi du 6. Tit céc chit s6 1,2, 3; héi c6 thé 1ap dudc bao nhiéu sb tu nhién c¢6 10 chit s6 théa man:

1. La s6 chén.

2. La sb chia hét cho ba.

3. La s6 chin chia hét cho ba.

4. Khong c6 hai chit s6 2 nao ké nhau.

5. Hai chif s6 ké nhau bt ki khac nhau.

6. Xut hién dd ¢ 3 chit s6 1, 2, 3.

7. Xuat hién dt ca 3 chit s6 1, 2, 3 va chia hét cho 3.
8. Sb chif s6 1 16n hon s6 chit s6 2.

9. Chit s6 1 va 2 khdng diing canh nhau.

10. Hai chit s6 ké nhau hon kém nhau 1 don vi.

Vi nhitng bai toan co ban, nhiéu ban c6 théi quen giai dudc 1a bd qua. Nhiéu ban tham chi c6
thé coi bai dé khong them lam. Tuy nhién véi mot bai toan co ban, nhung néu tap cho minh théi
quen suy nghi theo nhiéu huéng khac nhau, cic ban c6 thé thu dudc nhiing 10i ich sau:

1. Biét dugc phuong 4n nao tot, phuong 4n nao khong tbt véi nhitng dang bai khac nhau, tir
d6 dan hinh thanh kinh nghiém, phan xa v6i cdc dang bai tip khac nhau.
2. On tap dong thdi nhiéu kién thiic da hoc. Tir d6 c6 dugc nén tang kién thiic viing chic.

3. Khi két hop nhiéu phuong phap khac nhau, biét dau ban c6 thé thu dugc nhiéu diéu thi
vi.
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Sau day la mdt vi du nhu vay.

Vidu 7. (2.18 SBT Dai s6 va giai tich 11 ning cao Trang 63).
Cho tap hop S, = {1,2,3,...,n} trong d6 n 1a sd nguyén duong 16n hon 1. Hdi c6 bao nhiéu
cip sap thi tu (=, y) théaman z,y € S, vaz < 3.

Loi gidi. Céch 1.
Ta xét hai truong hgp
1. Néu z = y thi c6 n cip sip thi tu tu (z,y) thoa man.

2. Néu x < y thi c6 C? cip sap thif tu tu (z,y) thdéa man. (Vi chon 2 s6 bat ki trong tap hop
S, Tudn c6 mot s 16n hon, mot s6 bé hon. Sap thit tu ciia chiing ta dudc cip sip thifc tu
(z,y) thda man).

Ap dung quy tic cong ta c6 két qua 1a

-1 +1
C’Z—I—n:%—kn:%:(flﬂ.

Cach 2. Dit A = {(z,y) |2,y € Sp,x < y}; tacan tinh |A].
Gio ta d€ y, néu ta chon y tru6c, khi d6 do < y nén x c6 y cach chon. Cho y chay tif 1 mot téi

=>4y
y=1

St dung két qua quen thudc ctia dai sb ta co:

n,taco |A

1
|A|:1+2+3+...+n:@.

Cach3.bat A = {(z,y) |x,y € Sp,x <y}; B={(z,y)|r,y € Spy1,x <y} .Xét anh xa

f:A—B
(z,y) = (z,y +1).

Dé théy 12 song d4nh. Mt khic ta thiy s& phan ti ctia tip B chinh 1a s tip con c6 hai phan ti
cla S,41. Khidétacé |B| = C2,,
Vay |A| = |B| = C},,. u

Nhan xét. Chiing ta cung xem xét lai cd ba cdch gidi trén.

1. Cdch 1 va cdch 2 khd tw nhién. Khi chiing t6i cho hoc sinh lam thit bai todn nay, da sd
cdc ban déu lam theo mot trong hai cdch trén.

2. Cdch 3 no dugc t6i nghi dén sau khi ra duoc két qud & cdch 1 va cdch 2. Tir két qud

C? 41, MOt cdch ty nhién ta thdy rdng dady chinh la sé cdc tdp con cé hai phdn tit clia tdp
Spi1 = {1,2,...,n+1}. Tuy cdch song dnh dugc nghi ra "sau khi" cé két qud; nhung né
ciing giip cdc ban réen luyén cdch thiét Idp cdc song dnh. Mot phan kho nhdt trong phép
dém.
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3. Tirkét qud C? | 6 cdch 3 va néu cdch 2 chiing ta ding lai 6 |A| =1+2+3+ ...+ n. Ta
c6 thé’ coi nhu chiing ta da ching minh dugc ding thiic

1
142+3+..+n=C2 = @
bang phicong phdp "Dém hai cdch".

4. Cdch 3 tuy la kho nhdt, nhung no ciing la co sé dé’ta co thé phdt trién bai todn ra thém
nhiéu bai todn tuong tw khdc; ciing nhi tiv do ta cé thém mot cdch chitng minh cdc ddng
thitc dai s6 theo phwong phdp "Dém hai cdch'.

Sau day 12 mot s6 md rong clia bai toan 7.

Vidu8. Chotaphop S, = {1,2,3,...,n} trong d6 n 1a s6 nguyén duong 16n hon 1. Héi ¢6 bao
nhiéu cip sip thd tu (z,y, ) théaman z,y, 2z € S, vaz < y < z.

Vidu9. Chotap hop S, = {1,2,3,...,n} trong d6 n la s6 nguyén duong 16n hon 1. Héi c6 bao
nhiéu cip sap thd t (x,y, z) théaman z,y, 2 € S, vaz,y < z.

Vi du 10. Cho tap hop S, = {1,2,3,...,n} trong d6 n 1a s6 nguyén duong 16n hon 1.

1. Hoi c6 bao nhiéu cip sip thi tu (z,v, z,t) théa man ,y, 2,t € S, vaz,y,z < t.

2. Hoi c¢6 bao nhiéu cip sip thd tu (x,y, z,t) théamin z,y, z,t € S, vaz < yvaz < t.

Vidu 11.
1. C6 bao nhiéu b sap thi tu (m, n) sao cho m\n va n\220%9,
2. C6 bao nhiéu bd sip thi tr (a1, as,...,a,) sao cho aj\ai 1 Vi = 1,2,...,n — 1 va
an\22019~
3. C6 bao nhiéu bd sip thd tu (a1, as,...,a,) sao cho a;\a;4; Vi = 1,2,...,n — 1 va
an\102019-

Vi du 12. Doi thanh nién xung kich ctia mot trudng phd thong c6 12 hoc sinh, gdm 5 hoc sinh
16p A, 4 hoc sinh 16p B, 3 hoc sinh 16p C. Can chon 4 hoc sinh di lam nhiém vu, sao cho méi
16p c6 it nhét 1 hoc sinh. Hdi ¢6 bao nhiéu cach chon nhu viy?

Thong thudng, da s cdc ban sé lam vi du ?? bang phuong phép liét ké hay 1ap bang. Tuy nhién
phuong an diy chic chin sé khong phu hop khi chiing ta tong quat héa bai toan mot cach rat tu
nhién nhu sau
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Vidu 13. Cho m,n, p, k 1a cic sb nguyén duong (k > 3). Cé m ban hoc sinh 16p A, n hoc sinh
16p B, p hoc sinh 16p C. Hdi c6 bao nhiéu cach chon ra k hoc sinh sao méi 16p c6 it nhat mot
ban hoc sinh dudc chon.

Pdp s0.
k K k k K k| ok
Ch o = ChL — Ok, — Ok 4 CF 4 O 1 OF,
(Chiing ta quy uéc C* = 0 néu k > n.) O

Vi du 14. C6 bao nhiéu s6 tu nhién c6 dang abcd, trong d6 1 <a<b<c<d<9.
Ngoai phuong phap liét k&, chung tdi xin trinh bay thém hai cach giai khac st dung song anh.

Hudng ddn. Céch 1
Goi A la tap s6 tu nhién c6 dang abcd, trong do 1 <a <b<c<d <9.Tadat

B={(zy;zt) eNl1 <z <y<z<t<12}.
Khi d6 ta c6 song anh

f:A—B
abed — (x;y;2;t) = (a; 0+ e+ 2;d + 3) .
Mit khac dé dang tinh dugc sb phan td clia B 1a Cf,. Vay |A| = Cf,.
Dip s6 C1,. O

Hudng ddn. Cach 2
Goi A la tap s6 tu nhién c6 dang abcd; trongdo 1 < a <b<c¢<d<9. Tadat

= {(x1§x2;333;$4;335) S N5|x1 + Ty + T3+ x4+ 15 = 8} .
Khi d6 ta c6 song anh

f:A=C
abed — (15 w9, x3;04525) = (a— 1;0—a;c—byd — ;9 —d) .
St dung két qui bai toan chia keo Euler. dé dang tinh dudc sb phan ti cia C 1a Cy,. Vay

A :/Cﬁ-
bap sb C,. O

T hai cdch trén, cdc ban c6 thé dé dang 1am dugc bai todn tdng quat sau

Vi du 15. Cho s6 nguyén duong n. C6 bao nhiéu s6 tu nhién c6 n chit s6 ajay ... @, thda min
1< <ay<...<a, <9.

Bdp s6. CF.,. ]
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gpsi lon

MOT SO BAI TOAN CHON LOC VE SO HOC TO HOP

Huynh Kim Linh
(Giao vién THPT Chuyén L& Quy Bon, Khanh Hoa)

C6 thé néi cic bai todn sd hoc t6 hop 14 nhitng bai toan hay va khé nhét trong TS hop, bdi vi n6
1a su két hop tinh té giita ca hai phan mon. N6 doi hdi chiing ta khong chi khéo 1éo trong viéc st
dung nhiing suy luin logic ma con phai hiéu vé s6 hoc. Nhiing y tudng hay dudc st dung thong
thudng hay bat ngudn tir: tinh chia hét, s6 chinh phuong, uéc chung 16n nhit (gcd) va boi chung
nhd nhat (Icm), cac phuong trinh Diophante va dic biét 1a hé thing du va sd nguyén t6.

Bai toan 1. (IMO Shortlist 2001) C6 ton tai hay khong 100 sé nguyén duwong khéng Ién hon
25000 théa mdn : tdt cd cdc tong hai sé trong chiing la cdc s6 phdn biét, titc la khong cé bon sé
ndo trong chiing ma téng hai sé nay bang téng hai so kia.

Loi gidi. CAu tra 18i 12 ton tai. D€ chitng minh bai todn, ta xét bd dé sau

V6i sd nguyén t6 p 1é tuy v, thi ton tai p s nguyén duong phan biét khong 16n hon 2p? thda

min: khong c6 bn sd nao trong ching ma tdng hai s6 nay bang tdng hai s6 kia.

Chiing minh. Xét tap céc s6 S = {f (n) = 2pn + (n*);n =0;p — 1} trong do, ky hiéu (n?)
12 s6 du ctia n? khi chia cho p.

Suyra |S| = p; (n?) € {0;1;2;...;p — 1} . Ta chiing minh tip S nay thda man bé de.
1. V6imoi f (n) € S thi
f(n)=2pn+ (nz) <2p(p—1)+(p—1)=2. (pz— 1) < 2p%.
2. Xétbbdn s6 m;n;a;bthéaman :f (m)+ f(n) = f(a) + f (b) tacod

[2pm + (m?)] + [2pn + (n?)] = [2pa+ (a®)] + [2pb + (0%)]

R {2pm;rp(m2)} n {21971 ;;(n?)} _ {219@ ;p(fﬂ)} N {213529(52)}
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pr-‘r(xz)

Métacé[ o } =zvi0< (z?)<p—1,suyra

m+n=a+b—m+n=a+b(modp)
Tir d6 ta dugc
(mQ) + (nQ) = (a2) + (bQ) — m? +n? = a® + b? (modp) (2)

Do m;n;a;b € {0;1;...;p— 1} nén ti (1) va (2) ta suy ra {m;n} = {a;b} . Picu d6 , chiing
t6 rang

vV (m;n) # (a;0) — f(m) + f(n) # f(a) + f ().
Vay tap S thdéa man bd dé. O

Ap dung bd dé véi p = 101 , ta sé chon dugc 101 sb nguyén duong nhd hon
2-101% < 25000

thda man gi thiét di cho ctia dé bai. Vay bai toan dudc ching minh xong. ]

Bai toan 2. (Vietnam TST 2002) Cho sé nguyén dwong m c6é mét udc nguyén té lén hon
V2m + 1. Hdy tim sé nguyén duong M nhé nhdt sao cho ton tai mét tdp hop gom hitu han
6 nguyén duong déi mot khdc nhau théa man dong thoi cdc diéu kién sau:

i) mva M tuong iing la s6 nhé nhdt va sé lon nhdt trong T.
ii) Tich tdt cd cdc s6 thudc T la mét sé chinh phuong.
Loi gidi. Dé thiy, néu goi p 1a uc nguyén t6 16n hon \/2m + 1 thi p 1a duy nhat va p > 3. Xét

s6 nguyén duong M ma dbi v6i né ton tai tap T = {x; = m,1,..., 2, = M} thdéa min cic
diéu kién ctia dé bai. Ta sé ching minh rang M > m + p. That vay,

Vi pv/2m+1nén p c6 sb mii 1a 1 trong phén tich chuén ctia m. Do dé tit gia thiét tich z1x5 . . . 2y,
1a s& chinh phuong suy ra trong cdc sd @, . .., x; phai c6 it nhat mot sb 1a boi cia p. Vi vay

M =x, > m+p.

V6i M = m + p, xét tap hop

1) (2 —-1) (2 1 -1

g {m; mp+1) Cm4p)p—1) 2m+p)p+1) (m+p)p );mﬂ)}.
p 2p 2p p

Dé thiy ring tit c4 phan tif trong tip hop nay déu nguyén duong va phan tit nhd nhét 12 m, phan

tl 16n nhat 12 m + p. Tich tit ca cac phan ti thuoc A 1a

m?(p — 1)*(p + 1)°(m + p)*(2m + p)°
4pt
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12 s6 chinh phuong. Hon nita, néu trong 4 s6

mp+1) 2m+p)p—1) Cm+p)p+1) (m+p)p—1)

P 2p 2p P

c6 hai s6 trung nhau thi khi b chiing di, tip hop con lai van théa man. Tir d6 ta thiy ring
M = m + p thda man dé bai 12 ton tai tip hop T tuong tng. VAy gid tri nhd nhit can tim ctia M
lam + p. ]

Bai todn 3. (China TST 2012) Cho s6 nguyén duong n > 4va tdp hop : A; B C {1;2;3;....;n}
théa man diéu kién: Véi moi a € A;b € B thi ab + 1 la s6 chinh phuwong. Chiing minh rdng
min {|A]; B} < logyn.

Loi gidi. Trudc hét, d€ chiing minh bai todn , ta sé chiing minh bé dé sau

Véi hai tip A; B thda man dé bai, néu a, x 12 hai s6 nguyén duong thudc tip A vaa < z ; con
b,y 1a hai s6 nguyén duong thudc tip B va b < y thi ta ludn c6 zy > 4ab.

Chitng minh. Ta thiy ring
(x—a)(y—0b)>0

— (zy+1)(ab+1) > (xzb+ 1) (ya+1)
— (zy+1)(ab+1) > /(xb+ 1) (ya + 1)

Do gia thiét bai todn ta suy ra

Vizy +1) (ab+1) > /(zb+ 1) (ya+ 1) + 1
= (zy+1)(ab+1) > [\/(acb—l—l)(ya—I—l)—kl}2
— xy+ab> b+ ya+2y/(zb+ 1) (ya+ 1) + 1

— xy + ab > xb+ ya + 2v/xbya > ab + 0 + 2+/zyab
— xy > 2y/zyab — xy > 4ab

B§ dé dudc chiing minh. O

Tré lai bai toan, ta c6 : A = {aj;az;...;a,}; B = {b1;ba;..; 0} VOl a1 < ag < ... < ay;bp <
by < ... < b, va khong mat t6ng quat ta gia si v < v. Theo gia thiét suy ra a;b; + 112
s6 chinh phuong. Néu a;b; > 4 thi theo bS dé ta c6 asb, > 4a b, > 4%. Ngugc lai, néu
aiby < 4 — a;b; +1 = 4khi d6, tirba sbé a;by + 1; ash; + 1; asby + 1 déu 1a s6 chinh phuong
16n hon 4, ddng thdi asby + 1 12 s6 16n hon han hai s& a0, + 1; asby + 1 nén agb, + 1 > 16.
Déu bing xay ra khi

a1b1+1:4;a2b1—|—1 :a1b2+1:9;a2b2—|—1 =16
— a161 = 3, (1,2[?1 = a1b2 = 8, a2b2 =15

Hé nay vo nghiém nén du bing khong xay ra , do do,

ashy +1 > 16 — aghy + 1 > 25 — asby > 42
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Nhu vay ta ludn c6 azby > 42. Khi d6 , 4p dung bd dé ta c6

TL2 Z (lubu > 4.au_1bu_1 > 42.Clu_2bu_2 > > 4”_2.a2b2 > 4"
—n > 2" = u < logyn.

Vay bai toan dugc chiing minh. [

Bai toan 4. (Vietnam TST 2004) Xét tdp hop S gom 2004 sé nguyén duong phdn biét ay, ..., asgou
6 tinh chdt: Néu véi méii = 1,2,3...,2004, ta ky hiéu f(a;) la sé cdc sé thic thudc S nguyén
16 cung nhau véi a; thi d(a;) < 2003 va f(a;) = f(a;) véi moi i,j € {1,2,3,...,2004}. Hay
tim s6 nguyén duong k nhé nhdt sao cho trong méi k — tép con ciia mot tép S tuy ¥ co tinh chdt
néu trén déu ton tai hai sé phdn biét ma wéc sé chung 16n nhdt ciia chiing khdc 1.

(k - tdp con la tdp con c6 k phan tir).

Loi giai. Xét tap hop
So = {pla P2, P3, -+, P1001, P1002; P1P1003, P2P1004, ---; P1001P2003, p1002p2004}

trong d6 p1, pa, Ps, ..., Paooa 12 cdc s6 nguyén t6 doi mot khac nhau. DE thiy ring tip hdp nay
thda man dé bai. Hon nita, trong 1002-tap con {p1, p2, p3, -, P1oo2} cla tip hop da cho, khong
¢6 hai phan t nao ma udc chung ctia ching khac 1. Suy ra k > 1003.

Xét mot tap hop S tly y thda man cac diéu kién dé bai. Véi mbi s € S, ta goi g(s) 1a s céc sb
khong nguyén t6 cing nhau véi s. Tu gi thiét da cho, ta ¢6 g(s) > 1,Vs € S va g(s) = g(t)
véi moi s,t € S hay g(s) = m,Vs € S vdi m 1a mot sé nguyén ducng nao dé.

Xét mot 1003-tap con Tty y ctia S. Ta sé& chiing minh ring trong 7, ludn ton tai hai s ma udc
chung 16n nhit ctia ching 16n hon 1.

That vay, gia st ngudc lai rang trong T, khong ton tai hai sb nao ma udc chung 16n nhét cla
ching khac 1. Ki hiéu A = {a € S|3t € T, (a,t) # 1}, tac0 ANT = @. Tu d suy ra |[A] <
2004 — 1003 = 1001. Mit khéc, s6 s6 thuoc S (k€ c4 lip) ma mdi s6 déu khong nguyén td cliing
nhau véi it nhat mot s6 thudc T 1a 1003m va mbi s6 ¢6 tinh lip ti da m 1an nén

1
003m _ 4 03,

|A] >

Mau thun nay cho ta dpcm. Viy gia tri nhé nhét can tim ctia & 12 1003. ]
Bai toan 5. (China TST 2007) Cho n la sé nguyén duong va tdp hop A C {1;2;...;n} théa
mdnNa;b € A : lem (a;b) < n. Ching minh rang |A| < 1,9y/n + 5.
Loi gidi. Xéta € (y/n;v/2n], tacé

lem(a;a+1) =a(a+1)>+vn(vVn+1) >n.

Do d6, trén (+/n; v/2n| ta phan hoach thanh cdp hai s lién tiép thi A chi chita khong qud mot
s6 trong mot ciip. Do do , ta c6

WEE
7

(x/%—\/ﬁ)+1
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Xéta € (\/ 2n; v/ 3n] ,taco

Ilem(a;a+1)=a(a+1) >
Ilem(a+ 10+ 2) = (a+1)(a+2)>n
2 V2n (V2n + 2
10m(a;a+2)2a(a2+ )> (2 ) n
Do do, trén (\/ 2n;v/3n| , ta phan hoach thanh cic bd ba s lién tiép thi A chi chia khong qué
mot s6 trong bd ba sd. Do d6 , ta c6

‘Am(\/ﬁ;\/i’)_n} §%<\/3_n—\/%)+1.

Xéta € (\/ 3n; v/4n/|, ta phan hoach thanh cac bo bén s6 lién tiép va hoan toan tuong tu A chita
khong qua mot sb trong mbi bd bdn s6 d6 , ta c6

(v

Tir cac diéu trén, ta suy ra

1 (vVan - van) +1

wmhﬂ<f%ﬂﬁhﬁﬁq%a@L@Wﬂ+Fw_Jjﬂ}
— AN [1; 2ﬂ|<< +£+£)\/_+3

Xét trén (24/n; n]ta phan hoach thanh cdc khoang (5

n

o .

n n
a;b e (k——l—]_,E:| ,a<b,d—gcd(a b)

2
—>lcm(a;b):<z> (g)d:abz ab__ b

> b
a—> +

%] :k € N*.Khi do, taco

b2

— lem (a;0) > LI ( 11)2
’ k+1 »—n
Diéu d6 , chiing to rang trén (

=n — lem (a;b)
E+1

= k] k € N* chifa nhiéu nhit mét phan ti cia A. Do d6, véi
s0 x € N* thbaman -2 < 2\/n < % — < 34/n thitaco

n
A <
m(k+1 k}

|A|:|Aﬂ[1;2\/ﬁ”+’Aﬂ(2\/ﬁ;nH§( V2, V3

T

[An(@vmsn]| <>

k=1

Do dé, ta co

1
l'<§\/ﬁ

L+ =+ —> Vn+3+ - \/_
— Al <1,9/n+5
Vay bai toan dugc chiing minh xong
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Hudng phéan hoach céc viing va st dung cdc tinh chét sd hoc khd tu nhién. Y tudng phan hoach
& day can c6 su hiéu sau vé s6 hoc d€ c6 thé chon dudc cac diém muit trong tiing doan.

Bai toan 6. (USAMO 2001) Cho S la mot tdp cdc s6 nguyén sao cho:

i) Ton tai a,b € S vdi ged (a,b) = ged (a — 2,0 —2) = 1;

ii) Néu x vay la hai phdn tik ciia S (c6 thé'bdng nhau) thi x* — y ciing thuoc S.
Chitng minh rang S la tdp tdt cd cdc s6 nguyén.

Loi gidi. Tandi "S &n dinh tai z — f (z)” néuz € S thi f(z) € S. Néu ¢,d € S, thi theo (ii),
tap S on dinh tai x — ¢ — x va v — d*> — x, do d6 n6 6n dinh tai

chQ—(dz—x):m—i—(cQ—dQ).

Tuong ty ta ciing c6 S on dinh tair — z + (d* — ¢*). Do d6 S 6n dinh tai z — x + n va
T+ = — n v6i moi n 12 s6 nguyén c6 dang ¢ — d? véi c,d € S Khi dé, ta c6 thé chon = m
v6im = ged (¢ — d* : Ve;d € S).

That vay , ta dit P = {c? — d? : Vc¢;d € S} khi d6 , theo mdt tinh chit s6 hoc don gian ( Pinh

ly Euler) , ton tai diy sb nguyén z;, d€ : > zra;, = m . Ti nhan xét trén, ta thiy néu c6
ap€P
r—axEtnr—rtmthicingcdz— r+m=En. Vithétacd

r+— x+aVa, € P

—>1:»—>:1:j:Zxkak

ap€P

— x> xEtm.

Vay nhén xét trén la ding.

Ta chiing minh m = 1. Phan chiing, gia st m # 1. Goi p 12 mdtudc nguyén td ctia m. Khi dé
?—d?> =0 (mod p) v6i moi ¢, d € S.N6i cich khac, v6i mdi ¢,d € S, tadugc d = ¢ (mod p)
hodc d = —c (mod p). Véi c € S, theo (b) tacé ¢*> — ¢ € S, nén ¢ — ¢ = ¢ (mod p) hoic
* —c=—c (mod p). Do dé v6imdic € S,tacéc=0,2 (mod p). (*)

Tut (4), ton tai a va b trong S sao cho ged (a, b) = 1, tit d6 ta dudc it nhit mot trong hai sb a hoiic
b khong thé chia hét cho p. Piéu d6 c6 nghia 1a ¢6 mot phan ti o ctia S ma o # 0 (mod p).
Tuong tu, theo (i),gcd (a — 2,b — 2) = 1, nén p khong thé chia hét cd a — 2 va b — 2. Do d6 ton
tai mot phan t 3 cla S sao cho 3 # 2 (mod p). Theo (x), tasuyraa = 2 (mod p) va f =0
(mod p).

Theo (ii), > — a € S. Chon ¢ = 3? — @, ta dugc cd —2 = 0 (mod p) hodc —2 = 2 (mod p)
déu cho p = 2. Tur (*) ta thiy tAt ca cdc phan td ctia S chdn, tréi véi (i).

Do d6 gid thiét trén clia chiing ta 12 sai , chiing té m = 1 va ta dugc S 1a tap tit cd sd nguyén. [
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Bai toan 7. (Vietnam TST 2014) Trong mdt phdng toa do vuéng goc Oxy, xét cdc diém nguyén
co toa do thudc tdp hop sau:

T ={(z;y): =20 <z, y <20, (z; y) # (0; 0)}.

T6 mau cdc diém thuéc T sao cho vdi moi diém c6 toa do (v,y) € T thi c6 diing mot trong
hai diém (x;y) va (—x; —y) dugc t6 mau. Vi méi cdch t6 nhu thé, goi N la s6 cdc bé
(x1;91), (x5 yo) ma cd hai diém nay cung duoc t6 mau va

1 = 2x9, 41 = 2y5 (mod 41).

Tim tdt cd cdc gid tri ¢o thé'co ciia N.
Loi gidi. Trudc hét, ta chuyén bai toan tir 2 chiéu thanh 1 chiéu.

Ta ¢6 2!° = —1(mod 41) nén 40 sd nguyén khac 0 c6 gia tri tuyét d6i khong vugt qua 20 ¢
thé chia thanh 2 ddy, mdi diy c6 do dai 20 sao cho néu s6 hang dau chia 41 du  thi s6 hang sau
chia 41 du 2.

T6 mau céc s6 clia diy sao cho cii 2 sb ddi nhau thi ¢6 diing 1 sé dudc t6 mau. Ta quan tim dén
s6 luong cac cip so6 lién tiép cling dudc td6 mau trong day.

Dé thiy 2% = 1(mod 41) nén néu thém s6 hang diu ctia mdi ddy vao cubi thi ddy méi gom 21
s6 van théa méan tinh chit trén nén ta c6 thé chuyén thanh vong tron va phat biéu lai bai toan
nhu sau: Cho da gidc déu 20 dinh noi tiép trong mot dudng tron sao cho trong 2 diém dbi xting
qua tAm thi ¢6 ding 1 dinh dudc t6 mau. Tinh s6 cac cip dinh lién tiép dudc td mau c6 thé co.

V6i n 1 s chin, goi S, 14 tap hop s6 cac cip ké nhau cling dudc t6 mau c6 thé c6 clia da gidc
c6 n dinh. Ta sé chiing minh biang quy nap rang
Sin ={2k+10<k<n—1}vaSy o»={2kl0<k<n-—1}.
Diéu nay c6 thé chitng minh bang quy nap nhu sau:
Véi n = 2 thi dé thiy nhan xét ding. Gia st nhan xét diing dén n > 2. Xét da gidc c6 4n + 2

dinh. Pa gidc nay c6 thé tao thanh bing cach thém dinh A vio giita hai dinh thi 2n, 2n + 1 va
thém dinh B vao gitta hai dinh thi 4n, 1. Ta xét cac truong hgp:

e Néu dinh 2n,2n + 1 déu dugc t6 va A khong dude to thi tuong dng: dinh 4n, 1 khong
duogc td va B dudc t6. Liic nay, s6 cip ké nhau cuing dudc t6 giam di 1.

e Néu dinh 2n, 2n + 1 déu dudgc t6 va A ciing dudc to thi tuong tng: dinh 4n, 1 khong dudc
t6 va B khong dudgc to. S6 cip ké nhau ting 1én 1.

e Néu trong hai dinh 2n, 2n + 1 ¢6 1 dinh dugc t6 va A ciing dudc to thi tuong tng: trong
hai dinh 4n, 1c6 1 dinh dudc t6 va B khong dudc to. S cip ké nhau ting 1én 1.

e Néu trong hai dinh 21, 2n + 1, ¢6 1 dinh dudgc t6 va A khong dugc t6 thi tuong Ging: trong
hai dinh 4n, 1 ¢6 1 dinh dudc to6 va B dudc to. S6 cip ké nhau ting 1én 1.
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Do do, S4n+2 = {$ + 1’1’ € S4n} hay S4n+2 = {2]@’0 <k< TL}

Tuong ty, ta cling c6 Syp4 = {x &+ 1|z € Syp,o}. Tht nhién khong xdy ra trudng hop Sy, 4 €6
chia s6 —1 vi d€ ¢6 trudng hgp 0 cdp sb & 4n + 2, cac dinh phai dugc t6 xen ké va trudng hop
giam di s6 bo khong xay ra, suy ra Sy,.4 = {2k + 1|0 < k < n}.

RO rang trong cach ching minh trén, ta cling da chi ra dugc cach xay dung céc trudng hop dé
c6 thé t6 mau théa man dudc tt ca cac gid tri trong tip hop tuong ting. Nhan xét dudc chiing
minh. Tt d6 suy ra Sy = {1, 3, 5, 7, 9} .

Do d6, két qua cho bai toan phu sé 1a 255 v6i dinh nghia
25 =5+ 95={a+bla,be S}

Quay trd lai bai todn ban dau, dé€ chuyén tii 1 thanh phin z & trén thanh 2 thanh phan (z,y), ta
c6 thé thuc hién nhu sau:

Ung v6i mbi vong tron chita cdc sd thudc diy A, ta ldy mot vong tron méi ciing gdm céc s6
thuoc diy A dit 1én d6 sao cho mbi s6 thudc dudng tron cii khép véi diing mot sd thudc dudng
tron méi. Viét cac cip s6 khép nhau thanh mot ddy, ddy d6 chinh 1a day céc toa do diém ma lién
sau cua (z1,41) la (2x1, 2y;) theo mod 41.

Dé thiy c6 tat ca 20 cach ghép nhu thé (cb dinh vong tron cii va xoay vong tron méi). Tuong tu
v6i viée ghép cac day A — B, B — A, B — B nén c6 tong cong 1a 80 cach ghép tao thanh 80 day.
Tuy nhién, ta ciing xét thém 4 diy dic biét, tuong ing véi cic diém niam trén truc tung va truc
hoanh. Cu thé 12 xét thém day C' gom 20 s6 0 va xét 4 cach ghép: A—C,C — A, B—-C,C — B.
Do dé, tong cong c6 84 day cac toa do.

Theo chiing minh & trén thi & mdi day, sd cic cip c6 thé c6 1a Sy vAy nén dap sd clia bai todn
12 8454, ciling chinh 14 cdc s6 chdn tir 1 - 84 = 84 dén 9 - 84 = 756. O

Mot cach tu nhién khi ta 1y z, y thi nghi dén viéc tim 2z, 2y thay vi ngudc lai 1 xét cic diém
cung dudc té6 mau). Tur d6, khi biét cdc s6 c6 thé xoay thanh 1 vong tron thi sé nhan thiy ducc
mién gi4 tri kia chinh 14 s6 canh va viéc dua thanh 1 md hinh nhu da néu sé dé trinh bay nhit,
moi thi déu sang stia hon. S& c6 ich khi ta phat biéu bai toan tdng quat sau d6 1am viéc vé6i cac
tham s6 nho dé tim ra quy luat.Bai nay ban chit khong khé, nhung rat dé sai nhit 1a khi két luan
voi vang thong qua 1 s6 nhan xét nhé. Diém mau chot 1a viéc tach riéng hoanh do, tung do, md
hinh héa dudi dang da giac déu va chd y dén dong du thic 2'° = 1024 = —1 (mod 41). Bai
nay kha méi mé 1a dang t& hop dém c6 két hop sb hoc, tuy phét biéu c6 phan gugng ép trong
viéc dit vao truc toa do nhung lai gitip hoc sinh dé tudng tuong. Viéc gidi quyét bai toan trong
trusng hop 1 chiéu mang tinh quyét dinh dé xi 1y bai toan v6i nhiéu chiéu hon. Chang han:

Trong khong gian Oxyz xét cdc di€ém nguyén c6 toa do thudc tap hop: T' = {(x,y,2) : —20 <
z,y,2 < 20, (x;y;2) # (0;0;0)} T6 mau céc diém thudc T sao cho v6i moi diém c6 toa dd
(w;y; 2) € T thi ¢6 ding 1 trong 2 di€m (z;y; z) va (—x; —y; —z) dudc td mau. Vi moi cich
t6 nhu thé, goi N 1a s6 cac bd (z1;y1; 21), (22 y2; 22) ma cd 2 di€ém ndy cung dudc t6 mau va
cic toa do clia ching théa man didu kién 1 = 2w, y1 = 2y0, 21 = 229 (mod 41). Tim tt ca
céc gia tri c6 thé c6 ctia N.
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Bai todn 8. Xet tdp S = {n, = 101la — 10022%|a € N;0 < a < 99} . Chiing minh rdng : Néu
16m tai ng; ny; ne; g € S sao cho : ng + ny = ne + ng (mod 10100) thi - {a; b} = {c;d} .
Loi gidi. Do ged (100;101) = 1 nén ta c6 :n, + ny = n, + ng (mod 10100) thi suy ra

Na + 1y = ne + ng (mod 100)
Na + np = ne + ng (mod 101)
Theo dinh nghia cua tip S ta suy ra :

a+b=c+d(mod100)
2% + 2% = 2° 4+ 2% (mod 101) (1)

T a + b = ¢+ d(mod100) suy ra ton tai k > 0 dé

a+b=c+d+ 100k

a+b=c+d— 100k

Theo dinh 1y Fermat nhé thi do 101 1a s6 nguyén t6 nén ta c6 :2'°° = 1 (mod101) T dé, ta
duoc
220 = 20%0 = 2¢td — 9¢ 24 (110d 101) (2)

Tir cc diéu trén, ta suy ra
2% (2427 — 2%) = 2°.2? (mod 101)
— (2% —2°) (2 = 2%) = 0 (mod101)
Suy ra, hodc 2% = 2¢(mod101) hodc 2° = 2¢ (mod101) hodc a = ¢ (mod100) hodc b

d (mod100). Khi d6 , dung a + b = ¢ + d(mod100), suy ra : a = ¢(mod100) va b
d (mod 100) ma theo dinh nghia tap S thi ta suy ra : {a;b} = {c¢; d}.

U

Vay bai toan dugc chiing minh.
Bai toan 9. (Vietnam TST 2002) Chiing minh rdng ton tai so nguyen m > 2002 va m s6 nguyén

duong déi mot khdc nhau a1, as, as, ..., A1, G, Sa0 cho s6 H a —4 Z a la s6 chinh phuong.
i=1 i=1

Loi gidi. V6i mdi tap hgp hitu han T, ta xét D(T) = [[ a — . a® Xét thp hop Ay =
acT aeT

{1,2,4,...,2F,...,22°02} Ta thiy rang 22002 < 21F2H4+-42002 _ 7 vj D(Ag) > 0. Xay dung
tap hop A; = AOU{ I] a— 1}.Tacé

a€Ag

| As| = Ao + 1

vaD(A) = [[ a— S = ] a(H a—1)—<2 a2+<H a—1)2> = D(Ao)—

aeAl aEAl (lEAl aeA1 a6A1 a6A1
1 > 0. Tiép tuc xay dung cic tip hop As, A3, A4, ... theo cach tuong tu (thém vao tap hop lién
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triuéc mot phan i 1a tich ciia tit ca cac phan ti thudc tap hop lién trudc trit di 1). Qud trinh xay
dung nay c6 dic diém 1a sb phan tii ctia tap hop A, ; hon sb phan ti cia tap hop A, 1a 1 don vi,
dong thoi gid tri D( A, ;) tuong dng lai gidm di 1.

Do d6, ton tai s6 nguyén duong k sao cho Ay, 1a mot tp hop trong day trén, dong thdi
| Ay| > 2002 va D (Ay) = 0.

Gia st Ay = {a1,as,as,....,a,,} trong d6 a1 < as < ag < ... < a. Suy ra a,, la nghiém

m—1 m—1
nguyén duong ctia phuong trinh f(X) = X2 — < 11 ai) X+ 37 a?, tic 1a biét thic tuong dng
i=1 i=1

m—1 2 m—1
ctia n6 phai 1a s6 chinh phuong. Do d6 ( I1 ai> —4 ( 3 a?) 12 s6 chinh phuong. Su ton tai
i=1 i=1

cuacac giatri a; < ag < az < ... < a,, nay cho ta dpcm.
Day 1a phuong phép gen , c6 nhiéu Ung dung trong toan hoc , dic biét 1a s6 hoc. Khi doc bai

toan nay, ta lién tudng téi nhiéu bai todn , va c6 bai toan sau:

(IMC 2013) C6 ton tai hay khong tip M gém vo han cic sd nguyén duong ma véi moi a; b €
M;a # btadéu cé a + bla sb chinh phuong?

Moi ban doc hay thif stic véi bai toan trén. Tiép theo, ta xét mot tinh hudng khac
Bai toan 10. (German MO 1996 ) Cho mét vién dd dang J vi tri (1;1) trén truc toa do Decar
va né duge dich chuyén theo cdc nguyén tdc sau
a) Khi dvi tri (a;b) né cé thé dich chuyén t6i vi tri (2a; b)hodc (a; 2b).
b) Khi 6 vi tri (a;b)né cé thé dich chuyén tdi vi tri (a — b; b) néu a > b hodc dich chuyén téi
vi tri(a; b — a)néu b > a.
Vi cdp s6 nguyén (x;y) nao thi hon dd cé thé dich chuyén téi?
Loi gidi. Ki hiéu ged (;y) 1a uSc chung 16n nhét clia x va 'y . Ta c¢6 nhan xét
e Néu st dung nguyén tic (a) thi uéc chung 16n nhit ctia hai s6 méi hoic bing hoic 1a gip
ddi uéc chung 16n nhat ctia hai sb cii.
e Néu st dung quy tic (b) thi uSc chung 16n nhét ctia hai s6 mdi van bang udc chung 16n

nhét cda hai s6 c.

Gia st rang vi tri (; y)1a c6 thé t6i dugc khi bat dau tif vi tri (a; b) thi do nhan xét trén thi phai
ton tai s6 tu nhién n nao d6 d€ ged (7;y) = 2". ged (a; b) Vi bai toan nay thi c6 a = b = 1nén
:ged (23 y) = 2" . Bay gio ta chiing minh rang: V6i moi cip s6 (; ) ¢6 ged (z;y) = 2" thi vién
d4 c6 thé dich chuyén t6i sau hitu han budc.
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That vy , trong tp hdp céc vi tri ban dau c6 thé t6i vi tri (2;y), xét vi tri (a;b)cé a + b nhd
nhat. Néu a hodc b chin thi trude d6 bat dau tir vi tri (%, b) hoac (a; g) cling thda man va cé
téng nhoé hon a + b, diéu ndy trdi v6i gid st a + bnhod nhat. Do d6, a va b ciing 12 s6 18.

Néu a > bhoic a < b thi trude d6 ta bat dau tlr vi tri (‘17“’7 b) hodc (a; “TH’) (dung nguyén tic
(a) rdi dung nguyén tic (b)) ciing thda man va cé tdng nhd hon a + b , diéu nay trai véi gia si

a + bnho nhét. Do d6 , ta c6 : @ = b. Theo nhan xét dau tién thi ta c6
dm e N : 2" = ged (z;y) = 2™. ged (a; b)

nhung do a,b1é va a = b nén
a=0b=ged(a;b) = 1.

Diéu d6 , ching t6 ring : ta c6 thé bat dau tif vi tri (1; 1)dén vi tri (z;y). Nhu vay , két luan cla
bai toan la ged (x; y) = 2™. O

Bai toan 11. ( Bulgarian Winter Math 2001) Ivan va Peter cing tham gia tro choi nhu sau: Ldn
lwgt , moi nguoi dién mét chir s6 0 hodic 1 1én mét hang theo thi tw tiv tiv trdi qua phdi cho dén
khi dwoc 2001 chit sé thi ditng lai. Ludt choi la : s6 thu duoc viét trong hé co s6 2 khong la tong
cia hai s6 chinh phuong thi Peter thing va nguoc lai. Gid sit rang , Peter la nguoi bdt ddu tro
choi. Chitng minh rdng Peter luon co chién thudt dé’thdng Ivan.

Loi gidi. Nhan xét: Mot s trong hé co s6 2 néu biéu dién dugc thanh cic nhém ma mdi nhém
gdm chén chit s6 1 lién tiép va chin chit s6 0 lién tiép thi s6 nay khong thé viét thanh tdng cia
hai s6 chinh phuong. Gia st nhan xét trén la ding , ta xay dung chién thuat cho Peter nhu sau :

e Lan dau tién , Peter viét s6 0.

e Cic lan tiép theo Ivan viét s6 nao thi Peter viét s6 do.
Ngoai trit mot trudng hop dic biét , d6 1a cac sb tir vi tri 1 dén 1996 gdm toan céc chit s6 0 (khi
d6 con 5 chii s6 ) va luot viét ctia 5 chit s6 cubi nay 1a Peter (Iudt 1997, 199, 2001), con Ivan
(lugt 1998,2000). Trong trudng hop nay , chién thuat Peter thay d6i nhu sau

e Lugt 1997, Peter viét s6 1.

o Luot 1998 , néu Ivan viét s6 0 thi : lugt 1999 va luot 2001 , Peter déu viét sb 1.

e Luct 1998 , néu Ivan viét s6 1 thi : lugt 1999 , Peter viét sb 1 ; lugt 2000 Ivan viét s6 nao

thi lugt 2001 Peter viét lai s6 & lugt 2000.

Nhu vay s6 thu dugc sé nam & hai trudng hop

1. Truong hop thudng, ta thdy sd thu dudc la s6 thda man nhan xét nén hién nhién sb thu
dugc khong thé viét thanh tdng ciia hai sé chinh phuong. Luu y ring chit s6 0 dau tién clia
Perter khong lam anh hudng t6i nhan xét vi né khong mang gid tri khi bi€u dién trong hé
co b 2.

86



Tap chi Epsilon, S6 15, 06/2019

2. Trudng hop dic biét, ki€m tra truc tiép , s6 thu dudc sé thude tap hgp X = {21;23} U
{24; 27} . Dé thy rang, mdi phan tii thuoc X khong viét dudc thanh tong ctia hai sb chinh
phuong.

Nhu vay, ca hai trudng hop déu suy ra : Peter 1a ngudi thing cudc. VAn dé con lai ctia bai todn
la chiing minh nhan xét.

Do s6 thu dudgc c6 viét thanh ciac nhém chén chit s6 1 lién tiép va chin chif s6 0 lién tiép nén ta
c6 thé viét s6 thu dudc thanh tdng clia cac s6 dang 1100...00, = 3.4 (c6 2k chit s6 0 ). Do d6 ,
s6 thu dudc sé c6 dang T' = (4n + 3) .4™ Bay gio , viéc con lai 1a ta ching minh 7' = 2% + 32
khong c6 nghiém nguyén.

Phan chiing , phuong trinh 7' = 22 + 32 ¢6 nghiém nguyén. Do T' = (4n + 3) .4™ nén T ¢ ude
nguyén t6 p = 3 (mod4) véi s6 mii 1. Dén day , dung dinh ly Fermat nhé trong s6 hoc 1a suy
ra diéu vo ly. Vay bai todn dudc chiing minh xong. O]

Bai toan 12. (Bulgarian MO 2003) Mét tdp C' cdc sé nguyén duong duoc goi la tdp tot néu véi
méi s6 nguyén duong k , ton tai a;b € C;a # b sao cho a + k va b + k khong nguyén t6 ciing
nhau. Chitng minh rang : néu tong tdt cd cdc phdn tit trong C bang 2003 thi ton tai ¢ € C sao
cho C\ {c} ciing la tdp tot.

Loi gidi. Goi py;po; ...; pn 12 tht c céc uée nguyén td khac nhau clia tap

{la —b| :a,b € C;a # b}.

Gia st rang , v6i moi p; ton tai s6 nguyén a;sao cho ¢ = «; (modp;) v6i nhiéu nhat mot sb
c € C (*) . Theo dinh 1y thing du Trung hoa , ton tai s6 nguyén k dé

k= p; — a; (modp;) Vi = 1;n.

Khi d6, do C' 1a tap tot nén ton tai sb j sao cho a + k va b + k cung chia hét cho p; , suy ra :
a =b = o, (modp;). Diéu nay mau thuln véi (x).

Do (x) 12 sai nén ta suy ra ton tai sd nguyén té p € {p1;po;...; pn} sao cho véi moi s6 nguyén
7, déu ton tai it nhét hai phan ti a,; b, khic nhau trong C d€ a, = b, = r (modp). Gia st ring,
v6i mdi 7 thi ¢6 ding 2 phan t a,; b,khéac nhau trong C' d€ a,, = b, = r (modp). Khi d6 , ta c6
tong tit c4 cc phan i trong C' 12

pk+20+142+4 .. +p—1D=plk+p—1):k>0.

Diéu nay mau thuin v6i gia thiét tdng tit ca cac phin i trong C' bang 2003 1a s6 nguyén td.
Nhu vy , ton tai s6 7o d€ c6 it nhit ba phan ti phan biét

Uro; bro; Crg € C' 2 Gyy = byy = ¢y = 10 (modp) .

Nhu vay , ta c6 thé bé di phan ti ¢,, € Cdé€ thu dugc tap C” 1a tap tbt. Vay bai toan dugc gidi
quyét hoan toan. O
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DE két thic van dé, tac gia mudn giii gdm ban doc mot 15i khuyén nhd: Du ban 1a ngudi thong
minh vA c6 nhiéu sang tao khi gidi toan , thi viéc tim toi v suy ngdm nhiing vin dé méi phai
ludn dugc thuc hién. Khi d6, kién thifc ctia ban khong chi siu ma con rong!

Dudi day 1a mot bai toan bat ngudn tlif mot bai thi British MO nim 1997 va né lai xuét hién mot
t bao “Mathematical Excabliur” nim 2012. Gia st rang , néu nhu ban khong biét dinh ly gidi
thiéu trong bai toan , liéu ban c6 16i giai khac?

Bai toan 13. Cho tdp S = {% cr=1;2;3; } . Chitng minh rang véi moi sé nguyén duong
k > 3, ton tai trong S mot bé gom k phdn tit la k sé hang lién tiép ciia mot cdp sé cong dong
thoi ; khong thétim thém mot phdn tii nao khdc dé cung vd k phdn tit nay tao thanh (k + 1) sé
hang lién tiép ciia mot cdp sé cong.

Loi gidi. Trudc tién , mudn gidi quyét dudc bai toan ndy , ban can phai biét t6i mot dinh ly rat
ndi tiéng trong s6 hoc , d6 1a dinh 1y Dirichlet . Ban diing nham , n6 khac véi nguyén ly Dirichlet
trong t0 hgp, né dugc phat bi€u don gién nhu sau : Dinh ly Dirichlet :Cho a; b € Z; ged (a; b) =
1;a > 0 thi trong tp {an + b : n € N} chiia v han céac sb nguyén td.

Ap dung vio bai todn : ta cé v6i mbi s6 nguyén duong k bat ki thi ton tai s6 tw nhién n dé kn + 1

1a sb nguyén tb. Pit a; = @;d: ey - Khi 6, voi i =2, ktaxéta; = a; + (i — 1) d . Kiém

tra ta thiy

. o 1+G@—1)n
-1 R N S
Vi ik —a; ()]

Dong thdi, mubn c6 cip sb cong c6 (k + 1) sb hang lién tiép thi

es.

kn+1
(kn)!

¢ S (do(kn+1) € P)

Ap4+1 =

Nhu vay, bai toan dudc ching minh. ]
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SO LUOC VE CAC HUONG TIEP CAN PAI SO TRONG
CAC BAI TOAN HINH HOC

Lé Phuc Lu
(L6p Cao hoc KHTN TPHCM)

Nhu chiing ta da biét, nhac dén phuong phap dai sb, chiing ta nghi ngay dén mdt cong cu kha
hitu hiéu va c6 1€ dic biét dung cho cac ban khong c6 ki ning giai toan hinh hoc that su tot hodic
can thiét khi gidi quyét gip cac bai toan hinh qua khé nao d6 néu giai theo cach truyén thong.
Cic cach gidi nhu thé chi doi hdi nhitng bién ddi mang tinh chit hé thong ciing nhu nhiing cong
thifc da c6 sin va chi can sap xép lai, moi thit da hoan toan tu nhién. Tuy nhién, khong phai bai
nao ciing c6 th€ 4p dung céch nay thanh cong va khong phai bai nao c6 thé 4p dung thanh cong
thi chiing ta ciing c¢6 thé tim ra ngay cach gidi d6. Trong phan niy, ta sé tap trung xem xét cic
bai todn giai theo hai huéng tiép can bing dai s6 chinh 1a: cach dung toa do va cich bién ddi cac
cong thifc do dai, bién ddi goc.

Tru6e hét, ta phai cong nhan ring vé mit 1f thuyét thi cac bai todn hinh hoc déu c6 thé giai biang
phuong phép toa d6, mudn chitng minh song song thi chitng minh hé s6 géc bang nhau, chiing
minh thang hang thi cho vector ciing huéng, chiing minh dutng thang di qua diém cb dinh thi
viét phuong trinh duong thang d6 rdi tim nghiém cb6 dinh ctia né,. . . Tuy nhién, van dé 1a chiing
ta c6 di thoi gian va du sdc dé€ bién d6i cdc cong thiic d6 khong.

Céc bai toan vé bién ddi cong thifc canh va géc ciing thé. V& i thuyét 12 néu dit mot sb luong
bién thich hop 1a chiing ta hoan toan c6 thé tinh hét dudgc tit ca cac yéu t trong dé bai trong d6
va dua vé viéc chiing minh mét déng thiic hoic mot bat dang thic nao dé. Nhung quan trong
van 1a bi€u thiic chiing ta thu dudc ¢ dé tinh khong.

Do d6, vin dé & day chinh la viéc tu danh gid dudc mic do ctia bai toan va hinh dung xem néu
di theo con dudng dai sb thi cé thuan 1gi 1am khong, cac cong thiic bién d6i ra c6 qua cdng kénh
khong va minh c6 di thoi gian d€ xt 1i n6 ngay trong ki thi d6 khong. Cong viéc d6 doi hoi phai
tiing 1am qua bai todn dang nay rdi va cling phai ¢6 chit ki ning tinh todn va kién tri chip nhan
Xt 1 céc biéu thiic phic tap.

Bai toan 1. (Viér Nam TST 1983) Trong mdt phdng cho ba tia Oz, Oy, Oz ¢é dinh va tia Oy
nam giita hai tia con lai. Chitng minh rang véi moi sé duong k, ton tai duy nhdt cdc diém
A, B, C theo thit ty thudc cdc tia Ox, Oy, Oz sao cho chu vi cdc tam gidc OAB,OBC,OC A
bang nhau va déu bing k.
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Loi gidi. Pit OA = a,0B = b,0C = ¢,0 < a+b,b+ ¢,c+ a < k. Ta can chiing minh ton
tai cic gid tri a, b, ¢ thda man diéu kién dé bai. Ta dit LAOB = o, ZBOC = = LAOC =
a + (. Theo dinh 1i cosin trong cac tam gidc, ta tinh dugc:

AB = Va2 4+ b2 — 2abcosa, BC = \/b? 4 ¢2 — 2bccos 3,CA = \/c® + a? — 2cacos(a + f3)
Do chu vi clia céc tam gidgc OAB, OBC, OC A déu bang k nén ta c6 hé sau

a+b+ Va2 +b—2abcosa =k Va2 + b2 —2abcosa =k —a—b
b+c+ b2+ 2 —2bccos f =k S V2 + 2 —2bccosf=k—b—c
c+a+/c2+a2—2cacos(a+ )=k Ve +a?—2cacos(a+p)=k—c—a
A
o B
C

Ta thiy ring /a2 + b — 2abcosa = k — a — bnén

a’ +b* — 2abcosa = a® + b* + k* — 2k(a + b) + 2ab
2

k 1 1
(:>k2—2k(a+b)+2ab+2abcosa—0(:>—b—2k( b) +2+4+2cosa=0
a

Néudit L =, ¢ =y, 1 =z thi k®zy — 2k(z + y) + 2 + 2cosa = 0. Ta c6 hé méi

@l»—t

Kry — 2k(x +y) +2+2cosa =0
Kyz —2k(y+2) +2+2cos =0
k?zx — 2k(z +x) + 2+ 2cos(a + B) =0
Tit déng thic thi nhit va thd hai, ta tinh dudc = W, z = W Thay vao
dflng thuc thu ba, ta co
4(ky —1 —cosa)(ky —1—cos ) ok . 2ky — 2 — cosa — cos 3
(ky — 2)° k(ky — 2)
2k%*y% — 8ky + 4 + 4cosa + 4 cos 8 — 4 cos a cos 3
) (ky - 2)°
4(cosa — 1)(cos f — 1) — 92— 9cos(a+ )

+2+2cos(a+ ) =0

+2cos(a+ ) =0

(ky — 2)°
2
o (hy—2)7° = 2(cosa —1)(cos B —1)  2-2sin’§ - 2sin?2 [ 2sing -sin 2
Y B 1 — cos(a + f) - 2sin? %~ B sin M
o by =94 2sin g - sinﬁ oy 2+2sing - smg
V= sin O‘—’Lﬁ v= k sin O‘+B

90



Tap chi Epsilon, S6 15, 06/2019

B 2SN G SING
Ta s€ ching minh rang ky = 2 — — 75 Khong thoa man dé bai. That vay,
sin ==
2
2sin 2 - sin &
—_2—a+52+281H2%
~ 2(ky—1—cosa) sin == _12(sing—sin%-sin°‘7+6)
k(ky — 2) L ZSin%-sing k sing
sino‘—;ﬁ
o k 1 >l<:
a=— —.
21—sing-(cosg +singcot ) 2

Tuong tu ¢ > % Khi d6 a + ¢ > k, khong thda. Dé dang chiing minh dugc gid tri con lai thda
man nén ta c6 dpcm. [

Bai toan 2. Cho tam gidc ABC nhon. Dung phia ngodi tam gidc nay cdc tam gidc cdn ABD va
ACE dong dang véi nhau sao cho BA = BD,CA = CFE]. Goi M la trung diém BC. Chiing
minh rdng MD = ME < AB = AC.

Loi giai. Xét tam giac M DB, M C'E, theo dinh 1i cosin thi

MD?= BM?+ BD?>—2-BM - BD - cos(B + )
ME?*=CM?+CE*—-2-CM - CFE - cos(C + a)

E

B M

Do BM = CM = 85 BD = BA,CE = CAnén

MD? — ME? = AB?> — AC® — BC [AB cos(B + a) — AC cos(C + a)]
= 4R? (sin®C — sin® B — sin A [sin C cos(B + a) — sin B cos(C + )])

Ta cling c6
sinC' - cos(B + a) — sin B - cos(C' + «)
= sin C' (cos B cos @ — sin B sin ) — sin B(cos C cos a — sin C'sin «v)

= cos a(sin C'cos B — sin B cos C') = cosa - sin(C' — B)
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Do d6 M D? — ME?* = 4R?* (sin®C — sin®B + sin Asin(B — C) cos ) Hon nita

1 - 2 1- 2B 2B — 2C
sin?C — sin*B = 020s — C;S . 5 osE sin Asin(C' — B)

nén suy ra

MD? — ME? = 4R? (sin Asin(C — B) + sin Asin(B — C') cos a)
= 4R?sin Asin(C — B)(1 — cos ).

Tir d6 dé dang suy ra dpcm. O

Bai toan 3. Cho tam gidc ABC' nhon khéong cdn. Goi (y la duong thing di qua hai tiép diém
clia duong tron bang tiép géc A vdi cdc duong thing AB, AC. Pinh nghia tuwong tu véi cdc
duwong thing (5, ls. Cdc duong thing nay cdt nhau doi mot tao thanh tam gidc M N P. Chiing
minh rang

1. Truc tdm cia tam gidc ABC la tam duong tron ngoai tiép ciia tam gidc MNP,

2. Goi I, I, I ldn luot la tiép diém ciia duong tron bang tiép goc A, goc B, goc C' lén cdc
canh twong ving. Chiing minh rdng duong thdng qua I; va vuéng géc vdi l; véii = 1,2,3
dong quy tai tric tdm cia tam gidc M N P.

Loi gidi. Trudc hét, ta chiing minh nhan xét sau : Cho tam gidac ABC ¢ M, N, P 1an ludt 1a
tiép diém ctia dudng tron bang tiép goc C véi cac dudng thang AB, BC,CA va Q, R, S 1an lugt
1a tiép di€m clia dudng tron bang tiép goc B véi cac dudng thang AB, BC, C'A. Goi X 1a giao
diém ctia M N va RS, con Y la giao diém ctia NP va RQ. Khi d6, tacé X, A,Y thang hang.

Chitng minh. Trudc hét, ta sé ching minh ring XY vuong géc v6i BC.
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That vay, ta c6

/B /B
/XNB = - /BRY =90° — -

hay N X vudng goc v6i Y R. Tuong tu RX vudng goc v6i Y N. Suy ra X la truc tam cua tam
gidc NY R hay XY vudng géc v6i BC. Tiép theo, ta sé chiing minh rang X nim trén dudng cao
g6c A clia tam gidc ABC. Gia st X' 1a giao diém ctia dudng cao géc A v6i M N. Theo dinh li
sin trong tam giac AM X"’ thi

AX! AM_AX AM e o by S
— — = — n-—=r.
sin g sin AX'M  sin g sin (900 + %) p 2

Tuong tu, néu goi X" 1a giao diém ctia dudng cao géc A véi RS thi AX” = r hay X, X/, X"
tring nhau. B§ dé dugc ching minh. O

Bing cach bién d6i géc, ta chitng minh tam dudng tron ngoai tiép tam gidc MNP chinh Ia truc
tam cua tam giac ABC. Ki hi€u nhu hinh v€ bén dudi véi H 1a truc tdm tam giac ABC. Ta c6
180° — 2C )40

LAME = LAEN — ZEAM = ———— = (90° — £C) = -

Tuong tu, ta cing c6 LZBNF = % nén ZHMN = ZHNM = HM = HN. Tuong tu, ta
cling c6 HN = H P nén H chinh 1a tim dudng tron ngoai tiép clia tam giac M N P.
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Tiép theo, gia st A’ 1a giao diém ctia AH véi BC, con D tring véi I; thi ta tinh dugc

2 2 32 _
R B ]
a a

Tuong tu, ta ciing c6 GA' = W Suy ra gﬁj = Zj;‘g:g Tacoé DFF = DB+ BF =bva

DG = DC + CG = cnén £ = 2 Xét tam gisgc MFG c6

ZC /B MF  sin/ZMGF cosZ
IMFG =90"— — /ZMGF =90° — = = 2.
2’ 5 7 MG snZMFG cos &

Suy ra

MF?* cosB+1 (c+a—0bb FA DF

MG?  cosC+1 (a+b—c)c GA DG
nén hai diém A’ va D ddi xdng véi nhau qua phan gidc géc ZF MG hay M D la dudng cao cla
tam giac M N P. Ta c6 dpcm. Ll

Bai toan 4. Cho tam gidc ABC' nhon, khong cdn cé dién tich S va cé M, N lan lugt la trung
diém AB, AC. Véi x € (0;1), xét diém M, N ldn lugt thupc cdc canh AB, AC sao cho % =
i—g = 2 va goi X tdm ciia hinh chit nhdt R, ndi tiép tam gidc ABC vdi M, N la hai dinh ciia
hinh chit nhdt Ry va hai dinh con lai thudc canh BC. Ung vdi hai $é thuc vy, z € (0;1), ta ldn
lugt xét cdc hinh chit nhdt Ry, R vdi tdm cuia chiing theo thit tw la 'Y va Z vdi cdch xdc dinh

tuong ty.
1. Chiing minh rdang S, Sg,Sr, < %S.
2. Trong truong hop ddu ding thitc xdy ra trong bdt ddng thiic trén, chitng minh rdng cdc

duong thang AX, BY, CZ khong dong quy.

1) Gia su hinh chit nhat tuong ting c6 tam X la M N PQ véi P, () thuoc canh BC'. Theo dinh 1i
Thales thi: 48 = AM — vy M@ — BM 1AM _ 1 _ 4 trong d6 H 1a hinh chiéu cia A
1én canh BC'. Suy ra

A
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Theo bét dang thiic Cauchy cho hai s6 khong am 2,1 — x thi 2(1 — z) < M = Inénta
6 Sk, = 2z(1 — x)S < 35. Tuong ty, ta ciing ¢6 Sk, < 35,5k, < 35. Nhan cdc bét ding
thuc nay lai, ta dugc dpcm.

2) DE thiy rang dAu bing xdy ra trong cdc bt déng thic trén khi va chi khi z = y = 2 = 1 hay
ctt moi hinh chit nhat thi ¢6 mdt canh la dudng trung binh ctia tam giac ABC.

Ta s€ tinh ti 1€ :‘; i))ggg theo d¢ dai cac canh cua tam giac ABC. bat BC = a,CA=0,AB = c.
Ta co

SAMX AM.AX.sin /XAB sin /X AB . SAbe

= = = .
SANX AN.AX.sin ZXAC sin /X AB SANXc
Hon nita, theo ti 1€ dién tich cac tam giac, ta c6

Samx = §SAMP = ZSABP = BCS = ila S = 24a2“b S = T

Tuong ty, ta cling tinh dugc Sanx = %S nén

sin /XAB B 302 =+ b
sin /XAC  3a2+b2—¢2 ¢

Xay dung cac dang thifc tuong ing vé géc dbi véi Y va Z rdi ap dung dinh 1i Ceva, ta thiy diéu
kién dé€ cac doan AX, BY, CZ dong quy khi va chi khi

32_b2 2 b 32_b2 2
11 2T — 0+ b —1=1] A B T
o 3a2 +b02 -2 ¢ o 3a? + b? — 2

= H (3a2 —? +02) = H (3(12 + b? —02).
sym sym
Gia st
P(a,b,c) = H (3 =" + %) — H (3a® +b* — ¢*),
sym sym
ta thy ring day la da thic khong qud 6 va hon nita P(a,t,t) = P(a,t,—t) = P(t,b,t) =
P(t,b,—t) = P(t,t,c) = P(t,—t,c) = 0 nén nd c6 thé phan tich thanh nhan t& dang

P(a,b,¢) =~(a—0b)(b—c)(c—a)(a+b)(b+c)(c+ a)
v6i 7y 1a mot s6 thuc nao d6. Vi tam gidc ABC khong can nén (a — b)(b — ¢)(c — a) # 0 vado

d6, dang thifc trén khong thé xdy ra dudc. Viy cac doan thang AX, BY, C'Z khong dong quy.
Ta c6 dpcm.

Bai toan 5. Cho hai diém A, B phdn biét va c¢é dinh trén duong thdng A\ cho trudc trong mdit
phdng. Vi méi diém M trén duong thing N, xdc dinh méi diém N ndm trén sao cho
— — M
MB
95
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Trén duong thing bo A, dung nita duong tron (o) duong kinh MN. Chitng minh rdng khi M di
déng trén dwong thing thi nita duong tron () luén tiép xiic véi mét duong tron cé dinh.

Loi gidi. Goi O 1a trung diém cta AB. Trong hé truc Oxy véi Oz = A, ta xét cic diém
A(-1;0), B(1;0),1(0;2). biém M di dong trén Oz : M (z;0),z € R.

—(z+1) z+1

Taco MA=—(x+1), MB=1—xvak= = . Suy ra
1l—2z r—1
1 -2 1
sy S R et
r—1 rz—1
ooy = )y (234
r—1 r—1

2_9y—3
u; 0 | . Xét ntra dudng tron (o) tam K, dudng
2(x —1)
kinh M N niam phia trén Oz. Ta sé chiing minh (o) ludn tiép xic véi duong tron (I;1) véi moi
x. That vay, ta c6

Toa do trung diém K cia M N la K <

, 22— 22— 3 [(z—1)° =4 +16(x - 1) [(&—1)*+4]"
2(x —1) 4(x —1) 4(x —1)
(x—17+4
S K=" 77
2)x —1]
243 2+3
D(f)déliMNléMN:r +1’C€)nbénkinhcﬁa(a) léR:;——’—H.Xétcéctrubngth
xr— T —
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B . (:c—1)2+4 2+ 3
I. N >1thi IK=————R=—7—,
éux i 2w —1) 2w —1) suy ra
2 2 _ —1)2
R_1:m+3 " 2045 _ (z 1)+4:IK.
2(x —1) 2(x —1) 2(x —1)
Suy ra («) va (I; 1) tiép xtic trong véi nhau.
. . (x—1)°+4 2% +3
2. N <lthiIK=———""F"FR=—"7——,
eux i 20— 1) 2T —2) suy ra
2 +3 2 —2c+5 (r—17+4
R+l=———+1= = =IK.
LT S T G (1 —2)

Suy ra («) va (I; 1) tiép xic ngoai v6i nhau.
3. Néu z = 1 thi () suy bién thanh mot tia gbc B, vudng géc Oz, huéng theo chiéu duong
clia Oy; d6 ciing chinh la tiép tuyén ctia (I;1).
Vay nita dudng tron («) ludn tiép xic v6i dudng tron (I; 1) ¢ dinh. Ta c6 dpem. ]

Bai toan 6. Gid sit M la mot diém nam trén doan thdang AB cho trudc. Vé mét phia ciia duong
thang AB, dung ba mita duong tron co duong kinh lan lugt la AM, BM, AB. Goi I, r ldn luot
la tam va bdn kinh cia dwong tron noi tiép tam gidc cong ABM (cé canh cong la cdc nita
duwong tron vita dung). Chitng minh rdng khi M chuyén dong trén AB thi quy tich cia I la mot
cung ciia elip ma ddy cia né di qua mot trong hai tiéu diém ciia elip do.

Loi gidi. Goi O, D, E 1an ludt 1a tAm ctia c4c nita dudng tron dudng kinh AB, AM, BM. Khong
mat tinh tdng quat, gia stAM < BM.Piat AB = 2a, AM = 22,0 < 2z < a. Ta tinh dudc

BM =2a—2x, ME =a —x, DE:%AB:(I, OM =a—-2x,0D=a—z, OF ==

Ta s€ tinh r theo a va x.
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Goi H 1a hinh chiéu ctia I trén AB. Goi O’ 1a di€ém nim trén dudng trung truc ctiia AB, khic
phia véi cac ntra duong tron va OO’ = %“; K 1a hinh chiéu cta I 1én dudng trung truc cia AB.
R rang, O’ 1a diém cb dinh. Theo dinh li Pythagores, ta c6

HE? - HD?>=1E?-ID? & (HE+ HD)(HE — HD)= (r +a — z)* — (r + z)°
(a —2x) (a + 2r)

a

& DE(HE — HD) = (a—2z) (a+2r) & HE — HD =
va
HD? - HO*=1ID?—-10% % (HD + HO)(HD — HO) = (z 4+ 1)° — (a — 1)’

r+a)(z+2r—a)
a—x

‘i*OD(HD—HO)=(iv+a)(:c+2r—a)<:>HD—H0:(

Suy ra

(a—2x)(a+27")+(a:+a)(x+2r—a)

OF=HF—-HO =

)
ma OF = z nén ta c6 dang thiic

(a—2x)(a+2r)+(x+a)(x—|—27"—a)

a a—2x
2 -2 2
a a—x
-2
@27"[@ m+x+a}:4x
a a—2x
[2@2—2&1;—1—2:1:2]
T. =2
ala — x)
ax(a — x)

sr=—"7_
a? — ax + x?
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Do dé
IO—a—req_ ar(a — x) :a(a2—2ax+2x2)
a? —ax + z? a? —ax + z?
Ta co
1 1 2r —
IK = HO = 2 [(HO + HD) — (HD — HO)| = + (0 = ) - B H@Q @+ 2r =)
2 2 a—
al (0 +a) (o —at )
T2 (a—2) = a—x
1 2ax a*(a — 2zx)
-~ (a—2)— e S T N S A
2_(a z) (x+a)(a2—ax+x2 >} a? — azx + 22
2 2 2
e OK? = [O? — [K? — {a(al— 2a:1:+22332)} B [ gz(a—sz) ] _ 4a’z*(a — ) :
a’> —ar + a? — axr + x? (a? — ax + ?)
= Ok — 22ax(a—:r)
a? —ax + a2
Do doé
2aqz(a —z) 4a  6ax(a —z)+4a(a® —ax +2%)  2a(2a® + ax — 1?)
OK=0K+00'= —— > +— = =
* aQ—aac+a:2+3 3(a? — ax + x?) 3(a? — ax + x?)

Suy ra:

10" = O'K* + IK* =

2a(2a% + ax — 2%)7? a*(a —2x) 1°
3(a® — ax + 2?) } {M}
4a2(2a2 4 az — 22)* + 9a*(a — 2x)*
9(a? — ax + 22)*
4a?(4a* + 2" + 4adz — 3a*x? — 2ax3) + 9a*(a® — 4ax + 42?)
9(a? — ax + 22)°
a*(25a* + 42t + 24a?z* — 20a3x — 8ax?)
9(a? — az + 22)°
a?(5a2 — 2az + 222)° _ 5a* — 2ax — 2

= = 10" =

9(a? — ax + 22)? 3(a? — ax + 2?)

T do6, ta dugc

a(a® — 2ax + 22%)  a(ba® — 2ax + 22?%)

IO+ 10" =
* a? —ax + 22 3(a? — ax + 2?)
_ 3a(a® — 2ax + 227) 4+ a(5a® — 2ax 4 22%)  8a(a® —ax +2°)  8a
B 3(a? — ax + 2?) - 3(a? —ax+2?2) 3

1a khong déi. Do O, O’ ¢ dinh va téng khoang cich tit I dén hai diém nay khong ddi nén [
thudc elip c6 hai tiéu diém 1a O va O’. Hon nita, ta thay I luén nam trong nita dudng tron (O);
khi M trung v6i A hay B thi r = 0 nén I chi di dong trén cung AB nam trong nita dudng tron
cua elip, day cta cung elip nay chinh 1a AB nén ro6 rang né di qua O.

Vay quy tich ctia I 1a cung elip c6 ddy cung di qua mdt trong hai tiéu diém ctia n6 (dpcm). [
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Bai toan 7. Cho tam gidc ABC nhon khong cdn cé canh BC' = a,CA = b,AB = c¢ ndi
tiép duong tron (O). Goi M, N, P ldn luot la trung diém cdc canh BC,CA, AB. Cdc diém
A", B', C" ldn luot trén cdc duong OM,ON, OP sao cho cdp vector sau dong thoi cung hudng
— — — L
hodc ngugc hudng (W, MA’) , <m, NB’) , (%, PC”) va do dai cia cdc vector MA', MB', MC'
bang nhau va bang k > 0. Xdc dinh tdt cd cdc gid tri ciia k dé cdc duwong thing AA', BB', CC'
dong quy tai mot diém.

Loi gidi. Khong mét tinh téng quat, ta gid st @ > b > c. Ta s& gidi bai todn trong hai trudng
hop:
. — — —3\ s
1. Néu cac vector (m, MA’) , (ﬁ, NB’) , (1@, PC’) dong thai ngude hudng.
Goi H 1a hinh chiéu ctia A 1én BC, khi d6, H nam giita B va M. Ta tinh dugc

2, 2 72 2, 2 72
HB— AB.cosp = T =) _c+a”— b

2ca 2a

C'

Tuong ty, ta cing ¢c6 HC' = W suyra HM = HC — MC = % Goi [ 1a giao

diém cta AA’ v6i BC thi I nam gitta H va M. Theo dinh Ii Thales, ta c6

IH AH :>IH_ha:>IH_MH-ha
IM  MA ~ IM  k k4 h,

~ s _ MH-k ’
Ta cung c6 JM = 777=. Ta tinh dudc

a MH-k  ka+ahg—2k-HM

IB=MB—-1IM = — — =
2 k+h, 2(k + ha)
Tuong ty
ka+ ah, —2k-HM  ka+ ah, +2k- HM
]C:a_ =
2(k + ha) 2(k + ha)
Suy ra:

b2 —c?

E_ka+aha—2k-HM_25+k<a_ a )_2a5+k(a2—|—c2—b2)
IC  ka+ah,+2k-HM 25 + k (a + 2=2) 248 + k(a2 4+ b2 —c2)’
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Néu ditt, = b* + ¢ — a®,t, = > + a® — b, t, = a® + b> — c*thi dang thiic trén viét lai
G dang rut gon la
IB . 2(15 + ktb

IC ~ 2aS + kt.’
Hoan toan tuong tu, néu goi J va K 1an lugt 12 giao diém ctia BB’, CC’ véi AC, AB thi
ta co

JC  2bS+kt. KA  2cS+kt,
JA 28+ kt,’ KB 2¢S + Kty
Theo dinh li Ceva, cac duong thang AA’, BB', CC" ddng quy khi va chi khi
EEK_A e 2aS + kty, 2bS + kt. 2¢S + kt, _
ICJAKB 2aS + kt. 2bS + kt, 2¢S + kty
Ping thiic trén tuong ducng
(2aS + ktp)(2bS + kt.)(2¢S + kt,) = (2aS + kt.)(2bS + kt,)(2¢S + ktp).

bat P(a,b, c) = (2aS +kty)(2bS + kt.)(2¢S + kt,) — (2aS + kt.) (2bS + kt, ) (2¢S + ki)
thi ta thiy P(¢,t,c) = P(t,c,t) = P(c,t,t) = P(a,b,—a — b) = 0 nén da thiic trén c6
thé phan tich thanh nhan ti c6 dang
Pla,b,¢) = (a - b)(b — ¢)(c — a){a + b+ )Q(a,b,0).

Thuc hién phép tach va riit gon, ta tim dugc Q(a, b, ¢) = kS(ka + kb+ kc + S) nén dang
thic & trén tuong duong véi

kS(a—0b)(b—c)(c—a)la+b+c)(ka+ kb+ kc+ S) =0.
Do tam giac nay nhon khong can nén (a — b)(b — ¢)(¢c — a) # 0 vado dd, chico k = 0
12 thda man. Dé thiy khi d6, cic doan AA’, BB’, C'C’ chinh 1a cac dudng trung tuyén cla
tam gidc nén chiing phai dong quy.

. s — —\ s
2. Néu cac vector (m, MA’) , (ﬁ, NB’) , (ﬁ, PC’) dong thai cung hudng.
Ta xét truong hop cac diém A’, B', C’ déu nam trong tam gidc. Gia st D 1a giao diém ctia
AA’ v6i canh BC'. Ta sé tinh ti 1é g—g. Tuong tu trén, ta cling c6
MD k MD k kv —c  k(*—c?)

—_— e — —= MD: - .
HD —hy,  HM ha—k he—k 20 2a(he—k)
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Suy ra

2 _ 2 L3222
DB:k(b c)+g:2aS k(c* +a® —1?)
2a(h, — k) 2 2a(h, — k)

Tuong tu, ta ciing tinh dudc

kB¢ 2aS —k(D® +a* — )

a
DC = — =
¢ 2 2a(h, — k) 2a(hy — k)

Do d6 22 = 2¢5-* Gij st £, F' 1an lugt la giao diém ctia BB, CC’ véi cdc canh déi

dién. Tuong tu trén, ta ciing tinh dudc

EC  2bS—kt. FA  2cS — ki,
EA  2bS —kt, FB  2¢S —kt}’

Nhan tuong ving cac dang thiic nay lai dé tim diéu kién ctia cac doan thang AD, BE, C' Fddng
quy, ta cé

2a8 — kty, 2058 — kt. 2¢S —kt,

208 — kt. 2bS —kt, 2¢S —kt,

& (2aS — kty)(2bS — kt.)(2¢S — kt,) = (2aS — kt.)(20S — kt,)(2¢S — kty)

Phan tich biéu thic nay thanh nhén t tuong ty nhu trén, ta c6

4kS(a —b)(b—c)(c —a)(a+ b+ ¢)(ka + kb+ ke — 25) = 0.
Dé thay r%”mg S(a—b)(b—c)(c—a) #0vak =0daxétdtrénnén ka+kb+kc—25 =0
hay k = - +b "= = r 1a ban kinh dudng tron ngoai tiép tam gidgc ABC. Ta thiy rang trudng

hop cac doan thang nim ngoai tam gidc ciing dugc xit If tuong tu bing cach dung do dai
dai s6 hoiic xét cac trudng hop.

Khi da kiém tra hét cdc trudng hop, ta c6 két luan sau:
) — — —\ .»
e Néu <m MA') , (W NB') , (1@, PC') ddng thdi cing hudng thi k = 7

) — — —\
e Néu (W MA') , (W NB') , (ﬁ, PC') ddng thdi nguge hudng thi k = 0.

Bai toan 8. (Viét Nam TST 1995) Cho tam gidc ABC ¢6 AB = ¢, BC = a,CA = b. Ldy sdu
diém Ay, Ay, By, By, C1, Cy phdn biét khong trung véi A, B, C va cdc diém A,, Asthudc duong
thing BC, By, Bothudc dwiong thing CA, cdc diém Cy, Cothudc duong thing AB. Goi «, B, la
cdc sé thie xdc dinh bdi

A A, = —ﬁ BBy = CA CiCh = E}
102°



Tap chi Epsilon, S6 15, 06/2019

Xét cdc duong tron ngoai tiép cdc tam gidc AB,Cy, AByCy, BC1 Ay, BCyAy, CA By, C Ay By
va goi da, dg, dcldn luot la cdc truc ddng phwong ciia cdp dwong tron di qua A, B, C. Chiing
minh rang: du, dg, dc dong quy khi va chi khi ao + b3 + ¢y # 0.

Loi gidi. Trudc hét, ta néu dinh nghia sau: Cho tam gidc ABC va diém M bt ki, khoing cach
dai s6 tit M dén BC' la khoang cach tit M dén BC nhan thém d4u + néu M cung phia véi A so
v6i BC va nhan thém diu — trong trudng hop ngudc lai. Tuong ti v6i khoang cach tit M dén
CA va AB. Dé thiy cic sd a, 3,7 da cho khac 0 do cic diém A, Ay, By, By, C1, Csla phan
biét.

Xét cip dudng tron ngoai tiép tam gidc AB,C,, AB,C,; ta sé chiing minh rang truc dang phuong
ctia chiing chinh 12 tap hop céc diém c6 khoang cach dai sd dén BC va CA ti 1& véi v, 5.

That vy, trong hé truc toa do vudng goc Oxy ldy di€ém A(0;0), B thudc chiéu duong cia Oz
va (1@,1@) = o, 0° < a < 180°. Khi dé: @ = (1,0), ? = (—sinp, cos ). Dat
Bi(by cot ,b1), Ba(bacotp,by), Ci(ci,0), Co(cy,0), by, ba # 0,b1 # ba, 1,0 # 0,61 # co.
— |
Ma BBy = %C’A = (by — by)cotp;by — b)) = P(—cosy;sing) = by — by = Psine
— .
CCy = %1@ = (cy — ¢1;0) = v(1;0) = ¢3 — ¢; = . Pudng tron (AB;C4) di qua hai diém
A va C — 1 nén phuong trinh c6 dang la
224y —cr—M\y=0,\ €R,
no6 cung di qua By nén
by — ¢y sinpcos ¢
A\ = — .
sin’g

Hoan toan tuong tu, (AB,C5) ¢6 phuong trinh la

. by — ¢9 sin  cOS
24y — g — Aoy = 0voi A = 2 25N Y <P'

sin®e
Truc dang phuong cia hai dudng tron nay la:
=+ 7y cos
(cz—cl)x—l—()\z—)\l)y:O(:)fyx—w—(p By PE— =7
sin rsinp —ycosp [
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Hon nita, y chinh 1a khoang céch dai s6 t M (x,y) dén AB; con xsinp — ycos ¢ chinh 1a
khoang céch dai s6 tit M (z,y) dén AC. Tiic 1a quy tich cac diém c6 khoang céch dai s6 dén AB
va AC ti 1€ v6i % 1a truc dang phuong ctia AB;C;, AB,C,. Nhan xét trén dudc chiing minh.

V6i méi diém M trong mit phang, ki hiéu X, Y, Z1a khoang céach dai s6 tit M dén céc canh BC,
CA, AB thi dé thiy ring, ta ludn c6 aX + bY + cZ = 25(véi S 1a dién tich tam gidc ABC) va
ngudc lai, méi bd(X, Y, Z) théa man aX + bY + c¢Z = 2S xic dinh duy nhit 1 diém M.

Do dé, truc dang phuong clia cac cip dudng tron la:

Y Z 7 X X
:—,(dB):—: :E

)5 =7 v

Suy ra, diém chung ciia ba dudng thang d4, d, dc(néu c6) 1a nghiém cia hé

aX +bY +cZ =28
X Y Z =
a B v

R _aa—f—bﬂ%—cy'

2| >

y_z__ 2
By

Heé nay c6 nghiém khi va chi khi ao + bS + ¢y # 0 hay ba dudng thang d 4, dg, doddng quy khi
va chi khi aa + b3 + ¢y # 0. Ta ¢6 dpem. ]

Bai toan 9. (Tong qudt ciia bai Viét Nam TST 2009) Trén mit phcng cho doan thing AB ¢é dinh
va M la mét diém khong ndm trén duong thing di qua A va B. Goi N la mot diém bdt ki trén
phan gidc ciia goc AM B. Puong phdn gidc ngoai géc AM B cdt cdc dwong thing NA, NB
lan luot tai P, Q. Puong thing MA cdt duwong tron duong kinh NQ tai R, duong thing M B cdt
duwong tron duong kinh N P tai S va R, S khdc M. Chitng minh rdng duong trung tuyén iing véi
dinh N ciia tam gidc N RS luén di qua mot diém cé dinh véi moi vi tri ciia M va N.

Loi gidi. Chon hé truc toa do véi gbc toa do trung v6i M va dudng thang P(Q chinh la truc
hoanh.

bat P(—b;0),Q(c;0), N(0;a) v6i a,b,c > 0. Do M N la phan giac cia goc ZAM B nén M A
dbi xiing v6i M B qua truc tung MN. Suy ra ta c6 thé goi u; = (d; 1)vector chi phuong ctia
dudng thing di qua M va cit NQ & B, uy = (—d; 1)la vector chi phuong ctia dudng thing di
qua M vacat NP & A. Phuong trinh dudng thang NP 1a 2+ % =1<% ax + cy = ca, phuong
trinh dudng thing qua M va c6 vector chi phuong 1 uj = (d; 1) 1a 2 = dy. Toa do ctia B chinh
la nghiém cua hé

ca

ar + cy = ca (ad + c)y = ca y:ad+c
= =

x=dy x=dy - cda

ad+ ¢
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Do do, toa dd cua B la B (a‘;‘ifc; a;ic). Tuong tu, ta tinh dugc A (%ﬁ; %ib) Phuong trinh

duong tron duong kinh N P la

b\’ 2
(I+§)+(y_%>ZGLHF@x”HP+M—a%=0

Giao diém S ctia duong thang M B véi dudng tron nay cé toa dd théa man hé phucng trinh

a — bd
P4+ +br—ay=0 Py + 1y +bdy —ay =0 y:d2+1
== =
r=dy r=dy m—d<a_bd>
d? +1

Do do, toa do cua S'1a S (d(d‘zbfl); g;fr"f). Tuong tu, toa dd giao diém R 1a R <d(;§:fd); g;ﬁ) .

Toa do trung diém I ctia AB chinh la
7 1| cda _ bda 1 ca n ba
2lad+c ad+0b|'2|lad+c ad+b

( a*d*(c—b)  a(abd + acd + 2bc))
2(ad + b)(ad + ¢)” 2(ad + b)(ad + ¢)

hay

Ta co

N — ( a?d*(c—b)  —a®d(b+ c+ 2ad)

2(ad + b)(ad + ¢)" 2(ad + b)(ad + c) ) I (d(e = b); =(b+ e+ 2ad)).

Goi K 1a trung di€ém RS thi toa do ctia K 1a K (dz(f;b) : zagzbﬁdC) . Ta cling c6

2(¢ — —
NE - (d (c—=0b) —d(2ad+ b+ c)

2(d2+1)"  2(d®>+1) ) | (d(c—b);—(2ad +b+c)).

RN — . .
Deé thay rang m cung phuong v6i N K nén ba diém N, I, K thang hang. Ta c6 dpcm. O
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Bai toan 10. (Viét Nam TST 1990) Cho tit dién ma mdi cdp canh déi déu co tich do dai la (.
Goi goc giia cdc cdp canh do la o, B, va cdc bdn kinh ciia cdc cdp duong tron ngoai tiép cdc

o ” P TP N , . Y L2 .92 .9 ¢
mdt cua tit dién la Ry, Ry, R3, Ry. Chiing minh rang: sin“a + sin“( + sin“y > TRREE

Loi gldl Xét tu dlél’l A1A2A3A4 va ki hléu Q;; = |A”| s 1< ’L,] < 4,1 7é ] GOl Oé,ﬁ,’y
1an lugt 12 cdc goc tao bdi cac cip canh chéo nhau 1a Ay Ay, AsAy; Ay As, AsAy; A1 As, Ay Ay;
51,55, 83,54 va Ry, Ry, R3, Ry 1an luot 1a dién tich va ban kinh dudng tron ngoai tiép clia cic
tam gidc Ay AsAy, AgA A, Ay A1 Ay, Ay Ay As. Trude hét, ta sé chiing minh dzzlng thic sau:

4(5% + SQQ + Sg -+ Sj) = (alg.(l34. sin OZ)2 + (alg.a24. sin 6)2 + (alg.a24. sin 7)2

A

C

Thét vay, trong khong gian Ozyz, xét ti dién A, A; A3 A4 ¢6 toa dO cac dinh la

Aq(a1,0,0), Ax(0, as,0), A3(0,0, a3), As(x,y, 2).

-_— -—
Khi d6 A1A2 = (—al, as, O), A1A3 = (—al, O, —ag), suy ra

2 2 2 2 2 2 2 2
484 = SA1A2A3 - AlAQ X A1A3 - a1a2 +a2a3 —|—(I3CL1.

—
Tacing c6 A1 Ay = (z — a1,y, 2), AgAy = (x,y — ag, 2), suy ra

— —
A1 Agx Ag Ay = (yz—2(y—a2), (x—a1)z—zx, (x—a1)(y—az) —zy) = (2az, —2a1, —a1y—a7+a;1az).

Do dé
Y
= 457 = 5,241,42/14 = ’A1A4 X A2A4‘ = 2%(a? + a3) + (zay + ya, — CL16L2)2.

Tuong tu, ta cd
— — 2
= 4822 = 51241A3A4 = )A2A4 X A3A4‘ = yQ(CLg + CL%) + (fECLg + zap — a1a3)2
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va
2

= 2%(a5 + a3) + (yas + zay — a2&3)2.

= 43% = 31241142144 = ’A1A4 X A2A4

Tu a109.04304 = A103.0204 = A104.A203 = E, ta co:

P(sin®a + sin®B + sin®y) = 4(S; + S5 + 53 + S53) =

2 2 2 2
a1a9.A903.A34 AoA3.A3A4.A4Q aaa4.a4Q1.A41Q asa1.a1a9.Q5Q
:4 1W2.0203.w30W1 _|_ 2U3.U3U4.LU40UQ + 3U4. U407 . W] W3 + 4U1.010W2.U20U4
4R, 4R, 4Ry 4R35

2 2 2 2
> 4 a1G92.0903.Aa301 A203.A304.A402 aszay.a40q.a103 a1a1.1A2.A204 .
- 4Ry 4Ry 4R, 4R

f/(alaz S @20y - G304 - A4Q1 - A103 - Gsaq)” 3
VRIRyR3R, VRIRR3R,
Do d6: sin®a + sin?3 + sin?y > \/ﬁ Day chinh 1a diéu phdi chiing minh. O

Bai toan 11. (Viét Nam TST 1990) Trong mdt phdng cho da gidc 16i MyMM,...My,(n > 1)
ma 2n + lcing ndam trén mot duong tron (C) c6 bdn kinh R. Gid st diém A ndam trong da gidc
16i dé sao cho cdc goc mb mg, mg, - Mmo déu biing nhau va biing 2211'
Cho M la mét diém bdt ki nam trong duong tron khong trung véi tam cia (C') va B la diém ndm
trong (C) sao cho AB vuéng géc vdi duong kinh ciia (C) di qua A. Chitng minh rdng:

2 1 AMy + AM, + AMy + ... + AMs,
- s < Ap < 20T 1; 12+ T2 g
AM0+AM1+AM2+"'+m nt

N Y . . iUy iRy i 2 Y N 2 ~ 4
Loi gidi. Do cac goc MoAMy, My AM,, ..., My, AM, déu bang nhau va bang 2n11 nén néu

xét cac vector don vi AM'y, AM', AM',, ..., AM'5,1an luot dit trén cic doan tuong dng 1a
AM(), AMl, AMQ, ceey AMgn thi da gléC MIOMllMIQ...MIQn la déu vaco Ala trong tam. Do do

> 5 > —
AM'y + AM'y + AM's + ...+ AM'5,, = 7

hay

AM0+AM1 AM;+ +AM%3 —
AM, =AM, =AM, ' AM,,
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Ta co:
OMpy + OM; + ... + OMy, = OMoj—%z + OMl.j—%i T OMM%Z
OM, AM, OM, AM, OM,.AM, OMy,. AMs,

= T AM, AM, aM, T T A,

_ (OA+AM)AN, | (OA+AM)AM,  (OA+AML)AM, | (OA+AMy) Ay, _
AN, AN, AM, A,

<O (e A T ) (08 N A )
AM, T AM, T AM, AN, AN, AM, T AM, A,

=AMy + AM; + AMs + ... + AMy,.
Suy ra

AMy + AM, + AM;, + ..+ AMy,
(2n+1)R > AMy+ AM; + AMy + .. + AMy, & R > o0 T 2o T AR F e 200

2n+1
Tiép theo, tit dang thic
AMO AMl AM2 AMQn . 6>
AM, ' AM; ' AM, AMy,
ta thiy ring
sif.l o, 1, . 1 \_OM OMi OMaw =35~ 1 SSOM,
AM, AM, T AM,,) AM, AM, AM,, —~ AM; N < AM;’
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Binh phuong hai vé ctia dang thiic nay, ta dudc

A2 2n 1 2_ 2n OWZ 2
—~ AM, -\ 4 < AM,;

(:)OA2<ZAM2+2 2 MAM) 2(2#) 2 (%%

0<i<5<2n 0<i<j<2n
- (2 _OA2>Z 1 0A? OM,.OM,
L AM? AM;. AM,; 2~ AM,.AM,
1=0 0<i<j<2n 0<i<j<2n

2n
b1 04> OM,.OM,
“AB Z;AMZ?_Q( 2 AM, AM, 2. a0, A, | )
= 0<i<j<2n 0<i<j<2n

OM,.OM,

AM;. AM; *

Ta sé rut gon tong > Ta van sit dung cdc tinh chit cla tich vo huéng:

0<i<j<2n
, OM,.OM; _ OM? + OM? — M;M?
P T TS AM, AM,

0<i<5<2n 0<i<5<2n
2R? M;M?
AM;AM; Z AM;. AM;

0<i<j<2n 0<i<j<2n
B Z AM; AM; Z AM;. AM,
0<i<5<2n 0<i<y<2n

2R? AM,
— Z AT Z AM-+2 Z cos M; AM;

0<i<j<2n v I 0<ij<2ni#j J 0<i<j<2n

Ta s& ching minh rding Y.  cos M;AM; = —2%t (**). That vay, Ta thdy rang C3,,, =
0<i<j<2n
n(2n+1) goc M;AM;,0 <7< j<2nco thé chia thanh 2n + 1 b, trong d6, mdi bo g6m cac

g6c 2’;%’:1,1 < k < n. Hon nita

“ k2 (2k 41 2k — 1
Ecos il sin —E ( (—+)>—sin(u))
— 2n + 1 2n—|—1 2n +1 2n +1

1/, m2n+1) . 7
= —|sin ——~ —sin ———

2 2n +1 2n+1

k27 T 1 . T k2w 1
= = —— = = ——
Zk ICOS2n+1 Mo 1T Mo 21C082n+1 9

Do d6, (**) dudc chitng minh. Do do, tong > OM, OM; OMi-OM; hinh 1a

L AM;. AM;
0<i<i<2n
> Y QO g Ry M oy
AMAM; — £~ AM;AM; £~ AM,;
0<i<j<2n 0<i<j<2n 0<4,j<2n,i#j
2R2 2n 1 2n
- ot — AM,
> - (L) (S )
0<i<j<2n =0 =0
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Thay vao dang thiic (*), ta dudc

BQZAMQ 2 ) MAM 2 AMAM (ZAM)@;AM")

0<i<j<2n 0<i<j<2n
g 2 i (£ (£
<i1<j<2n —

2n 1 2 2n 1 Z AM
AB?|Y — | = AM; | < AB* = 22
- (Z; AM") (z’:o AMi) <Z ) - S

Pén day, ta thiy hai bat dang thiic cAn chiing minh kh4 hién nhién vi

2 m 2 2 om 2n 2
AM; AM; AM;
2n + 1 9 ;) 2n+1 ;) Z;)
5 <AB*< | — | & <
L 2n+1 o o 2n+1
=0 = =0
2n 2n 1
& AM; 2n +1)%.
(S) (S - e
=0 =0
Bit dang thic nay diing theo bit dang thiic Cauchy. Vay ta c6 dpem. O

Bai toan 12 (Sharygin 2017). Cdc cevians ciia tam gidc ABC la AA’, BB', CC' déng quy tai
P. Puong tron (PA'B’) cat CA, OB theo thit tu tai M, N. Puong tron (PC'B') cit CA 6 K
va duong tron (PC'A') cdt CB 6 L. Puong thang c di qua trung diém ciia M N va K L. Cdc
duwong thdng a,b dugc dinh nghia twong tw. Chitng minh rdng a, b, ¢ dong quy.

Loi gidi. Do 4 diém C’, P, A’, L cung thudc dudng tron, C' 1a giao di€ém cua C’' PvaA’L nén:

CC'.CP=CA.CL

Ta ciing c6 ti gidac K C'B'P noi tiép c6 C' 1a giao diém cta B'K va C’Pnén:

CC'.CP=CK.CPB

Tu do suy ra:
CACL=CK.CB

nén ti gidc KB'A'L ndi tiép = LKLA = ZA'B'C Do ti gidc MNA'B’ ndi tiép nén:
LA'B'C = ZMNC (4). Tu d6 suy ra

ZAB'C=/MNC = MN | KL.

Vay nén c1a di qua C va trung diém M N. Mit khac do A’B’ va M N 1a hai duong dbi song nén
c chinh 1a dudng ddi trung cta tam gidc C A’ B’ tai dinh C.
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Goi T, U 1an lugt 1a giao diém ctia ¢ va B'A’, AB. Do CT la dudng ddi trung clia tam gidc

It an TA _ (CA\2 4
CA'B nén 55 = (—CB,) .Taco

/

N , s BT —s —— BT j— —— AT — BT —
CT=CB +BT=CB +2-BA=CH + <CA’—CB’>

B/A/ B/A/ A/B/ CB/ + B/A/ CA/
AT — BT 5 AT CB BT CA —
= T = OB + = CAl = A/B,.CBC@+ e CAR)

Xét phép chiéu vecto theo phuong CU xudng dudng thang AB cho (%) taco: 6> = %.%—gﬁ+
/ ey < 2
%.%—iUA Do U, A, Bthang hang nén

UA UA (;—gg—g) ((JA’>2 CB' CA  CA CA
UB [UB BT ca CB') CA'CB  CB'CB
Goi V la giao di€ém cta a v6i BC, W la giao diém cta b va AC. Hoan toan tuong tu ta ching
minh dudc o
wc BC" BC X VB AB' AB
—_— = . va — = — :
WA BA" BA VC AC" AC
Miit khéc do ba dudng AA’, BB', CC' dong quy nén theo dinh 1y Ceva cho tam gidc ABC:

AB BC C'A N A'B B'C C'A _,
AC BACB AC'B'AC'B
Nhu vay:
UAWO VB _(LCh Oy (LBO DOy (A ARy
UB WA VO \ CB CB BA" BA ACT AC)

Vay theo dinh ly Ceva cho tam gidc ABC véiba dudng AV, BW, CU ta dugc AV, BW, CUdodng
quy hay a, b, c dong quy. O
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. Cho tam gidgc ABC c6 AM, AN lan lugt la trung tuyén va phan gidc. Pudng thang vuong
géc voi AN & N cat dudng thang AM, AB lan lugt tai P va Q. Puong thang qua P vudng
géc v6i AB cit duong thang AN & O. Chiing minh OQ vudng géc véi BC.

. Cho tam gidc ABC c¢6 /B = 2/C, duvng thang vuong goc véi AC tai C cit AB & D.

Chiing minh ring
1 1 2

AB BD BC’

. Cho tam gidc ABC c6 AD la dudng cao. Mot dudng thang qua D cit cic dudng thang
vudng goc véi AB, AC & Alan luot tai E va F. Goi M, N lan ludt 1a trung diém cta BC
va EF. Chiing minh ring tam giac AM N vudng tai N.

. Ching minh dudng tron Euler tiép xic trong v6i dudng tron ndi tiép va tiép xic ngoai v6i
ca ba dudng tron bang tiép.
. Cho tam gidc ABC nhon c6 M, N 1an ludt 1a trung diém AB, AC. Goi P 1a hinh chiéu

clia N Ién BC va X la trung diém ctia M P. Céc di€ém Y va Z xdc dinh tuong tu. Chiing
minh rang néu cac dudng thang AX, BY, C'Z ddng quy thi tam gidc ABC can.

. Cho tam gidc ABC c6 AH la dudng cao cb dinh va cic diém BC' di dong trén dudng
thang qua H, vudng géc v6i AH sao cho géc ZBAC = 90°. Goi E, F lan lugt 1a hinh
chiéu ctia H 1én cic canh AB, AC. Ching minh dudng tron ngoai tiép tf gidc BEFC
ludn di qua hai diém cb dinh.

. Cho hai dudng thang a va b cat nhau & O. Hai diém A, B lan lugt thay ddi trén a va b sao
cho OA.OB = k? khong ddi. Tim quy tich trung diém doan thang AB.

. Cho ba tam giac A;B;C;,7 = 1,2, 3, thda man
ABy = Ay By = A3B3,
BC + C1A) = ByCy + Cy Ay = BsCs + C5As,
LCy = L0y = L.

Chitng minh ba tam gi4c nay bang nhau.

. Cho tam gidc ABC nhon khong can noi tiép (O) va ¢6 AD, BE, C'F 1a cic phan giac
trong va AM, BN, C'P 1a céc dudng cao. Chiing minh ring
i) Chiing minh ring trung truc ctia cic doan thang DM, EN, F P thi KHONG dong
quy.
ii) Chiing minh rang duong thang ni hai truc tim ctia hai tam giac DEF va M N P thi
diqua O.
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TAM GIAC CO PUONG THANG PI QUA HAI TAM
NOI TIEP NGOAI TIEP SONG SONG MOT CANH

Lé Viét An
(Gido vién PTNK TPHCM)

Tém tit. Trong bai viét nay, ching toi xin gidi thiéu v& mot loai tam gidc v6i mot didu kién dic
biét va khdo sat cdc tinh chét lién quan dén n6, dic biét 1a cac tinh chit hinh hoc. D6 12 16p tam
gidc c6 duding thang di qua tim dudng tron ngoai tiép va tim dudng tron ndi tiép song song véi
mdt canh cua tam giac.

Cho tam gidc nhon ABC ¢6 céc canh BC = a, CA = b, AB = c, ndi tiép dudng tron (O; R)
va ngoai tiép dudng tron (I; 7). Cac dudng cao AD, BE va C'F clia tam gidc dong quy tai truc
tam H, va M 1a trung diém canh BC. Trong phan ndy s& néu ra mot sd diéu kién can va du dé
OI || BC.

Xin néu ra mot cach dung duge mot tam giac ABC' (khong déu) théa man diéu kién OF || BC
nhu sau

e Dung mdt dudng tron (O; R);

e Dung mot dudng tron (P;r') véi tim P thudc (O) va R < ' < V2R;

e Dung day cung chung BC cua (O) va (P);

e Dung dudng thang di qua O va song song véi BC cit (P) tai hai diém. Goi I 1a mot trong hai
giao diém do;

e Dung giao diém A khac P ctia PI va (O). Nbi AB va AC ta dugc tam giac ABC (h.1).

Loi gidi. Vir' > Rnén O nim trong dudng tron (P), suy ra diém I 1u6n ton tai.

Khong mat tinh téng quét, gid st B > C.Khidé C < 90°. D& thiy 7 1a tam dudng tron ndi tiép

clia tam gidc ABC. Puong thang OI cit (O) tai K va L sao cho B, K, L va C nam trén (O)

theo thit tu do.

Taco Ol || BC L OP va OK = OP = R nén tam giac OK P vudng céan tai O. Do d6

PK = /2R > ' = PB nén B nim trong cung PK (khong chia C) cta (O). Do d6 A va O

nam cung phia so v6i BC' nén A < 90°. Hon nifa, KIB =1IBC = B+C @ Suy ra

tia / K nam giita hai tia /B va 1Q. Do d6 diém K thudc cung BQ (khong chUa C) cua (0O).
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Hinh 1

Chi y riang @ 1a trung diém cung AB cta (O). Do d6 bén diém B, K, Q va A nim trén (O)
theo thu ty d6. Hé qua la cung AK 16n hon cung AQ va cung AQ 16n hon cung BK. Suy ra
APK > APQ > BPK. Tit d6 véi chi y ring K L la dudng kinh cia (O) va hai cung BK va
CL bﬁng nhau, ta co

B = ABC = APC = APL + CPL = APL + BPK < APL + APK = LPK = 90°.
Do d6 ABC' la tam giac nhon. O
Nhan xét. Qua phép chiing minh, ta c6 thé suy ra rang: néu tam gidc ABC ¢6 O || BC thi tam

gidc ABC nhon va khong cén tai A.
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Trudc hét 1a cac két qua biéu dién dang luogng gidc sau
Két qua 1. Cdc diéu kién sau day la twong duong nhau:
(1) OI || BC;

(ii) cos A = &

(7i1) cos B 4+ cos C' = 1.

Loi gidi. Goi M 1a trung diém ctia BC(xem h.1 hodc xem h.2).
Khi d6 BOM = %BOC = A.Do d6

OM = BO.COSB/O]\W = R.cos A.
Chu y hé thiic cd ban
cosA+cosB+cosC’:}%+1.

SuyraOI || BC < OM =1 R.cosA=r << cosA = & cosB+cosC = 1.

Hinh 2

Tiép theo 12 hé thiic biéu dién lién quan dén do dai cic canh clia tam gidc

Két qua 2. OI || BC khi va chi khi (b+ ¢)(a + b — ¢)(a — b+ ¢) = 2abe.
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Loi gidi. St dung dinh Ii cosin trong tam gidc va (iii) ctia két qua 1, ta suy ra

22— 24—
O[||BC<:>COSB+COSC:1<:>C+CL +a+ < -
2ca 2ab

< (b+ce)a+b—c)(a—b+c)=2abc.

O
Cic két qua sau lién quan dén R va r:
Két qua 3. Cdc diéu kién sau day la twong duong nhau:
(1) OI | BC;
(1) AH = 2r;
(tit) IM = R —r;
(iv) (b —¢)* = 4R* — 8Rr,
(v) a* = 4R?* — 4r?
(vi) EF = %.
Loi gidi. (xemh.2). Goi (I;7) cit BC tai X.
Theo cong thuc Euler, ta co
OI° = R* —2Rrva R > 2r. (1)
Ta c6 céc két qua quen thudc co ban nhu sau:
AH = 20M, )
h—
XM = ’—26|7 (3)
2
32:032:0M2+BM2:0M2+%, “)
IM? =0M?+ 0122 OM? + R — 2Ry, )
Ngoai ra chii y bt dang thiic co ban ciia hinh thang vudng thi ta c6
OI > XM va diu "=" xay ra khi va chi khi OI || BC. (©6)
Va vi hai tam gidc ABC va AEF dong dang nhau nén
EF AFE
B—C:E:COSA:>EF:GCOSA. 7
Do d6
OI | BC <= OM = IM =1 <% AH = 2r,
OI| BC <= OM =1 <5 IM* =12 + R —2Rr &% IM =R — 1,
oI | BC <& o2 = x> 22 (b — ) = 4R? — 8Rr,
OI || BC == OM =1 <% 2 = 4R? — 42,
Cubi ciing, dp dung (ii) clia két qué 1, ta c6 OF || BC' <= cos A = = <2 EF = =, O
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Cic két qua tiép theo 1a lién quan dén céc tinh chat hinh hoc

Két quéa 4. (Leon Bankoff, [9]) OI || BC khi va chi khi ATH = 90°.

Loi gidi. Goi HI cat AO tai H' (xem h.2).

Diéu kién can. Néu OI || BC. Khi d6 OI X M 1a hinh chit nhat nén M di qua trung diém cda
OX. Ta c6 mot két qua kinh dién 1a M I di qua trung diém ctia AX. Do d6 I M la dudng trung
binh ctia tam gidc AOX. Suyra M || AO L EF.Chd yring ME = MF nén MI la trung
truc cia EF. Do dénéu N = MI N AH thi N la trung diém cda AH. Tu d6 vi TH || AO nén
I 1a trung diém H H'. Chd y ring Al 1a phan gidc goc HAO nén tam gidc AH H' can tai A va
Al L HH'. Suy ra ATH = 90°.

Diéu kién di. Néu ATH = 90°. Goi N 1a trung diém ctia AH. Khi dé dé thdy AN MO 1a hinh
binh hanh nén M N || AO.

Laivi Al L HH' va HAI = TAO = TAH nén tam gidac AHH' can tai A va I 1a trung di€ém
HH'.SuyraIN || AH' = AO || MN. Do d6 ba diém M, N, I thang hang.

Lai theo két qua quen thudc, M I di qua trung diém AX. Kéthop M1 || AO, suy ra M I 1a dudng
trung binh ctia tam gidc AOX. Do d6 M di qua trung diém cta OX. T d6 do OM || IX
(L BC), suy ra OI X M 1a hinh binh hanh va OI || XM = BC. [

Nhan xét. Tt chiing minh, dé dang thiy ring trung diém N ctia AH 1a di€ém Feurbach ctia tam
giac ABC.

Két qua 5. OI || BC khi va chi khi BF + CE = BC.

Loi giai. Vitam giac ABC nhon (xem h.2), ta ¢

BF CE
B = —_— b S = —.
CoS B va cos C BC
Do d6, theo (iii) ctia két qua 1, ta c6
BF CE

— =1<«= BF +CFE = BC.

oI || BC<:>COSB+COSC:1<:>B—O+BC

Vidu 1. Cho tam gidc nhon ABC c6 cdc duong cao BE va C'F. Chiing minh rdng tam duong
tron noi tiép cua tam gidc ABC ndam trén duong tron ngoai tiép cia tam gidc AEF khi va chi
khi tam duong tron bang tiép goc A ciia tam gidc AEF nam trén canh BC.
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Loi gidi. Bo qua trudng hgp tam gidc AB = AC.
Xét truong hop AB < AC (xem h.3): goi H, I thi tu 13 tryc tAm va tim dudng tron ndi tiép cia
tam giac ABC'. Khi d6 theo két qua 4 va két qua 5, ta c6

I € ®(AEF) <= AIH = 90° < BF + CE = BC.

Diéu kién can. Néu I € O(AEF). Tu (8), suy ra ¢6 diém L nim trén canh BC sao cho BL =
BF vaCL = CE. Goi K la giao diém khéc L cia BC va ©(EFL).
Vi BEC = BFC = 90° nén ti giac BC EF ndi tiép. Chi y tam gidc BF L can tai B. Do d6

@:@7:900_g:900_18o _QCEF:CSF

®)

Suy ra F K la phan giac cia CEF.
Chitng minh tuong tu, F'K 1a phan gidc ctia BFE. Do d6 K 1a tim dudng tron bang tiép goc A
cua tam giac AFEF.

Piéu kién di. Xin danh cho ban doc. O

Vi du 2. Cho tam gidc nhon ABC khéng cdn tai A ngoai tiép duong tron (I), cé cdc duong
cao BE va CF. M la trung diém BC. (I,) va (Iy) thit tu la duong tron ndi tiép cdc tam gidc
MBF va MCE. Goi t la tiép tuyén chung ngoai ciia (I,) va (I5) khdc BC. Biét rdang duong
tron (N) ngoai tiép cia tam gidc AEF di qua tdm dudng tron ndi tiép tam gidc ABC.
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a) Chiing minh rdang hai tam gidc ABC va N 1,1, dong dang nhau.

b) Chiing minh rdng t tiép xiic véi (N).

c) Chiing minh rdng truc tdm tam gidc NI, I, nam trén t.

d) Chitng minh rdng tiép diém ciia t va (N) la lién hop ddng gidc ciia I trong tam gidc N1, I,.

(
(
(
(

Hinh 4

Loi gidi. (xem h.4).

(a) Goi H 1a tryc tdm tam gidc ABC. Vi I nam trén ©(AEF). Suy ra ATH = 90°. Do d6, theo
két qua 4 va két qua 5, ta c6 BF + CE = BC. Suy ra ton tai diém L trén canh BC sao cho
BL = BF vaCL = CE.Déthly AHBF ~ AHCE (g.g), suy ra

BL BF HB
CL CE HC
Suy ra H L la phan giac trong cua BHC. Do dé néu goi K la giao cua Al va BC thi:

o —

A A BRA

BLH:éBHC+BCH:9OO—§A+900—B:C+

[\]

Suyra HL || AK. Ap dung dinh 1i Miquel cho tam gidc ABC véiba diém L € BC, E € CA
vaF € ABtacdT := O(AEF)N&(BFL)N®(CEL).

Laico MB = MF va BF = BL.Suyra L L = 1B = I, F nén [; latdm cia ©(BFL) =
O(BFTL). Tuong tu I 1a tam cia ©(CEL) = ©(CETL).
119



Tap chi Epsilon, S6 15, 06/2019

Do d6 N1, N1, theo thi tu 1a trung truc ctia cac doan thang T'F va TE. Vi vy
NI, =180° — EHF = A, )

Miit khdc, vi M, L AB || HC va MI, L AC' || HB nén I, M1, = BHC = 180° — A. Do d6
két hop véi (9), suy ra ti gidac MI; NI, ndi tiép. Tt d6, chi y rang MN L EF va M1, L AC,
tacod

NI.I, = NMI, = AEF = B.
Lai két hop véi (9), suy ra AABC ~ ANI I, (g.9).

() Vi LL = I,T va I,L = I,T nén I, 1, 1a trung truc ctia T'L. Suy ra T’ nam trén ¢.

Goi t; 1a dbi xung cua M F' qua NI;. Qua phép d6i xung truc N1, tacod ty tiép xuc véi (I;). Va
chd y M F tiép xiic v6i (N) nén ¢, tiép xtic véi (N) tai 7.

Tuong tu, néu , 1a d6i xding cia M E qua N1, ta cling c6 t; tiép xic véi (N) tai T. Do do
t; =ty = t. Tdc la ¢ tiép xdc vé6i (N) tai T

(¢) Vi t dbi xiing v6i M F qua NI, nén dbi xiing ctia M qua NI, thudc ¢. Tuong tu dbi xiing
ctia M qua NI, ciing thudc ¢. Chi y rang M € ©(NI 1) nén t 1a dudng thang Steiner ctia M

db6i v6i tam gidc N1, I,. Theo két qua vé dudng thang Steiner, truc tim ctia tam gidac NI, I, phai
nam trén t.

(d) Trudc hét xin phat biéu mot bd dé sau:

B& deé. ([51,[6]) Cho diém P ndm bén trong tam gidc ABC. Goi Q la diém lién hop ddng gidc
ciia P doi voi tam gidc ABC. Khi do AP = AQ khi va chi khi bén diém B, C, P, dong vién.
Viéc chiing minh bd dé xin danh lai cho ban doc nhu mot bai tip nho.

Quay trd lai vi du 2. Ta c6
—— — 1 — —_—
TBC =TBL = §T]1L =TII.

Tuong tu, TCB = T1Io1,. Suy ra ATBC ~ AT I, (g.¢). Do d6

— — — — — — B %
IlTIQ:BTC':BTL+CTL:BFL+CEL:90°—5—#900—%

~

A — —
=90° + 3= BCI = L 11.

Suy ra bon diém I, I, T, I dong vién. Két hop véi NI = NT nén theo b dé, taco [ va T
dang gidc dbi véi tam giac N1, L. [

Nhén xét. C4c tinh chit khac tif cAu hinh ctia vi du 2, ban doc c6 thé xem thém & phan bai tap
dé nghi.

Vi du 3. (Nguyén Vin Linh). Cho tam gidc nhon ABC ngi tiép duong tron (O), vdi I la tdm
duwong tron néi tiép. Goi Rva S theo thit tw la doi xitng ciia O qua BI va C1. Chitng minh rdng
RS chia doi BC' khi va chi khi OI || BC.
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Loi giai. (xem h.5).
Chiéu thudn. Gia st RS chia doi BC. Goi H 1a truc tAm ctia tam giac ABC, M 1a trung diém
cua BC.

Hinh 5

Ap dung dinh Ii Menelaus cho tam gidgc BC'H véi cit tuyén RSM ta c6
RH MB SC
RB MC SH

tir d6 chd y ring BR = BC = R0y, ta thu dudc SH = RH.

Laico IR=10=15Snén ARHI = ASHI (c.c.c).

Suy ra H I la phan giac ngoai goc cua BHC. Suy ra ATH = 90°.

Goi T 1a trung diém AH, D 1a hinh chiéu cta I trén BC, 1D cat AO tai D',

Tac6 TA=TI=TH,suyraTIA=TAI = OAI, suyra IT | AD'. Suy ra ATID' 1 hinh
binh hanh.

Ta thu dugc /D' = AT = JAH = OM. Suyra D'O =| IM, twd6 T, 1, M thang hang hay
IM || AO, hay AO di qua tiép diém K cda dudng tron bang tiép goc A véi BC.

Laico MK = MDnén OM = 1D’ =1D. Vay OI || BC.

Chiéu ddo. Gia st OI || BC. Xin dua ra hai cich giai nhu sau:

e Cach 1. Goi D’ 1a ddi xing ciia D qua I. Tacé OM = ID = 1DD’'nén D'O || IM.

Lai c6 AD’ di qua tiép diém K cida dudng tron bang tiép goc A vé6i BC va M1 || D'K, suy ra
O thuoc AK.
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Goi T 1a giao diém ctia M T va AH. Ta c6 ATID' 1a hinh binh hanh ¢é AT 1a phan gide TAD'
nén n6 1a hinh thoi. Suy ra TA = T1 = ID' = OM = 1 AH. Suy ra ATH = 90°.
Tudo HI la phan giac ngoal cua BHC.
Tacé IRH = IOB = OBC = ABH. Tuong tu, ISH = ACH suy ra IRH = ISH.
Tur 46, dé thily AHIR = AHIS (g.c.g).
Suyra HR = HS. Qua C ké dudng song song véi RS cit BH tai G. Tit d6 tam gidc H RS can
tai H nén tam giac HGC cantai H, suyra BR = C'S = RG. Vay RS la duong trung binh tam
gidc BGC, suy ra RS chia doi BC.
e Cach 2. Goi J 1a diém dbi xting ctia I qua O; va Y, Z, M theo thy tu la trung diém ctia
IB,IC, BC.
Do OI || BC va OB = OC nén BI.JC la hinh thang can.

1

Xét phép vi ty 17, tm [ v6i ti 86 5. Ta c6
1
H; :B—Y C—Z J— 0.

Ta thu dugc JOZY 1a hinh thang can, suy ra O nam trén dudng tron ngoai tiép tam gidc 1Y Z.
Ta c6 R, S, M 1an lugt 1a di€ém ddi xiing ctia ciia O qua IY,IZ,Y Z nén R, S, M thang hang
trén dudng thang Steiner ctia O dng vé6i tam giac 1Y Z. Vay R, S, M thang hang (dpcm). L]

Nhan xét. [ la tryc tim cda tam giac H RS (ching minh xem nhu bai tip). Hon nita, vi du 3
con c6 lién quan dén bai tap 11.

Vidu 4. Cho tam gidc nhon ABC véi H,O va I thit tw la truc tdm, tam duong tron ngoai tiép
va tam duong tron néi tiép. Goi K = BHNCO va L = CHNCO. Chiing minh rang OI || BC
khi va chi khi tit gidgc OK HL ngoai tiép.

Loi gidi. (xem h.6)

Hinh 6
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Chiéu thudn. Gia st OI || BC. Chi y ring tam giac O BC can tai O nén OI 1a phan gidc ngoai
ctia BOC. Ta lai ¢6 BI la phan gidc OBH = OBL, va CI 1a phan gisc OCH = OCL. Suy ra
I 1a tam dudng tron ndi tiép clia tam gidc OBK va la tim dudng bang tiép goc C' clia tam gidc
OC L. Tt d6 suy ra I 1a thm dudng tron noi tiép ti giac OK H L hay ti gidc OK H L ngoai tiép.

Chiéu ddo. Gi4 st ti giac OK HL ngoai tiép. Khi d6 tAm dudng tron noi tiép cda ti gidc
OK H L phai thudc céac phan giac cia cac goc OBH va OC'H. Suy ra [ la tam dudng tron ndi
tiép clia tif gidc OK H L. Tt d6 10 1a phan gidc ngoai ctia BOC. Két hop v6i OB = OC suy ra
Ol || BC. O

Nhan xét. Tu vi du 4, chiing ta suy ra két qua sau day: OI || BC khi va chi khi HB + HC =
2R o). Hon nita, dua vao vi du 4, chiing ta sé€ c6 chiing minh khéc cho két qua 4: OI || BC khi

va chi khi ATH = 90°.
Vi du 5. Cho tam gidc ABC néi tiép duong tron (O) va ngoai tiép duong tron (I) théa mdn
OI || BC. Goi Q la trung diém cung lon BC cia (O). Ki hiéu (Q) la duong tron tam Q va di

qua O. Chitng minh rang cdc tiép tuyén chung ngodi ciia hai duong tron (I) va (Q) cdt nhau
trén (O).

Loi gidi. Goi P 1a giao ctia AI va (O) khac A; (1) tiép xic v6i BC tai D; va D’ dbi xiing clia
D qua I; duong cao ké tif dinh A clia tam gidc cat lai (O) tai R (xem h. 7).

Hinh 7

123



Tap chi Epsilon, S6 15, 06/2019

Tac6 D' thude (I) va hon nita, theo nhu vi dy 3, tacé D’ thuoc AO. Chi yrang OI || BC' L AR
nén OI 1a trung truc ctia AR. Tt &6 D dbi xing véi D qua OI. Qua phép dbi xiing OF, tit
D' € AO,suyra D € RO.

Lai ¢c6 PQ la trung tryc cia BC' nén QO || ID (L BC).

Cubi ciing, d& thiy ti gidc AQOI noi tiép dudng tron dudng kinh QI nén OQI = OAI =
[AR = PAR = P/Q\R Do d6 hai dudng thang QI va QR trung nhau hay QI di qua R. Vi viy
theo dinh 1i Thales, ta c6

Do d6 R 1a tim vi tu ngoai ctia hai dudng tron (1) va (O). Tu d6 ta c¢6 két luan cho vidu 5. [

Nhan xét. Tt cich chiing minh, ta ciing c6 dugc R 1a tiép diém clia dudng tron A-mixtilinear
nodi va dudng tron (O) cla tam gidc ABC. Ban doc hiy tu ki€ém ching diéu nay. Hon nita, dé
dang nhan thdy md hinh vi du nay c6 tinh chit nhan dudng thang OI lam truc d6i xing, diéu
nay suy ra duong tron tim P ban kinh PO tiép xic v6i hai dudng thang AB va AC.

Vidu 6. Cho tam gidc ABC khong cdn tai A, ngi tiép duong tron (O) va ngoai tiép duong tron
(I) théa man OI || BC. Cdc diém P, Q khdc A, theo thit tu thuoc C A, AB sao cho BP = BA
va CQ = CA. Goi M, N theo thit tu la trung diém ciia CP va BQ. Chitng minh rdng duong
thing Euler ciia tam gidc AMN di qua 1.

Loi gidi. Gi st cac duong BE, C'F cta tam giac ABC cat nhau tai H; goi D la trung diém
BC'; O' dbi xing v6i O qua BC; J 1a trung diém ctia OH ciing 13 tAm dudng tron Euler clia
tam giac ABC; va goi K 1a tryc tdm cua tam giac DEF' (xem h.8).

z —> Pe ~ N [ kd
Taco OO0 = 2@ — AH. Do d6 J cling la trung diém cua AQO'.
Ta c6 két qua quen thudc sau diy: DE, DF 1a céc tiép tuyén ctia dudng tron ngoai tiép ctia tam
AEF.Suyra DFE = FAE. Chi y raing DM || BP, BP = AB va K 1a truc tim clia tam
gidc DEF'. Ta co

DME = BPA = BAP = FAE = DFE = 180° — DK E.
Suy ra tif gidc DM EK ndi tiép. Chi y ring DK | EF T d6
AME = EMK = EDK = 90° — DFE = 90° — FAM.

Suyra MK 1 AF = AN. Tuong tu, NK 1L AM. Tu d6 K ciing 1a tryc tdm cia tam giac
AMN.
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Hinh 8

Mat khac, BPA = @\B — BAC = 180° — BHC nén céc diém P, Q) cing nam trén dudng
tron ngoai tiép tam giac BC' H. Hon nita theo két qua quen thudc thi O’ 1a tam dudng tron ngoai
tiép clia tam giac BCH. Tit d6 vi M, N la trung diém clia cac doan thang C'P va BQ nén
OM 1 AM vaO'N L AN.Tu d6 chiy J la trung diém AQ’. Ta nhan dugc J 1a tAm dudng
tron ngoai tiép tam giac AMN.

Tir d6 KJ la dudng thang Euler clia tam giac AMN. Chi y tam gidc DEF can tai D nén
D € K J hay n6i cach khac duong trung truc cua tam giac AM N chinh 1a trung truc cia F'F.
Ma chi y rang AI | HI nén I thudc dudng tron ngoai tiép tam gidc AEF va do Al 1a phan
gidc cla EAFnén IE = IF.

Vay nén I ndm trén trung truc cia £'F hay duong thang Euler ciia tam gidac AM N di qua diém
I (dpcm). ]

Nhan xét. Thuc chit ta c6 bai todn tdng quat trong tam gidc ABC bét ki 1a dudng thang Euler
clia tam gidc AM N chia doi doan BC'. Tir d6, dudng thang Euler ctia tam gidc AMN di qua I
khi va chi khi OT || BC. Ngoai ra, d6i mo hinh, ching ta sé nhan dugc bai tap 14.

Vi du 7. Cho tam gidc ABC néi tiép duong tron (O) va ngoai tiép duong tron (I) théa man
OI || BC. Goi X,Y, Z thit ty la tiép diém ciia BC,CA, AB va (I). Chiing minh rdang duong
tron Euler ciia tam gidc XY 7 tiép xiic vdi trung truc ciia IX.

Loi gidi. Goi (N), K theo thit tu la dudng tron Euler va tryc tdm cla tam giac XY Z; va goi
L, M tht ty 1a trung diém ctia KX va I X (xem h.9).
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Ta c6 cdc két qua quen thudc sau: L nam trén (N); va OI la duong thing Euler ctia tam gidc
XY Z.

Dod6 K € OI.Suyra ML || IK =01 || BC LIXvaNL| XM LOI=KI.DodéLM
la trung truc cia /X va NL L M L. Diéu nay ching td trung truc ctia I.X tiép xic véi (N) tai
L, ta c6 dpcm. ]

Nhan xét. Ban doc hiy ching minh chiéu ngudc lai ca vi du 7 vin ding.

Hinh 9

Bai viét dudc tac gia liy cam hiing tir mot bai G3 IMOSL 2012 [8], sau d6 qua tim hiéu dugc
biét vé 16p tam gidc nay da dudc Leon Bankoff dé xuit 1an dau tién. Cac ban c6 thé tim hiéu
thém mot sd hé thiic lién quan dén 16p tam gidc nay tai bai viét tai [7] cta tac gia Chris Fisher.
Qua day, tdc gia bai viét cling xin cdm on ngudi em Nguyén Vin Linh da trao ddi nhiéu véi tac
gia vé 16p tam gidc nay dé tac gia c6 thé phat hién dudc nhiéu hon céc tinh chét hinh hoc cia
né. Va dic biét tac gia xin cam on thay Tran Nam Diing da diu dit, tao diéu kién d€ tac gia gidi
thiéu bai viét dén v6i moi ngudi.

Cudi cung tic gia dé xuit thém céc két qua hinh hoc khac & phan bai tip dé nghi dé cac ban tim
hi€u thém.
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Bai tap 1. Cho tam gidc ABC néi tiép duong tron (O) va ngoai tiép duong tron (I). Goi R, r
va 14 theo thit tu la cdc bdn kinh duong tron ngoai tiép, duong tron ndi tiép va duong tron bang
tiép déi dién dinh A ciia tam gidc ABC. Chitng minh rang OI || BC khi va chi khir+r, = 2R.

Bai tap 2. Cho tam gidc ABC néi tiép duong tron (O) va ngoai tiép duong tron (I) théa man
Ol || BC. buong kinh AA' ciia O cdt BC tai W. Chiing minh rang A'W bdng bdn kinh clia
().

Bai tap 3. Cho tam gidc ABC néi tiép duong tron (O) va ngoai tiép duong tron (I) théa mdn
OI || BC. Goi H la truc tam va I, la tam duong tron bang tiép goc A ciia tam gidc ABC.
Chitng minh ring duong thing Eule tam gidc BCI, song song véi H]I.

Bai tap 4. Cho tam gidc ABC noi tiép duong tron (O) ngoai tiép duong tron (I), c¢6 cdc duong
cao BE va CF cdt nhau tai H. M la trung diém canh BC ciia tam gidc. I, va I, thit tw la tdm
dwong tron néi tiép cdc tam gidic M BF va MCE. Biét rang AHT = 90°. Chiing minh rdng
duwong thdng néi trung diém ciia HI va I I, di qua M.

Bai tip 5. Cho tam gidc ABC néi tiép duong tron (O) cé cdc duong cao BE va CF. M la
trung diém canh BC ciia tam gidc. I, va I, thit tw la tdm duong tron néi tiép cdc tam gidc
MBF va MCE. N la tam dwong tron ngoai tiép tam gidc AEF; va P la tdm duong tron bang
tiép goc N ciia tam gidc NI,I,. Biét rdng tam duong tron bang tiép doi dién dinh A ciia tam
gidc AEF nam trén canh BC. Chiing minh rang P nam trén (O) va truc tam tam gidc P11,
nam trén BC.

Bai tap 6. Cho tam gidc ABC néi tiép duong tron (O) va ngoai tiép duong tron (I) théa man
Ol || BC. BE va CF la cdc du’dng cao, va M la trung diém canh BC ciia tam gidc. I, va I,
thit tw la tam dwong tron noi ttep cdc tam gidc M BF va MCE. P la trung diém cung nhé BC
cia (O). Puong tron ngoai tlep cdc tam gidc PBI, va PC1I, theo thit tw cdt AB va AC tai R
va S khdc A. Chiing minh ring RS la duong thdng Euler ciia tam gidc PI,I,.

Bai tap 7. Cho tam gidc ABC néi tiép duong tron (O) va ngoai tiép duong tron (I) théa mdn
OI || BC. BE va CF la cdc duong cao, va M la trung diém canh BC ciia tam gidc. I, va I,
thit tw la tdm duong tron néi tiép cdc tam gidc M BF va MCE. Chiing minh rdng giao diém
ciia EF va BC ndm trén ddy cung chung ciia (O) va duong tron ngoai tiép tam gidc 11, I,.

Bai tap 8. Cho tam gidc ABC néi tiép duong tron (O) va ngoai tiép duong tron (I) théa man
OI || BC. (I) tiép xiic CA va AB thit tu tai Y va Z. Goi P la trung diém cung nhé BC ciia
(O). Cdc tiép tuyén ké tic P tdi (I) cdt (O) thit tw tai U va V' khdc P. Chitng minh rdang duong
thing UV di qua truc tam ciia tam gidc AY Z.

Bai tap 9. Cho tam gidc ABC ngoai tiép duong tron (I). Cdc duong cao AD, BE va CF cdt
nhau tai H. Goi (Jy) va (Jy) thit tu la duong tron ndi tiép cdc tam gidc BDF va C DE. Biét
rang ATH = 90°. Chiing minh rang H ndm trén tiép tuyén chung ngodi cia hai duong tron
(J1) va (Jp).

Bai tap 10. Cho tam gidc nhon ABC khong cdn tai A ngoai tiép duong tron (I), c6 cdc duong
cao AD, BE va CF cdt nhau tai H. Goi (K,), (Ks), (K3) theo thit ty la duong tron néi tiép
127



Tap chi Epsilon, S6 15, 06/2019

cdc tam gidc AEF, BF D, CDE. Biét rang tdm duong tron bang tiép déi dién dinh A ciia tam
gidc AEF ndm trén canh BC.

(a) Chiing minh rdng duong tron ngoai tiép tam gidc HI, I, tiép xiic vdi (O).

(b) Chitng minh rang H ndm trén mt tiép tuyén chung ciia (K») va (K3).

(¢) Chitng minh rang duong tron ngoai tiép tam gidc K, K,Kj tiép xiic véi BC.

Bai tap 11. Cho tam gidc nhon ABC ngoai tiép duong tron (I) va truc tdm H ciia tam gidc
théa man ATH = 90°. Goi M la trung diém canh BC. Puong thing IM cit BH,CH thif tw
tai P va Q. Goi J la tam dwong tron bang tiép goc H cia tam gidc HPQ. Chiing minh rdng
JB = JC va truc tam tam gidc JPQ nam trén OI.

Bai tap 12. Cho tam gidc nhon ABC néi tiép duong tron (O) va ngoai tiép duong tron (I)
théa man OI || BC. Goi H la truc tdm ciia tam gidc va D la tiép diém cia (I) véi BC. Chiing
minh rdang it gidc AH DO la hinh thang ngoai tiép.

Bai tap 13. Cho tam gidc nhon ABC ngoai tiép duong tron (I). Cdc duong cao BE va C'F cdt
nhau tai H. Goi M la trung diém ciia BC. Puong thing qua A song song véi BC' cdt M E va
MF thit tw tai K va L. Biét AI 1| HI, chiing minh rdng tiép tuyén chung khdc K L ciia duong
tron ngi tiép cdc tam gidgc AEK va AF'L tiép xiic vdi (I).

Bai tap 14. Cho tam gidc nhon ABC véi H va I la truc tdm va tdm duong tron noi tiép cia tam
gidc. Goi K, L thit tw la déi xiing cia H qua C A, AB; va goi M, N thit tw la trung diém cia
HK va HL. Biét rang AIH = 90°, chitng minh rdang dwong thdng Euler ciia tam gidc HM N
di qua 1.

Bai tap 15. Cho tam gidc nhon ABC ndi tiép duong tron (O) vdi I, J theo thit ty la tam duong
tron néi tiép va bang tiép déi dién dinh A ciia tam gidc théa man OI || BC. Gid sit AO cdt
BC tai Rva cdt lai (O) tai A'. Goi K la giao diém cia Al va BC. Goi (S) la duong tron qua
J dong thoi tiép xiic véi BC tai K; va goi (R) la duong tron tdm R va di qua A'. Chitng minh
rdng cdc tiép tuyén chung ngoai ciia hai duong tron (R) va (S) cdt nhau trén (O).

[1] AoPS, topic: Line 10 parallel to a side,
https://artofproblemsolving.com/community/c6h593759p3521145.

[2] AoPS, topic: Two parallel lines,
https://artofproblemsolving.com/community/c6hl1140457p5352993.

[3] AoPS, topic: Geometry where incenter and circumcenter is parallel,
https://artofproblemsolving.com/community/c6hl1652476p10457516.

[4] AoPS, topic: AD+BC=AB in a cyclic quadrilateral,
https://artofproblemsolving.com/community/c6h60782p366584.

[5] AoPS, topic: Problem 5 (Second Day),
https://artofproblemsolving.com/community/c6h14092p99759.
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[6] AoPS, topic: Geolympiad Summer 2015, p5: Isogonal Conjugates Property,
https://artofproblemsolving.com/community/c7419nh1138166_
geolympiad_summer_2015_5_isogonal_conjugates_property.

[7]1 J. Chris Fisher, Triangles for Which OI Is Parallel to a Side, Crux Mathematicorum, Vol.
38(4), April 2012.

[8] AoPS, topic: IMO Shortlist 2012, Geometry 3,
https://artofproblemsolving.com/community/c6h546177p3160579.

[9] R. Sivaramakrishnan, Problem 758, Mathematics Magazine, 43:5 (Nov. 1970) 285-286.
Solution by Leon Bankoff. (Appeared in Mar. 1970.)
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VE PUONG TRON SODDY

Nguyén Minh Khang
(L6p Chuyén Tin PTNK TPHCM 2017-2020)

Tém tat. V6i ba dudng tron doi mot tiép xtc ngodi nhau thi ludn tdn tai mot dudng tron tiép xic
ngoai va mot dudng tron tiép xiic trong vdi ca ba dudng tron da cho. Cic dudng tron dé dudgc
goi 1a dudng tron Soddy. Bai viét sau sé& gi6i thiéu cdc tinh chit va cac bai todn hinh hoc lién
quan dén dudng tron nay.

Frederick Soody, mdt nha héa hoc phong xa nguti Anh, nhan giai Nobel Héa hoc vao nam 1921
nhd cong trinh nghién cifu vé su bién ddi clia cac nguyén té héa hoc va chitng minh su xuét hién
dong vi ctia cac nguyén td phong xa. Ngoai ra, dng da nghién ctiu dinh 1i Descartes vé 4 dudng
tron ddi mot tiép xtic nhau va dua ra két qua sau vao nim 1936:

Dinh nghia 1 (Puong tron Soddy, 1936). Cho tam gidc ABC c6 I la tdm néi tiép. Goi D, E, F
lan lugt la hinh chiéu cia I lén cdc canh BC,C A, AB. Khi do ton tai duy nhdt 1 duong tron
tiép xiic ngoai véi 3 duong tron (A; AF), (B; BD),(C; CE) va ton tai duy nhdt 1 duong tron
tiép xiic trong vdi 3 duong tron (A; AF),(B; BD), (C; CFE). Cdc dudng tron nay lan lugt goi
la dwong tron Soddy ngoai tiép va ni tiép.
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Tinh chit 1. Tam duong tron Soddy ngoai tiép la diém ddng cu (isoperimetric) cia AABC,
nghia la chu vi cdc tam gidc MAB, M BC, MC A bdang nhau.

Vi du 1. Cho tam gidc ABC. Hdy tim mét diém M trén mdt phdng sao cho cdc tam gidc
MAB, MBC, MCA cé chu vi bing nhau.

Loi gidi. Dung cic duong tron tam A, B, C' d6i mot tiép xiic ngoai nhau. Goi M 1a tAm dudng
tron Soddy ngoai tiép cac dudng tron tam A, B, C v6i X, Y, Z 1a céc tiép di€ém tuong ting. Ta
c6 dudgc:

Pyap=MA+AB+ BM =MA+AF+FB+ MB
=MA+AX +BY +BM =MX + MY =2Ry,.

Tuong tu, ta cling ¢6 chu vi cac tam gidc M BC va MCA ciing bang 2 1an ban kinh dudng

tron Soddy ngoai tiép. Vay diém M 1a tim dudng tron Soddy ngoai tiép dé€ chu vi cdc tam gidc

MAB, M BC, MC A bang nhau. ]
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1 1 1
+ > h
vV Ty Ve V7Ta

Tinh chét 2. Duong tron Soddy ngoai tiép tén tai khi va chi khi ay
a+b+c>4R+ .

Tinh chét 3. Tdm duong tron Soddy néi tiép la diém “equal tour” cia tam gidc ABC. Tam

" , ) » o1
duong tron Soddy ngoai tiép ciing la diém “equal tour” cua tam gidc ABC khi — + <

1
Vi Ve

haya+b+c<4R+r.

Vidu 2. Cho ABC va diém M, ki hiéu {45 = AM + M B — AB. Tim vi tri diém M sao cho
lap = lpc = loa.
Loi giai. Ta xét hai trudng hop:

Truong hop 1: a +b+c > 4R +r.
Dung céc dudng tron tim A, B, C' ddi mot tiép xiic ngoai nhau. Goi M 1a tim dudng tron Soddy
noi tiép cac duong tron tim A, B, C v6i X, Y, Z 1a céc tiép diém tuong ting. Ta c6 dudgc:

lap =AM+ MB —AB=AX 4+ XM+ MX + XB — AF — FA =2R,,.

Tuong tu, ta cling ¢6 {gc = Lo = 2Ry;. Viy M 13 tim dudng tron Soddy noi tiép dé (45 =
lpc = leoa.

Truong hop 2: a +b+c < 4R +r.
Giai tuong tu véi truong hgp trén. ]

Tinh chét 4. Puong tron Soddy ngoai tiép co thé suy bién thanh tiép tuyén chung ngoadi ciia 3

duong tron. Khi do + = haya+b+c=4R +r.
Ve \Te  \Ta
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Tinh chit 5. Cho tam gidc ABC théa a + b + ¢ = 4R + r hay ba dwong tron (A), (B), (C)

1 1 1
thé = tht XY =2/rory, Y Z =2 /ryre, ZX = \Jr.1.
Oa\/7“_b+\/7‘_c \/E l ToTh T T.T

Vidu 3. Cho tam gidc ABC.

a) Chitng minh tén tai duy nhdt bo 3 dwong tron c6 tam lan luot tai A, B, C' déi mot tiép xiic
ngodi nhau.

b) Chitng minh tén tai duy nhdt 1 duong tron tiép xiic ngodi véi 3 duong tron trén va ton tai
duy nhdt 1 dwong tron tiép xiic trong vdi 3 duong tron trén.

Lai gidi.

a) Goi (/) 1a dudng tron ndi tiép tam gidc ABC tiép xic véi BC,CA, AB lan lugt tai
D, E, F thitacé (A; AF), (B; BD), (C; CE) doi mot tiép xtic ngoai nhau.
Xét bo ba dudng tron (A4; Ry), (B; Ry), (C; R3) ciing ddi mot tiép xdc ngoai nhau. Vi
D', E', F' lan lugt 1a tiép diém ctla cdc cdp dudng tron (B; Ry) va (C; R3) , (C; R3) va
(A; Ry) , (A; Ry) va (B; Ry) , ta c6 dudgc:

_ AB+ AC — BC
- > ,

AE'

Suy ra F’ 1a tiép diém ctia dudng tron ndi tiép tam gidc ABC véi AC. Suy ra diém E’
trung véi F.
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&

Tuong tu, ta cing c6 D' = D va F' = F . Vay (A; AF), (B; BD), (C; CE) trung véi
(4; R1), (B; Ra), (C; Rs). X )

Vay chi ton tai duy nhat bd 3 dudng tron ¢6 tam lan lugt taiA, B, C' d6i mot tiep xuc ngoai
nhau.

b) Xét phép nghich ddo cuc D phuong tich k£ > 0, ta c6:

(A; AF) & Q
(B; BD) « dj
(C; CE) <~ dC

Ma do (B; BD) va (C; CE) tiép xic nhau nén dp song song vdi dc, (A : AF) tiép xic
véi (sB; BD) va (C; CE) nén ) vira tiép xuc véi dp va dc.

qua nghich dao >_A<

>
>
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Sau khi d6i mo hinh bai todn, dé thy chi ton tai duy nhat 2 dudng tron w va w’ viia tiép
xtic véi Q0 , dp va dc, nghia 12 chi ton tai duy nhit 1 dudng tron tiép xtic ngoai va ton tai
duy nhét 1 dudng tron tiép xiic trong véi 3 dudng tron (A; AF), (B; BD), (C; CE).

3. Cach dung dudng tron Soddy

3.1. Dung dudng tron Soddy ngoai tiép

Cho tam gidc ABC, khong mét tinh tdng quat gia st rang AB 1a canh nhé nhit trong 3 canh
cua tam giac ABC.

1. Liy di€ém X trén canh AC sao cho AX = AB.

2. LAy diém Y trén canh BC sao cho CY = CX.

3. Goi D la trung diém BY, liy diém E trén canh AB sao cho BE = BD.

4. Goi Z la giao di€ém ctia dudng cao ha tit A clia tam giac ABC v6i dudng tron tim A ban
kinh AE sao cho Z gan v6i BC nhit c6 thé.

5. Goi A’ 1a di€ém dbi xting véi A qua Z, va W 1a giao diém khéc Z ctia DZ véi (A; AE).

6. Goi T 1a giao diém ctia AW v6i A’D. Pudng tron tim 71" ban kinh TW chinh 1a dudng
tron Soddy ngoai tiép clia cic dudng tron (A; AE), (B; BE) va (C;CD).
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Cho tam gidc ABC, khong mét tinh tong quat gia st ring AB 1a canh nhd nhit trong 3 canh
cua tam giac ABC.

1.
2.
3.

Liy di€ém X trén canh AC sao cho AX = AB.
Liy di€ém Y trén canh BC sao cho CY = CX.

Goi D 1a trung diém BY, lay diém FE trén canh AB sao cho BE = BD.

. Goi Z va Z' 1a giao diém cta dudng cao ha tit A clia tam gidc ABC v6i dudng tron thm

A béan kinh AF sao cho Z xa BC nhét c6 thé.

. Goi A’ 1a diém d6i xiing véi A qua Z'.

Goi I 1a diém dbi xting clia cda A’ qua A.

. Pudng cao ha tir B clia tam gidgc ABC cit duong tron tim B ban kinh BE tai T.

. Goi L la diém dbi xding v6i B qua T, F la giao diém clia (A; AE) véi AC.

LF cat (B; BE) tai K, cat WD tai .J. Pudng tron tam .J ban kinh JK chinh la dudng
tron Soddy noi tiép cta cac dudng tron (A; AE), (B; BE) va (C;CD).
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Dinh ly 1. Bdn kinh ciia duong tron Soddy ngoai tiép la
17273
riry + rors + r3ry + 24/rirars(ry + 2 +13)

Bdn kinh ciia dwong tron Soddy néi tiép la

r1Trors3

Tire + rors + 13y — 24/T1rars(re + 12 + 73)

St dung cong thiic Descartes lién hé gitta ban kinh 4 dudng tron.

B de (Cong thuc Descartes, 1643). Cong thiic Descartes dwa ra su lién hé giita cdc bdn kinh
ciia 4 duong tron doi mét tiép xiic nhau:

1
(ky + ko + ks 4+ ks)? = 2063 + k2 + k2 + k2) véi k; = -

Ta xét cac vi du sau

2 1 1
Puong tron A va B tiép xuc ngoai nhaunén ky = — =2vak,= — = 1.

TA B
1/2 1
A B
. . L PR . . 1 . 1
Puong tron A tiép xuc trong v6i dudng tron Bnén kg = — =2vak, = —— = —1.
TA B
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Vi du 4 (AMC 2004). Cho dudng tron A, B, C doi mét tiép xiic ngodi nhau va cung tiép xiic
trong vdi dwong tron D. Biét rang duong tron B va C bdng nhau, duong tron A c¢é bdn kinh la
1 va di qua tdm cua duong tron D. Tinh bdn kinh cua duong tron B.

Loi gidi. Ap dung cong thiic Descartes lién hé giita 4 ban kinh dudng tron c6 ban kinh 1an lugt
la2,1,rvar.

1 4 4 B .9 2 8
Suyra1+;+ﬁ:§+ﬁ,rutgon2vetac01:;,suyrar:a [

Cho tam gidc ABC'. Dung bén ngoai tam gidac ABC hinh vuong BCDE. BC cat AE va AD
1an lugt tai G va F. Pudng vuong goéc v6i BC tai G cat canh AB tai M, dudng vudng géc véi
BC tai F cat canh AC tai N. Khi d6 dudng tron ngoai tiép tam gidc AM N dudc goi 1a dudng
tron Lucas dinh A cta tam giac ABC'.

Tuong tu, dudng tron Lucas dinh B va dudng tron Lucas dinh C' cta tam giac ABC dudc xac
dinh tuong tu.
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A
mlld N
B A}
G \ F ¢
E *p
5.2. Ban kinh duong tron Lucas
e , ’ ? N N 2 \ R'bc z 7 ? \
Vi du 5. Bdn kinh cua duong tron Lucas dinh A la P Tuong tw bdn kinh cua duong
¢ + 2a.
. R.ca R.ab
tron L dinh B, dinh C lan luot la 1 .
ron Lucas din in an lugtla — TR va T Re
.« h X 25 . ha 25 _
Loi giai. Xét phép vi tu tam A ti sO It a va h, = — nén ta co I a BT Suy ra:.
R R 25  abc 28 abc abc ~ R.bc
AT 2912 4S 25+a2_43+2a2_a_bc+2a2_bc—|—2a.R'
R
O

Vidu 6. : [Paul Yiu — Hatzipolakis, 2001 ] Chiing minh cdc dudong tron Lucas dinh A, B, C' clia
tam gidc ABC tiép xiic nhau titng déi mot va tiép xiic trong vdi duong tron ngoai tiép tam gidc

ABC.
Loi gidi. Vi tam gidc AXY ddng dang vé6i tam gidc ABC nén xét phép vi tu bién tam gidc
AXY thanh tam gidc ABC thi:
(AXY) < (ABC) va L, <> O.
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. 2 abe R.be
S ic diém A, L,,O théng hang nénta c6 OL, = R— Ry = — — ——— =
uy ra cac diém A, ang hang nén ta co 15 ot 20

2a.R? ~ 2a.R R
be + 2a.R bc “
Tuong tu, ta cling c6: OL, = 2.1 - Ry. Hon ntia I:O\Lb = 2C, nén ap dung dinh li cosine cho
AL,OLy: “

L,L2 = OL% + OL? — 2.0L,.OLy. cos L,OL,
=(R—R,)*>+ (R—R,)*—2(R — R,)(R — Ry) cos2C
= (R—Ro)*+ (R—Ry)? — 2(R — Ro)(R — Ry) (1 — 2%in? 6)
= (Ry — Ry)*> + 4(R — R,)(R — Ry) sin>C

AR? s 2 A~
:(Ra_Rb)2+4RaRbM

= (Ra -+ Rb)2.

Suy ra dudng tron Lucas dinh A va dudng tron Lucas dinh B tiép xiic ngoai véi nhau.

Tuong tu, ta c6 dudc cac duong tron Lucas déu doi mot tiép xiic ngoai nhau. Hon nita, cac diém
A, L,, O thiang hang nén tucng tu cic diémB, L;, O thang hang va C, L., O thang hang. Dan
dén cac duong tron Lucas déu tiép xiic trong dudng tron ngoai tiép tam gidc ABC. Viy cic
duong tron Lucas dinh A, B, C cta tam gidc ABC tiép xiic nhau tiing d6i mot va tiép xuc trong
véi dudng tron ngoai tiép tam giac ABC. O

Cho tam gidc ABC, dudng tron o tiép xic véi AB, AC, dudng tron 3 tiép xiic véi BA, BC,
dudng tron « tiép xic v6i C'A, CB va ba dudng tron a, 3, doi mot tiép xiic véi nhau. Cic
duong «, 3,y dudc goi l1a cac dudng tron Malfatti.
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C

Vidu 7. Cho tam gidc ABC, duong tron « tiép xic véi AB, AC, duong tron 3 tiép xic véi
BA, BC, duong tron ~ tiép xiic véi CA, CB; B3, tiép xiic nhau tai X; v, o tiép xiic nhau tai
Y, a, 3 tiép xiic nhau tai Z. Ching minh AX, BY,CZ déng qui. Diém doéng qui duoc goi la
diém Ajima — Malfatti ciia tam gidc ABC.

Loi gidi. Goi K, L, M 1an lugt la tim vi tu ngoai cla céac cdp dudng tron (8,7) . (v,a) va
(a, B).

Ap dung dinh li Monge — D’Alembert, ta c6 dugc cac diém K, L, M thang hang; K, Z,Y thang
hang; L, X, Z thang hang va M, X, Y thang hang. Ma BC,C A, AB 1an ludt la céc tiép tuyén
chung ngoai cta cic cip dudng tron (3,7) . (v,a) va (o, 8) nén K, L, M 1an lugt thudc cic
dudng thang BC, C' A, AB.

Ap dung dinh 1i Desargues cho tam gidc ABC' va tam gidgc XY Z, suy ra AX, BY,C'Z dong
qui.
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Pinh nghia 2 (Puong thazlng Soddy). Tam 2 dwong Soddy nay la 2 diém Soddy, duong thing
néi 2 diém Soddy duogc goi la duong thdng Soddy.

Pinh Iy 2 (Piém Gergonne). Cho tam gidc ABC, D, E, F ldn luot la cdc tiép diém ciia duong
tron néi tiép tam gidc ABC véi BC,C A, AB. Khi dé cdc duong thing AD, BE, CF déng qui
tai diém Gergonne ciia tam gidc ABC.

Chiing minh. St dung dinh li Ceva dao. ]

Pinh Iy 3 (Pudng thang Gergonne). Cho tam gidc ABC, D, E, F ldn lugt la cdc tiép diém
ciia dwong tron néi tiép tam gidic ABC véi BC,CA, AB. DFE cdit AB tai X, DF cdt AC tai
Y, EF cdt BC tai Z. Khi dé X,Y, Z thing hang va dwong thdng dé dwoc goi la duong thing
Gergonne.

Chiing minh. St dung dinh 1i Desargues cho tam gidc ABC va DEF..

]

Tinh chét 6. DPuong thing Soddy di qua tam néi tiép, diém Gergonne, diém de Longchamps va
hai diém Eppstein ciia tam gidc ABC.

Tinh chit 7. Diém va tam duong tron néi 1iép ciia ABC' chia diéu hoa doan ndi hai diém
Soddy.

Tinh chét 8. Puong thing Soddy vudng géc vdi duong thang Gergonne ciia tam gidc ABC tai
diém Fletcher.
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7. Cac dinh ly hinh hoc va bai toan lién quan

7.1. Dudng tron Soddy két hop véi dinh li Monge — D’Alembert

Pinh Iy 4 (Monge — D’Alembert). Cho 3 ducng tron Cy,Cy, Cs phdn biét trén mdt phdng. Khi
dé tam vi tw ngoai ciia cdc duong tron nay thang hang. Hai tdm vi tu trong ciia hai trong ba
cdp dudng tron trén va tam vi tw ngodi ciia dwong tron con lai thang hang.

Bai toan 1. Cho ba duong tron (A), (B), (C) déi mot tiép xiic ngodi véi nhau va tiép xiic trong
vdi duong tron w. Tiép diém ciia (B) va (C) la D, tiép diém cia (C) va (A) la E, tiép diém clia
(A)va (B) la F, (A) va w tiép xiic nhau & X, (B) va w tiép xiic nhau 3Y, (C) va w tiép xiic
nhau & Z. Chitng minh cdc duong thing XD,Y E, ZF dong qui.

Loi gidgi. Goi K 1a tam vi ty ngoai cta (B) va (C). KZ cit (C) & L, suy ra BY song song véi
C'L. Dan dén:

m:%@:%m:@.

e ——

-
.-

Ap dung dinh 1i Monge — D’Alembert, ta ¢6 K, F, F thing hang va K, Y, Z thing hang.

Do d6, KD? = KY.KZ, tuong tu, ta ciing c6 KD? = KE.KF,nénsuy ra KY. K7 =
KE.KF hay EFY Z i tiép.

Tuong tu nhu trén, ta ciing c6 DFX Z, DEXY déu la cac td gidc ndi tiép. Chi yraing XD, Y E, ZF
1an lugt 1a céc truc dang phuong ctia céc cip dudng tron (DEFX Z), (DEXY); (EFY Z), (DEXY);
(EFY Z),(DFFXZ). Suy ra chiing ddng qui tai tim dang phuong ctia 3 duong tron d6. [
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Bai toan 2. Cho ba duong tron (A), (B), (C) déi mot tiép xiic ngodi véi nhau va tiép xiic trong
vdi duong tron w. Tiép diém cia (B) va (C) la D, tiép diém ciia (C) va (A) la E, tiép diém
ciia (A) va (B) la F, (A) va w tiép xiic nhau é X, (B) va w tiép xiic nhau 'Y, (C') va w tiép
xiic nhau é Z. EF catY Z tai K, ED cat XY tai L, DF cdt X Z tai M. Chitng minh K, L, M
thing hang.

Loi gidgi. Goi K’ 1a tim vi t ngoai ctia (B) va (C). Ap dung dinh li Monge — D’Alembert, ta
¢6 K', E, I thang hang va K',Y, Z thang hang nén K tring véi K'.

1
[l
1

\ll’ 3

1
1
1]
1
1
1
1
1
]
1
]
]
1
]
]
L]
1
]
]
]
(]

L

Khi d6, K la tdm vi ty ngoai cta (B) va (C), L la tdm vi tu ngoai cta (A) va (B) , M la
tAm vi tu ngodi ctia (A) va (C') nén dp dung dinh 1i Monge — D’Alembert mot 1an niia ta sé c6
dudgcK, L, M thang hang.

]
Bai toan 3. Cho ba duong tron (A), (B), (C) déi mét tiép xiic ngoai vdi nhau va tiép xiic trong
vdi duong tron w. Tiép diém ciia (B) va (C) la D, tiép diém cia (C) va (A) la E, tiép diém ciia

(A)va (B) la F, (A) va w tiép xiic nhau 6 X, (B) va w tiép xiic nhau 3 Y, (C) va w tiép xiic

nhau 6 Z.

(a) Chitng minh cdc dwong tron ngoai tiép tam gidc XEZ, XFY,Y DZ va DEF doi mot tiép
xtic voi nhau.

(b) Goi K, L ldn luot la tam ciia dwong tron ngoai tiép tam gidc XFY,Y DZ. Chitng minh
AC,DF, X7, KL dong qui.

Loi gidi. (a) Xét tam gidc DEF, 14y nghich d4o dbi xting tAm D phuong tich DE.DF thi cic
dudng tron (B) va (C) bién thanh cic dudng thang qua £, F vudng géc véi EF, dudng tron

144



Tap chi Epsilon, S6 15, 06/2019

(A) bién thanh dudng tron dudng kinh E'F', dudng tron ngoai tiép tam gidac DEF bién thanh
EF, duong tron ngoai tiép DZY bién thanh Y Z.

Sau khi d6i md hinh bai todn, suy ra cic dudng tron ngoai tiép tam gidac XEZ, XFY,Y DZ va
DEF d6i mot tiép xtc véi nhau.

(b) Tuong tu Bai 2 v6i S 1a tAm vi tu ngoai clia duong tron (A) va (C) thi S, A, C thang hang,
S, X, Z thang hang va S, F, D thang hang.

Dé thiy dudng tron ngoai tiép tam gidc DFY ciing 1a tam dudng tron nodi tiép cla tam gidc
IK L véi I 1a thm dudng tron noi tiép tam gidc ABC. Goi S’ 1a tAm vi ty ngoai clia dudng tron
(K) va (L) thi S’ K, L thang hang, ", X, Z thang hang va ', F, D thang hang nén suy ra S
va S’ trung nhau.

Viy cic duong thang AC, KL, DF, X Z ddng qui.

Pinh 1y 5 ( Casey). Cho 4 duong tron (O), (02), (03), (O4) . Goi ty, la dé dai tiép tuyén chung
ciia (O;) va (Oy). Khi dé 4 duong tron (Oy), (Os), (03), (O4) ciing tiép xiic vdi duong tron (O)
khi va chi khi:

tlg.t34 + t14.t23 + tlg.tm =0.

ti, la do dai tiép tuyén chung ngoai ciia (O;) va (Oy) khi va chi khi (O;) va (Oy,) cung tiép xiic
trong hay cing tiép xiic ngoadi vdi (O).

ti la do dai tiép tuyén chung trong ciia (O;) va (Oy,) khi va chi khi (O;) va (Oy) c6 mot duong
tron tiép xiic trong va mot duong tron tiép xiic ngoai vdi (O) . Ddu ciia ty.t,, la ddu “+ khi
va chi khi doan thdng t;;, khong cdt doan thang to,,, va la ddu “=" khi nguoc lai.

Bai toan 4. Cho ba duong tron (A), (B), (C) ¢6 bdn kinh bdang nhau, déi mét tiép xiic ngodi va
tiép xiic trong vdi duong tron w. Cho diém U di dong trén duong tron w, ki hiéu P(I) la do dai
ctia tiép tuyén tir U tdi duong tron (I). Chiing minh ton tai I trong 3 gid tri P(A), P(B), P(C)
c0 gid tri bdng tong 2 gid tri con lai.

Chitng minh. Goi X 1a tiép diém ctia (A) v6i w , céc di€ém Y, Z dudc xic dinh tudng tu. Khong
mAt tinh t6ng quat, gia st U thudc cung Y Z khdng chita X . Goi ban kinh ctia 3 dudng tron 1a 7.
Ap dung dinh li Casey cho dudng tron diém U va ba dudng tron (A), (B), (C) va Tinh chdt 5,
ta co:

P(A).2\/ror = P(B).2\/ror + P(C).2y/r.r
Suy ra P(A) = P(B) + P(C). O

Bai toan 5. Cho tam gidc ABC cdn tai C, hinh vuéng M N PQ noi tiép tam gidc ABC' sao cho

canh M N nam trén canh BC. Goi w4 la duong tron ngoai tiép tam gidc APQ, wp la duong

tron déi xitng véi w4 qua trung truc AB, we la duong tron di qua C' tiép xiic ngodi voi w4 va

wp. X la diém chinh giita cung AB khong chita C, ki hiéu P(I) la do dai cia tiép tuyén tic X

t0i duong tron wy va r; la bdn kinh ciia dwong tron w; . Chitng minh P(C)\/ra = 2.P(A)\/rc.
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Loi gidi. Dé thiy w, va wp va dudng tron qua C' tiép xtic ngoai v6i w4 va wp 1a cdc dudng tron
Lucas ctia tam gidc ABC nén cac dudng tron nay tiép xic v6i dudng tron ngoai tiép tam gidc
ABC. Ap dung dinh li Casey cho dudng tron diém X v6i wy va wp va dudng tron qua C tiép
xUc ngoai voi wx va wpg:

P(C).2y/rarp = P(A).2\/rgrc + P(B).2\/rcra

Marg =rc va P(A) = P(B) nén tasuy ra P(C')\/ra = 2.P(A)\/rc. 0

Pinh ly 6 (Ceva dang sin). Cho tam gidc ABC va cdc diém D, E, F lan lugt trén BC,C A, AB.
. in BAD sin ACF sinCBE
Khi dé AD, BE,C'F ddng qui khi va chi khi 222 S22 SV T2
sinCAD sin BCF sin ABE
Bai toan 6 (Stahslav Takhaev - Sharygin Correspondence Round 2018). Cho ba duong tron
a, B3,y doi mot tiép xiic ngoai nhau va cung tiép xiic ngoai véi duong tron Q lan luot tai
Ay, By, Cy. Tiép tuyén chung cia o, 3 cdt cung A, By khong chita C tai Cy , cdc diém Ay, By
duogc xdc dinh twong tw. Chitng minh A, As, By By, C1Cy déng qui.

Loi gidi. Tiép tuyén tai C) ctia €2 cat tiép tuyén tai B; ctia (2, tiép tuyén tai A; ctia Q 1an luot
tai A va B, tiép tuyén tai B; clia ) cit tiép tuyén tai A, ctia Q tai C. C6 AAy, BBy, CCs lan
lugt 1a cac truc dang phuong ctia 3 va , vy va a, a va 8 nén AA,, BB,, CC, ddng qui tai tim
déng phuong clia cac dudng tron o, 3, 7.

Ap dung dinh 1i Ceva dang sin cho tam gidac C'A; B, c6 CCsy, A;Cs, B;C5 ddng qui:

sin @1 sin 0?41\31 sin @ B
sin @1 sin CZ4TC sin CQ/_Bl\141

sin 0;41\31 = sin C’g/C’l\Bl = sin (4, B,C
sin CoA;C = sin CoC1 Ay = sin Cu By Ay

— — 2 — 2 —
sin CQCAl (Sin CQClBl) . 1hay (Sil’l 0201B1> . sin CQCBl

Ma ta cling c6 {

Suy ra — .

sin CoC' By sin C’ml sin C’Q/C’l\Al sin @1 .
e _— \2 S
Tuong tu, ta ciing ¢6 —Sm BLBiql _ sin BB A, va [ S0 AQ/AI\CI _ SinAAG ALAQI .
sin B, B1C} sin BgBC’l sin As A1 B, sin A, AB;

Ap dung dinh 1i Ceva dang sin cho tam gidc ABC ¢6 AA,, BB,, CC, ddng qui:

sin@l sinBjB\Al Sinml

sin@l Siﬂ@l Sinml
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in CLCh By sin BaBi A, sin Ay A,C .

i 02/01\1 o 2/1\1 S 2/1\01 = 1, ap dung dinh 1i Ceva dang sin lan nta, ta
sin CyC1 Ay sin By B1Cy sin Ay A, By

co AlAQ, BlBQ, 0102 dél’lg qu1

Suy ra

Bai toan 7. Cho tam gidc ABC, duong tron « tiép xiic voi AB, AC, duong tron [3 tiép xiic
voi BA, BC, duong tron ~y tiép xiic véi C A, C'B va ba duong tron «, 3,7y doi mét tiép xiic voi
nhau. Dung dwong tron ) tiép xiic ngoadi vdi ba dwong tron o, B, lan luot tai cdc diemX,Y, 7.
Chitng minh cdc duong thing AX, BY, CZ déng qui.

Bai toan 8. Cho duong tron o va 3 ngoai nhau, mét duong tron w tiép xiic ngodi vdi o tai A,
véi B tai B, mdt duong tron w' tiép xiic ngoai vdi o tai C, véi B tai D. Cdc tiép tuyén chung
trong tai A, B,C, D cia cdc cdp duong tron cdt nhau tao thanh mét tit gidc. Chiing minh tit
gidc do ngoai tiép duong tron.

Bai toan 9. Cho ba duong tron o, 3,y déi mdt tiép xiic ngodi nhau va cing tiép xiic ngodi véi
duong tron Q, duong tron w, tiép xiic ngoai véi o, 3 tai A, B va tiép xiic trong vdi (), duong
tron wy tiép xiic ngoai véi B3, tai C, D va tiép xiic trong vdi Q), duong tron ws tiép xiic ngoai
Vvéi o,y tai E, F va tiép xiic trong véi Q). Cdc tiép tuyén chung trong tai A, B,C, D, E, F,G cdt
nhau tao thanh mot luc gidc. Chitng minh luc gidc do ngoai tiép duong tron.
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Bai toan 10. Cho ba duong tron o, 3,y doi mét tiép xiic ngodi nhau va cing tiép xiic ngodi vdi
duong tron Q, duong tron w tiép xiic ngodi vdi o, 3 va tiép xiic trong véi  tai X, duong tron
ws tiép xiic ngoai véi B, va tiép xiic trong vdi §) tai Y, duong tron ws tiép xiic ngodi vdi o,y va
tiép xiic trong vdi ) tai Z. GoiA, B, C ldn lugt la tdm ciia cdc duong tron o, 3, . Chitng minh
cdc duong thang AX, BY,CZ dong qui.

Bai toan 11. Cho ba duong tron o, 3, déi mdt tiép xiic ngodi nhau va cung tiép xiic ngodi
vdi duong tron () tai cdc diém A, B, C tuong iing, duong tron w, tiép xiic ngoadi vdi «, 3 va tiép
xiic trong vdi ), duong tron wy tiép xiic ngoai véi (3,7 va tiép xiic trong véi ), duong tron ws
tiép xiic ngoadi voi o,y va tiép xiic trong véi Q. Goi X, Y, Z ldn luot la tém cia cdc dudng tron
W1, Wo va ws. Chitng minh cdc duong thang AX, BY,CZ dong qui.

Bai toan 12. Cho ba duong tron o, 3,y doi mét tiép xiic ngoai nhau va cung tiép xiic ngodi véi
duong tron S, dwong tron w, tiép xiic ngoai véi o, B va tiép xiic trong vdi ), duong tron w, tiép
xiic ngoai vdi 3,7y va tiép xiic trong véi Q, duong tron ws tiép xiic ngoadi vdi o,y va tiép xiic
trong véi Q. Goi A, B, C, X, Y, Z ldn luot la tdm cia cdc duong tron o, 3,7, w1, wa, ws . Chiing
minh cdc duong thang AX, BY, CZ déong qui.

Bai toan 13 (Dinh li 7 dudng tron, Evelyn — Money Coutts — Tyrrell, 1974). Cho sdu duong
tron C1,Cy, Cs,Cy, Cs, Cs ciing tiép xiic trong vdi duong tron S) tai cdc diém A, B,C, D, E, F va
théa cdc duong tron tiép xiic C; ngoai vdi hai duong tron canh né ( Cy canh Cg ) . Chitng minh
cdc duong thang AD, BF,C'F dong qui.

[1] Pinh Iy Monge — D’Alembert va iing dung, Nguyén Vin Linh.
https://nguyenvanlinh.files.wordpress.com/2013/04/
monge—dalemberts—-theorem.pdf.

[2] The Soddy Circles, Nikolaos Dergiades.
http://forumgeom. fau.edu/FG2007volume7/FG200726.pdf.

[3] Soddy point, Math en folie.
http://mathafou.free.fr/themes_en/ksoddyp.html.

[4] Heron’s Formula, Descartes Circles, and Pythagorean Triangles, Frank Bernhart and H.
Lee Price.
https://arxiv.org/pdf/math/0701624.pdf.

[S] Geometry in figures, Arseniy Akopyan.
https://www.mccme.ru/~akopyan/papers/EnGeoFigures.pdf.

[6] Apollonius Problem, Deko Dekov.
http://www.ddekov.eu/3j/2006/JCGEG200602.pdf.

[7] AoPS Forum.
https://artofproblemsolving.com/.
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MOT MO RONG CUA PINH LY FEUERBACH TRONG
TRUONG HOP TAM GIAC VUONG

Tran Quang Hung, Ha Noi

TOM TAT

Dinh 1y Feuerbach trong trudng hop dic biét khi tam gidc vuong ciing 1a mdt bai toan tiép
xtic kh4 thd vi. Hién nhién dinh ly Feuerbach trén mot tam gidc bat ky 12 mot mé rong
cho dinh ly Feuerbach trén tam gidc vuong. Bai viét nay sé néu ra mot huéng mé rong
khac cho dinh ly Feuerbach trén tam giac vudng. Chung tdi ciing s€ ching minh md rong
nay mot cach thuan tiy hinh hoc. Toan bo bai viét nay tham khao trong [3].

1. Mé dau

Dinh ly Feuerbach [1, 2] 1a mét két qua ndi tiéng ctia hinh hoc phang va c6 thé coi la dinh 1y
kinh dién nhit vé hai dudng tron tiép xidc nhau trong tam gidc.

Dinh Iy 1 (Feuerbach 1882 [1]). Trong mot tam gidc khong déu thi dudng tron chin diém tiép
xtic trong vi dudng tron noi tiép.

A

Hinh 1.

Khi ap dung dinh ly 1 vao tam giac vudng, ta mot cach nhin thu vi nhu sau
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DPinh ly 2 (Pinh ly Feuerbach trén tam giac vudng). Cho tam giac ABC vudng tai A. E, F
1an ludt 1a trung diém ctia cac canh C'A, AB thi dudng tron ngoai tiép tam gidc AEF tiép xic
duong tron ndi tiép tam gidc ABC.

A

Hinh 2.

Sau day, ching ta dua ra mot cach dung khac cho dudng trung binh cia mdt tam giac vudng
bing nhu sau

Pinh 1y 3 (M6t cach dung duong trung binh trong tam giac). Cho tam giac vuong ABC ndi
tiép dudng tron (O). Pudng tron ndi tiép (1) clia tam gidc ABC tiép xiic v6i CA, AB tai P,
Q. Al cit (O) tai K khac A. Puong tron (K) di qua P va @ cit (O) tai hai diém M va N. Thi
dudng thang M N chita dudng trung binh ing v6i A ctia tam gidc ABC.

K
Hinh 3.

Vay néu chiing ta c¢6 thé téng quat hon cach cach dung dudng trung binh & trén va dong thoi két
hop dinh ly 2, chiing ta s& thu dudc mot bai todn tiép xiic tdng quat hon va dé chinh 12 mdt mé
rong cho dinh 1y 2 ra mot tam giac bat ky
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Dinh Iy 4 (Tran Quang Hing, md rong dinh 1y 2). Cho tam gidc ABC ndi tiép trong dudng tron
(O). Pudng tron ndi tiép (1) tiép xic véi cac canh C A, AB 1an ludt tai P, Q. Al cit (O) tai K
khac A. Pudng tron (K) di qua P va Q cét (O) tai hai diém M va N. M N cit C A, AB lan lugt
tai cac diém E, F'. Khi d6 dudng tron ngoai tiép tam gidc AEF tiép xiic véi duong tron ().

K

Hinh 4.

Trong dinh 1y 4 néu tam gidgc ABC vuong tai A. Ap dung cach dung dudng trung binh trong
dinh ly 3 thi ta thu dugc dinh ly 2.

Chitng minh. Goi J 1 tim bang tiép ting véi dinh A cda tam gidac ABC. H 1a hinh chiéu
vudng géc ctia A trén BO. K L 1a duong kinh cta (O). KL cit BC, M N lan ludt tai cic diém
S, T. Al cit PQ tai R. Ta c6 céac bién ddi do dai nhu sau

ST-KL=KT-KL—-KS-KL
= KM?* - KC?
— KP?— KI?
= KR?>+ RP?> — KI*
=(KR—KI)- (KR+ KI)+ RI - RA
=RI-(KR+KJ)+RI-RA
= RI-(RJ+ RA)=RI- Al
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Hinh 5.
Tit bién ddi trén, ta suy ra
KL RI
o 1
AJ ST M

Goi R la ban kinh ctia dudng tron (O) thi K L = 2R. Ta lai ¢6

AH -KL=AH -2R=AB-AC = Al - AJ,

ta suy ra

KL Al

AT Al @
Tu (1) va (2), ta suy ra

R AI

ST  AH’
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hay
RI ST BF C(CFE

Al AH BA CA

Tu do, ta thu dudc
AR B AE B AF B
Al  AC  AB

k. 3)

Ta xét phép vi tu DY (phép vi tu tim A ty s6 k) dong thdi két hop véi (3), ta thly phép vi tu nay
bién dudng tron ngoai tiép tam gidc AEF thanh dudng tron (O), dudng tron noi tiép (I) clia
tam gidc ABC thanh dudng tron mixtilinear ing véi dinh A ctia tam giac ABC [2]. Do su tiép
xudc ctia dudng tron (O) va dudng tron mixtilinear nén qua phép vi tu DY dudng tron ngoai tiép
tam giac AEF va dudng tron (1) tiép xtic nhau. Ta hoan thanh chiing minh. O

Loi cAm on. Tic gia bai viét chan thanh cdm on TS. Tran Nam Diing vi thiy da luon tdm
huyét, duy tri déu din tap chi Epsilon. Nh d6 ma tac gia c6 co hdi dudc gidi thiéu bai viét nay
t6i dong dao ban doc cua tap chi.

[1] H.S.M. Coxeter and S. L. Greitzer, Geometry Revisited, The Math. Assoc. of America,
1967.

[2] P. Yiu, Euclidean Geometry, Florida Atlantic University Lecture Notes, 1998; available at
http://math.fau.edu/Yiu/Geometry.html.

[3] T. Q. Hung, Feuerbach’s Theorem on right triangle with an extension, International Journal
of Geometry, Vol. 6 (2017), No. 2, October.
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BAI TOAN HAY LOI GIAI DEP

Nguyén Duy Lién
(Truong THPT Chuyén Vinh Phiic)

GIOI THIEU

Chuyén muc nay dudc 1dy cam hiing tir bai viét ctia thay Nguyén Duy Lién & s bdo trude
vé bai todn sb 6 trong ky thi IMO 2001 véi 5 cach giai khdc nhau. Muc niy sé dé€ danh
viét vé nhiing bai toan hay, 15i gidi dep va nhiing cau chuyén thi vi xung quan nhiing bai
toan va 1oi giai do.

Tén ctia chuyén muc dugc mugn tit tén cia mot nhom nhiing ngudi yéu toan trén Facebook
do anh Nguyén Vin L¢i sdng 1ap “Bai todn hay — Loi gidi dep — Pam mé todn hoc”.
Chuyén muc ghi nhan cic dé clt cia ban doc va sé chon ding méi ky 1, 2 bai todn.

S& nay chiing ta sé gip lai thiy Nguyén Duy Lién v6i mot bai viét clia thay néi vé 16i gidi
ctia mot bai toan sb hoc ctia Bulgaria.

Giai dudc bai toan S6 hoc hay va khé, ta da cam thich thd roi. Nhung néu mot bai todn
S6 hoc hay va khé ma gidi dudc bang nhiu cach ma ti d6 ta c¢é thé giai dudgc, hay tao ra
mot s6 bai todn cling 16p bai todn d6 thi niém vui con nhan 1én nhiéu 1an. Bai viét nay, toi
xin gidi thiéu véi cac ban 2 cch giai cho bai todn sb 6 vé S6 hoc khd hay va khé trong ky
thi Olympic Todn hoc Bulgarian 2005. Chiing ta ciing bit dau véi bai toan d6 nhé.

Bai toan. Goia, b, ¢ la cdc sé nguyén duong sao cho ab chia hét c(c> —c + 1) vaa + b

chia hét cho ¢? + 1. Chitng minh rdng cdc tdp hop {a,b} va {c, c2—c+ 1} trung nhau.

L&i gidi 1. Trude hét ta chiing minh bS dé sau
A A A N N - A A Xy [N
B6 dé. Neéu x, y van la cac so nguyén duong sao cho Ty > thi

Xy 1
Zn+ ——7 7.
x+y n?+2n+42

Pang thic x4y ra khi va chi khi {x, y} = {n + 1,n%> +n + 1}.
Vixy > n(x + y)néntontai r € Z" saocho xy = n(x + y) + r, hay la

(x —n)(y —n) =n?*+r. (1)
Lai c6 xy > n(x + y) > nx, chonén x > n, tuong tu y > n. Tiép tuc dit

X=I’l+d1,y:l’l+d2, dl,d2€Z+.
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Tit (1) suy ra dyd, = n* 4 r. Chi y rang v6i A € Z* thi 75— > A5, va
d1+d2 1+d1d2 1+}’l +r.
Do d6
2 +dd di+d 1
Xy :n+12+”l(1+ 2):}1 r > n+ d >nd——-:.
x+y 2n+dy + d, 2n+dy + d, 2n+n?2+1+r n?+2n+2

B§ dé dugc chiing minh.

Trd lai bai todn, dit c(c?> —c + 1) = pab,a +b = q(c®> + 1) vax = pga, y = pgb vé6i
p, q € Z*, ta dudc
c(c?—c+1)  pgab  xy

2+1  a+b x4y’
Khi dé 5
1
AL S =c—14+——-,
x+y c2+1 c2+1
suy ra = +y > ¢ — 1. Dén day 4p dung b dé ta dugc
Xy 1 1
>c—1+4 > =c—1+ > .
X+y (c—D"+2(c—-1)+2 c2+1

Vi ¢ va c¢? — ¢ 4 1 nguyén tb ciing nhau dong thdi x = pga, y = pgb chonén p = g = 1.
Do d6 {a, b} = {c, ¢®> — ¢ + 1}, bai todn dugc chiing minh. ]

L&i gidi 2. Gidsta < bvadita+b =k(c®>+ 1), k € Z*,suyra
b=k(c2—|—1)—a >a

hay la
GED)
2
Laicéc(c?—c + 1) iab,chonénab = afk(c?> +1) —a] < c(c? —c + 1). Xét ham s6
k(c?+1
Fx) =xk(®+1)—x], xe (—oo, %] ,

k(c2+1) +1) k(c2+1)]
5 )

tathiy f(x)1aham s6 dong bién va “<*L > ¢ cahaisda, ¢ déu thuoc khoang (

Néua > c thi
alk(c*+ 1) —a]l = f(a) > f(c) =clk(c*+1)—c]=>c(c*—c+1), voly.
Dodboa < cva
b ‘ [bc —kc(c®> —c + D] =clk(c* + 1) —a] —ke(c* —c + 1) = kc? —ac.
Suyrab < ke? —ac, néu kc? — ac > 0 nhung
b=k(c*+1)—a>kc*>—a>kc*>—ac>kc*>—c*>0, vo ly.
Vay dé€ xdy ra cic diéu trén thi kc? —ac = 0,suyraa = kc < c,dodok = 1vaa = c. Vi

théh = k(c2 4+ 1) —a = c¢?> + 1 — ¢, ta c6 diéu phai chiing minh. O
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Hai 15i giai trén cho ta vé dep ctia mbi 15i giai, 10i giai 1 12 mot su két hop nhuan nhuyén gitta
bét dang thic s6 hoc, su trll mit ciia cac tap sb tu nhién va tinh chit sb hoc. Li gii 2 cho ta
mot su két hop tinh té vé giai tich viéc xay dung ham s va tinh don diéu ctia né véi cac tinh
chit chia hét ctia tap s6 nguyén duong. Ngoai hai cach gidi trén cic ban cling tdi tiép tuc di tim
nhiing 15i gidi m&i , c6 thé cho nhiing bai hay va khé trong vén bai clia ban. Cti nhu tdi thiét
nghi da méi khi trong ddi ta dat dugc cac 15i giai that ngan, dep va dat. Nén ta van tran trong
nhiing 1Gi giai cta ca nhan tuy c6 dai dong chit dinh véi phuong cham “Cdch gidi nay dai vdi
bai nay nhung sé ngdn vdi bai khdc”.
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