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nhat” - KEVIN HARTNETT
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"Ning thdng 8 vang ruc trén nhitng con dwong, miua hé da dén do chin mui. Nhitng cudc vui,
nhitng chuyén di xa dang diing dip tung bitng nhdt. Nhung ddu do, vao dé thdng tam lung chiing,
vai con mua chot di chot dén, vai ngon gié sém mdt lanh dwa dén mii vi mét mia thu tuu truong
chdng con bao xa."

D6 1a 16 tva ma chiing toi da viét cho Epsilon sé 10. B6n nim sau, chiing ta dang séng trong
mot trong nhitng nim ky la bac nhét trong lich st nhan loai, nim 2020 hay con goi 12 nim dai
dich Covid-19. Mua he ciia ching ta da khong con nhu cii, nhitng niém vui quiy quan bén ban
bé va gia dinh, clia nhitng chuyén du lich kham ph4 da khic rit xa ...

Nhung, chiing ta sé khong chun budc, ching ta sé cling nhau chién dAu, va sé lai mot 1an nita
vugt qua dai dich nay nhu nhan loai da ting vugt qua vo van kho khan trong lich st. Béi 1€, di
nhiéu ngudi, ta sé di rat xa.

"Di nhiéu ngudi, ta sé di rdt xa ..." D6 chinh 12 tinh than cta Epsilon, 13 chi din ma ching toi
ludn theo dudi tif nhitng ngay dau tién.

B4&i 18, Epsilon, titc la rdt nho, nhung khéng bang 0. Va nhiéu epsilon cong lai ¢ thé trd thanh
nhitng cdi ddng ké. Cé thé'la 1, la 2, c6 thé'la vé cung.

Bé&i 18, Epsilon la to bdo ciia cong dong, danh cho cong dong.
Va cong dong ching ta sé lai cing nhau tiép budc véi mot epsilon nita, Epsilon 18.

"Di nhiéu ngudi, ta sé di rdt xa ..."
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TINH CAN BAC HAI CUA MOT SO NHU THE NAO?

Ly Ngoc Tué

TOM TAT

Ai trong ching ta ciing da tiing hoc va luyén tap mot cach thanh thuc cach chia 2 s6 theo
tiing chit s6 & trong trudng hoc phd thong. Tuy nhién véi nhitng phép tinh khéc, ching
han nhu cin bac 2 VX, ching ta it khi phdi tinh todn bing tay mot gid tri cu thé nao do,
chéng han nhu /2, 357. Va mbi khi cn phdi tinh toan nhiing gia tri cu thé nhu vdy, may
tinh cam tay, hay phan mém tinh todn trong mdy vi tinh hoic dién thoai c6 thé cho chiing
ta dap s6 mot cach nhanh chéng. Lam sao nhiing chiéc hop den nay c6 thé tinh toan dudc
nhiing phép tinh nay c6 1€ 1a mot diéu bi 4n véi nhidu ngudi, va doi khi két qua nhan dudc
tir chiing lai khong chinh xdc 1dm. Mot trong nhitng vi du kha ndi tiéng 1a phin mém
Calculator ctia Microsoft Windows tinh ra v/4 = 1,9999999 . . . trong mot thoi gian dai.
L6i nay mai mdi duge Microsoft stra trong khoang hon 1 nidm trg lai day.

Trong bai nay, ching ta sé tim hiéu lam sao c6 thé mé rong phuong phdp tinh chia theo
tiing chit s& dé tinh chinh x4c nhiing phép toan khac nhu tim cin bic hai v X, hay la

oo

nghich ddo cuia can bac hai

. < X .
Cho hai s0 duong X, Y > 0 va b > 2 1a mot co so co dinh. Goi Z = v la thuong so cia phép
chia X cho Y, dudc biéu dién dudi dang chuin héa véi co sd b > 2:

Z=b"Zy, 21222 €{0,1,...,b—1},2 # 0. (1.1)

Dit Z,, 1a (n + 1) chit s6 diu tién cta Z:

Zn = Z0, 2172 - - - Zn)y
chiing ta c6 dudc mbi lién hé hién nhién giita Z,, va Z,,_; nhu sau:

Ly = Lyp1+ 2,07 (1.2)
Bén canh d6, Z va Z,, bi chin hién nhién bdi bat dang thiic:

Iy <b 2 < Z,+b". (1.3)
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X X
Phan du tht n cta phép chia v dugc dinh nghia nhu sau:
R, =b"(X'"-YZ,) v X =b°X. (1.4)
Khi diy, bat dang thiic (1.3) tuong duong véi:

0<R,<Y. (1.5)

Tt mdi quan hé gitta Z,, va Z,,_; trong (1.2), chiing ta ¢6 dudc cong thiic truy hdi cho R,, nhu

sau:
R, =b"(X'—YZ,)
%

— 0 (X~ Y (Zus + 2b™))
=b" (X’ -YZ,_1— anb_") (1.6)
=b- 0" NX' —YZ, 1)~ 2Y
= bRn,1 — Zny

Thay thé (1.6) vao diéu kién (1.5):

bRn—l

0<bR,1—2zY <Y <— 0<

— 2z, < 1.

Hay n6i mot cach khéc, z, chinh la phan nguyén clia “~1 chinh la cong thifc quen thudc dé
s ) X
tim chit sO thd n cta thuong so Z = v
bRn—l
= ) 1.7
a5 1)

Luu y rang khi co s6 b = 2, cong thiic (1.7) dudc don gian héa thanh:

Zn =

(1.8)

1 ,2R,.,>Y
0 2R, <Y’

Chiing ta c6 thé tdng két lai thuat todn tim thuong ctia 2 sé duong nhu sau:

A ’ X N A kd z . R X Zy*
Thuat toan 1. v = b - 2y, 2123 - - - 1a thuong s6 cua phép chia X cho Y dugc biéu dién véi co
s6 b > 2 c6 thé dudc tim thdy nhu sau:

1. ela s6 nguyén 16n nhit sao cho b°Y < X,

bRnfl
Zn - PRTEN . N _
2. Y , V0idiéu kién ban dau R_; = b~ °X.

Rn = bRn—l - ZnY
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Ap dung phan tich nhu  phan trude, véi mot s6 duong cho trude X > 0, dit Z = VX 1a cin
bac hai ctia X, dudc biéu dién du6i dang chuin héa véi co s6 b > 2 nhu (1.1).

Chiing ta dinh nghia phn du thi n ciia phép tinh cin bac 2 VX béi:
R, :=V'(X'"—-22) véi X' =b*X. 2.1)
Tir (1.3), ta suy ra dugc cic chin trén va dudi ctia phan du R,, nhu sau:
0< R, =b0"(X"—Z))
— 0 (VX' = 2,) (VX' + Z,)
=V"(b=°Z - Z,)(b°Z + Z,,) (2.2)

<b"b"(2Z, +b7")
=2Z,+b7".

Tuong tu nhu & phan trude, cong thiic truy hdi cho R,, ciing dudc tinh dua vao (1.2) nhu sau:
R, =b"(X'—-Z2)
=0 (X' = (Zos + 2b7)?)
=" (X' — (Z2_ + 22,2y 107" + 22077")) (2.3)
=0"(X' = Z2_)) — (220 Zn1 + 2207")
=bR,_1 — (2znZn,1 + zib’”).

Dua vao cong thic truy hoi ndy, chiing ta c6 dudc cong thiic tim chii s6 thd n nhu sau:

z, = max{d € {0,1,....b— 1} : 2dZ,_1 + d®b"" < bR, _1 }. (2.4)

DéE thiy dudc tinh diing dan ctia cong thiic (2.4), gia st nhu chiing ta chon chif sb z, sao cho:

2020 + 1) Zp 1+ (20 + 120" < bR, 1. (2.5)
Luu y ring diéu kién (2.5) 1a dd tdng quat vi 2dZ,,_; +d*b~" 1a ham don diéu ting v6i d € [0, b].
Ap dung (2.5) vao (2.3), ta c6 dudc:

Ry =bRy1 — (22,21 + 2207")
> (220 + 1) Zp—1 + (2 + 1)%07") — (22,2521 + 2207")
=27, 1 +22,b7"+ 07" ,
=2(Zp1+2,07")+ 07"
=2Z,+b"
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trai voi (2.2). ]

Khi co s6 b = 2, cong thiic (2.4) ¢6 thé duge don gian héa thanh:

1 2R, >27, +b"
zn:{ o1 = 22 E (2.6)

0 2R, 1 <2Z,_1+b"

Pé y ring véi cong thiic (1.7) cho phép chia khong phu thudc vao cic chit sb trudc ciia thuong
s6, ma chi phu thudc vao phan du R,_; va sd bi chia Y. Tuy nhién, cong thiic (2.4) tim chit s6
thir n, cho v/ X phu thudc vao ca phan du R,,_; va két qua Z,_; ctia cac budc trudc day.

Chiing ta c6 thé tdng két lai thut todn tim cin bac 2 clia s6 duong X:
Thuit toan 2. VX = b°- %, 212 ... 1a ciin bic hai ctia X dudc biéu dién v6i co sd b > 2 ¢

thé dudc tim thiy nhu sau:

1. elaso nguyén 16n nhét sao cho b*¢ < X,
z, =max{de€ {0,1,...b—1}:2dZ, 1+ d’b" < bR,_,}
Rn = bRnfl — (QZnanl + Z?Lbin)

Z_1 - 0

v6i diéu kién ban dau o
R, =0b07"X

) 1
V6i mot so duong cho truée X > 0, dat 7 = ﬁ la nghich ddo cua can bac hai cua X, dugc

bi€u dién dudi dang chuin héa véi co s6 b > 2 nhu (1.1).

R 1
Chung ta dinh nghia phan du thi » cua phép tinh nghich dao cua can bac 2 \/_Y bdi:

R, =b0"(1-X'Z2) véi X' =b"X. (3.1)
Tir (1.3), ta suy ra dugc cic chin trén va dudi ctia phan du R,, nhu sau:
0< R, =0"(1-X'Z))
" (1 — \/X’Zn> (1 n \/szn)
<VVX'(b°Z - Z,) -2 (3.2)
< 2"V X!
=2/ X'
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Cong thiic truy hdi cho R,, dudc tinh dua vao (1.2) nhu sau:
R,=b"(1-X'Z})
=0 (1= X' (Zos + 267)°)
=0 (1 = XN(Z2 ) + 220 Zy b + 2257 20)) (3.3)
=0"(1-X'Z}_)) — X' (22,21 + 22b7")
= bR, — X' (220 Zn—1 + 2207").

Bai tap 3. Ching minh tinh ding din clia cong thiic tim chit s6 thd n cho nghich dao clia cin
bac 2 cia X:

z, =max{d € {0,1,...,b— 1} : X' (2dZ,_1 + d°b"") < bR,_1}. (3.4)

’, 1 —_— 1 . e 2 v A . 2 R X 2y
Thuat toan 4. \/_X = b° - 2y, 2123 - - - la nghich dao cua can bac hai cia X dudgc biéu dién véi

co s6 b > 2 c6 thé dudc tim thiy nhu sau:

1. ela s6 nguyén 16n nhit sao cho b*X < 1,

5 Zn = max{d c{0,1,....,b—1}:b%*X . (ZdZn_l + d2b_”) < bRn_l}
| Ry =bRao —0X (22,7500 + 20077

\ s | Za =

v6i didu kién ban dau 1 =0 N

R, =1-b"X

Bai tap 5. Tim thuat todn d€ tinh cén bac 3 VX theo titng chit s6.

Bai tap 6. Tim thuit todn tdng quat d€ tinh ciin bac n VX theo tiing chit sb.

[1] M. D. Ercegovac, T. Lang, Digital Arithmetic, Morgan Kaufmann (2004).

[2] J. M. Muller, Elementary Functions - Algorithms and Implementation, ed. 3, Birkhduser
(2016).

[3] J. M. Muller et. al., Handbook of Floating-Point Arithmetic, Birkhduser Basel (2018)
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CuOcC HON NHAN CUA HAI BATI TOAN HINH HOC
TRONG MOT NGUYEN TU

Phan Thanh Nam
bai hoc Munich, biic

G101 THIEU

Nim 1928, nha vat Iy George Gramov ngudi Nga dua ra mot md hinh du doan su ton tai
va phan ri cdia hat nhan nguyén tir. Ly thuyét ctia Gramov 12 su két hop ctia hai bai todn
hinh hoc ¢d dién: Bai todn ddng chu dit ra tit truSc cong nguyén va bai todn ndng lugng
hdp ddn dit ra bdi Isaac Newton trong thé ky X VIIL. Tuy phat biéu don gian, nhung né an
gidu nhiéu mdi quan hé sau sic gitta hinh hoc, giai tich va vt ly, trong dé nhiéu két qua
thd vi chi méi dudc khdm pha gan day. Trong bai viét ndy, tac gia sé gidi thiéu bai toan
Gramov ciing v6i mot s6 van dé lién quan.

Chiing ta bat diu cau chuyén v6i mot bai todn quen thudc & phd thong.

Dinh ly 1 (Bét ding thiic hoén vi). Cho hai ddy sé thuc gidm a; > ay > -+ > a, va
by = by > -+ = by. Khi do véi moi hodn vi (bg(1), . .., bewm)) cua (by, ..., by) taco

albl + -+ anbn 2 alba(l) P °00 IF anba(n) 2 albn P °00 IF anbl- (1)

Bit dang thic (1) c6 thé ching minh bang quy nap theo 7. Tit bit hodn vi ta c6 thé suy ra dudc
nhiéu két qua quan trong, vi du bét dang thiic Chebyshev cho hai diy sb thuc cuing ting hoic
cung giam
@b+ +anby a1+ tan bit-+ by
n ~ n n
bét dang thiic trung binh cong - trung binh nhan (AM-GM) va bét dang thic Cauchy-Schwarz
(trong sach gido khoa Viét Nam goi la bat dang thiic Cauchy va bat dang thiic Bunyakovsky).

b

No6i ndm na, gia st rang a; la tai san cua chang trai thu i, b; 1a tai san cia c6 gai thd i, va a; b;
12 tai sdn cta cdp doi ndy néu ho két hon. Khi d6 bat dang thic hodn vi ndi rang tong tai san cla
toan xa hoi sé cao nhat néu chang trai giau nhat ket hon véi cd gai giau nhat va ngugc lai, tic la
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nén két hon kiéu “mon dang ho doi”. Tat nhién, thuc té khac xa véi md hinh nay, bsi “tién bac
khong phdi la tdt cd”.

Téng quat hoa 1&n nhidu chidu: Bat ding thic hodn vi ¢6 thé tdng quét hoa cho cdc ham sb thuc
R? — R, véi tdng dudc thay bang tich phan. D& phat biéu cac két qua nay, ching ta can dinh
nghia chinh xdc thé nao 1a mot hoan vi giam trong nhiéu chiéu.

Trudc hét, xét ham dic trung ygo ctia mot tap hop Q trong RY, tiic 1a

) 1 néuxeQ
X) = )
e 0 néux ¢ Q

Ta dinh nghia hodn vi déi xing gidm (symmetric-decreasing rearrangement) clia yq 1a

(xe)* = xa

trong d6 Q* 12 qua cu trong R¥ c6 tim tai 0 va c6 do do |Q*| = || (dd do 1a do dai trong 1
chiéu, dién tich trong 2 chiéu, thé tich trong 3 chiéu, ...)

Dé md rong dinh nghia nay cho méi ham sé £ : R? — [0, 00), ta st dung cong thiic

£(x) = /0 iran (),

trong d6 {f >t} = {x € RY : f(x) > t} goi la “level set”. Véi cach nhin nay, ta dinh nghia
hoén vi dbi xing giam f* : R4 — [0, 0o) bdi

£ = /O X o (X)L

N6i cach khéc, “level set” ctia f*1a{x : f*(x) >t} = {x: f(x) > t}*. Rorang f* dbi xiing
giam, tic la f*(x) < f*(y) khi |x| < |y|. Hon nita, ta ¢6

/R fr0dx = /R fdx,

nho “layer cake representation”

/ f(x)dx =/ Hx: f(x) > t}|dt.
R4 0

Trong cong thiic trén, chiing ta da dinh nghia tich phan Lebesgue trong R¢ thong qua tich phan
Riemann trong R. N6i ndm na, néu chiing ta mudn tinh téng thu nhip trong mot thang, thi véi
cach lam ctia Riemann chiing ta sé tinh thu nhap tiing ngiy sau dé cong don, trong khi véi cach
lam ctia Lebesgue thi ching ta dém c6 bao nhiéu t& ménh gia 500 ngan, 200 ngan, 100 ngan,
... 101 cong lai. O chuong trinh phd thong, chiing ta dudc hoc cach tinh tich phéan theo kiéu
Riemann. Tuy nhién, cach tinh kiéu Lebesgue c6 thé d4p dung cho mot 16p ham sb rong hon
(trong bai viét nay, moi ham s6 déu do dugc theo nghia Lebesgue).

Bay gid, chiing ta c6 thé phat biéu
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Dinh ly 2 (B4t ding thitc Hardy-Littlewood). Vdi hai ham sé f,g : R* — [0, 00), ta cé

/ f)g()dx < f 002" ()dx.
R4 R4

Dic biét, khi f va g 1a ham dic trung ctia hai tp hop 1, Q, trong R?, ta ¢é

€21 N Q2] < Q7 N Q3] = min(|Q7], [Q3]) = min(|24], [2]).
Diéu nay 14 hién nhién, vé mit truc giac khi hai tdp hop cang c6 tinh dbi xiing thi ching cang
“gidng nhaw” va do d6 cang c6 nhiéu “diém chung”. Bét dang thiic Hardy-Littlewood c6 thé

chiing minh dya trén truong hop dac biét noi trén, cung véi “layer cake representation” va dinh
ly Fubini (ban doc c6 thé xem trong [ 1], chuong 3)

| [ ] otmeatarasar< [~ [ [ iyt dxdsar
0 0 R4 0 0 R4

Mot dang tong quat hon ciia bat ding thic Hardy-Littlewood 1a

Dinh ly 3 (B4t ding thiic Riesz). Cho ba ham s f,g,h : R? — [0, 00) tuy y. Ta cé

Ad /l\kd f(x)g(x —y)h(y)dxdy < Ld /1;1 f*(x)g*(x _y)h*(x)dxdy

Cu tric tich chap (g * h)(x) = [ga g(x — y)h(y)dy cho phép ta hi€u g(x — y) nhu 12 nhan
(kernel) ctia mot todn tir. Do d6, nhd tinh dbi ngiu, bat dang thiic Riesz dan téi nhiéu dng dung
sdu sac. Chang han khi chon g 1a “heat kernel”, ta c6

/ V) dx > / V£ () dx.
Rd Rd

O day V f 1a gradient (vector cic dao ham riéng phan) cia /. Tong quat hon, ta cé

Dinh Iy 4 (B4t ding thitc Pélya—Szegd). Véi f : R4 — Rva p > 1, ta cé

/ V() dx > / V@)1 dx.
Rd Rd

Cic bét dang thifc hoan vi 1a mdt cong cu quan trong ctia todn hoc hién dai. Ban doc c6 thé
tham khdo thém bai gidng ctia A. Burchard [2]. Duéi day, ching ta sé thdo ludn mot s6 hé qua
cu thé clia cac bat dang thic nay.
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Trong trudng hgp dac biét p = 1, f = ygq, dai lugng fRd |V xq| tré thanh Per(2) = chu vi
(perimeter) ctia © (trong 3 chiéu la dién tich bé mit ctia Q). Khi d6 bit dang thifc Pélya—Szego
tré thanh bat dang thic dang chu (isoperimetric inequality)

Per(2) > Per(Q2%).

Diéu nay néi ring trong s cic tip hdp trong R? ¢6 cung dd do, qua ciu c6 chu vi nho nhit.
Mot cach tuong duong, ta c

Dinh ly 5 (Bai toan ding chu). Trong sé cdc tdp hop trong R ¢6 cing chu vi, qud cdu co
do do lon nhdt.

Trong 2 chiéu, két qua trén néi rang trong sd cac hinh c6 cung dién tich thi hinh tron c6 chu vi
nhé nhit. Nhitng ngudi Hi Lap c6 dai da biét diéu nay hang trim nim truc cong nguyén. Mot
so sdnh nhd vé trinh dd toan hoc dang kinh ngac ctia ho: Trong sach “Pai Thanh Todn Phdp”
cia cu Luong Thé Vinh (1441 — 1496) ta biét 7 ~ 3, con trudc d6 khoang 1700 nim trong
sach “On the Measurement of the Circle” cu Archimedes (285 — 212 truéc cong nguyén) da tinh
dugc 3.1408 < m < 3.14285.

Hinh 1: Dido cho ngudi cit miéng da bo dé€ bao quanh vung dat Carthage [3]
Bai toan déng chu con goi 1a bai toan Dido, bdi né gin lién véi truyén thuyét vé Nit hoang Dido
(con goi la Elissa) cua xt Carthage (Tunisia). Trong st thi anh hung ca Aeneid cua nha tho La

Ma Virgil, nim 814 truc cong nguyén, nang Dido téi Tunisia va xin mua mot manh dat canh
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bd bién. Yéu cau dudc chip thuin, nhung véi diéu kién “ving ddt do phdi bao phii dwoc bdi mot
miéng da bo”. V6i tai ning todn hoc thién bim, Dido da cit miéng da bo thanh mdt manh dai
va dung né dé€ boc quanh mot viing dat hinh tron rong 16n, sau nay 1a xii Carthage.

Hinh 2: Ving Carthage trong mot ban dd nim 1535, c6 thé thiy phan tudng thanh bén trong
(vung dét gbc clia nit hoang Dido) gan nhu tron hoan hao.

Tuy vay, cdc chitng minh chit ché cho bai todn dang chu chi c6 tit thé ky XIX, khi phép tinh vi
tich phan da duoc phat trién diy di. Trong thdi gian nay, Steiner da dua ra mot ky thuat tuyét
vai vé dbi xiing hod, ngay nay goi la Steiner symmetrization. Y tudng ctia ong 1a néu cho trude
mot hinh chua phai 12 hinh tron, dng ludn tim dudc mot hinh “ddi xitng hon” véi cuing dién tich
nhung c6 chu vi nhé hon. Tuy nhién, Weierstrass da nhan ra mot van dé tinh té, d6 1a dé hoan tét
chitng minh thi cAn phai chi ra sy ton tai mot hinh véi chu vi nhd nhét. Diéu nay da thiic day su
phat trién manh mé cta phuong phap bién phan (calculus of variations). Cho t&i nim 1884, H.
A. Schwarz méi dua ra dudc chiing minh hoan chinh diu tién, bang cach bs sung mot ky thuat
dbi xiing hod mdi, ngay nay goi 1a Schwarz symmetrization.

Sau d6, nhiéu chitng minh khéc tiép tuc dugc tim ra. Khoang nhiing nim 1950, Pélya va Szego
viét cudn sach “Isoperimetric Inequalities in Mathematical Physics”, trong d6 ho tiép can bai
todn dang chu bing cach phat trién cac ky thuat d6i xiing hod clia Steiner dé chiing minh cac
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bét dang thiic hoan vi lién quan t6i cac dai lugng vat ly. Pay l1a cong trinh mé dudng cho nhiéu
két qua thu vi trong vt ly toan sau nay.

Gan day, moi ngudi van tiép tuc nghién citu cac dang md rong cho bai todn dang chu. Nam
2014, Fusco va Julin chiing minh két qua sau day [4].

Dinh ly 6 (B4t dang thitc ddng chu dang manh). Ton tai mét hing s6 C4 > 0 sao cho vdi
moi tdp Q@ C R, ta co

Per(2) — Per(Q*) > C; inf / K- (X) — xa(x + y)dx.
R4

y€ER4 |X|

Vi ham | x|~ d6i xiing gidm, tlf bit dang thifc Hardy-Littlewood ta biét rang

0.

WV

f XQ*(X)—XQ(X‘F)’)dx
R4 | x|

Hon nita, diu “=” chi xay ra khi 12 mot qua cau.
Cic nghién citu vé bai todn ding chu ciing din t6i nhiéu budc tién quan trong trong toan hoc
hién dai. Ban doc c6 thé xem thém cac bai bao téng quan ctia D. Bandle [5] va cia M. Ashbaugh

va R. Benguria [6].

Thuc ra bit dang thifc dang chu c6 mit & rat nhidu ndi trong cudc séng hang ngay. Cic chi meéo
c6 thé khong quan tim 1am tSi todn hoc, nhung chiing biét chinh xac 1am thé nao d€ gidm thiéu
dién tich tiép xiic v6i mdi trudng trong nhiing ngay lanh gia.

Hinh 3: Sleeping cat [7].
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Theo dinh luat hip din ndi tiéng cia Newton, mot chit diém tai 0 € R3 vdi trong luong 1 tao
ra mot thé ning —|x|~! tai vi tri x € R3 (dao ham ctia n6 cho ta luc hip din —|x|72, & day
ta cho hang s6 hip din bang 1). Tong quat hon, néu ta c6 mot vat thé trong R véi mat do
f :R3> — [0, 00), thi thé niing clia n6 tao ra tai vi tri x € R3 1a

f) J
3 |x =yl

Ve =—f e == [

Hinh 4: Mt 14t cit 2 chiéu clia Newton potential V., vdi Q 1a mot qua cau trong R [8].

Trong trudng hop vat thé c6 mat do dong nhit, tiic f = yq 12 ham dic trung ctia mot tip hop
Q C RR?, thi tich phan cta V,, trén 12 ning lugng hap dan ndi tai cia Q

EN(Q)z—// ! dxdy.
aJa lx—yl

Khoang nim 1687, Newton dit ra cAu hoi tim gid tri cuc tiéu ctia Ex(2) trén moi tap Q2 c6 thé
tich cho truéc. T bat d:fmg thic Riesz, ta thu dugc

Dinh Iy 7 (Bai todn ning lugng hip din ndi tai). Trong sé cdc tdp hop Q C R3 ¢6 cing
thé'tich, qud cau co nang lugng hdp dan Ex(2) nhé nhdt.

Ngoai ra, ta ciing biét ring véi thé tich |Q| cho trude, ning lugng hip din Ex($2) ludn 4m nhung
c6 thé gan 0 tuy y (tic 1a khong c6 gia tri cuc dai). Diéu nay khong hién nhién, nhung c6 thé
suy ra tu mot dinh ly co ban cua Newton.
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Dinh Iy 8 (Newton). Néu f : R® — [0, 00) la ham déi xung tam, ticc la f(x) = f(y) khi
x| = lyl, thi
S . B,
R3 [x — y| s max(|x|, |y[)

Dinh Iy nay 12 nén tang todn hoc cho ly thuyét luc hip din ctia Newton. Gia st ta xem trai dat
12 mot qua cau tam 0, ban kinh R, v6i mat d6 dong nhét p > 0. Khi d6, néu diing tai mot vi tri
x € R3 bén ngoai trai dt, ching ta bi hit bdi luc hip dan tir trdi dit véi thé ning bang

p _ p __M
- dy = — ———dy = —,
BO,R) |X — Y| B(o,r) Max(|x[,|y|) | x|

trong d6 M = p|B(0, R)| 1a trong luong cua trai dit. Nhu vay, luc hip dan tir trdi dét chi phu
thudc vao trong luong trai dat va khodng cach tif ngudi d6 t6i tim trai dat.

Tuong tu, ta gia st mit tring cling 12 mot qua cau tim B(xo, r) & xa trai dat (tdc 12 |xo| > R+7),
v6i mat do p’ > 0. Vi luc hip dan tir trai dat tai mbi di€ém x € R3 trén mit tring c6 thé ning 1a
M |x|7!, tong ning luong hip din tuong tac giita mit tring va trai dat 1a

/ M / M /
—/ / il dxdyz—/ 'de=—[ P ix
B(0,R) J B(xo,r) |x — | B(x0,r) | x| B(0,r) |x — xo|

Mp' My Mm
=— ———dx = — dx = ———.
B(0,r) max (| x|, |xo|) B(0,r) |xo] |xo]

trong do m = p'|B(0,r)| = m = p’| B(xo, )| 1a trong luong ctia mit tring. Nhu vy tong ning
lugng hip dan chi phu thudc vao trong lugng trai dat, trong luong mit tring, va khoang cach tir
tam trai dét (0) t6i tAm mit tring (xo).

Quay lai v6i ning lugng hdp din noi tai, v6i hinh vanh khiin Q = {x € R3 : r < |x| < R}, theo
dinh ly Newton ta c6

1 1
Ex(Q2) = —/ / dxdy = —/ / ———dxdy
aJo lx—yl o Jo max(|x].|y])

1 Q|2
2—//—dxdy=—u.
QJorl r

Do d6, v6i thé tich |2| cho tru6e, ning luong Ex(S2) c6 thé gan 0 tuy y.

Dinh ly Newton 12 mot trong nhiing dinh cao ctia Toan hoc thé ky XVII, ciing 12 diém khéi dau
ctia ly thuyét thé niing (Potential theory). Ngay nay, chiing ta c¢6 thé chiing minh dinh 1y Newton
tif dinh ly gi4 tri trung binh (mean-value theorem) ctia ham diéu hoa (harmonic function).

Dinh Iy 9 (Dinh Iy gia tri trung binh). Gid st ham g la dudi diéu hoa (sub-harmonic), tiic
la Ag(x) > 0vdi moi x € B(xg,r) C R?. Khi dé

1

_— g(y)dy = g(xo).
1B(o. )| J0eon ’

18



Tap chi Epsilon, S6 18, 08/2020

Hé qud la khi g la ham diéu hoa, titc la Ag(x) = 0 vdi moi x € B(xo,7) C RY, ta cé

1
rYe— g(y)dy = g(xo).
| B(x0,7)| JB(xo.r)
Ham s6 |x|~! 1a mot ham diéu hoa trong R3\{0}. V6i f = yxp(o.r) V2 |x| > R, vi B(x,R) C
R3\{0} nén theo dinh ly gi4 tri trung binh ta c6

&) I B(x. R)| 1)
— " dy = —dy = ———— = — __dy.
/Rz x—y /B<x,R) T T /R max([x, [y)

Day 1a mot trudng hop riéng ctia dinh Iy Newton. Cac ban c6 thé tham khio chiing minh day dd
cua dinh ly Newton trong [ 1], chuong 9.

Ham s6 |x|~! khong phai 12 mot ham diéu hoa trén toan R? vi diém ky di tai 0. Thuc ra ta c6
—Alx|™! = 476,

v6i 8y 1a ham Dirac-delta (day khong phai 12 mot ham sb thong thudng ma nén hiéu theo ly
thuyét phan b6). Mot céch tuong duong, Newton potential V¢ thod man phuong trinh Poison

AV = 4xf.

Chi y rang luc hiit dién tich Coulomb c6 cong thiic rat giéng luc hip din Newton. Do d6, vé
mit todn hoc, cac két qua vé potential |x|~! & phia trén ciing c6 thé st dung dé nghién citu tuong
tac dién tich.

Trong linh vuc vit ly hat nhan, mo6 hinh Gramov 1a mot ly thuyét xap xi trong d6 mot hat nhan
nguyén ti dugc md ta nhu mot giot chat 16ng véi mat do dong nhat. Ly thuyét nay dudc Gramov
dua ra nim 1928, khi 6ng mdi 24 tudi va dang nghién cifu sau tién si tai Copenhagen véi Niels
Bohr. V& miit todn hoc, ly thuyét Gramov néi riang néu ching ta xem hat nhan nhu mot tip hop
Q trong R3, thi © 12 18i gidi cho bai todn cuc ti€u

Eg(m) = inf Per(Q)—t—l// ! dxdyy .
|2l =m 2 JaJa lx =yl

O day m 1a tdng s6 nucleon (gdm c6 proton va neutron). Pai ludng Per($2) mé ta siic cing bé
mit clia giot chét 16ng, trong khi ning luong Coulomb mo ta ning luong dién tich noi tai gitta
cac proton.

Diéu thu vi 1a trong s6 céc tip hop Q vdi thé tich cho trudc || = m, thi cdc qua cau cuc tiéu
hod Per(£2) (theo bai toan dazlng chu), nhung cuc dai hoa nang lugng Coulomb (theo bai toan
nang lugng dién tich ndi tai). N6i ndm na, bai toan ctia Gramov 1a “cudc hon nhdn cua hai bai
todn hinh hoc c6 dién”. Tuy nhién, cudc hdn nhan niy rit mong manh, vi trong cudc chién giita
hai dai lugng, cic sach vat Iy déu khang dinh sé chi c6 mot bén chién thang hodc ca hai cing
thua, chu khong c6 mot su thod hiép win-win nao ca.
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Gia thuyét 1. Bai todn Eg(m) cé 1oi gidi cuc tiéu la mot qud cdu khi

2—2%/3

m<me=>5

Hon nita, khi m > m, thi Eg(m) khéng c6 cuc tiéu.

Cu thé hon, gia thuyét & day 1a khi khéi lugng hat nhan di 16n, thi hat nhan sé bi tach ra 1am
hai hat nhan nhd hon vé6i khdi lugng nhu nhau (day ciing 1a cach dé tinh khéi luong t6i han m.,).
Gia thuyét nay tuong thich véi 1y thuyét phan ra hat nhan (phan hach) dudc tim ra nim 1938 béi
hai nha hod hoc Otto Hahn va Fritz Strassmann cung hai nha vat ly hoc Lise Meitner va Otto
Robert Frisch (Hahn dugc giai Nobel hoa hoc ndm 1944 cho phat minh nay). Trong thi nghiém
ctia minh, Hahn va Strassmann ban céc hat neutron vio hat nhan uranium va thu dudc mot loai
hat nhan méi (barium). Ho viét thu t6i Meitner k€ vé phat hién ctia minh. Sau dé Meitner va
Frisch chiing minh ring hat nhan uranium da bi phan ra, hon nifa con tao ra mot ning luong
rit 16n. Hién tuong phan hach 1a co s khoa hoc cho du 4n Manhattan vé bom nguyén tif trong
chién tranh thé gidi thi hai.

Hinh 5: Hién tugng phan hach trén mot con tem & Puc nam 1979 [9].

Mic du ly thuyét Gramov c6 trong rat nhiéu sach gido khoa vé vat 1y hat nhan, gia thuyét cin
ban vé su ton tai (va khong ton tai) cuc tiu gan nhu khong c6 bat ky két qua todn hoc nao trong
mot thdi gian dai. Nam 2014, Kniipfer va Muratov [ 10] dua ra chitng minh dau tién cho két qua
sau day
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Dinh ly 10. Ton tai hai hc?ng 560 < my < my sao cho

o Néum < my, thi Eg(m) cé cuc tiéu duy nhdt la mot qud cau.

o Néum > my, thi Eq(m) khong co cuc tiéu.

Cung thdi gian d6, Julin [11] dua ra mot chitng minh khac cho su ton tai cuc tiéu véi m nho,
dua trén bat dang thiic dang chu dang manh Fusco-Julin, ddng thdi Lu va Otto dua ra mot chiing
minh khdc cho su khong ton tai cuc tiéu khi m 16n, dua trén cic danh gia trong ly thuyét do
do hinh hoc (geometric measure theory). Nam 2016, cung véi Frank va Killip [12], ching t6i
dua ra mot chiing minh méi rit ngan gon cho su khong ton tai, dong thdi chi ra danh gia dinh
lugng m, < 8. Chiing minh nay, cling véi ching minh ctia Julin cho su ton tai, sé dudc trinh
bay lai dudi ddy. Ban doc hiing thii ¢6 thé tham khdo bai bdo tong quan ctia Choksi, Muratov va
Topaloglu trén Notices of the AMS 2017 [13].

Li giai. Ton tai cuc tiéu néu m nhé: Xét

1 1 1 1
D(R2) := Per() + —/ / dxdy — Per(*) — —/ / dxdy.
2Jalalx—yl| 2 Jax Ja |x =y

Bing cach tinh tién © néu cin thiét, tir bit dang thic dang chu dang manh ctia Fusco va Julin,

ta co
f)
3 X

Per(2) — Per(Q*) > C
V6i f = yar — xo. Mit khéc, ta c6 thé viét

xe(x)xa(y) Ko (x) xex(»)
A AR dxdy dxd
/Rs/Rs |x — | /Ra/Rs lx — | e

S ) f(y) xex(x) f(y)
= — ———"dxdy = Zdxdy.
2/1‘@3 R |x— | /]1&3/&3 lx — y| Y

Ta biét ring Newton potential

v = [

thod man phuong trinh Poison AV (x) = 47 f(x) véi x € R3. Do do

1 1
/ J&IW) 4oy —/ (—AV,(0))Vp(x)dx = —/ IVV,(x)2dx > 0
R3 JR3 X — y| T JR3 47T R3
Hon ntta, V¢ 1a ham du6i diéu hoa trén Q* vi
AVy(x) = 4rf(x) = dn(xa-(x) — ya(x)) >0 Vx e Q"

Do dé, theo dinh ly gia tri trung binh, ta thu dudc

xex(x) f(y) 1) )
A2 dxdy = ~
/Rs /R oy fQ Vi(x)dx > |Q7|V5(0) = |sz|[
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Viy tom lai

X
D(Q) > (cd _ |Q|) GO
RS |X]
Theo bt dang thic Hardy-Littlewood, ta biét rang [ %dx > 0, va diu “=” chi x4y ra khi Q
12 mot qua cau. Do d6, néu || = m < Cg, thi D(2) > 0 va diu “=" chi x4y ra khi © 1a mot
qua cau. Vay néu m < Cy thi Eg(m) c6 cuc tiéu duy nhét 1a mot qua cau.

Khéng ton tai cuc tiéu néu m > 8 : Gia sit Eg(m) c6 mot cuc tiéu 1a . Ta cit © thanh hai
phan bing mot mit phang H trong R3, tic 1a

Q=tuUQ wi QT=QnNnHT,

trong &6 H*, H~ 12 phan khong gian nim bén phai va bén trdi ctia mit phang H . Sau dé, ta di
chuyén Q™ ra xa Q% biang mot phép tinh tién R. Vi © 1a mot tip cuc tiéu, ning ludng clia né
khong vudt qui ning ludng cia Q+ U RQ ™. Khi ldy R — oo, ning lugng ctia QT U RQ™ trd
thanh tdng ning ludng clia Q1 va Q™. Do dé, ta c6

1 1
Per(2) —0—/ / dxdy < Per(Q™) —l—/ / dxdy
aJa |x =y o+ Jo+ [x — |

1
+ Per(Q7) + / / dxdy.
o-Jo- |x — |

BAt dang thiic nay tuong duong véi

1
QHA(QNH) > / [ dxdy,
o+ Jo- [x —

trong d6 H?(Q2 N H) 1a d6 do 2 chiéu (Hausdorff measure) ctia phan giao Q N H.

Tiép theo, ta tham s6 hod mit phang H : Ly v 1a mot vector don vi trong R>, ldy £ € R va chon
Hyy={xeR:v.x =4},

khi d6
H&:{xeR3:v-x>€}, H‘Zez{xeR3:v-x<€}.

Tit bat déng thifc

2H2(QHHV,€)>f / ! a’xdy=//X(v‘x>€>v'y)dxdy,
o+ Ja- [x — | oo lx — |

ta 1iy tich phan theo £ € R (tic 4 ta tinh tién mat phang H d€ quét toan bo R?). Theo dinh 1y
Fubini, ta co

/ H>(Q N H,p)dl = |Q].
R

Hon nita, v6i ham dac trung y(v-x > £ > v-y)tacd

[t > £ dt = ex—ve sl = -l
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trong do [t]+ = max(¢,0). Tom lai, chiing ta thu dugc

29| > / dedy.
QJQ |X—y|

Cubi cung, lay trung binh véi moi vector don vi v € S? C R? va s dung

d /2
/[v-z]+—‘)=ﬂ/ cos@sin@d@zlz—l,
ar 2 J, 4

v6i z = (x — y), chiing ta c6 thé két luan

2> [ [ F=dxay = gl

tiic 1a || < 8. N6i cach khac, néu m > 8, thi bai toan Eg(m) khong c6 cuc tiéu. ]

Tuong tu véi bai toan Gramov, ta c6 cau hoi: “Mot hat nhdn mang duoc bao nhiéu electron?”
Trong chuong trinh ho hoc 16p 10, chiing ta biét 12 mbi nguyén ti trung hoa cé sd electron
dung b?lng dién tich hat nhan. Néu s6 electron khic véi dién tich hat nhén, ching ta thu dugc
ion duong hodc ion 4m. V& mit nguyén tic, tit ca cic ion duong déu ton tai. Tuy nhién, thuc
nghiém chi ra rang chi c6 ion am véi dién tich —1 hoic t6i da 12 —2 ma thoi. Viéc chiing minh
van dé nay bang toan 1a mot thach thic 16n trong vt 1y toan hién dai, goi 12 bai toan ion hod.
Dé phat biéu chinh xac bai toan, chiing ta can st dung cic tién dé co ban clia vat ly lugng ti.
Xét mot nguyén tif bao gdm mot hat nhan dién tich Z > 0 c6 dinh tai gbc toado 0 € R va N
electron vdi dién tich —1 chuyén dong xung quanh. Vi electron 12 cdc hat luong tir, ching dugc
mo ta bang mot ham séng W(xy,...,xy) trong dé x, € R3 1a vi tri clia electron thi n. Dai
lugng |W|? cho ta mat do xac suit clia cic electron, do d6

/3N |‘I/(x1,...,xN)|2dx1 dx, -+~ dxy =1,
R

Hon nifa, hAm séng nay phéi thod man tinh phan dbi xiing
WX, oo Xiyeo oy Xy ooy XN) = —W(X1, .00 X, oo X4y oo, XN), 1 F

Diéu nay didm bao nguyén 1y loai trir Pauli 13 hai electron khong thé c6 chung mot vi tri (néu
X; = x; v6ii # j thi W = 0) . O trang théi dn dinh nhét, ham séng W cyc tiu hod ham ning
lugng

||lIJ|2)dx1 dxs - dxy.

E(N)=i$f/ (Zmlw Z P ) Ix—;x

1<i<j<N J

!Chinh xdc hon, “vi tri luwgng tir” cia mdi electron bao gdm toa do trong khong gian va ca sy quay noi tai goi 12
spin. Trong thuc té, mdi electron c6 2 trang thai spin, nén trong chuong trinh héa hoc 16p 10 ta biét 1a mdi “orbital”
chi ¢6 t6i da 2 electron. O dy dé don gian chiing ta bd qua spin
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Trong ham nang lugng ta c6 dong nang cua electron, tuong tac Coulomb gitia electron va hat
nhan (luc hit), va tuong tac Coulomb giita cic electron véi nhau (Iuc day).

Trong nhitng nim 1960, G. M. Zhislin chiing minh ring néu N < Z, thi bai toan E(N) ludn c6
mot ham séng cuc tiéu. Him séng nay goi 1a trang thai nén (ground state) va thod man phuong
trinh Schrodinger

N N 7 1
Syt Y s
_| lxi — x;]

i=1 1<i<j<N

N6i cach khac, mot hat nhan dién tich Z c6 thé mang 1,2,..., Z electron (tic la nguyén tu
trung hoa va moi ion duong déu ton tai). Mit khéc, ta c6

Gia thuyét 2. Néu E(N) ¢ cuc tiéu, thi N < Z + C véi mét hing sé C déc ldp vdi Z.
(thuc nghiém cho thdy ta co thé chon hang s6 C = 1 hodc 2).

DAy 1a bai todn thi 9 trong danh sach 15 bai toan mé vé todn tif Schrodinger ctia Barry Simon
[14]. Trong danh sach nay, bai todn s6 4 (Ten Martini problem) va bai todn s6 5 (d6 do phd cia
Almost-Mathieu operator) da dudc giai béi Avila-Jitomirskaya va Avila-Krikorian (Avila nhéan
giai Field nam 2014 cho cac dong gép nay).

Gia thuyét ion hod khd hién nhién vé mit truc gidc, vi néu mot nguyén ti c6 sb electron vugt
qua nhiéu dién tich hat nhan, thi electron ngoai ciing (c6 dién tich 4m) s& bi ddy bdi phan con
lai (c6 tdng dién tich ciing 4m). Tuy nhién, chiing minh diéu nay bang toan hoc hoan toan khong
tam thudng.

Nim 1982, Sigal va Ruskai ching minh mot cach doc 1ap ring néu E(N) cé cuc tiéu, thi
N < N, v6i mot s hitu han N, = N.(Z) < co. Nam 1984, Lieb dua ra mot chiing minh méi,
ngan gon hon va dua ra danh gia dinh luong N. < 2Z.Y tudng cia Lieb 14 nhan hai vé phuong
trinh Schrodinger véi |xy|W¥y va nghién ciu tuong tic gitta electron thd N v6i phan con lai
clia nguyén tii (y tudng nay dugc dé xult truéc dé bsi Benguria trong mdt mo hinh don gian
hon). Nam 2012, tdc gia ching minh ring N. < 1.22Z +3Z'/3, cai thién két qué ctia Lieb cho
Z > 6. Vé cac két qua lién quan, ban doc c6 thé tham khio thém trong [15].

Trong khuon khé bai viét nay, tac gia sé trinh bay mot 15i gii cho bai todn ion hoa trong mot
mo6 hinh don gian hon, goi 12 Iy thuyét Thomas-Fermi. Ly thuyét nay dudc Llewellyn Thomas va
Enrico Fermi dua ra mot cach doc 1ap nam 1927, trong do6 thay vi xét ham séng cua N electron,
ho chi tap trung vao ham mét do f : R? — [0,00) véi [y, f(x)dx = N.Khi d6 ning lugng
nén ciia cac electron dudc tinh bing

— 5/3 z PACINAC)] }
Etr(N) 11}f{/1;3f (x)dx — /Rllf(x)dx—i- /I;S/RS =] dxdy; .

Ly thuyét Thomas-Fermi dudc nghién citu bsi Lieb va Simon nim 1977. Ho quan sit rang ham
ning luong 12 mot ham 16i theo £, do dé néu cuc ti€u ton tai thi n6 12 duy nhét va thod min tinh
dbi xiing tam ( f(x) = f(y) néu |x| = |y|). Hon nita, n6 thod man phuong trinh Thomas-Fermi

v =Lt -] =[G [ Iy -] L vxervon
+ R +

x| Jrs max(|x], [y])
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véi hiang sb € (—o0, 0] (day la nhan ti Lagrange lién quan téi rang budc Jes f(x)dx = N).
O day ta da st dung dinh 1y Newton d€ viét lai vé phai ctia phuong trinh Thomas-Fermi. St
dung céc tinh chit nay, Lieb va Simon chiing minh dudc

Dinh Iy 11. Bai todn Thomas-Fermi Etg(N) c¢6 mét cuc tiéu khi va chi khi N < Z.

Su ton tai cuc ti€u khi N < Z 1a khd don gian, tuong ty nhu dinh 1y Zhislin cho phuong trinh
Schrédinger. Chitng minh khong ton tai cuc tiéu khi N > Z thi phiic tap hon. Lieb va Simon stt
dung nguyén ly cuc dai mot cach khéo 1€o vao phuong trinh Thomas-Fermi. Duéi day, tac gia
trinh bay mot chiing minh khdc, sd cip hon, chi sit dung bat dang thiic AM-GM !

L&i gidi. Gia st bai toan Thomas-Fermi Etp(N) ¢ mot cuc tiéu f. Nhan hai v& phuong trinh
Thomas-Fermi véi |x|* f(x) v6i mot s6 mii k > 1, ta cd

§'|x|k'f5/3(x)=[lf—l—/]R Ldy—u]mkf(x), Vx € R3.

> max(|x|, |y[)

O day ta c6 thé b ddu phan duong ciia biéu thic trong ngoic [.], bdi néu biéu thic nay 1a 4m
tai x, thi f(x) = 0 do phuong trinh Thomas-Fermi, va khi d6 dang thic phia trén van diing vi
hai vé bé“mg 0.Viu <0,taco

[Z / La’y] Ix|* f(x) >0 VxeR.
R

x| Jrs max(|x], [y])

LAy tich phan vé6i x € R3 ta thu dudc

k
Z/;@ |x|k—1f(x)dx>A |)C| f(x)f(y)dxdy

5 max(|x]. |y])
St dung tinh dbi xting ctia x va y clia biéu thiic bén phai, ta c6

(x* + y[) f () £ ()
g 2max(|x|.|y])

z/ Ix|*7 f(x)dx > dxdy.
R3

Cach viét dbi xiing nay cho phép chiing ta st dung bit dang thiic
1
k ks (1 _ _)

ey (1- 7).

(c6 thé dung bat dang thiic AM-GM). Diéu nay dén téi

_ 1 _ _
z [ Pt peodx = (1= 2) [ G E 0 S dady
R’ R

= (1= D) (L rorar) ([ 1" reax),

Diéu nay tuong duong véi

Z S
— | —Z=L__dy. )
|x|  Jrs max(|x], |y])

Vi (2) ding v6imoi k > 1,tac théldy k — oo vasuyraZ > [o5 f = N. O
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Dinh 1y trén tuy gidi quyét bai toan ion hoa cho 1y thuyét Thomas-Fermi, nhung ciing chiing té
rang 1y thuyét Thomas-Fermi khong qué chinh xac, bdi n6 khong du dodn dudc su ton tai clia
cdc ion am trong thuc t&. Trong hod hoc ludng tit (chang han céc tinh todn xdy dung nén bang
tuan hoan hoa hoc ngay nay), moi ngudi st dung cidc md hinh tuong tu nhu ly thuyét Thomas-
Fermi nhung c6 nhiing hiéu chinh thich hgp. Mot trong nhitng md hinh nhu vay goi 1a ly thuyét
Thomas-Fermi-Dirac-von Weizsicker, trong d6 ning lugng nén ctia N electron dugc tinh bang

Evaw (V) =inf{ [ 1P @dx + e [ 9VFGIPdx - [ L pooax

3 |x|
1 f@) ()
J LA

+
2 |x — y]

dxdy —cD/ f4/3(x)dx}.
R3

Céc sd hang v6i hé s6 cp > 0, cw > 0 dudc dé xuat bdi Dirac (1928) va von Weizsicker (1935).

Nim 1987, P--L. Lions chiing minh su tdn tai ctia moi ion duong va nguyén tit trung hoa trong
mo hinh TFDW, st dung phuong phap “concentration-compactness” (6ng nhan giai Field nam
1994 cho cic déng gép vé phuong trinh dao ham riéng phi tuyén). Nim 1993, Le Bris chiing
minh rﬁng mot s ion am c6 thé ton tai trong mo hinh TFDW. Miit khac, van dé khong ton tai
cuc tiu khi N 16n 12 mot bai todn md trong nhiéu nim, mdt trong nhitng 1y do chinh 12 k§y thuat
nhan phuong trinh véi |x| khong st dung dudc vi s6 hang Dirac c6 thé rat Am. Nim 2017, cling
v6i Frank va Van den Bosch, chiing toi chiing minh dugc gia thuyét ion hoa cho md hinh TFDW
bang mot ky thuat hoan toan khac.

Dinh Iy 12. Néu bai todn Etepw(N) co mét cuc tiéu, thi N < Z + C vdi mdt hang sé
C > 0doc lap voi Z.

Chiing minh két qua trén st dung y tudng tii bai toan Gramov. Cu thé hon, 18i gidi cuc tiéu dudc
cit bang cac mit phang va bién d6i tinh tién mot cach thich hop. Piéu nay cho phép kiém sodt sd
electron xa hat nhan. Mt khéc, céc electron rit gan hat nhan tuan theo ly thuyét Thomas-Fermi.
Véi céc electron trung gian, chiing toi st dung mot phép lip dé cai tién cac danh gia “xa” va
“gdn” mot cach lién tuc (y tudng nay dudc Solovej sii dung trudc day cho ly thuyét Hartree-Fock
[16]). Ban doc quan tAm c6 thé xem thém trong [17].

D& két thiic, toi xin gidi thiéu mot bai todn lién quan trong danh sich ctia Simon. Ngudc lai véi
ion 4m, néu nguyén ti trung hoa bi mat mot sd electron, chiing ta thu dugc ion duong. Ning
lugng can thiét d€ taich mot electron ra khdi nguyén tii trung hoa goi 1a niing lugng ion héa

1(Z)=E(Z)— E(Z - 1).

Day 1a dai lugng rit quan trong trong cdc phan tng hod hoc. Bai toan thd 10 ctia Simon lién
quan t6i cong thic ti€ém cén ctua /(Z) khi Z — oo. Ndi riéng, ta c6

Gia thuyét 3. Ta c6 Cy < 1(Z) < Cy vdi hai hing s6 Cy, C, > 0 déc ldp vdi Z.

Nim 1990, Seco, Sigal va Solovej [ 18] chitng minh ring 1(Z) < CZ?%/!,

Trong bang tuan hoan hoa hoc, khi dién tich hat nhin ting, ning luong ion hoa thay déi theo
kiéu “zich zdc”: Giam véi cdc nguyén tii cing mot nhém, nhung ting véi cdc nguyén ti cling
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Hinh 6: Nang ludng ion hoa (ionization energy) [19].

chu ky. Do d6, vé mit toan hoc, chiing ta c6 thé du dodn ring trong mdt bang tuin hoan “vé
han”, ning luong ion hod s& tuan hoan xung quanh mot sb gid tri cd dinh. Ciing tuong ty nhu
gia thuyét vé ion am, bai toan vé ning ludng ion hoa da dudc kiém chiing bang cdc md hinh x4p
xi. Tuy nhién, chitng minh diéu ndy cho phuong trinh Schrodinger hoan chinh van con 12 mot
bai toan mad.
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HUYEN SU D61 HUNG CO PHATI CUA DAN TOC TA?

Nguyén Lé Anh

GIOI THIEU

"Dé" hiéu dugc lich st Viét Nam chiing ta cdn phdi tim hiéu tinh hinh dia chdt theo
thoi gian" - Nguyén Lé Anh.

Van ludn 1a nhiing géc nhin méi la cing v6i chudi 1ap luan logic dua trén nhiing nghién
ctfu rit day cong, tif khdo citu tai liéu dén di thuc dia & cic dia phuong, tic gia Nguyén
Lé Anh di dua ra hang loat két qua nghién ctiu méi vé lich st, trong d6 khong it két qua
da danh d6 nhiing nhan dinh v6n da ton tai hang trim nim.

O Epsilon s6 18 nay, chiing tdi tran trong gidi thiéu tSi doc gia phin 3 ctia loat bai "lich
st" va "Hoc Todn dé€ 1am gi" v6i mot géc nhin rat méi la va c6 thé giy ra nhiing con "dia
chan": Liéu nhitng huyén sit vé Kinh Dwong Vwong, Hiing Vicong va An Dwong Viong cé
phdi ciia ddn toc Viét Nam hay khong?

Da su chép Kinh Duong Vuong tén hiy la Loc Tuc, la nguoi hinh thanh nha nudc so khai
ddu tién vao ndam Nhdam Tudt 2879 TCN, dct quoc hiéu la Xich Quy. Lanh thé ciia quéc
gia dudi thoi Kinh Duong Viong réng 16n, phia bdc téi song Duong Tit (cd ving ho Péng
Pinh), phia nam t6i nuéc Ho Ton (Chiém Thanh), phia dong la Péng Hdi (mot phan ciia
Thdi Binh Duong), phia tdy la Ba Thuc (T Xuyén, Trung Hoa ngay nay). Kinh Duong
Vuong truyén ngoi cho con la Lac Long Qudn.

Theo Dai Viét St ky Toan thu thi Kinh Duong Vudng lam vua va cai tri tu khoang nam
2879 TCN trd di. Dia ban ctia qudc gia dudi thdi vua Kinh Duong Vuong rong 16n, phia
bic téi song Duong Ti (ca viing hd Pong Pinh), phia nam t6i nuéc HO Ton (Chiém Thanh),
phia dong 12 Dong Hai (m6t phan cia Thai Binh Duong) va phia tay 1a Ba Thuc (Tit Xuyén,
Trung Qudc ngay nay).

“Theo vi.wikipedia.org/wiki/Kinh_Duong_Vuong, truy cdp ngay 10 thang 8 nam 2020

Khoang céch tit C6 Loa t6i hd Pong Dinh 1a 500km, toan nii cao, khong thé c6 lién két gitta
Kinh Duong Vuong véi cu dan dong biang Song Hong.

Cach day khoang 200 triéu nam, cung lic véi thdi gian hinh thanh day Himalayas véi dinh
Everest, ti€u luc dia Pong Nam A, bi mang luc dia An va Uc ép vao phia Nam dai luc dia Au -
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A, phia Bic Viét Nam bi gin vao v6i phia Nam Trung Quéc. Ci va ddp tao ra cac day ndi Thap
Van Pai Son gdm hang trim diy ndi cao nhiéu kilomet véi bé rong hang trim kilomet vé mdi
phia bién gidi va chay dai sudt tit Himalayas dd ra bién. D6 1a biic tuong thanh chan giita hai
viing d4t Viét Nam véi Trung Qudc. Riing rim rap khong thé c6 dudng di, trin, ran, rét, thd dit
an thit nhidu vo k€, khién cho Thap Van Pai Son 1a ving khong thé di qua. Céc con sdng bét
nguodn tif nii cao chdy trong khu vuc nay rat doc va c6 nhiéu ghénh théic, thuyén mang c6 thé di
chuyén xu6i theo dong song nhung khong thé quay ngudc.

Nhu thé truée ddy 3000 nam, cu dan dong bang song Hong khong thé c6 lién hé ngudn gbc gi
t6i Kinh Duong Vuong & hd Pong Dinh!

Khong thé xult phat tii tién ich dang dung va hé théng giao thong ngiy nay ma hinh dung ra
su bang giao tif 1000 nim trudc Cong Nguyén. Ngay 4y chua c6 “diém” d& mdi lira, chua c6
sat thép dé lam truc xe, d€ déng méng cho ngua. Riing rim bao trum khip moi noi. Ngay ca
ngay nay, du duong di c6 nhung ngoan nghéo. Sudn diy nii nay nhin thiy sudn day bén kia,
chi vai kilomet, nhung ciing phai di vong hang trim kilomet méi sang dudc. Khoang cich thang
500km, néu c6 dudng, thi dudng ndi 1a rit dai. Ngay ca khi c6 duong riing, ngay ca khi vuot
duong hang nghin kilomet tu tho theo luong thuc, thi nhu chiing ta phan tich & phan sau thi viing
ddng bang Song Hong 1a dam 1y, chi thich hdp cho giao thong thily theo kénh rach chang chit,
ngudi, xe ngua khong thé vugt qua ma dan trin danh nhau cudp dit dugc.

Con song Hong bt ngudn tif cao nguyén Tay Tang, day 1a noi bing tuyét gia lanh, ludn bi céi
doi rét de doa. Vi vay tif truéc Cong Nguyén phan thudng ngudn ctia song Hong rat lac hau. Tuy
vay néu di chuyén vé viing nhiét d6i khi hau néng 4m, mudi rudi, la nuéc, cu dan on déi cling
khong s6ng néi.

Dit liéu khoan bing & 2 cuc trai dat cho thdy nhiét do trai dit tuan hoan véi chu ky 100 nghin
nim. Khoang 23 nghin nim truéc day khi trai dat lanh gia, bing dong & hai cuc nhiéu t6i miic
nudc bién can xubéng 120m so vdi hién nay. Loai ngudi c6 dai da di cu ra khdi chau Phi, men
theo ven bién. Khoang 18 nghin nim vé trudc loai ngudi c6 dai da sinh séng tai khu vuc Pong
Nam A, va di 1én phia Bic t6i ving Quang Pong - Quang Tay ctia Trung Qudc ngay nay. Nhiing
nghién cifu vé gen va ngon ngi da khang dinh lai nhu thé.

Trong khoang 14 nghin nim tiép theo, muc nudc bién tiép tuc dang cao 120m, va giif nguyén
trong khoang 6000 nim viia qua. Khi iy dong bang Bic Bo ngay nay la bién. Nudc bién ding
cao ddy ngudi c6 dai vao sat chan nii. Trong sudt thdi gian 6000 nim 4y cu dan bi ket & viing
nii vong cung Hoang Lién Son tit Ninh Binh, qua Hoa Binh, t6i Son Tay, Phid Tho, roi qua vong
cung Pong Triéu ra t6i Quang Ninh, ho 14 & tién ctia ngudi Viét Nam hién nay.
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Cung thdi gian iy ngudi ¢d dai & ving Quang Pong, Quang Tay ciing di cu vao siu trong dat
lién va di ngudc theo con song Duong Ti t6i ving H6 Pong Dinh. Day 1a ving On Déi, vé
mua dong bing gia. Tt 3500 nim trd vé trudc, cu dan viing dn ddi thudng xuyén bi doi rét de
doa, khong phat trién dudc. Khoang 3500 nidm trudc diy, cing véi su xuat hién Thoi dai do
Pdng - con ngudi san xuit ra nhiéu clia cai hon miic tiéu thu - 12 sy xuét hién xa hoi Chiém hitu
N6 Lé. Phuong thifc san xuit hang hod, phuong tién giao thong dua trén xe kéo dan dén phat
trién thuong mai, xuat hién tién, xuat hién chit viét, va chinh quyén trung uong phap quyén. Tuy
nhién, chinh st Trung Qudc ghi nhan, cho téi tin nim 200 truéc Cong Nguyén, trudc khi Tan
Thiy Hoang do hd, ving phia nam diy nii Ngii Linh khong c6 cong nghé luyén kim sat. Cong
nghé luyén kim sit xuét hién & vung Pia Trung Hai, va theo cu dan du muc truyén t6i ving
dong bang song Hoang Ha. C6 sat tao ra vii khi, truc xe, déng méng ngua... Chinh sit da tao ra
siic manh cho phan phia Bic diy nii Ngii Linh. Nhu thé vao thoi dau Cong Nguyén, chua c6
sat 1am truc xe kéo, d&€ déng méng cho ngua, xe va ngua cu dian Quang Pong, Quang Tay chua
thé di xa téi dugc ving ddng bang song Hong - ma ciing khong c6 dudng dé di.

Do dudc thién nhién uu dai ma kinh té cta cu dan song Hong phat trién manh. Tir 3500 nim
vé tru6c cu dan phia bac day Thap Van Pai Son lac hiu hon cu din dong bing song Hong, tuy
nhién sau thdi diém d6 thi nguoc lai.

Con song Hong mdi ndm mang ra bién 100 triéu tAn phu sa, ting véi 50 triéu m® dt. Dong bang
Séng Hong 1a hinh t dién, dinh Phi Tho cao 30m so véi muc nudc bién, mit ddy 1a tam gidc
can. Tam giac can nay c6 ddy la bs bién hién nay tit Quang Ninh tGi Thanh Hoa - dai 150km,
chiéu cao t6i Phii Tho 1a 200km, dién tich 15000 km?. Tinh 3000 nim thi lugng phii sa bang véi
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thé tich t dién trén. Vay 6000 nim vé trudc thi dong bang Song Hong 1a mot vinh nong c6 do
sau trung binh 10m. Ngudi c¢6 dai bi dat 1én ven cdc viing nui cao theo vong cung Hoang Lién
Son kéo 1én Phii Tho va theo vong cung Pong Triéu t6i Quang Ninh. Cu dan bi ket & day dudc
goi 1a dan toc Song Hong. Theo thdi gian dong bing song Hong dudc bdi va 16n dan, né tién
ra bién véi téc do khoang 35km cho 1000 nim. Pét bdi thanh cc go thap, quanh go 1a nudc tu
chdy, rat thuan 10i cho viéc cly lia nudc. Chu triic gd doi ¢6 rudng lia nudc tu chiy bao quanh
tao ra kiéu giao thong thiy, séng ngoi chang chit, cuc ky hiéu qua. Cu dan Song Hong da “co
gidi thify” toan bo nén kinh té tit nhiéu nghin nim truéc Cong Nguyén. Tham chi cho tdi tan
trude khi Phdp sang, & thii d6 Ha Noi, hé thong giao thong thiiy vin déng vai tro rit quan trong.
Véi ciu tric giao thong thiy nhu thé viéc tién quan danh chiém bang ngua theo dudng bo 1a
khong hiéu qua.

Cu déan & trén cdc go cao, véi mat do dan sd khoang 1 ha dat go vudn cho mot ho 5 ngudi. Mt
dd nay van con duy tri cho t6i nhitng nim 1960, va vi phuong thiic sin xut ndng nghiép tu cung
tu cAp ma mat do nay 6n dinh tit dau Cong Nguyén cho t6i khi Phdp sang . Thong ké trén ban
dd Google chiing ta thiy viing dién tich rudng lia nuéc gip 4 1an dién tich go? Ty 1& nay khong
thay d6i nhiéu trong vong 200 nim qua. Nhu vdy mat do dan sd chung 1a 1 ngudi trén 1 ha dét
ddng bang, tinh cho thdi gian vé trude 1800.

Vao khoang dau Cong Nguyén, bd bién & vao khoang tit Luy Lau téi Bat Trang, kéo qua ving
Binh Pa. D6 ciing la tam gidc can, ddy 1a dudng trung binh, va dién tich bang 1 dién tich dong
bing Song Hong ngay nay. Nhu vay dan s6 & dong biang Song Hong thdi Hai Ba Trung (40 - 43
sau Cong Nguyén) la khoang }1 x 1500000, tic 1a khang 400 nghin. Dan § vung nui uéc tinh
bing mat nita, vy tong dan sb thdi Hai Ba Trung 1a khoang 600 nghin. O vao khoang 1800 thi
dan s & ving ddng bang Séng Hong vao khodng 2.5 triéu. Dan s6 mién Nam, udc lugng theo
ty 16 12, thi 1a 2 triéu. Dan s6 mién Trung khoéng 1 tSng dén sb hai ving dong bing (theo ty
1¢ hién nay). Vay dan s6 Viét Nam vao nim 1800 la khodng 5.7 triéu. Sau khi Phap sang, cong
nghé xay dung dung xi ming dudc ap dung, kién thic y té cling nhu phuong thiic san xuét thay
ddi khién cho ty 1& ting dan sb khong con nhu trude.

Nhu vy vao dau Cong Nguyén dan Song Hong da 1a mot cong dong dong diic, khoang 600
nghin ngudi. Cho t6i tin nidm 1800, cic dong dan tif xi di cu dén chi yéu theo dudng bién, va
chi uc tinh con sb chi vai nghin ngudi, mdi khi bén Trung Qubc c6 bién. Nhitng dong ngudi
nay bi cu dan S6ng Hong dong ho4 viin hod.

Ban than tén Viét 12 do c4c tai liéu ¢b ctia Trung Qudc goi theo ¥ ho, cu dan Song Hong tif nhiéu
nghin nim nay d sinh séng & viing dit nay khong lién quan gi tdi cai Bach Viét clia ho!

Khoang 5000 nim vé truéc & Pia Trung Hai, ngudi ta da biét dugc cong nghé luyén kim dong.
Khoang 3500 nim trudc day, cong nghé nay xuét hién cung lic & ha luu sdong Hoang Ha va khu
vic Pong Nam A, Iuu vuc Song Hong - ndi ¢6 sin ca than, sat va dong 16 thién.

Cu dan & phia luu vuc song Hoang Ha, nhd c¢6 kim loai, ngudi ra ché ra xe kéo chay duong dai,
va tién hanh lam dudng vugt qua day Ngii Hoanh Son. Vao niam 200 truéc Cong Nguyén, Tan
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Thidy Hoang phai Triéu Pa (sinh nim 257 tru6c Cong Nguyén) dua quan tién ddnh sang phan
khu vuc song Trudng Giang, 12 viing ho goi 1a Bach Viét. Khong rd Triéu Pa c6 dén dugc luu
vuc song Hong hay khong, bdi chinh st chi néi vé viéc dung qua cap iy long ngoai giao véi
céc th trudng ving xa d€ ho khong quiy pha. Viéc cai tri 1a khong cé.

Trén thuc té vao thdi gian truéc Cong Nguyén chua thé ¢ cc cude chién xuyén qua diy Thap
Van Dai Son: v6i mot bén 1a CS Loa, mot bén 1a Tay Quang Tay Trung Qudc! Hai dia diém nay
& hai néi khac han nhau, chang nhitng nii cao nhiéu nghin mét khong thé vudt qua, ma CS Loa
v6i Tay Quang Tay cach nhau c4 nghin kilomet dudng ndi quanh co. Sau khi ddnh chiém Nam
Viét, chic chic Triéu Pa mét nhiéu nim d€ binh dinh. Chang hiéu thdi ¢d dai c6 miy mbdng
quin ma dan trin ddnh nhau ca chiéu dai bang véi Chau Au nhu vay!

Vay khong thé c6 da st ki€u nhu “Vao thoi ky Hong Bang 4000 ndm trudc ddy, J phia Tdy tinh
Qudng Tay (Trung Qudc) co cdc by téc Au Viét song xen ké vdi nguoi Lac Viét. Nha nudc Vin
Lang do Hiing Vuong ding ddu cai tri Lac Viét. Thuc Phdn, nguoi Au Viét, la vua nguoi Au
Viét da ddanh bai Hing Viong vua nudc Vin Lang, doi quoc hiéu thanh Au Lac, tw xung la An
Duong Vicong, dong dé tai Phong Khé, nay la viing C6 Loa, huyén Péng Anh”.

Ciing c6 thé c6 Lac Viét, Au Viét, Phong Khé nhung 1a & cd bén Quang Tay. Xét vé phuong dién
giao thong, su lién két giita Au Viét & phia bén kia diy Thap Van Pai Son véi ddng bing song
Hong & phia bén nay 1a khong thé cé.

C6 Loa thudc huyén DPong Anh thi c6, va diing 1a 3500 nim vé truée, go dat cao 16 m so véi
muc nudc bién nay da c6 cu dan thudc bo lac Song Hong dén séng. Cac truyén xua tich c¢d vé
Kinh Duong Vuong, Lac Long Quan, vua Hung, Triéu Da déu lay tif ving ndi Ngii Linh va bi
dem ra day cho hau dué cu dan Song Hong.

Cu dan Song Hong chua bao gid biét dén “Nudc ta trudc la Vin Lang, sau déi thanh Au Lac!?”.
Tit c4 nhiing “kién thitc” nay 1a do chinh quyén trung uong Trung Qudc ... bd vao mdm cic tang
16p “tinh hoa” - tic biét doc biét viét chit Han. Ho hoc thudc 1ong va day lai cho hau dué cu
dan Song Hong. Con ch4u Ba Trung, Ba Triéu nay di nhan 12 hau dué 4000 nim & mii tn noi,
dudng nii ngoan ngheo, cich xa CS Loa téi ca nghin kilomet.

Vao dau Cong Nguyén, do Hai Ba Trung khéi nghia xung vuong ma Han Quang Vii Dé cit Ma
Vién dua 20 nghin quan di ddnh phd. Hiu Han Thu, 1a cudn sach ¢ nhit viét rd vé thoi ky Hai
Ba Trung, nhung viét vio thé ky thi V. Tai liéu nay néi rd, quan clia Ma Vién tién danh theo
dudng bién “Thdng 1 dm lich ndm 42, Mda Vién dem qudn men theo duong bién, san nii lam
dwong hon nghin ddm, ddnh nhau véi Trung Nit Vuong & Ling Bac. Md Vién thdng, tién lén
chiém Mé Linh réi lai ddnh bai Trung Viwong 6 Cdm Khé”. Hau Han Thu ciing cho biét quan
ctia M4 Vién bi chét hon mot nifa.

Nhu vay trude Cong Nguyén, tuyét nhién khong thé tién dianh C8 Loa theo dudng bo, vugt qua
hang tram day nai Thap Van Dai Son.
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Hau Han Thu 13 cudn sach viét vé cac su kién dau Cong Nguyén, nhung lai do duy nhéit mot
ngudi viét, Pham Bang, va viét vao thé ky thii V. Quyén Hau Han Thu bi chinh quyén Trung
Qudc khi d6 kiém duyét va chi dugc cong bd nhiéu nim sau. Hau Han Thu cho rang nguyén
nhan cudc khdi nghia ctia Hai Ba Trung 1a do suu cao thué ning. Tiic 12 thdi d6 nha Han da ap
dat ach do ho, va Viét Nam la thudc dia. C6 hay khong cude khdi nghia, nguyén nhan that cua
cudc khdi nghia 1a gi? Viéc khang dinh nguyén nhan do suu cao thué ning la khong hop ly vi
& Viét Nam khi 4y van 12 ndng nghiép tu cung tu cip, chua c6 kinh t& hang ho4, tifc dung tién
trong Iuu thong dé c6 tién dong thué. Néu khong c6 chuyén thu to ép thué thi diéu nay chiing to
4nh hudng cia thai thi T6 Dinh ctia nha Han & S6ng Hong chi thudc dang nhu quan sat vién,
khong phai chinh quyén d6 ho. Piéu nay 1a hop ly vi chua bao gio Triéu Pa dit chan dudc ti
ddng bang Song Hong.

Nim 40 sau Cong Nguyén Hai Ba Trung xung Vuong. Lich st dan toc Viét Nam bét dau tir do.

Nhu vay da st n6i vé vai tro Triéu Da nhu 13 vi Vua dau tién trong viéc hinh thanh dan toc Viét
Nam, chi la hoang s, hay la da tam su.

Ngoai thuong gia va cdc nhém nhd ngudi phuong Bac Iuu lac téi ving dit Song Hong sinh
song, thi doan quan Ma Vién 1a nhiing ngudi phuong Bac 1an dau tién chinh thifc t6i va ap dit
ché d6 do hd.

Ngiy nay & viing dong bang song Hong, nhit 1a viing Mé Linh - C§ Loa c6 hang nghin dén tho
Hai Ba Trung.

Truyén c6 tich C6 bé lo lem va TAm Cam déu c6 cing mot cbt truyén. Lich sit khong hoan toan
4t ducc da s, bsi da st thuong hay muon tich. Ciing c6 nhiing su kién lién quan dén Son Tinh,
Thdy Tinh - chAm dit ché do quan hon clia cong xa nguyén thiy, ciing c6 su kién lién qua dén
“boc 100 tritng” d€ dién ta su chia li. Tuy nhién viéc d€ cho dan toc chim dam trong u mé, dé
cho da st 4t di ngudn gbce t6 tién 1a khong thé dugce chip nhan.
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CHE NGU PHOTON BANG TOPO

Olivier Bleu, Dmitry Solnyshkov, Guillaume Malpuech
Ngudi dich - Cao Chi, Ha Noi

Mot laser sé tao nén mot chum dnh sdang mang thong tin trong cdc soi quang trén quang duong
nhiéu ngan km.

Nhu vdy néu nguoi ta thay cdc electron trong cdc bdn ddn bdang nhiing photon thi thiét bi
photonic sé lam viéc nhanh gdp boi.

Dé thyc hién mot siéu mdy tinh photonique tich hop (photonique intégré) nguoi ta phdi vicot qua
nhiéu tré ngai.

Tré ngai quan trong la khd ndng chay dugc hai chiéu trong cdp quang (reciproque) ciia dnh
sdng khi gdp vdt cdn. Song nho topo todn hoc ngudi ta cé thé viot qua trd ngai do [1].

Khi mot hat lan truyén trong khong gian thi moi huéng déu tuong duong. Néu mot photon lan
truyén trong mot sdi quang (fibre optique) theo mot chiéu néu gip phai mot vat thé nao d6 anh
sang c6 thé truyén ngudc lai. Piéu niy xay ra vi su vang mit clia chiéu uu tién cta lan truyén.
Mot vat thé nhu thé c6 thé 1a su thay d6i chiét suat quang hoc 1am cho 4nh sdng bi phan chiéu
va di ngugc lai, 1am nhiéu loan van hanh.

Mubn c6 mét su lan truyén khong ddo ngude can phai c6 mot Iuc ndo d6 ap dit chiéu chuyén
dong. Ddi véi electron chi can dp dit mot dién truong 1a dd diéu hanh chiéu chuyén dong. Song
dbi véi photon thi khong dudgc vi photon 12 hat khong mang dién tich.

Théch thifc dbi v6i cac nha vat 1y 12 tim mot chuyén dong khong c6 chiéu ngudc lai ciia photon.

Piotr Kapitsa (nim 1937) da tim ra siéu chay (mit do nhét & nhiét do thip): Ning lugng tuong
tac cc hat 16n hon dong ning ctia chit 16ng. Chat 16ng nghiém cAm céc qua trinh phan tan do
sU mét trat tu trong moi trudng.

Trong mot chit 16ng c6 dién néu c6 nhiing vat thé gy nén mat trt tu (désordre) thi nhitng vat
thé d6 1am phat tdn ning luong chuyén dong cac hat va d6 1a nguyén nhan cta do nhét. Nhiing
nhiéu loan d6 ving mit trong siéu chdy va do nhét bang khong, cac phan tir chat siéu chdy sé
chuyén dong theo mot chidu. Pay 12 mot ¥ tudng quan trong cho cédc nha vat ly.

VE nguyén tic c6 thé tao nén mot sidu chay anh sang vo cam vé6i hién tugng mét trat tu.
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Hinh 1: Cdc giai ning luong, khe, miic Fermi - din dién, cach dién va ban dan

Hinh 2: Céach dién topo va cach dién topo photonique

Trong mot mang tinh thé thi ning lugng trdi rong trén nhiing giai lién tuc dén cic gidi (bande),
céc gidi cdch nhau bdi nhitng khoang trong goi 1a khe (gap), tiic 12 nhiing giai cAm.

Ta lai c6 miic Fermi bang mtc ning lugng cao nhét chiém bdi mot electron & khong tuyét dbi
(—273°C hay 0 Kelvin). Néu miic Fermi thuoc vé mot gidi cho phép (hinh 1) thi ta c6 vat liéu
1a mot vt liéu dan dién va khong c6 chiéu chuyén dong uu tién: Cac electronsex chuyén dong
khi bi 4p dat bdi mot dién trudng.

Khi miic Fermi thudc vé mot gidi cAm rong thi vat liéu 12 mot cach dién, néu gidi ciAm rat nhd

thi chi cAn cung cAp mdt ning luong nhé dé electron vugt qua khe dé lot vao gidi cho phép phia
trén trong trudng hgp nay ta c6 vat liéu ban dan (hinh 1).
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Trong nhiing nim 1980 cac nha vat ly thiy rang ly thuyét cdc giai ning ludng chua dii mo ta cac
tich chét electronique ctia vat liéu. Ho dua thém mot thong s6 1a s6 Chern, mot s6 bat bién topo.
Néu s6 d6 bang 0 ta c6 vt liéu thong thudng theo 1y thuyét cac gii, néu khac 0 (hinh 2) ta c6
vat liéu goi la cach dién topo.

Nhu vy néu mitc Fermi ndm trong mot khe va néu sd Chern khéc s6 0 thi vat liéu lai 1a mot vat
liéu cach dién trong thé tich.

Nhung néu trén bién vt liéu mot trang thdi ning luong ton tai trong khe thi ta s& c6 mot dong
dién mot chiéu chiéu phu thudc vao diu cia tdng cac sé6 Chern trong cic giai nam duéi khe do.

Trong vat liéu photonique (vat liéu dung photon chu khong dung electron), vi photon 1a mdt
boson nén khong c6 miic Fermi ta lai ¢6 trong mot mang photonique mot kha nang la cé cach
dién trong thé tich. Va néu cac sd Chern khac s6 0 thi diéu nay dan dén su ton tai chuyén dong
mot chiéu trén bién v6i ning lugng khe.

V6i mot chit ran 3D bit bién topo dic trung bdi s 16 trén mit, hay dbi véi dudng cong bdi sb
cudn vong (bao nhiéu vong dudng cong cuén quanh mot vit) ching ta can tinh tich phan géc
cuc (polaire) ciia mot diém khi di doc theo dudng cong (hinh 3).

Hinh 3: SO 16 trén mit va s6 cuon vong quanh mot vat

N6i chung cic bat bién d6 1a tich phan ciia nhitng dai luong dinh xi (46 cong, géc cuc - angle
polaire). Cac tich phan nay dic trung cic tinh chit toan cuc (global) ctia hé.

Céc tich phan Gauss-Bonnet 14 cd ban trong topo vi né ndi lién céc tinh chit dinh xi ctia mot
vat véi mot trong cac tinh chét toan cuc.

Vi du tich phdn cdc dé cong dinh xit trén mdt cdu ¥ ciia mot vt sé néi lién véi sé 16 v ciia vat.
Khi ta lam bién dang bé mdt ciia vt s6 16 v khong thay doi
1

— FdS =2(1 —v).
2w J3
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Trong vat 1y mdi trudng dong dic cac cong cu topo khong ting dung ddi v6i ban than vat ma dbi
v6i cAu tric cac gidi (bandes) ning lugng cta cdc hat chuyén dong trong vit liéu. Trudc hét ta
can dinh nghia do cong Berry. D& hiéu khai niém nay ta xét mbi tuong tu v6i phép van chuyén
song song clia mdt vector trén mot bé mit cong. Sau khi thuc hién mot vong kin vector ban
dau va cubi c6 huéng khong tring nhau. Su van chuyén song song di din dén mot goc gila hai
vector dau va cubi.

Ciing theo cach nhu vdy ngudi ta gan vector d6 véi ham song mo ta mot electron trong giai
(bande). Ngudi ta sé gan lién dd cong Berry véi do bién ddi hudng ciia vector khi mot electron
chuyén dong trong khong gian nghich d4o (espace réciproque) ctia cic xung ludng. Ly tich
phan do cong d6 trén toan mot giai (bande) ta stt dung dinh ly Gauss-Bonnet sé€ thu dugc mot
bat bién topo dén sb Chern, sb nay dic trung cho topo ctia giai.

Topo xép hang cic vat theo s6 16 hoic theo s6 cudn quanh (enroulement) - d6 12 nhiing bt bién
topo khi vt bi bién dang lién tuc.

Y tudng vé siéu chay gitip cac nha vat ly tién dén dung topo trong moéi trudng dong dic. Trong
topo do dai va géc khong con bao toan, bao toan 1a s6 16 di qua mdt mit, dung cic bién ddi lién
tuc ta khong thé x6a bo céc 16 dugc.

Do nhét 1a mot dai ludng toan cuc (global) chit khong phai dia phuong. Ngudi ta c6 thé xac dinh
céc dai luong bét bién trong topo va topo c6 thé dung dé nghién citu vat chit.

Céc vortex (nhiing cudn xody vat chit) trong 10ng siéu chay (Onsager, Nauy 1947) 1a nhiing kich
thich c6 mot momen dong ning luong ti héa nghia 1a chi 14y nhiing gid tri gian doan, trong topo
cudn xody ng véi sd 1an ma mot dudng cong chay quanh mot vat.

Néu xét ham séng ctia mot siéu chay thi ham séng tién dén O tai tAm vortex. Mot khi vortex
da dugc tao nén thi khong mot bién ddi lién tuc c6 thé xéa né dudc. Ngudi ta néi d6 1a nhiing
khuyét tt topo. Ngudi ta c6 thé st dung topo d&€ mo ta hiéu qua cac siéu chay va siéu dan.

Trong nhiing thap ky hién nay topo da trd thanh quan trong d€ nghién cdu céc “cdch dién topo-
isolant topologique”, d6 1a nhitng vat liéu cich dién trong long thé tich song dan dién & bién.
Ngoai ra trong cch dién topo thi electron chi chuyén dong theo mot chiéu.

Trong cac chit nay ta c6 mot vortex loai dic biét. Trong cach dién topo ddy khong con 13 nhiing
cudn xody gan lién v6i vat chat ma gan lién véi ham séng ctia hat trong khong gian nghich dao
(espace réciproque — tif chuyén mon chét ran) ciia cac xung lugng. Pay 13 mot khong gian triru
tugng d€ mo ta cac séng ctia khong gian thong thudng. Trong khong gian nghich ddo ham song
khong con la ham cua khong thoi gian ma la ham cua nang lugng va xung lugng véi vector song
md ta chiéu lan truyén ctia séng va ty 1¢ nghich véi chiéu dai séng.

Nhiing vortex clia cic cdch dién topo dudc dic trung bdi s6 Chern — tuong tu nhu s6 cudn quanh
(enroulement) cac vortex trong si€u chay.
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Nha vat ly ngudi Dic Klaus von Klitzing da tim ra cac cach dién topo khi nghién ctu hé qua
Hall lugng ti (Nobel 1985).

Xét mot vat liéu ban dan hai chidu c6 tidc dong clia mot tl truong thang géc gy nén nhiing
quy dao vong cho electron. Phia trong cac electron c6 quy dao vong khong dong gép vao dong
dién vay phia trong 12 cich dién. Ngudc lai cac electron & bién lai cho dong dién theo chiéu phu
thudc va chiéu tii trudng, nhu vy ta c6 dan dién & bién (hinh 4).

Hinh 4: Cach dién topo, é bién quy dao electron c6 thé ndi tiép nhau 1am thanh dong dién

Do din & bién bi luong ti héa va ty 1& véi mot bat bién topo. Cac tinh chat nay 1a nhiing dic
trung toan cuc (glogal): Mot khuyét tat khong can trd duge dong chay.

Mot vat liéu vi sao 1a dan dién, cich dién hay cach dién topo. Mudn hiéu vin dé nay chiing ta
phai n6i dén ly thuyét gidi ning luong (theorie des bandes) xem phan trén.

Trong mdt nguyén tu riéng 1€, electron c6 nhiing gia tri nang lugng gian doan, trong mot vat liéu
c6 mang tinh thé séng céc hat giao thoa v6i nhau lam nén cc ving ning ludng lién tuc (bandes)
phan cich nhau bdi nhitng viing tréng goi 1a khe (gap). Tuy theo su phin b céc electron trong
céc gidi ma chiing ta c6 dan dién, cach dién hay ban dan.

Hién nay ngudi ta thiy ring ly thuyét cic gidi ning ludng chua di d€ md ta cac vat liéu nht
1a dbi véi cac vat lidu cach dién topo. Ngudi ta thiy rang cAu tric cac ham séng clia electron
dong vai trd quan trong. Ngudi ta xét dén céi goi 1a do cong Berry mo ta electron trong mot
giai (Michael Berry 1984) dé€ mo t4 cic hién tugng lugng ti. Khi ngudi ta tich phan do cong
Berry theo tap thé céc electron trong mdt gii toan ven ngudi ta thu dude mot dai lugng, do 1a
s6 Chern (My gbc Trung qudc 1950). Pay 12 mot s6 bét bién topo c6 nhiing gid tri nguyén. S6
nay s€ la dac trung cho topo cua giai (bande) dang xét, dd cong toan cuc (courbure globale) va
su ton tai hay khong clia cudn xody (vortex) trong khong gian nghich dio.
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Mot khe (gap) dudc goi la topo néu tdng cac s6 Chern cac biang nam dudi khe dé 1a khac 0.
Trong trudng hop dé sé c6 modt miic ning lugng cho phép trong khe. Nhiing electron chiém
trang thai d6 c6 thé chuyén dong trong vat liéu theo mdt chiéu khong c6 chiéu ngudc. Nhiing
trang thai d6 goi 1a dugc bao vé topo (protégé topologique) vay tinh chét d6 1a toan cuc (global)
cho nén dong chay khong bi nhiéu loan bdi cac khuyét tat hodc cic diém ban (impurité) cla
mang tinh thé. D6 ciing 12 y tudng trong siéu chiy & diy cac nhiéu loan giy nén dd nhét déu bi
loai bo.

Nhu vy mudn c6 mot mo ta toan dién do dan ctia mot vat liéu ngudi ta phai nghién ctiu khong
chi cac giai dién td, cac cach 14p day ma con phai biét sé6 Chern. Piéu nay din dén nhiéu phat
trién mdi vé 1y thuyét va thuc nghiém véi muc dich tim ra nhiing cich dién topo méi.

Nédm 2005 Charles Kane va Eugene Mele (My) tim ra mot loai cach dién topo khong biéu hién
bing tif trudng ma biéu hién nhd tuong tac spin - quy dao nbi lién chuyén dong clia electron véi
spin huéng thang 1én phia trén hodc chiic xuéng phia dudi. Nhu vdy & day ta khong can dén tir
trudng ma phai xét dén céc dic tinh ndi tai ctia vat liédu.

C6 nhitng loai cach dién topo khong can dén tir trudng dé c6 chuyén dong mot chiéu. Vay cé
thé ding photon thay vi electron va st dung cdc mang tinh thé photonique. O déy ta ciing c6
céc gidi cho phép va cic giai cAm, va photon chuyén dong trong nhiing gidi cho phép ma khong
ducc phép vao cac khe. Va ly thuyét & day tuong tu ly thuyét mang electronic.

O day ta khong c6 nguyén 1y loai trit Pauli vi photon c6 spin. Ta néi cach dién photonic 1a chi
n6i dén su ton tai cac khe nghiém cAm dbi véi photon.

Néi chung ngudi ta di c6 thé tao nén photonique tich hop va gidi quyét bai toan chuyén dong
mot chiéu khong ddo ngudc.

Hién tai ngudi ta két hop khdi niém siéu chay va topo ctia cic gidi ning luong dé tao nén cach
dién topo, mot tuong tu ctia hé ting Hall luong ti spin. Vai trd ctia spin dudc bdo dam bdi sb
cudn vong quanh (enroulement) cic cudn xody (vortex) clia siéu chdy 4nh sang.

Nhd topo ngudi ta c6 thé ¢6 nhiéu loai 15i gidi Iy thuyét cho vin dé van chuyén mot chiéu khong
d4o ngudc, nhiéu tiép can da c6 thé thyc hién bang thuc nghiém (nhu topo cach dién). Nhiing
két qua nay rat dudc khich 1 vi md con dudng tao cac mach tich hgp quang hoc (photonique
intégré) cia tuong lai.
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[1] Dompter les photons grdce a la topologie, Olivier Bleu, Dmitry Solnyshkov, Guillaume
Malpuech, Pour la science s thang 9/2019.

[2] Nhiing vdn dé mdi trong Vit Ly hién dai, Cao Chi, NXB Tri thic, 2018.
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GOC NHIN MG1 CHO MOT BA1I TOAN CU

Kevin Hartnett
Ngudi dich Tran Nguyén Nam Trung
Hiéu dinh Tran Nam Diing, Tran Nguyén Nam Hung

G101 THIEU

Trong thoi gian phai tu cach ly do Covid-19, Joshua Greene va Andrew Lobb da tim ra
cach ching minh mot phién ban cla “bai todn chot hinh chi nhdt”.

Vao gitta thang 3, cac nha toan hoc Joshua Greene va Andrew Lobb & trong cdc hoan cinh giéng
nhau: Cach ly xa hoi, phai diu tranh d€ tu diéu chinh ban than khi dai dich COVID-19 hoanh
hanh. Ho quyét dinh vugt qua bang cach dam chim vao cic nghién ctiu ciia minh.

“Toi nghi rang dai dich thuc sy la mot loai liéu thude kich thich” Greene, gido su tai Dai hoc
Boston cho biét. “Tdt cd chiing téi quyét dinh rdng cdch tot nhdt la dwa vao mot sé su hop tdc
dé ho tro ldn nhau”.

Mot trong nhitng vin dé ma hai dng quan tAm 12 mot phién ban clia mot bai toan thé ky chua
duogc gidi quyét vé hinh hoc.

“Bai todn duogc phdt biéu rdt don gidn va dé hiéu, nhung no thie sy rdt kho” Elizabeth Denne
tu Pai hoc Lee va Washington noi.

N6 bat dau véi mot dudng cong khép kin - loai dudng cong két thiic tai noi né bat dau. Vé co
bén, vin dé Greene va Lobb dang theo dudi dua trén cac du dodn, vé cd ban, phat biéu rang moi
dudng cong nhu vy déu chifa cdc bd bdn diém tao thanh cac dinh clia hinh chit nhat véi bat ky
ty 1é¢ mong mudn nao.

Bai todn “chdt hinh chit nhdt” thoat nhin giéng nhu loai cAu hdi ma mét hoc sinh trung hoc c6
thé gidi quyét dudc véi compa va thude ké, nhung né da can dudng nhiing nd luc cao nhit cia
céac nha toan hoc trong nhiéu thap ky. Khi Greene va Lobb quyét dinh theo dudi van dé nay, ho
ciing khong c6 co s& dic biét gi dé tin rang ho c6 thé dat dugc mot két qua t6t hon.

Trong tAt ca cic du 4n khdc nhau ma 6ng da thuc hién, Greene cho biét, “Téi nghi ddy la du dn
it hita hen nhdt”.

Nhung khi dai dich lan rong, Greene va Lobb, cong tac tai Pai hoc Durham & Anh va Vién
Khoa hoc va Cong nghé Okinawa, di trao d6i v6i nhau hang tuin qua Zoom va c6 nhiing budc
tién bo nhanh chéng. Sau d6, vao ngay 19 thang 5, khi mot phan thé giéi méi bat dau md cia
trd lai, ho da xuét hién theo cach riéng ctia minh va cong bé mot 15i giai.
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Chiing minh cudi cling ctia ho - chi ra rang nhitng hinh chit nhat nhu du doan that su c6 ton tai -
dua bai toan sang mot bdi canh hinh hoc hoan toan méi. O d6, cau hoi dit ra dudc trinh bay rét
dé dang.

“NG thdt su rdt ki la”, Richard Schwartz tit Pai hoc Brown cho biét, “Ddé la ¥ tudng diing cho
vdn dé nay”.

Bai toan chét hinh chit nhat 1a mdt cAu héi gan gidng véi cau hoi do nha toan hoc ngudi Piic
Otto Toeplitz dit ra vao nim 1911. Ong du dodn riang bat ky dudng cong kin nao ciing chifa bén
di€m 12 bdn dinh ctia mot hinh vudng. “Bai todn chdt hinh vuéng” cia dng cho t6i nay van chua
6 10 giai.

“P6 la mot vdn dé cii va gai géc ma khong ai co thé gidi duoc”. Greene cho biét.

D€ hiéu tai sao vin dé lai khé dén nhu vay, diéu quan trong 14 phai ndm dudc céc loai dudng
cong ma bai todn chét hinh vudng dit ra, né ciing déng vai tro rit quan trong trong chiing minh
cua Greene va Lobb.

Hai nha todn hoc da giai quyét mot van dé vé cac dudng cong khép kin, “lién tuc” va “tron”.
“Lién tuc” c6 nghia la chung khong bi dit quang, “tron” c¢6 nghia la chung lién tuc va khong bi
gy khiic (khong tao thanh géc). Nhitng dudng cong tron va lién tuc 13 nhitng thi ma ban rat c6
thé sé& vé véi biit chi va gidy. Ching 12 nhiing thit “dé dang dé’ta vdi tay tdi”, Greene cho biét.

Cac dudng cong tron, lién tuc tuong phan véi cac dudng cong chi don thuan 1a lién tuc, nhung
khong tron - loai dudng cong dic trung trong phdng dodn chdt vudng ciia Toeplitz. Loai dudng
cong nay c6 thé c6 cdc géc & nhitng noi ma chiing xoay chuyén dot ngdt theo cic hudng khac
nhau. Mot vi du dién hinh ctia mot dudng cong c¢6 nhiéu géc 1 hinh fractal bong tuyét Koch,
thtt ma chi dudc tao thanh tif cac géc. Bong tuyét Koch va cac dudng cong khac tuong tu, khong
thé dudc phan tich bang cac phép tinh va cac phuong phap lién quan, diéu d6 khién chiing dic
biét kho nghién cuu.

“Mot s6 duwong cong lién tuc [khong tron] thuc su rdt kho chiu”, Denne noi.

Nhung mot 1an nita, vin dé Greene va Lobb d giai quyét lién quan dén cic dudng cong tron, va
do d6 lién tuc. Va thay vi xdc dinh liéu cac dudng cong nhu vdy ludén ¢ bdn diém tao thanh mot
hinh vudng hay khong - mot cau héi da dudc gidi quyét cho cdc dudng cong tron, lién tuc vao
nidm 1929 - ho di nghién citu xem liéu cac dudng cong dé ludn c6 bon diém tao thanh cac hinh
chit nhat cia tit ca cac “ty Ié khung hinh” (c6 nghia Ia i 1& clia cac canh). Ddi v6i hinh vudng,
ty 1¢ khung hinh 1a 1 : 1, trong khi ddi v6i nhiéu TV c6 d6 phan gidi cao, ti 16 d612 16 : 9.

Nhiing budc tién dang k& du tién vé bai toan chét hinh chit nhat dudc trinh bay trong mot chiing
minh tif cubi nhitng nim 1970 ctia Herbert Vaughan. Ching minh nay di md ra mot cach suy
nghi méi vé hinh hoc ctia mot hinh chit nhat va thiét 1ap cac phuong phdp ma nhiéu nha todn
hoc, bao gom c4 Greene va Lobb, sau d6 di st dung.
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“Tdt cd moi nguoi déu biét ching minh nay”, Greene cho biét. “No la mot thit gidng nhu vin
héa dan gian va la mot thit ma ban co thé'tiép nhdn trong mét cudc thdo ludn trong budi dn
trua & phong dn tdp thé”™.

Thay vi hinh dung vé hinh chii nhat duéi dang bén diém ducc két ndi, Vaughan nghi vé né nhu
hai cdp diém c6 mdi quan hé dic biét v6i nhau.

Hinh 4nh mot hinh chit nhat ¢6 cic dinh dudc ki hiéu 1a ABCD, theo chiéu kim dong ho tif trén
cung bén trai. Trong hinh chit nhat nay, khoang céch gitia hai diém A4 va C (doc theo dudng
chéo ctia hinh chit nhat) bang véi khoang cach giita hai diém B va D (doc theo dudng chéo con
lai). Hai duding chéo nay ciing cat nhau tai trung diém ctia mdi dudng.
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Vi viy, néu ban tim kiém hinh chit nhat trén mot vong khép kin, c6 mot cach dé€ tim ra chiing
1a tim cac cip diém trén d6 c6 chung tinh chit nay: Ching tao thanh céc doan thang c6 do dai
bang nhau véi cing mot trung diém. Va dé tim ra ching, diéu quan trong 1a phai tim ra mot cach
suy nghi c6 hé théng.

D¢ hiéu dugc didu d6 c6 nghia 12 gi, chiing ta c6 thé bat du tif nhiing thi don gian hon. Ching
ta chon hai di€m trén truc sd, gia st cac s6 7 va 8 - va biéu dién ching thanh mot diém duy nhét
trong mit phang Oxy (7, 8). Céc cip hai diém trung nhau, vi du (7, 7) ciing dudgc chap nhan.
Bay gid hay xét tt c4 cdc cip s6 c6 thé dudc tao thanh tir cac sd trén truc s (c6 rit nhiéu!). Néu
ban dinh vé tit ci cac cip diém d6, ban sé c6 dudc toan bo mit phang xy hai chiéu. Mot cach
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khéc dé€ phat biéu diéu nay 1a n6i rang mét phang Oxy “tham sé héa”, hoic 13y theo thi tu tat
ca céc cip diém trén truc sb.

Vaughan da thuc hién mot viéc tuong tu cho cac cip diém trén mot dudng cong kin (giébng nhu
truc s6, n6 1a mot chiéu, chi ¢6 diéu né ciing ti uén cong). Ong nhan ra ring néu ta lay cac cip
diém tir dudng cong va biéu dién chiing - ma khong can quan tdm vé viéc diém nao 1a toa do x
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va diém nao 1a toa dd y - ta sé khong thu dudc mit phang Oxy. Thay vao do, ta sé thu dudc mot
hinh dang dang ngac nhién: Mot dai Mobius, mot mét hai chiéu chi c6 mot mit.

Theo mot cach nao d6 diéu nay lai rat c6 y nghia. D€ hi€u tai sao, ta chon mdt ciip diém trén
dudng cong va dit tén ching 12 x va y. By gio ta di tif x dén y doc theo mot cung clia dudng
cong trong khi di tif y dén x doc theo cung con lai clia dudng cong. Bang cach lam nhu vy, ta
da di chuyén qua tat ca cac cip diém trén dudng cong, bat diu va két thic véi cip khong cé thi
tu (x, y). Nhung khi lam nhu viy, ta tr3 lai noi bat dau, theo hudng 14t ngudc lai. Vong lip dinh
hudng 14t nay clia cic diém khong c6 thi tu tao thanh 15i cia dai Mobius.

Dai Mobius nay cung cip cho cdc nha todn hoc mot di tugng méi d€ phan tich nham giai quyét
vén dé chét hinh chit nhat. Vaughan da st dung né dé€ ching minh rang moi dudng cong nhu
vily déu chia it nhat bén diém tao thanh mot hinh chit nhat.

Chiing minh ctia Greene va Lobb dudc xdy dung dua trén cong trinh ctia Vaughan. N6 ciing két
hop mot s6 két qua bd sung, mot vai trong s6 d6 chi méi dudc tim ra gan day. Chiing minh cubi
cting 12 mdt cong cu chinh xéc, c6 su két hop ding din clia cac y tudng dé tao ra két qua ma ho
mong mudn.

Mot trong nhiing phan quan trong dau tién trong chifng minh ctia ho xuét hién vao thang 11 nim
2019 khi mét sinh vién t6t nghiép Princeton 12 Cole Hugelmeyer cong bd bai bao gi6i thiéu mot
cach mdi dé phan tich dai Mébius ctia Vaughan. Cong viéc nay lién quan dén mdt quy trinh todn
hoc goi 12 nhiing, trong d6 ban iy mot vat thé va ghép né vao mot khong gian hinh hoc. Greene
va Lobb cudi cling s& st dung k¥ thuat Hugelmeyer va chuyén né vao mot khong gian hinh hoc
khac. Nhung d& xem nhiing gi ho (Greene va Lobb) di 1am trudc tién ban can biét nhitng gi anh
sinh vién (Cole Hugelmeyer) da thuc hién.

Duéi day 1a mot vi du don gian vé viéc nhiing 12 gi.

Chiing ta bit dau véi mot dudng thang mot chidu. Mdi diém trén dudng thang dudc xac dinh bdi
mot s6 duy nhét. By gid, “nhiing” dudng thang dé vao trong khong gian hai chiéu - ¢ nghia
14, ban sé minh hoa dudng thang trén mot mit phang.

Khi nhiing dudng thang vao mot mit phang Oxy, vi tri méi diém trén d6 sé dudc xac dinh chinh
x4c bsi hai s6 - gdm hoanh do x va tung do y. Vé6i cach 1am nay, ta c6 thé bit dau phan tich
duong thang bang cach sit dung cac ky thut ctia hinh hoc hai chiéu.

Y tudng ctia Hugelmeyer I lam mot cai gi d6 tuong tu cho dai Mobius, nhung bing cich nhiing
n6 vao khong gian bén chiéu, noi anh ta c6 thé sit dung cic dic trung cta hinh hoc bdn chiéu
dé€ chiing minh két qua ma anh ta mong mudn vé hinh chit nhat.

“Vé co bdn, ban dd cé ddi Mobius ciia minh va véi méi diém trén do ban sé cung cdp cho né
bon toa do. Ban cung cdp cho mdi diém mot dia chi trong khong gian bon chiéu”, Lobb noi.

Hugelmeyer da tao ra nhitng dia chi nay theo mdt cach c6 thé dic biét hitu ich cho muc tiéu
chung la tim ra cac hinh chii nhat trén mot duong cong. Tuong tu nhu v6i mdt ma buu chinh, ta
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c6 thé nghi dén viéc anh Ay gan tliing diém trén dudng cong cho mot tiéu bang, mdt thanh phd,
mot tén dudng va mot s6 nha.

Pé lam diéu nay, anh ta bat dau véi mot diém cho trude trén dii Mobius va tap trung vao hai
diém trén dudng cong khép kin ban dau ma né biéu dién. Sau d6, anh ta tim trung diém ctia cip
diém d6 va xac dinh toa do x va y clia né. D6 1a hai gid tri dau tién trong “dia chi bén chiéu”
(tiéu bang va thanh phd).

Tiép theo, anh ta do khoang cach (theo dudng thang) giita hai diém ban dau trén dudng cong.
Do dai d6 trd thanh gid tri thi ba trong “dia chi bén chiéu” (tén dudng). Cudi cuing, anh ta tinh
géc tao thanh gitta dudng thang qua hai diém ban ddu va truc x. Géc d6 trd thanh gid tri thi tu
trong “dia chi bon chiéu” (s6 nha). Bén gid tri nay cho ta biét tit cd moi thit vé ciip diém trén
duong cong mot cach hiéu qua.

Céc buéc c6 vé phiic tap, nhung Hugelmeyer 14p tiic thu dugc cac két qua. Anh ta 14y dai Mobius
da dugc nhing va xoay né, theo cich ta c6 thé tudng tuong 1a dang gilt mot khbi trudec mit va
vin né mot chiit sang trai. Dai Mobius m&i sau khi xoay c6 vi tri bu véi dai Mobius gbc, do d6
hai dai sé& cat nhau. (Vi phép quay dién ra trong khong gian bén chiéu, nén hinh anh chinh xic
ctia hai dai Mobius rat khé hinh dung, nhung né dé dang dé tiép can vé mit toan hoc).

Giao diém ndy c6 vai tro rat quan trong. Bat cif noi nao hai dai Mobius chong 1én nhau, ta sé
tim thiy hai ciip diém tuong ting trén dudng cong khép kin ban dau tao thanh bén dinh ctia mot
hinh chtr nhat.

Vi sao lai nhu vay?
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Dau tién, hiy nh6 rang mot hinh chit nhat c6 thé dugc hiéu 12 hai cip diém c6 chung diém chinh
gitta va khoang cach ctia hai di€m trong mdi cdp la nhu nhau. Py chinh xdc 1a thong tin dudc
ma héa trong ba gia tri dau tién ctia “dia chi bon chiéw” dudc gan cho tiing diém trén dai Mobius
dugc nhung.

Thi hai, ta c6 thé xoay ddi Mobius trong khdng gian bdn chiéu dé€ chi thay ddi mot trong bdn
toa do trong “dia chi bén chiéu” ctia mdi diém - nhu thay ddi sd nha ctia tit ci cdc ngdi nha tai
mot khu vuc, nhung dé lai tén dudng, tén thanh phd va tén ti€u bang. (Xét mot vi du mang tinh
hinh hoc hon, hiy tudng tudng vé cach gilt mot khdi trudc mit ban va dich chuyén né sang bén
phai, tifc 1a chi thay ddi hoanh do x ctia nd, con tung do y va cao do z dudc gilt nguyén).

Hugelmeyer da gii thich cach xoay dai Mobius trong khong gian bdn chiéu sao cho hai toa do
trung diém cilia cac cip diém va toa dd khodng cach giita chiing dudc gilt nguyén. Phép xoay chi
thay d&i toa do cubi ciing - géc ctia doan thang gifta cac cip diém.

Két qua 13, giao diém ctia dai Mobius sau khi dudc xoay va dii ban dau tuong ting v6i hai cip
di€m phan biét trén dudng cong kin c6 cliing trung di€ém va cach nhau mot khodng bang nhau.
Ta c6 thé két luan, giao diém d6 tuong ting v6i bén dinh ctia mot hinh chit nhat trén dudng cong.

Ki thuit sit dung giao diém giiia hai khong gian dé tim cdc diém ma ta mong mudn, tif 1au da
dugc st dung trong viéc nghién citu cic van dé vé chét hinh vudng va hinh chi nhat.

“Noi nhitng [khong gian] giao nhau la noi ban cé thit ma ban dang tim kiém”, Denne cho biét.
“Rdt nhiéu nhitng chitng minh trong lich si vé van dé chot hinh vuéng dua trén y tudng do”.

Hugelmeyer da st dung ki thuat giao nhau trong khong gian bén chiéu va thu dugc nhiéu két
qua hon bat ky ai trudc d6. Dai Mobius c6 thé duge xoay theo bit ky géc nao trong khoang tir
0 dén 360 do, va anh ta da chitng minh ring mot phan ba trong s6 cic phép quay dé tao ra mot
giao diém giita ban gbc va ban sao dudc xoay. Piéu nay héa ra lai tuong duong véi viéc néi rang
trén mot dudng cong kin, ta c¢6 thé tim thiy cac hinh chif nhat ing v6i mot phan ba trong s6 cic
ty 1€ khung hinh ¢6 thé.

“Nho Cole ma chiing t6i nhdn ra rang, nén suy nghi vé viéc ddt ddi Mébius trong khong gian
bon chiéu va si dung cdc ky thudt bon chiéu tuong 1ing”, Greene noi.

DPong thoi, két qua ctia Hugelmeyer ciing rat dang chu y: Néu khong gian bén chiéu 12 mot cach
hiéu qua dé tin cong bai todn, tai sao né chi hitu ich cho mot phan ba cac hinh chit nhat ¢6 thé?

“Ban co thé gidi quyét duogc hai phdn ba con lai, vi chiia”, Greene néi. “Nhung bdng cdch nao?”

Ngay trude khi phai tu cach ly do dai dich, Greene va Lobb di quan tim dén van dé ch6t hinh
chit nhat. Vao thang hai, Lobb da td chic mot hdi nghi tai Vién Khoa hoc va Cong nghé Okinawa
ma Greene ciing c6 tham du. Hai ngudi da danh ra hai ngay dé néi vé vin dé nay. Sau d6, ho
tiép tuc cudc trd chuyén clia minh trong mot tuan tham quan & Tokyo.
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“Chiing t6i khéng ngitng noi vé van dé nay”, Lobb néi. “Chiing t6i da cung di dén nha hang,
qudn ca phé, bdo tang va luén suy nghi vé vdn dé nay”.

Ho tiép tuc cudc tro chuyén ngay ca sau khi bi cich ly tai nha. Ho hi vong sé chting minh dugc
moi vong quay c6 thé ctia dai Mobius déu mang lai mot di€ém giao nhau - tuong duong vdi viée
chitng minh ta c6 thé tim thiy céc hinh chit nhit véi tat ca cic ty 1é khung hinh.

Vio giita thang 4, ho da phat trién mot chién ludc. N6 lién quan dén viéc nhing dai Mébius vao
trong mot phién ban dic biét ctia khong gian bon chiéu. Bing cach nhiing thong thudng, ban cé
thé dit d6i tugng nhiing theo bit ky cdch nao ban mudn. Hiy suy nghi vé viéc nhing mot vong
khép kin mdt chiéu trong mit phang hai chiéu. S6 cach ban c6 thé lam 1 vo han, tuong tu nhu
s6 cach ban c6 thé sap xép mot vong lip ciia chudi trén bang.

Nhung gi4 st rang, bé mit hai chiéu ma ban mudn nhiing vong lip vao c6 mdt ciu triic nhét
dinh. Hay nghi, vi du, vé mot ban d6 dugc xép 16p véi cac miii tén (dudc goi 1a cac vecto) cho
biét gi6 thdi vao mdi diém trén Trai DAt theo hudng nao va véi toc dd bao nhiéu. Bay gid ban
da c6 mot bé mit hai chiéu vé6i cac thong tin hodc cau triic bd sung tai mdi diém. Sau d6, ban
c6 thé dit ra quy tac rang vong khép kin mot chiéu can dudgc nhing vao ban dd nay dé né ludn
tuan theo huéng ctia cac mii tén ma né dugc nhung vao.

“Kho khdn cia ban la ban phdi c6 gdng ddt mét duong cong theo cdc vecto do”, dng Schwartz
no6i. C6 rat it cach dé c6 thé dit vong 1ip clia chudi.

Cic loai khong gian hinh hoc khac da mé ra cac huéng suy nghi vé cac cach khac nhau dé dit
gi6i han. Mot trong nhiing diéu quan trong trong nghién cifu ctia Greene va Lobb chinh 1a khong
gian ddi xiing.

Kiéu thiét 1ap hinh hoc ndy 14n dau tién xuét hién vao thé ky XIX trong nghién ctiu cac hé thong
vat 1y, vi du nhu quy dao quay ctia cdc hanh tinh. Khi mot hanh tinh chuyén dong trong khong
gian ba chiéu, vi tri clia né dugc xac dinh bdi ba toa do. Nhung nha todn hoc ngudi Ireland
William Rowan Hamilton di quan st thiy riang tai mdi diém trong chuyén dong ctia hanh tinh,
ngudi ta cling c6 thé dit mot vecto biéu dién dong ludng clia hanh tinh do.

Vao nhitng nidm 1980, nha todn hoc Vladimir Arnold di xay dung mot nghién ctiu vé hinh hoc
dbi xing. Ong thiy ring cac khong gian hinh hoc véi ciu triic d6i xiing tu giao nhau khi xoay
thudng xuyén hon so vé6i cac khong gian khong c6 cu tric nhu vay.

Diéu nay 12 hoan ho cho Greene va Lobb, nhitng ngudi mudn gidi quyét vin dé chdt hinh chit
nhat cho tit ci cic ty 1& khung hinh bang cach chiing minh ring mot ban sao xoay ctia di
Mobius dude tham sd héa ciing tu giao nhau rt nhiéu. Vi véy, ho cb gang nhiing dai Mobius
hai chiéu vao trong khong gian dbi xiing bn chiéu.

“Cdi nhin sdu sdc va quan trong ndy giup ta co thé xem xét vdn dé tir géc nhin ciia hinh hoc doi
xung”, Greene noi, “Po la mot thit co thé’thay doi cudce choi”.

Cudi thang 4, Greene va Lobb di xdc dinh rang c6 thé nhing dai Mdbius vao trong khong gian
dbi xing bon chiéu theo cach phut hop véi ciu triic ctia khong gian. Tir d6 ho c6 thé sit dung cic
cong cu ctia hinh hoc dbi xiing - nhiéu trong s d6 truc tiép giai dap cau héi vé viéc cac khong
gian giao nhau nhu thé nao.
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“Néu ban co thé'lam cho [ddi Mobius] tudn theo cdc quy tdc doi xitng, ban co thé'tin dung mot
56 dinh Iy vé doi xing”, Lobb néi.

Nho diéu nay, Greene va Lobb tu tin ring ho c6 thé cai thién két qua ctia Hugelmeyer - c6 nghia
12 ho c6 thé chiing minh ring c6 nhiéu mot phan ba trong s6 tit ca cac phép quay tao ra giao
diém. Piéu nay ciing c6 nghia 12 s6 hinh chif nhat dudc tim thiy dudi dang cac diém trén bat ky
dudng cong kin nhiéu hon mot phan ba téng s6 hinh chit nhat véi céc ti 16 khac nhau.

“M0¢t cdi gi do chdc chdn sé xdy ra khi chiing t6i co ¥ tudng nay”, Lobb noéi.

Nhung két qua ctia ho con rong hon - va dén nhanh hon nhiéu - so véi ho du doan. Va Iy do cho
diéu nay 12 mot dbi tuong todn hoc ky quic dudc goi 12 chai Klein, thii c6 mdt tinh chit quan
trong khi dugc xem xét trong bdi canh hinh hoc dbi xting.
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Chai Klein 12 mot mit cong hai chiéu trong gidng nhu mot binh nude. Gidbng nhu dii Mobius,
n6 chi c6 mot mit va ta c6 thé tao mdt mit bang cach dan hai dai Mobius lai véi nhau. Bat ky
chai Klein ndo ma ta c6 thé tao ra va dit trén ban, nhu nhiéu nha toan hoc da lam, déu tu giao
v6i chinh né. Khong c6 cach nao dé nhing chai Klein vao khong gian ba chiéu ma né khong tu
giao nhau.

“Chai Klein dugc cho la mét mdt cong, nhung dé di tit bén ngodi vao bén trong, ta phdi di xuyén
qua chai”, Schwartz noi.

Tuy nhién, khong phai ludn luon nhu viy. Trong khong gian bdn chiéu, ta c6 thé nhiing chai
Klein sao cho né khong tu giao nhau. Chiéu tht tu cung cip thém cong cu d€ diéu khién chai
Klein tu trdnh chinh né. N6 tuong tu nhu viéc hai ngudi di vé phia nhau trén dudng méot chiéu
khong thé tranh khéi va cham, nhung hai ngudi di vé phia nhau trén san hai chiéu c6 thé dé& dang
tranh dudc nhau.

Vao thang 5, Greene va Lobb tinh ¢ nh6 ra mot su that thd vi vé chai Klein: N6 khong thé dudc
nhting vao khong gian dbi xiing bdn chiéu ma khong tu giao v6i chinh né. Néi cach khac, khong
thé c6 mot chai Klein khong tu giao nhau tuan thii cac quy tac dic biét ctia khong gian dbi xing.
Diéu nay 1a chia khéa cho chiing minh. “Dé la mét vién dan ky diéu”, Greene cho biét.

Day 1a 1y do. Greene va Lobb di chiing minh ring c¢6 thé nhiing dii Mobius trong khong gian
dbi xing bén chiéu tuan theo cic quy tic clia khong gian. Diéu ho thuc sy mudn biét 12 liéu moi
vong quay ctia dai Mobius c6 giao vdi ban gbc hay khong.
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Hai dai Mobius giao nhau tuong duong véi mot chai Klein, loai bé miit tu giao nhau trong loai
khong gian nay. Va néu ta xoay mot dai Mobius sao cho ban sao dudc xoay khong giao v6i ban
gbc, vé ban chit, ta da tao ra mot chai Klein khong tu giao nhau. Nhung mot chai Klein nhu vay
khong thé ton tai trong khong gian dbi xiing bon chiéu. Do d6, moi phép quay c6 thé cia dai
Mobius dude nhing ciing phai tu giao nhau - nghia la moi dudng cong khép kin, tron phai chita
cédc bo bon diém tao thanh cac hinh chit nhat véi tit ca cac ty 1& khung hinh.

Két luan cudi cuing da dén nhu mot tran tuyét 13.

“No6 giong nhu viéc cit lién tuc thuc hién, thic hién, thuc hién, va sau dé mét diéu ki diéu xudt
hién va ching minh duoc hoan thanh”, dng Denne ndi.

Chitng minh ctia Greene va Lobb 1a mot vi du dién hinh d€ thiy ring, viéc giai quyét mot vin
dé thuong phu thudc rat nhiéu vao viéc tim ra huéng di phu hop dé€ xem xét né. Nhiéu thé hé
cac nha toan hoc da thit bai trong viéc x{ 1y phién ban ctia bai toan chét hinh chit nhat nay vi
ho cb ging gii quyét né trong cac bbi canh hinh hoc truyén théng. Khi Greene va Lobb chuyén
né vao thé gi6i dbi xing, van dé da dudc giai quyét.

“Nhitng vdn dé nay dd duoc dua ra trong nhitng nam 1910 va 1920, ho dd khong cé nhitng cong
cu thich hgp dé'suy nghi vé chiing”, theo Greene. “Nhifng gi chiing t6i nhdn ra la ho da dn gidu
nhitng hién tuong doi xiing tuong trung’.
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THO VA KHOA HOC - VIET CHO TRE EM

Hideki Yukawa
Ngudi dich Dodn Hong Trang

Tho va khoa hoc trong xa ma gan, trong gan ma xa. Tai sao ta thiy hai thi nay xa nhau? Béi
vi khoa hoc gidng nhu mot ngudi thay gido nghiém khac: Ta khong thé tra 13i thiy qua loa, ma
phéi c4n than 1am nhitng thi nghiém phic tap, phéi gidi nhiing bai toan khé. Con tho thi giéng
nhu mot ngudi me hién: Ta c¢é néi gi di nita, me lic nao ciing lang nghe. Trong thé gi6i cla tho,
hoa nao cling thom, qua nao ciing ngot.

Nhu du sao ta van thiy tho va khoa hoc gin nhau. Vi sao? Vi xuét phat diém ciia chiing 12 gidng
nhau. C4 hai déu bit diu tif viéc nhin va ling nghe thién nhién. Khong c6 khac nhau nhiéu 1am
gitta cam gi4c khi ta nglii mot bong hoa hong va ngoi ca vé dep clia nd, va cam gidc lic ta
nghién ctiu hinh dang cia bong hoa.

Nhung 1am mét bai tho vé hoa hdng va mang kinh hién vi ra soi thi di rat khac nhau. Khoa hoc
ngay nay tién bo rit nhanh va di chia thanh nhiéu chuyén nganh nhé. Trong phong thi nghiém
la liét céc thiét bi, trong cudn sach day riy nhiing cong thiic khé hiéu, ta khong con thiy hinh
bong clia tho nita. Nha khoa hoc 12 ngudi di quén tho, 12 ngudi da danh mét tho.

Néu vy thi tdi khong biét bai tho mot 1an bi mit c6 bao gid quay trd vé thé gii khoa hoc nita
hay khong. Cdi ta goi 1 tho 12 mot thif ¢6 tinh that thudong. Khong nhit thiét 1a ta sé tim dudc
thd & ndi ta ct di cam cui tim nd. Dadi khi, § mot goc ciia phong thi nghiém bua bon, nha khoa
hoc lai bat ngd phat hién ra mot bai tho. Trong nhiing cong thiic ma ngudi binh thudng khong
thiy gi hay ho gi, con mat ctia ngudi 1am chuyén méon lai thdy mot hinh hai cta tu nhién dep
hon ci doa hoa hdng ma mét ai cling nhin thiy dugc. Nhung khong phai chi cic nha khoa hoc
méi cam nhan dugc vé dep an gidu ctia tu nhién. C6 thé viéc tim lai vé dep clia tu nhién trong
long khoa hoc 1a dic quyén ctia mot s6 khd it cac hoc gia xuét sic. Nhung mot bai tho, khi da
dudc mot ngudi tim ra, c¢6 thé dugc chia sé cho bao nhiéu ngudi khac cling dudc.

Chung quy thi ¢6 khi tho va khoa hoc khong nhiing chi cling xuit phat tif mot chd, ma con dén
cting mot diém. C6 khi ta thiy chiing xa nhau vi ta chi d€ y dén quing dudng ta di gitia chiing.
Téi khong rd néu ci di tiép, hai con dudng c6 sé xich lai gan nhau hay khong. Khong phai chi
nhu vay, c6 khi hai con dudng con sé giao thoa mot cach bat ngd.
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Hinh 1: Hideki Yukawa

Hideki Yukawa ! (tén khai sinh 1a Hideki Ogawa) sinh ngay 23 thang 1 nim 1907 tai Tokyo,
Nhat Ban. B4 me 6ng déu xuit phat trong nhiing gia dinh truyén théng vo si dao (samurai) cta
Nhat. Ong 12 ngudi thd nim trong bay anh chi em. Lic Hideki sinh ra, bd 6ng, Takuji Okawa,
dang 1am viéc tai Uy ban diéu tra dia chit & Tokyo, nhung liic Hideki mot tudi 6ng nhan chiic
Gido su Dia Li tai Dai hoc Kyoto va mang c4 gia dinh vé thanh phé Kyoto, c6 do ctia Nhat Ban.
Liic m&i 5 — 6 tudi Hideki dudc dng ngoai day doc chit Han (kanji) qua cc sach Dai hoc, Luan
ngit va Manh Ti. Cach day ctia 6ng ngoai 1a dng 13y que chi vao tiing chit trong sach, Hideki
phai theo 6ng doc to thanh tiéng tiing chit. Miic du lic dé Hideki khong hiéu ti ndo y nghia cia
nhiing thi 6ng ngoai day minh doc, nhiing bai tdp doc nay giip cho 6ng doc dudc sach sém hon
céc ban cung tudi.

Nhiing nim dau hoc phé thong dng khong c6 vé khong c6 thién huéng gi vé vat ly ma lai say mé
vin hoc hon 12 khoa hoc. Nhung & trudng trung hoc, dng bat dau lam quen véi vt ly hién dai
(thuyét tuong ddi va co hoc ludng ti) qua nhiing cudn sach trong thu vién clia trudng va bi mon
nay 16i cudn. Nim 1926 Hideki Ogawa triing tuyén vao khoa Vat Li truong Pai hoc Kyoto. Mot
ngudi ban hoc ciing phd thong trung hoc véi 6ng, Shin-Ichiro Tomonaga, ciing tring tuyén vao
truong nay. Trong thdi gian hoc dai hoc hai ngudi ban gitip d6 nhau hoc. Sau khi tot nghiép, ca
hai ngudi déu & lai trudng 1am trg gidng trong vai nim. Nim 1932 Hideki Ogawa thanh giang
vién & Kyoto, con ban 6ng, Tomonaga, chuyén vé Tokyo. Ciing vao nim 1932 Hideki cudi vo.
Vo 6ng, Sumi Yukawa, 13 mot nghé si miia. Gia dinh vo dng khdng c6 con trai, theo truyén thong
ctia Nhat, bd me vo 6ng nhan 6ng 1am con nudi va tif d6 dng mang ho clia nha vg, Yukawa.

I'Trich Tiéu st cc nha Vat ly ctia Nguyén Dinh Noan va Tran Ngoc Hai, 2020.
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Nhiing nam Hideki Yukawa bat dau di 1am 1a Iic Co hoc lugng tit da dinh hinh va cac nha vat
ly bat diu quan tdm dén mot van d& méi: Céu tric cta hat nhan nguyén ti. Lic d6 ngudi ta
biét mot hat nhan c6 thé bién thanh hat nhan khic qua phan ra alpha hoic phén ra beta, hoic
qua phan ting hat nhan, nhung ngudi ta van chua biét hat nhan ciu tao tif nhitng hat gi. Téi
nim 1931 ngudi ta van nghi rang hat nhan dudc ciu thanh tit hat proton (hat nhan nguyén ti
hidro) va electron. Chi t6i nam 1932, sau khi Chadwick phat hién ra hat neutron, nha vat ly Ptic
Heisenberg va nha vat 1i Nga Ivanenko mdi dua ra gia thuyét rﬁng hat nhan dudc ciu tao tif hat
proton va hat neutron. C4u héi 1 Iuc nio gan cac hat proton va neutron lai v6i nhau? Lic d6
ngudi ta da biét luc dién tir 12 luc gifta cdc hat mang dién tich va Iuc nay c6 thé dudc giai thich
nhu su trao d6i hat photon gitta cac hat mang dién. Ngudi ta ciing biét tuong tdc yéu gay ra phan
rd beta ctia mot s6 hat nhan. Nhung luc ge“in cac hat proton va neutron trong hat nhan c6 vé 16n
hon nhiéu va khong thé quy vao hai tuong tac trén.

Ciing nhu cdc nha vat ly & chau Au, Yukawa suy nghi nhiéu nim vé van dé nay. Ldi giai cho
ciu d6 vé ban chét cta luc hat nhan dén v6i Yukawa vio mot budi t6i cudi thang 10nim 1934 :
Luc hat nhan phai dudc mang bang mot hat méi. Néu hat nay c6 khéi lugng, ta c6 thé giai thich
dugc tai sao luc hat nhan lai chi tdc dung trong mot ban kinh rit nhd. N6i don gian ra, y tudng
clia Yukawa nhu sau. Mot hat c6 khéi lugng m mang ning lugng E = mc?, trong d6 ¢ 1a van
toc anh sang. Néu khong cé di ning lugng E ta sé khong thé sinh ra hat nay, nhung theo co
hoc luong ti, hat nay c6 thé sinh ra rdi lai bién di trong mot khoang thdi gian ngan, do dai cia
khoang thoi gian nay 1a % trong d6 & 12 hang s Planck (theo hé thiic bat dinh Heisenberg). Do
van toc anh sang ¢ 12 van tdc t6i da, trong khoadng thdi gian ndy quing dudng t6i da hat nay c6
thé chuyén dong dudc la % - % Biét rang Iuc hat nhin c6 ban kinh tic dung la khoang 1
femtomet (10 — 15 m), Yukawa tinh ra 12 hat nay phai c6 khéi luong 16n hon khdi luong electron
200 lan. Yukawa cong bd phat kién ctia minh trong bai bdo “Tuong tdc ciia cdc hat co bdn”, in
nam 1935.

Viéc Yukawa chi ding kién thifc vé& ban kinh tuong tdc cta luc hat nhin ma dua ra gia thuyét
vé mot hat méi chua tiing dugc tim ra 13 mot bude nhdy mang tinh cidch mang cho vat ly thoi
d6. Liic d6 cac nha vat ly hét stic de dit trong viéc dua ra cac gia thuyét vé cac hat mdi. Trudc
Yukawa chi c6 hai ngudi da lam viéc nay: Pauli dua ra gia thuyét vé hat neutrino nim 1930, va
Dirac dua ra gia thuyét vé hat positron (phan hat ctia electron) nim 1931. Viéc tim toi hat mang
luc hat nhan (nay ta goi 12 hat pion, ki hiéu 14 7) ban dau khong dua dén két qua. Nim 1937 mot
hat c6 khdi lugng khoang 200 1an khéi lugng electron dugc tim ra trong tia vii tru, nhung ngudi
ta nhanh chéng xac dinh rang né khong thé 1a hat ma Yukawa dua ra, vi n6 tuong tac rat yéu véi
proton va neutron. Hat nay nay ta goi 13 hat muon (ky hiéu 1a x). Chi dén nim 1947 hat pion
méi dudc tim ra trong tia vii tru. Nim 1949 dng trd thanh ngudi Nhat Ban dau tién dudc giai
thuéng Nobel. Ban hoc ctia 6ng, Shin-Ichiro Tomonaga, dudc gidi Nobel vé Vat Iy nim 1965,
va la nguoi Nhat Ban thi hai dudc giai thudng nay.

Tir niim 1948 dén nim 1949, Hideki Yukawa 1a Gido su mdi tai Vién nghién ctiu cao cap tai Pai
hoc Princeton va nim 1949 6ng trd thanh Gido su Vat ly tai Pai hoc Colombia. Nam 1953, dé
16i kéo 6ng vé lai Nhat Ban, chinh phii Nhat Ban thanh 1ap Vién Nghién citu Vat 1i co ban tai
Pai hoc Kyoto va mdi 6ng vé lam giam ddc dau tién ctia Vién nay. Vién nay nay mang tén Vién
Vit ly 1i thuyét Yukawa va 12 mot trong nhiing vién nghién ctiu hang dau ctia Nhat Ban vé vat
ly. Ong ciing 13 ngudi sang lap ra tap chi “Progress of Theoretical Physics” (Nhiing thanh tyu
ctia Vat I 1 thuyét). Ong cling 12 mot trong nhitng ngudi ky tén vao tuyén ngdn Russell-Einstein
kéu goi giai trit v khi hat nhan.
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Hideki Yukawa 1a mot ngudi doc rong va chiu anh hudng clia vin hoa ci phuong Pong 1an
phuong Tay. Nim 1966 khi 6ng dua ra y tudng vé mot khong-thdi gian gian doan, dng lién hé y
tudng ndy v6i mot cAu vin ctia Ly Bach: “Troi ddt la qudn tro ciia mudn vat, thoi gian la khdch
ghé ciia tram doi”. Ngoai nhitng bai bao khoa hoc, dng con dé lai nhiéu tdc phdm khéc, trong d6
c6 cudn sach “Tabibito” (Ngudi 1 hanh), viét vé cudc doi ctia ban than minh tif nhd dén nim
1935, lic 6ng hoan thanh xong bai bdo sau nay di mang lai giai Nobel cho dng. Két thiic cudn
sach, ong viét vé cam xiic ctia minh sau khi khdm ph4 ra ban chét ctia luc hat nhén:

T6i cdm thdy minh nhu mét nguoi lit hanh ngéi nghi trong mot qudn nudc nhé trén dinh niii.
Liic do toi khong suy nghi la dang trudc toi con coé ngon niii nao nita khong.

[1] https://damtson.wordpress.com/2020/07/23/
hideki-yukawa—-shi-to-kagaku/
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THUAT TOAN GIUP TANG TOC PO
XET NGHIEM CORONA

Smriti Mallapaty
Ludc dich - Trinh Diém Anh

Céc nha khoa hoc néi rang viéc xét nghiém rong rai 1 diéu can thiét d€ kiém sodt viéc lay lan
virus. Tuy nhién nhiéu khu vuc dang thiéu hut nhitng héa chit can thiét khi thuc hién xét nghiém
chéan doan. O mét sb qubc gia, cic quan chifc y t& da bat dau sit dung thut toan ma 1an dau tién
dugc dua ra trong chién tranh thé gi6i thi hai, d6 1a phuong phap xét nghiém theo nhém. Xét
nghiém theo nhém 12 1 14n xét nghiém cho 1 mau ctia nhiéu ngudi. Cac nha nghién citu cho biét
phuong phdp nay tiét kiém thdi gian, héa chit va chi phi.

Roy Kishony 12 mot nha sinh hoc dich té tai Technion - Israel Institute of Technology, Haifa da
phat biéu: “Trong dai dich toan cdu hién nay, lam xét nghiém cho sé luong nguoi bénh khd lén
la rdt cdn, va gop nhom la mot lua chon ddng quan tdm’”.

Cac nuéc nhu Trung Quéc, An Do, My, ... ciing dang st dung phuong phap xét nghiém nhom.

C6 nhiéu cach dé tién hanh xét nghiém nhém, va cdc nha khoa hoc ctia mot s6 nuée dang thi
nghiém vdi cach t6t nhit trong dai dich 1an 1an nay. Phan 16n y tudng clia ho xuit phat tit linh
vuc toan hoc, va dang dugc ap dung cho mot sb bai todn quy md nhu: Phat hién ra nhiing dén
bi 18i trén cay Gidng Sinh, hoiic udc luong ty 1& nhiém HIV trong dan so.

Dror Baron, mot nha khoa hoc thdng tin tai dai hoc toa lac Raleigh tiéu bang North Carolina,
Hoa Ky phaét biéu: “Pd c6 hang loat d6i mdi trong linh vicc nay”.

C6 4 phuong phdp ndi bat dang dugc thit nghiém hién nay.

Phuong phdp nay dudgc st dung tif giang mai dén corona. Phuong phdp don gian nhét clia xét
nghiém nhém da dugc nha kinh t& hoc Robert Dorfman dé xuéng vao nhitng nim 1940 d€ kiém
tra nhitng ngudi linh mac bénh giang mai.

Theo phuong phép nay, mot s6 luong mau nhu nhau dudc thu thap tif gac mii va hong ctia nhiing
ca nhiém SARS-CoV-2 sé dudc tron 1an thanh nhém (xem Phuong phdp 1 trong hinh bén dudi)
va xét nghiém mot 1an. Nhém cac mau xét nghiém cho két qua Am tinh sé dudc loai bé. Nhung
v6i nhém xét nghiém cho két qua duong tinh thi tiing mau trong nhém nay lai dudc xét nghiém
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riéng 18. Cac nha khoa hoc uéc tinh kich ¢ nhém hiéu qua nhét, va sd 1an xét nghiém it nhét
dua trén ty 1& nhiém virus trong cong dong.

Théang 5 vira qua, chinh quyén thanh phé Vi Han, Trung Qudc da st dung phuong phép 1 nhu
mot trong nhitng nd luc xét nghiém phan 16n cu dan cta thanh phd, va dat dudc 10 triéu ngudi
chi sau hon 2 tuan trién khai. Cdc mau ctia khoang 2, 3 triéu ngudi da dudc st dung phuong
phédp xét nghiém nhém, v6i 5 mau trong mot nhém va két qua 1a 56 ngudi bi nhiém corona da
dugc tim thiy.

Phwong phap 1 (12 [3n xét nghiém)

Lot 1: 3 xét nghiém

Lwot 2: 9 xét nghigm l

Céac nha nghién ctiu cho biét cach nay dat hiéu qua nhit khi ma s6 luong ngudi bi nhiém chiém
khoang 1% dan sd, bdi vi nhiéu xét nghiém 12 am tinh, diéu ndy tiét kiém hon xét nghiém nhiéu
ngudi riéng 1¢€.

Phwong phap 2 (9 [an xét nghiém)

Lwot 1: 3 xét nghigm

Lwot 2: 3 xét nghigm l

Lwot 3: 3 xét nghigm l
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Krishna Narayanan, mot thuyét gia thong tin tai trudng dai hoc Texas A&M cho riang “Pdy la
phuwong phdp don gidn nhdt”. va dng néi thém riang “Nhung & luot xét nghiém ldn 2, vin co
nhiéu cdch hiéu qud hon xét nghiém timg nguoi riéng 16" .

Thém mot phién ban tot hon, d6 1a ¢6 thém cac ludt xét nghiém nhém trudc khi xét nghiém
riéng 18 (xem phuong phdp 2 trong hinh bén dudi). Thém ludt xét nghiém nhém sé giam sb
ngudi can dugc xét nghiém riéng 18.

Tuy nhién cach tiép can nay cham, vi phdi mat vai gio d€ c6 két qua xét nghiém nhém. Wilfred
Ndifon, nha sinh hoc thudc vién Khoa hoc todn Chau Phi, Kigali, Rwanda phét biéu “Ddy la
mot bénh ldy lan va bung phdt nhanh. Chiing ta can cdu trd loi nhanh hon nhiéu so vdi phuwong
phdp nay dang co”.

Ndifon va dong nghiép da cai tién phuong phap ctia Dorfman, ho thit nghiém tai Rwanda, va
giam dugc s6 lugng xét nghiém can lam. O lugt xét nghiém diu, ho lam gidng nhu cach ciia
Dorfman. Tuy nhién d6i véi cac nhom c6 két qua duong tinh, & ludt xét nghiém thit 2, ho phan
chia cac mau tring nhau vao cac nhom.

Hiy tudng tudng mot ma trin vudng véi 9 mau, mdi miu dai dién cho dich dudc lay tir mot
ngudi (xem Phuong phdp 3 trong hinh bén dudi). Cac mau trong moi hang dugc xét nghiém
nhu mot nhém, va cdc mau trong moi cdt cling dude xét nghiém nhu mot nhém, tong cdng co
6 nhoém xét nghiém, v mdi mau sé dudc xét nghiém & hai nhém. Néu mot mau chita RNA ciia
SARS-CoV-2, thi c4 hai xét nghiém sé duong tinh, diéu nay dé dang xdc dinh dudc ngudi bi
nhiém. C4c nha nghién ctiu mo ta y tudng trong mot ban tin vao ngay 30 thang Tu.

Phwong phap 3 (9 [an xét nghiém nhwng chi can 2 lwot)

Lot 1: 3 xét nghiém

Lot 2: 6 xét nghiém l

U I:: 7

P 3]
[ (=) —» (T
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Theo 15i ctia Neil Turok, nha vat ly ly thuyét tai dai hoc Edinburgh, anh ciing 12 ngudi dong
nghién ctiu thi viéc ting da chiéu, vi du tif hinh vuong thanh khéi 1ap phuong cho phép kich cd
nhom 16n hon va hi€u qua cao hon.

Ndifon, thanh vién lyc lugng dic nhiém Covid 6 Rwanda néi réng xét nghiém nhém 13 phan
trong ké hoach ctia chinh phii nham x4c dinh va cach ly nhanh chéng ngudi bi nhiém. Ong va
céac dong su udc tinh phuong phap ctia ho c6 thé cic gidm chi phi xét nghiém ctia mot ngudi tir
9 USD xubng con 0.75 USD. Cé4c nha nghién ctiu dang thuc hién céc thi nghiém dé biét liéu
thuc té thi s6 mAu trong 1 xét nghiém 12 bao nhiéu ma van dim bao dugc két qua duong tinh.

Leon Mutesa 12 nha di truyén hoc tai Rwanda. 12 nha dong nghién cifu va ciing 1a thanh vién
luc lugng dic nhiém Covid 6 Rwand bo ring trong phong thi nghiém, 6ng iy dang c6 thé xac
dugc dugc mau duong tinh trong mot nhém hén hop gdom 100 mau.

Tuy nhién Sigrun Smola, mot chuyén gia vé virus phan ti & Trung tim y té Saarland tai Hom-
burg, Piic va 1a ngudi dang tién hanh xét nghiém 1én t6i 20 mau mdi nhém néi rang d€ bao
dam do chinh xdc, ba khong khong khuyén khich c6 nhiéu hon 30 miu méi nhém cho mt xét
nghiém. Mot nhém 16n sé khoé khin hon trong viée tim ra virus dong thdi cling sé lam gidm
di co hoi tim ra nhiing trudng hop duong tinh. Smola ciing hoai nghi vé ting dung ctia ky cat
khdi trong xét nghiém thong thudng. Ba iy néi thém “Néu ban noi diéu nay vdi ky thudt vién xét
nghiém, ho sé noi la né qud Ién xén, va ho mudn cdch don gidn hon”.

Phuwong phép 4 (6 [an xét nghiém)
(Xét nghiém 9 ngudi)

Ndifon con néi thém 12 nhém ciia 6ng iy dang phat trién phin mém tng dung dé€ tu dong xép
céc mau.

Cac nha khoa hoc tham chi n6i ri”mg hai vong xét nghiém 12 qua nhiéu d6i vé6i viéc kiém ché mot
loai virus dang lay lan qua nhanh nhu SARS-Cov-2. Cac k¥ thuat vién trong thi nghi€ém phai
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cho két qua tir vong dau tién dén cudi cung, diéu nay lam chadm qu4 trinh, Manoj Gopalkrishnan
mot khoa hoc may tinh tai vién cong nghé Bombay, An Do da phat biéu.

Thay vao d6, Gopalkrishnan dé xuat thuc hién xét nghiém 1 luct v6i nhiéu nhém chong chéo
nhau. Diéu nay sé ting s luong xét nghiém 1én nhung lai gidm thoi gian cho két quéa xét nghiém,
tuy nhién sé mat nhiéu thdi gian cho viéc tao 1ap cdc nhém mau bdi vi c6 thém nhiéu nhém nghia
12 c6 thém nhiéu mau can dudc trich xut.

Cach tiép can ctia Gopalkrishnan lién quan dén viéc tron 1an cdc mau trong nhiéu nhém xét
nghiém khac nhau, va dang dung k¥ thuit ctia Kirkman tic 1a dung cic quy tic vé cach phan
ph6i miu. Hay tudng tugng rang mot ma trin phang trong d6 mdi hang dai dién cho mot xét
nghiém va moéi cdt ciing dai dién cho mot xét nghiém (xem Phuong phdp 4 trong hinh bén trén).
N6i chung, moi xét nghiém phai c6 cung s6 luong mau va sb 1an xét nghiém ctia mbi mau 1a
gibng nhau.

Nhung Narayanan néi rang phuong phap nay doi hoi nhiéu xét nghiém hon dé bao ddm miic do
chinh x4dc nhu cich xét nghiém nhiéu vong. Cach tiép can clia phuong phap mot lugt nay 1a xét
nghiém sb luong 16n cac mau ciing mot lic, diéu nay c6 thé gay kho khin. Ong néi thém “Mot
ky thudt vién xét nghiém khong thé’lam diéu nay, diéu nay can mot hé thong robot”.

Pé& don gian trong phong thi nghiém, Gopalkrishnan va cic dong nghiép da phat trién mot ting
dung di dong, ting dung nay sé chi ra cho ngudi dung céch thiic d€ tron miu. Theo két qua chua
dudc cong bd rong rdi tit phong thi nghiém 14m sang & Mumbai (An Do), Gopalkrishnan noéi
rang chi véi 48 xét nghiém, da xac dinh dudc 5 mau duong tinh trong 320 mau.

Céac nha nghién cifu & Israel thi dang sit dung hé thdng tu dong va mot ting dung tuong tu nhu
hé thong test mot lugt. Moran Szwarcwort - Cohen, ngudi diing dau phong thi nghiém virus
Rambam Health Care Campus, Haifa néi rang nhom ctia ba iy dang danh gid lai hé théng va
két qua kha quan.

[1] https://www.nature.com/articles/d41586-020-02053-6
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PuOI BAT VA CHAY THOAT

Trinh Dao Chién
Gia Lai

G101 THIEU

Ly thuyét tro choi 1a mot nhanh ciia Toan hoc ting dung. Nganh nay nghién ciiu cic tinh
hubng chién thuat, trong d6 cdc ddi thi Iua chon cdc hanh dong khic nhau dé cb ging
lam t6i uu két qua nhan dudc. Bat dau tif nhiing nim 1970, Ly thuyét trd choi bat dau
dugc 4p dung cho nghién cifu vé hanh vi dong vit, trong d6 c6 su phat trién ctia cac loai
qua chon loc tu nhién, chazlng han hanh vi Dudi bdt va Chay thodt.

Bai viét nay dé cap vai cau chuyén nhu vay, tir dan gian dén hién dai.

Chuyén dan gian ké rang, c6 mot con cdo va mot chi thoé sbng trong 17 cdi hang dong doc theo
dinh nii tao thanh mot vong tron 16n. Khoang cach gitta mdi cai hang 1 kha xa. Cdo ludén mubn
tim céach d€ an thit tho.

Mot hdm, cdo va thd nhin nhau tif xa. Thd néi véi cdo: “Anh khong can lidc nao ciing phai tim
cach dn thit t6i. Ching ta ddnh sb thif tu cho 17 cdi hang, 1an ludt tir s6 1 dén s6 17. Toi chon
ba cdi hang gan nhau, mdi c4i hang & 10 ngay. Anh xuét phat tif cai hang sd 17. Lan thi nhit di
cach mot cdi hang, dén hang s6 1 tim tdi. Lan thif hai di cach hai c4i hang, dén hang s6 3 tim
t6i. Lan thi ba di cach 3 cdi hang, dén hang s6 6 tim toi. Cif 1an lugt nhu vy, trong vong 30
ngay, khong quan trong anh vao cai hang nio bao nhiéu 1an, chi can anh tim thiy t6i thi anh c6
thé an thit tdi ngay.”

Céo nghi: “Trong vong mot thang, ta nhit dinh tim dudc mi, ta sé in thit mi”. Vi thé cdo dong
y ngay. Nhung con c4o gido hoat tim trong sudt cd mot thang ma van khong tim thiy thd.

Ban hiy cho biét, chii tho thong minh di & trong 3 chiéc hang lién ké nao khong?
Trudc tién, chiing ta hdy phan tich nhiing 1an c4o vio hang, 13 nhitng hang s6 bao nhiéu.
Lan thd nhét, cdo di cach mot cai hang, vao hang s 1.

Lan thd hai, cdo di cach hai cai hang, vao hang 6142 =23.

Lan thif ba, cdo di cach ba cai hang, vao hang s6 1 4+ 2 + 3 = 6.
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Lan thif tu, cdo di cdch bon cai hang, vao hang s6 1 + 2 + 3 + 4 = 10.

Lan thif 7, cdo di cach n cdi hang, vaiohang s6 1 +2 +3 4+ --- 4+ n = w

Sau day la bang cac so6 du lan lugt ctan, n + 1, @ khi chia cho 17

n |n+1 "("TH)
1 2 1
2 3 3
3 4 6
4 5 10
5 6 15
6 7 4
7 8 11
8 9 2
9 10 11
10 11 4
11 12 3
12 13 10
13 14 6
14 15 3
15 16 1
16 17 0
17 18 0
18 19 1
19| 20 3

Viy con cdo chi c6 thé di vao cdc hang sb61,2,3,4,6,10, 11, 15, 17 ma khong bao gid di vao
cachangsd 5, 7, 8, 9, 12, 13, 14, 16 trong d6 c6 ba cdi hang lién ké 14 7, 8, 9 hodc 12, 13, 14.
Néu chii tho tinh ranh kia ci np vao ba cdi hang d6, mdi hang 10 ngay, thi virta di 30 ngay con
céo gi4o hoat kia khong thé tim thiy no!
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Tiép tuc cau chuyén vé cdo va thd. Mot con cdo dang nhin nha trong mot khu vuc hinh tron
rong 16n va khép kin, bdng thdy mot chi thd bat dau chay trong khu vuc dé. Ngay lap tiic, cdo
nham vé huéng thd chay va dudi theo vé6i van toc tuong duong véi chi thd toi nghiép kia. Xem
mdi con vat nhu 12 mot diém di dong trong hinh tron nay. Cau hodi dit ra 1a, liéu con cdo c6
thé bat dugc con thd trong mdt khoang thdi gian hitu han hay khong? Va chi tho tinh ranh toi
nghiép kia c6 cach chay thoat nhu thé nao dé€ con cdo kia khong vo dudc.

VAn dé dit ra tudng chiing don gidn nhung vao cudi nhitng nim 30 ctia thé ky trudc, né trd thanh
dé tai trao ddi s6i nSi ctia mot sd nha todn hoc quan tam.

Thoi tré con, khi tham gia vao tro chai dudi bat, chii bé bi rudt dudi thuong tinh ranh chay dich
dic hoic lodng ngoiang dé bé sau khong bit dugc. C6 phai ching tit phuong phap “Chay thodt”
clia trd chdi dan gian d6 ma nha todn hoc A. S. Besicovitch di dé& xuit mot huéng giai quyét
kha doc dao cho bai toan trén.

Loi giai. Khong mét tinh tdng quat, ta c6 thé gia sii rang khi cudc dudi bat bat dau, chi tho dang
& diém Ty ndm bén trong hinh tron ban kinh bing 1. D& theo doi dién bién clia khoang cich, ta
dat 1 — e < 1 1a do dai khoang cach OTy.

Hinh 1

Gia st rang ta da dung dugc diém Tj_; va khi chi thd dén Ty_; thi con cdo dén Sk_; # Ti—1.
bit Ty sao cho Ty_; Ty vudng goéc v6i OTy_y, c6 chiéu dai /i, va gia sit Sx_; khong nim trong
ntra mat ph:flng md dugc xac dinh béi duong OTy—; chita Sg—; (Xem hinh 1).

Trong khi chi thd chay doc theo doan Tj_ Tk, tit Ty_; dén T} véi tbc do tbi da, chu thd sé
khong thé bi bat va khi dén T}, con cdo dang & tai diém Sy # Ty nao do.
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o0
Téng chiéu dai ctia duong gip khic ToT 75 --- 1a > ;. Néu téng nay 1a vo han, nghia la néu
k=1
chii thd cit nhu thé chay doc theo dudng gip khiic nay mai mai, thi né sé khong bao gio bi bat.

DPay méi chi 1a mot gia thuyét vi, tdn tai hay khong mot dudng gip khiic nhu vay ma ludn nim
bén trong hinh tron?

Ta co

n n
OT,> =(1—2)+ ) I><l—c+ Y I
k=1 k=1

Do d6, dudng gap khiic TyT; T - - - s& ludn nam bén trong ctia hinh tron néu

o0
Z lkz <é&.
k=1
VAn dé con lai 13, hdy chi ra mot day /1, [, . . . thda man diéu kién nay. Dit
3
Iy = ck™ %,

o0
trong d6 ¢ = £. Khi d6 ) [; la vd han va
k=1

o0 o e
Zlk2=c22k_%<c2 1+/x_3dx =3c? <e.
Vay day (I;) xdc dinh nhu trén 1 ddy thda man diéu kién. Bai toan dudc giai quyét. O

Lai mot cAu chuyén nifa vé cdo va thd. Mot con cdo dang nhan nha, bong thdy mot chii thd bat
dau chay biang qua mot canh dong, trén mot dudng thang vudng géc véi dudng thang nbi giita
vi tri ban dau cia cdo va thd. Ngay lap tiic, cdo nhim vé hudng thd chay va dudi theo véi van
tdc tuong duong vdi chu thé tdi nghiép kia.

Trong hé toa d6 vuong géc (hinh 2) gia st ring, tai thdi diém dau tién, chi thé & gbc toa do va
con cdo & diém (L,0), L > 0. Chd thd chay 1én theo truc Oy va con cdo ci nhim thang huéng
chii thd dang chay ma dudi theo véi téc dd bang nhau. Khi con cdo chay dén diém (x, y) thi chi
thd chay dén diém (0, y;), y; > 0.

Ta nhic lai rang, d6 dbc clia dudng thang di qua hai diém (xy, y1) va (X2, y2) , V6i X1 # X5, la

Y2 — )1
m=-——-—.
X2 — X1
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Hinh 2

Luu y rang, vi hai con vt chay véi tbc do bang nhau nén y; (quing dudng chay ctia tho) bang
do dai cung (quang dudng chay ctia ché) tit diém (L, 0) dén diém (x, y) . Hon nita, ta da biét
rang d6 dai cung nay dugc tinh theo cong thiic tich phan sau

// B

L
y—f\/l—l—(g—)yc)zdx

. X
N x—0 ’

Vi do déc m tai x 1a $, nén ta c6

dy
dx

d ‘ dy\?

Y y

=y — [ 41+ (=) dx.

* dx Y / +(dx) *
X

Bay gio, dé loai bo tich phan, ta can 14y dao ham ca hai vé. Ta c6

L 2
d dy d / . dy d
— Il x - = [ Jp— — R, X s
dx dx dx Y dx
X

bién ddi tuong duong thanh

L
dy 2y dy d dy\?
L px—— = — 1+ (-2 dx ],
dx+x dx?z dx dx/ + dx o
P

67

hay



Tap chi Epsilon, S6 18, 08/2020

Bay gio, st dung cong thic tich phan

X

d
o[ roa]=rm,

a

d2 dy\?
x-—y: 1—|—(—y).

ta co

dx? d
Giai phuong trinh vi phan nay bing phuong phap tich bién bang cach dit z = %.
Ta c6 phuong trinh
d
X - & _ V14 z2,
dx
do do

/ dz _/dx
Jitzz ) x’

Lai ditz = tan 0, ta co

1
2 _ a2
14z o520 sec” 6
vadz = sec?6 - df. Vi vay
20 . do
/sec— =Inx+C,
sec 0
hay la
/sec@-d@ =Inx+C,
hoac

In|secf +tanf| = Inx + C.

D€ xdc dinh sec 0 va tan 6 theo z, ta xét tam gidc vudng nhu hinh 3.
Tacdz =tanf vasec§ = /1 + z2. Do d6 phuong trinh
ln‘ zz—l—l—l—z) =Inx+C,

tuong duong véi
eln|«/22+1+z| _ pnx+C

hay
) 22+1+Z‘ =¢C . e,
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Hinh 3

hodc
22414z ==+ex.

bat A = +e€, phuong trinh tré thanh
z24+ 14z = Ax.
Giai phuong trinh ta dugc

2 24x°
Suy ra

dy Ax 1 - / Ax 1 dx & 5 () Ax? 1l +D
2 — . )dx x)= ———Inx )
x 2 24x 77 X Y 1 24

Cubi cung 1 st dung cac diéu kién y (L) = 0, y’ (L) = 0 dé€ tim céc hang sd thich hop. Ta c6

’(L)—AL 1 _ 0
YW= T oar T
Suyra A = %,h(in ntia lai co
(L) —AL2 1lL—I—D L L1L+D 0
— — —1In = — — — 1In = V.
Y 4 24 4 2
A _ L L
chonenD—ElnL—Z.
Vi vay
) x2+L1L L
xX)=—+ —InL — —.
Y 4L T2 4

Chang han, v6i L = 10, ta thiy dd thi ciia ham s6 nay nhu sau (hinh 4). Tém lai, con cdo sé
khong bao gid bat dudc con thd vi ching di chuyén véi cung tc do.
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Hinh 4

D6 1a bai todn s6 3 ctia IMO 2017, mdt bai todn “sdt thii””! N6 khé dén muic, trong 112 qubc gia
tham du v6i hon 600 thi sinh, chi duy nhat mot thi sinh Australia gidi dudc tron ven (diém 7) va
mot vai em dudc... diém 1!

Bai to4an d6 nhu sau (ban doc c6 thé xem 10i giai va binh luan trong [1]):

Bai toan. Thé va tho sdn choi tro dudi bt tron tim trén mdt phing Euclid. Tai thoi diém 0,

cd hai & cing mét vi tri (Ag = By) . Tai thoi diém n thi c6 cdc su viéc sau lan luot xdy ra
o Thé nhdy tir vi tri Ap,—y dén vi tri bi mdt A, cdch An,—y mot khodng bang 1.

o Tho sdn cé mdy do tim vi tri ciia thé véi sai s6 1 don vi, cho thg scn biét mét vi tri P,
cdch A, khéng qud 1 (ngoai ra khong biét gi thém) tai thoi diém n.

o Tho sdn phdi chon nhdy dén vi tri B, cdch B,_, mét khodng diing bang 1.

Cdu héi la liéu tho sdn cé chién luge nao do ma bdt ké'thé co nhdy kiéu gi va mdy do cé cho
cdc vi tri P, ra sao thi sau 10° budc, tho sdn véin & cdch thé mot khodng khong qud 100?

Tién si Tran Nam Diing (Pai hoc KHTN, Pai hoc Qubc gia Thanh phd H6 Chi Minh - Huy
chuong Bac IMO 1983) binh luan: Bai nay do Ao dé nghi, 12 mot bai toan Hinh hoc t& hop, thé
loai “dudi bdt”. Riéng viéc doc dé va hiéu dudc yéu cau clia dé bai da 1a khong don gian.

Diém kho ctia bai todn 1a du doan két qua va dinh huéng di tiép thé nao. Chiing ta phai hiéu
rang dudng di ctia con thd, ngudi thg sin khong biét, thiét bi dinh vi ciing dudc dit ngau nhién,
chi biét 1a cach xa con thé khong qud 1. Trong khi d6 con thé biét ngudi thg sin & dau.
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Néu du doan ciu tra 16i khang dinh, bai toan sé rat khé vi c6 hai 1an bit dinh. Néu du doan cau
tra 18i 12 phii dinh, bai toan sé dé chiu hon vi theo logic vé phii dinh, ta chi cAn chi ra mot trudng
hop ma con thé c6 thé chay xa ngudi thg sin, c6 nghia 1a ta c6 thé chi dong dit thiét bi dinh vi
& dau tuy y, chi can thoa man diéu kién khoang cach.

Gido su Nguyén Tién Diing (Pai hoc Toulouse, Phap - Huy chuong Vang IMO 1985) thi hém

hinh binh luan: Khong rd hoc sinh phd thong ma gip phai bai nay thi 1am sao ma “nhdn” dudgc!
Poc dé di c6 cam gidc 1a n6 lién quan dén Todn hoc & miic khd cao cép, hoc & dai hoc, nhu 1a
Diéu khién t6i vu, Giai tich tiém can, Min-Max, Tro choi vi phan,...

Nha tho VCH (Tay nguyén) nghe “16m” ciu chuyén vé bai todn nay, bdng pha 1én cudi: Cha,
ong thg san va con tho nay... qua ranh he!

[1] Loi gidi va binh lugn IMO 2017, Ban bién tap Epsilon.
https://www.fb.com/TapchiEpsilon/posts/1702604733368559

[2] Bai todn su tit va ddu si, Hoang Diic Tan, Tap chi To4n hoc va Tudi tré, sd 515.

[3] Calculus: Early Transcendentals, James Stewart,

https://stemjock.com/stewartcalc8eii.htm
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THANG DU TOAN PHUONG
BO BE GAUSS
VA LUAT THUAN NGHICH BAC HAI

Nguyén Thai Vi
Ha Noi

G101 THIEU

Nim 1801 ddnh d4u mdt mbc quan trong trong lich sit phat trién clia toan hoc khi Gauss
trinh lang cudn Disquisitiones Arithmeticae, danh dAu su ra doi clia sd hoc hién dai. Phin
16n trong Disquisitiones Arithmeticae tap trung vao thing du toan phuong va cac vin dé
xoay quanh né. Cic nghién citu nay da din dén nhiing y tudng chii chdt xuét hién khap
moi noi trong s6 hoc ngay nay.

Dinh nghia 1. Vdi sé nguyén m > 1 va sé nguyén a nguyén té cing nhau véi m duoc goi la mot
thing du toan phuong modulo m néu phuong trinh dong dw x*> = a (mod m) cé nghiém.

Nhan xét:

e Néu a 1a mot thing du toan phuong modulo m, b = a (mod m) thi hién nhién b ciing 1a
mot thang du toan phuong modulo m.

e Véi (a, m) = 1, hién nhién nghiém cta phuong trinh x> = a (mod m) ciling nguyén
t6 cung nhau v6i m, do d6 bang viéc binh phuong cdc thing du trong hé thing du
thu gon modulo m ta sé tim dudc tit ca cic thing du toan phuong modulo m. Khi
xét modulo p nguyén t6 18, ta c6 thé kiém tra binh phuong clia cic phan ti trong tap
{1, 2,3, ..., p— 1} hoac don gian hon la {:I:l, +2, £3, ...,:I:”T_l} (cting 1a mdt hé
thing du thu gon modulo p). Tap hop cdc binh phuong cta hé nay gdbm c6 251 phan tir
ddi mot khong dong du modulo p. Tir d6 ta c6 ngay dinh 1y sau.

Dinh Iy 1. Véi méi s6 nguyén té 1é p, s thang du toan phuong va sé bdt thing du toan phicong

modulo p cung la pT_l.

Dinh nghia 2 (Ki hiéu Legendre). Vdi méi s6 nguyén t6 1é p, s6 nguyén a théa man (a, p) = 1,
ki hiéu Legendre (%) co gid tri bang 1 néu a la mot thing du toan phwong modulo p, co gid tri

bdang —1 néu a la mot bt thing du toan phwong modulo p.
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Viéc st dung ki hiéu Legendre gitip ta dua nhitng mdi quan hé dinh tinh vé trd thanh dinh lugng,
thuén tién hon cho cic ddnh gid, tinh toan va din dén nhiéu tinh chit dep. Trudc tién, ta xem lai
tiéu chuan Euler quen thudc

Cho p la mot s6 nguyén t6 1é va sé nguyén a théa man (a, p) = 1. Khi do a7 =1 (mod p)

néu nhu phuong trinh x> = a (mod p) cé nghiém, va a = 1 (mod p) néu nhuw phuwong

trinh x*> = a (mod p) vo nghiém.
St dung ki hiéu Legendre, ta ¢6 mot phét bi€u tuong duong

Dinh Iy 2 (Tiéu chun Euler). Vdi p la mot s6 nguyén té 1é va s nguyén a théa man (a, p) = 1,

khi do
(ﬁ) =q"7 (mod p).
p

Tinh chét 1. Ta c¢é mét so tinh chdt sau
i) a =b(mod p) thi (%) = (%).
) (2)=())
iii) (%) =
0 ()= (2)

Céc tinh chit (i) va (iii) hién nhién ding theo dinh nghia.

N

Chitng minh (ii): Ta c6

(@) = (ab)"T =a"T p'T = (ﬁ) (é) (mod p).
p p p

(5)=G)G)
()= ()G =)

Viéc xay dung tiéu chuan dé€ kiém tra mot s6 c6 phéi thing du toan phuong modulo p hay khong
c6 ¥ nghia quan trong, ta ciing xem xét mot vai s6 du thudng gip.

Chitng minh (iv): Ta co

Dinh Iy 3. Vdi p la mét s6 nguyén 16 16, khi do ( ) — 1 khi v chi khi p = 1 (mod 4) .

=1
p
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Chiing minh. Theo thiéu chuin Euler thi

-1 _
(—) = (-1)"7 (mod p).
p
suy ra
rp—1
(=1) 2 =1(modp),
ma p 1é nén (—1)1)7_1 = 1,do d6 Z* chnhay p = 1 (mod 4) . O

Dinh Iy 4. Véi p la mét s6 nguyén t6 1é. Khi dé 2 la mét thing du toan phwong modulo p néu théa
mdn p = %1 (mod 8) va la mét bdt thing du toan phwong modulo p néu p = £3 (mod 8) .

Chiing minh. Véi p = 1 (mod 8), p = 5(mod 8), khi doé 4| (p — 1) . Xét khai trién sau

pT—l p—l . _ P—l V4
2 -(j?)L_z4ﬁu(p—D=2¢L6~(7r)-0_3—) (=5 (=3) (=1)

=(— 1) ( 7 )'(modp).

Vi ((&1)!, p) = 1 nén chia c4 hai vé cho (Z1)!, ta dugc

7= (—l)pT_l (mod p).
Ap dung tiéu chuin Euler suy ra
2

(—) = (=)’ (mod p).
)4

ma p 1é nén (%) =(-1) + *T . Do d6 néu 2 Ia mot thang du toan phuong modulo p thi (—1) # T
chin, din dén p = 1 (mod 8), néu 2 13 mdt bat thing du toan phuong modulo p thi (—1)T
18, dan dén p = 5 (mod 8).

V6i p =3 (mod 8), p =7 (mod 8),khido 4| (p + 1), tuong tu ta xét khai trién sau

ezt (P=1Y, _ _ p—3 p—

= ( )!(mod p).
p—1
2

Vi ((pT_l)!, p) = 1 nén chia c4 hai vé& cho ( )' ta dugc 277 > (—l)pTJrl (mod p). Ap dung

tiéu chuén Euler suy ra
2
(—) = (=% (mod p).
p

ma p 1é nén ( ) = (— 1) " Dodénéu2la mot thang du toan phucong modulo p thi (—l)pT+l

chin, din dén p = 7 (mod 8), néu 2 12 mdt bit thing du toan phuong modulo p thi (—1) # =
18, din dén p = 3 (mod 8) . [
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Tinh chat 2. Véi p la mét sé nguyén 16 16, khi do

(i) —2 la mét thdng du toan phuong modulo p khi va chi khi p = 1,3 (mod 8) .
(it) 3 la mot thang du toan phuong modulo p khi va chi khi p = £1 (mod 12).
(iii) —3 la mét thang du toan phuong modulo p khi va chi khi p = 1 (mod 6) .

(iv) 5 la mét thang du toan phuong modulo p khi va chi khi p = £+1 (mod 5) .

Sau khi xem xong ching minh “dinh ly 3” da phan sé cam thiy diy 12 mot chiing minh dep
nhung day ki thuat, khong that tu nhién (tai sao lai 12 module 8?). Vay thi viéc chiing minh
“dinh 1y 4 va tim thém cc tiéu chuan khi can ciing sé kho khiin tuong tu? BS dé Gauss sé dugc
gidi thiéu, v6i muc dich danh gia gia tri cia (%) véi p cho trude, hodc dé tim nhitng s6 nguyén
t6 18 p ma nhan a cho tru6c 1am thing du toan phuong. Phan tiép theo clia bai viét sé lam ngudi
doc thiy nhiing chiing minh trén sdng stia hon rét nhiéu.

Dinh ly 5 (Bc“; dé Gauss). Vdi p la mét s6 nguyén t6 1é va s6 nguyén a théa (a, p) = 1. Xét tdp

cdc thing du duong nhé nhdt modulo p cia a, 2a, 3a, . . ., (”_Tl)a. Goi N la s thing du I6n
.y N

hon 2. khi do (;) — (=N,

Chiing minh. Nhan thy a, 2a, 3a,..., 252 déu nguyén t6 cing nhau véi p, va doi mot
khong df)ng du modulo p. Patuy, u,, us,...,uy lacac s du 16n hon % va v, Uz, V3,...,U0nm
la cdc s6 dunhd hon 2. Khidé M + N = 21,

Xeét dﬁy.sé p—Ui, p—Uz, p—U3..., p—UN 1a cic s6 duong nhé hon %, nguyén t6 cing
nhau v6i p va d6i mot khong dong du modulo p. Hon nlta p — u; # v;, Vi, j (neuu; = ar,
v; = as thi cd u; + v; = a (r + s) hién nhién nguyén t6 cing nhau véi p vir + s < p).

Do d6é p—uy, p—us, p—us,..., p—uy,vavy, vz, V3, ..., Uy chinhlétéphcjp{l, 2,3, 4,..., pT_l}

Ta co

(pgl)':(p_ul)(p—uz)(p_u3)(p_uN)Ulv2v3vM

= (—u1) - (—uz) - (—u3) -~ (—un) - v1-v2-v3--- vy (mod p)

p—1 ~a) (mod p) = (—l)NapT_1 . (pT—l)' (mod p).

(PR

nén (—=1)V a2 =1(mod p), dp dung tiéu chuin Euler, ta dugc

(—V . (%) = 1 (mod p),

= (—1)Na-2a-3a-—-(

Ma

ma (%) chi nhan gia tri la 1 hoac —1 nén (%) = (=1)" (mod p). O

75



Tap chi Epsilon, S6 18, 08/2020

Ta nhén thiy & phat biéu clia bd dé Gauss gia tri ctia sd N khong quan trong, diéu ma ta thuc su
quan tam la tinh chdn 1 (parity) ctia N. Vi du sau sé lam rd hon y nghia ctia bd dé Gauss.

Y nghia cla b6 dé Gauss. Ta 6 thé sit dung bd dé& Gauss dé tim cic sb nguyen t6 nhan 5 1a
mot thing du toan phuong. Ta xét day cdc sb 5, 10, 15,..., 2 (p D ¢du nhod hdn 2 Trong day
nay, dé thiy céc s6 c6 sb6 du 16n hon 2 khi chia p chinh la cic s6 5/ nam trong cac khoang
(2, p) (32.2p).Do do, tacan ddnh gid s6 cach chon j saocho £ < 5j < p, 2 < 5j < 2p.

bat p =20k +rvéir € {1, 3,5, 7, 11, 13, 17, 19},bét déng thuc tré thanh
r . 3r )
10k+§<5] <20k +r, 3Ok+7<5]<40k—|—2r.

(Sau khi doc hét phan duéi nay, nguoi doc hdy tw gidi thich xem tai sao lai chon con s6 20?)

Tuong duong véi

r r
2k + — < j <4k + =,
+1O J +

3r 2r
6k + 08 < j <8k + —.
5 T IR

Dén day, luu y 1a ta chi quan tdm dén tinh chén 1€ ctia s6 cach chon j. Ta c6 nhan xét sau:

Ki hiéu sé s6 nguyén trong khodng (a,b) la n(a,b), khi do n(a +t,b+1) = n(a,b) va
n(a,b+t)=n(a,b)+t.

Do dé, véi ¢ chan thi tinh chdn 18 cta n (a,b + t) van (a, b) 1a nhu nhau, nén dé Xét tinh chﬁn
18 ctia s6 cach chon ] thoa man 2k + {5 < j < 4k —|— I, thuc chat ta chi can xét Voi {5 < j <%
Tuong ty v&i 6k + 3¢ < j < 8k + & 2’ tadua vé xét 3% < j < &

V6ir = 1, ¢6 0 cach chon {; < j < %, 0 cach chon fg < j < % nén tdng s6 cach chon j 1a

0, d4n dén N = 0, nén theo bd dé Gauss thi 5 la thdng du toan phu?dng cua p.

V6i r = 3, ¢6 0 cach chon {; < j < %, 1 cich chon % < j < 2 nén tdng s cach chon j 1a
1,dan dén N = 1, nén theo bd dé Gauss thi 5 khong 1a thing du foan phuong ctia p.

Dé dang kiém tra qua tit ca cic gid tri ctia r, ta rit ra két luan 5 1a thing du toan phuong cia p
khir =1, 9, 11, 19 hay khi p = £1, £9 (mod 20) .

Piéu nay tuong duong v6i két luan cta “dinh 1y 4 trong bai trudc, 5 12 mot thing du toan
phuong modulo p khi va chi khi p = 41 (mod 5) .

Qua vi du nay, ta thdy gid tri ciia ( ) chi phu thudc vao sé du khi chia p cho 20 = 4 -5, tuong

tw gid tri cua ( ) chi phu thudc vao sé du khi chia p cho 28 = 4 -7 hay gid tri ciia (;) phu

thuéc vao sé du khi chia p cho 8 = 4 -2 ma ta da xwt ly 6 “dinh Iy 3” tir do ddn dén mot cdch
tiép cdn tw nhién hon rdt nhiéu cho dinh Iy nay.

Dinh Iy 6. Véi p la sé nguyén to 1é, khi do (%) = 1 khiva chi khi p = £1 (mod 8).
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Chiing minh. Xétday 2, 4, 6,..., p—11acdc sd nhé hon p va nguyén td cing nhau vé6i p. Dé
thy cdc s6 ¢6 s6 du khi chia p 16n hon £ lacac sd c6dang2j ma £ <2j < p. it p = 8k +r
dugcdk + 35 <2j <8k +r & 2k+3<j< 4k+%.Taduavéxéttinhchﬁnlécﬁasécéch

chon j thda mﬁn% <j< % Thi véi r = 1, 3, 5, 7 dé dang nhan dudc két qua » = 1, 7 thi

N chin va khi d6 (%) — 1. O

Hay chung minh cac dinh ly sau:

Véi p la mét s6 nguyén té 16, khi do

(v) —2 la mot thang du toan phuong modulo p khi va chi khi p = 1, 3 (mod 8) .
(vi) 3 la mot thdng du toan phuong modulo p khi va chi khi p = £1 (mod 12) .

(vii) —3 la mét thang du toan phuong modulo p khi va chi khi p = 1 (mod 6) .

Sau khi doc ki muc phan y nghia ctia bd d& Gauss c6 1& ngudi doc ciing di c6 cau tra 15i cho
cau hoi: “Tai sao lai viét p dudi dang 20k + r, hay tong qudt hon la tai sao lai xét véi modulo
4a?” Y nghia chinh 12 ndm & viéc dam bao gia sb ¢ trong cong thic n (a,b +t) = n (a,b) + ¢
12 chén dé c6 dugc n (a, b) van (a,b + t) cung tinh chéan 18. Cu thé hon

§<$<p©

(%) 20k
5 J 5

b

r r
&2k +— < j <4k + =,
T/ *3

c6 gia s0 ¢ = 2k la chan nén n (2k + %5; 4k + %) van ({5: %) cang tinh chan 1€, nén bai todn

dudc quy vé xdc dinh s6 cach chon j thoa man 5 < j < £. Tir d6 ta ciing nhan thdy, thay vi

xét modulo 44 thi c6 thé dung 8a, 16a, ... ciing dudc. Con s 4 1a cach chon “vira dii tot”.

Qua vi du nay, ta rut ra dudc nhan xét: “Gid tri cua (%) hoan toan phu thudc vao sé du khi chia

p cho 4a”. Va do d6, néu ¢ = p (mod 4a) thi (;) — (5) . Ta c6 dinh Iy sau

Dinh Iy 7. Vi p, q la cdc sé nguyén t6 16, a la sé nguyén duong théa (a, p) = (a,q) = 1, khi

dé néu p = g (mod 4a) hodc p = —q (mod 4a) thi (%) = (;l)

Y tudng ctia phép chiing minh dinh 1y da dudc trinh bay trong phin y nghia ctia bd d& Gauss,
xin nhudng lai cho ngudi doc. Pén day thi ta da di cong cu d€ chitng minh luét thuan nghich
bac hai, mot trong nhiing két qua quan trong nhét ctia sb hoc.

Dinh Iy 8 (Luat thuin nghich bac hai Gauss). Vdi p, q la hai sé nguyén t6 1é phdn biét, khi do

° (5) = (%) néu mot trong hai s6 cé dang 4k + 1.
o (g) = — (%) néu cd hai sé cé dang 4k + 3.
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Chting minh. Ta xét hai truong hgp: p = ¢ (mod 4) va p = —¢g (mod 4) .

Véi p = q (mod 4) , ton tai sb nguyén m d€ p = g + 4m. Khi d6

()-(5)

ma ¢ + 4m = 4m (mod ¢) nén theo “tinh chit 1" thi
P\ _(q+4m\ [(4m\ [(m
- E)-()-)
g\ _(p—4m\ (—4m\ [(—m —1 m
(5)-(57)-G)-G)-G)E)
Nhan theo titng vé ta dugc
)4 AN ! m m
(H6)-G)E)E)

theo “dinh 1y 7" thi (%) - (g) ,do d6 (g) (g) = 1 hay (g)
Tt d6 suy ra néu p = 1(mod 4) (¢ = 1(mod 4)) thi (2
(g) = (%) ,néu p = 3 (mod 4) thi (5) (%) = —1 hay (

V6i p = —q (mod 4) thi p = —q + 4m. Khi d6

()-()-(5)-2)
()-(25)-(5)-()

Nhan theo titng vé ta duge (g) (1) = (ﬂ) (ﬂ) — 1 (theo “dinh Iy 7”), do d6 (5) = (i) .

p q p p

Tuong tu

va

Két hop hai truong hop ta c6 chiing minh hoan tat. [

Dé'y ring, 251 va 1 ciing 1€ khi va chi khi p, g déu cd dang 4k + 3. Do do ta c6 phdt biéu

ngdn gon sau ciia ludt thudn nghich Gauss.

Dinh Iy 9 (Luét thuan nghich bac hai). Vdi p, q la cdc s6 nguyén to 1é phdn biét, khi do

(£)(2)- 0
q p

Luat thuan nghich bac hai cho phép ta dua viéc tinh (%) vé viéc tinh tich céc ki hiéu Legendre
v6i mau nho hon thong qua “tinh chét 1 (ii)”. Tuy nhién qu4 trinh ndy bao gdm viéc phan tich a
thanh tich céc thira s& nguyén td, khong kha thi v6i s6 a rat 16n.

Nam 1846, Carl Gustav Jacobi da dua ra khai niém ki hiéu Jacobi, mé rong ki hiéu Legendre
1én v6i mau 1a nhitng s6 m khong nguyén t.
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Dinh nghia 3 (Ki hiéu Jacobi). Vdi sé m = [] pi* vdi p; la cdc s6 nguyén té 1é, (a,m) = 1,
khi do ki hiéu Jacobi (%) dugc dinh nghia la

Vai (pi) la cdc ki hiéu Legendre.

1

Tinh chat 3. Do cdch dinh nghia nhu trén nén (%) = 1 khong co nghia la phuong trinh
x2 = a (mod m) cé nghiém, bu lai thi ludt thudn nghich bdc hai va cdc tinh chdt quan trong
ctia ki hiéu Legendre vdn duoc giit nguyén.

Véi m, n la cdc sé nguyén duong, khi do

(i) Néu (a,m) =1, a = b (mod m) thi (i) = (n%)

(ii) Néu (a,m) = (b,m) = 1thi (2) = (£) ().
(iii) (=) = 1 khi va chi khim = 1(mod 4) .
(iv) (2) = 1 khi va chi khim = £1 (mod 8).

(v) Voi (m,n) =1 thi (%) (%) = (—l)mT_l'% (ludt thudn nghich bdc hai).

Bén canh do, ta c6 thém mdt tinh chét tlt dinh nghia nhu trén

(vi) Néu (a,m) = (a,n) = 1 thi (%) = (1) (%)

a
p

)

v6i g; 1a cac sb nguyén t6 18. Véi trudng hop a am, ta viét (%) = (%) (%’) nén moi ki hiéu

V6i a 12 s6 nguyén 16n hon 1, ta c6 thé viét ( ) dudi dang

p p
cho diéu nay, chiing ta xem xét vi du sau, mot bai toan ndi tiéng dudc L.Euler dua ra dusi dang
gia thuyét & thé ki X VIIL.

Legendre déu c6 thé quy vé viéc tinh (_71) , (3) va (1) v6i g 12 s6 nguyén t6 18. D& minh hoa

Bai toan 1. (Euler) Chitng minh rdang phuong trinh sau khong cé nghiém nguyén duong

4xyz —x —y =1t
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Loi giai. Phuong trinh tuong duong

4zt +1 = (4xz — 1) (dyz — 1),

suy ra (4yz — 1) | (221) + = nén ki hiéu Jacobi (4{22_ 1) _ .

bitz = 2k véir 18, ta co

(70~ () () ()

Theo “tinh chét 3” thi (

) = —1. Ap dung luat thuan nghich bac hai

—1
4yz—1

r _(4yz—1 a2 (Ayz =1\ e
(5e=2) - () e = (B ) e
k
_ (LM) -7 = (__1) (=D)T =1
r r

k
o =z ) _ 2
Do do (4yz—1) - _<4yz—1) :

% < N —z
Néu k chan thi ( proyan

1) = —1, mau thuan.

Néuk 1éthidyz —1=4-2ry —1 = —1(mod 8), suyra (4y§_1) = 1 nén

k
-z 2 <
= — = —1, (mau thuan).
4yz —1 4yz — 1

Vay phuong trinh vd nghiém. [

Vi du 1. Cho p, q la cdc s6 nguyén té 1é théa man p = q (mod 26). Chiing minh rang
13) _ (13
(%)= (%)
Loi giai. Vi 13 = 4k + 1, ap dung luét thuan nghich Gauss, ta dugc
13 (p) 13} (q )
p) \13)°\q ) \13/°

Vi p = ¢ (mod 26) nén g = 26m + p, do do (&) = (22mE2) = (&) =

Vi du 2. Vi ki hiéu Jacobi (n%) = —1 thi phuong trinh x> = a (mod p) vo nghiém.

Ban doc tu giai dua theo dinh nghia.
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Vi du 3. Vdi hai s6 nguyén a, b va sé nguyén té q cé dang 4k +3 sao cho q | (a2 + bz) . Chiing
minh rdng q | a va q | b.

Lsi gidi. Néu (a,q) = 1thi (b,q) = 1. Khi dé

q| (@> +b%) & a®> = —b* (mod q) .
Suy ra (‘71) = 1 nén g = 4k + 1 (theo “dinh ly 3”), mau thuan. U
Vi du 4. Chitng minh rdang véi moi sé nguyén té p = 3k + 2 thi

plm

pl(m*>+mn+n®) <
pln

Loi gidi. Néu (p,m) = (p.n) = 1 thith p| (m*> + mn + n?) suyra p |4 (m*> + mn + n?),
& pl(@2m +n)* +3n%) & —3n> = 2m +n)* (mod p),
nén (‘7}) = 1, theo “tinh chit 2” thi p = 1 (mod 6) , mau thuan. O

Vi du 5. Chitng minh rdang cé vé sé sé nguyén t6 co hang don vi la 9.

Lsi giai. Xét N = 5(n!)> — 1. Ta sé chiing minh tdn tai mot uéc nguyén td ciia N 16n hon n va
c6 dang 10k — 1.

Goi p 12 mot udc nguyén tb bt ki ciia N, suy ra 5(n!)? = 1 (mod p) nén

(S(n!)z) .
p

Suyral = (“"TPZ) = (%) theo “tinh chét 17, do d6 p = 41 (mod 5) theo “tinh chat 2”.

Do N c¢6 dang 5k — 1 nén ton tai udc nguyén td p c6 dang 5k — 1, ma p khong thé c6 dang
10k + 4 nén p = 10k — 1. Rérang p > n vinéu p < n thi 5(n!)*: p.

Do d6, v6i mot sb tu nhién n bét ki ludn c6 mot ude nguyén td dang 10k — 1 ciia 5(n!)* — 1 16n
hon 7, hay s6 s6 nguyén t6 c¢6 tan ciing 1a 9 14 vo han. [

Vi du 6. (Korean 2000) Cho sé nguyén té p = 4k + 1. Tinh
p—l 2 2
2
()
x=1 p p

Gogi y: St dung “dinh Iy 17.

Vi du 7. (Vietnamese TST 2003) Cho s6 nguyén dwong n. Chitng minh rang 2" + 1 khéng co
wéc nguyén té dang 8k — 1.
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Loi gidi. Gid st ton tai p 12 u6c nguyén td dang 8k — 1 ctia 2" + 1, khi d6

e Néu 7 chin thi 2" + 1 ¢6 dang a® + 1, suy ra —1 = a? (mod p) hay (
“dinh Iy 3” thi p = 1 (mod 4) , mau thuln.

) = 1, theo

=1
p
e Néun 18 thi 2" + 1 c6 dang 2a®> + 1, suy ra 1 = —2a? (mod p) hay (_72) = 1, theo

“dinh 1y 2” thi p = 1, 3 (mod 8) , mau thuan.

Ta c6 diéu phéi chiing minh. O
Vi du 8. (Serbian 2008) Tim cdc nghiém nguyén khong dm cua phuong trinh

12% + y* = 20087,
Loi gidi. Néu y = 0, suy ra dudc x = z = 0. Xét trudng hop y > 0

e Néu x chan, vé trdi c6 dang a + b2, vi 251 1a uéc nguyén t6 dang 4k + 3 ctia 2008 nén
251, 251 | b, vo 1§ vi (12,251) = 1.

e Néu x 1&, v& trdi ¢6 dang 3a® + b2, do d6 (5=) = 1. Tuy nhién (52) = (372) ma

(I—f’) = —1, mau thuan. Do d6 phuong trinh vd nghiém khi y > 0.
Viy (x, y,z) = (0,0, 0) 1a nghiém duy nhét. O

Ta ciing c6 thé tinh (2_5—31) bang cach dung luat thuin nghich bac hai:

_ 1
e O e I S B T TN
251 251 ) \ 251 251

Ap dung luat thuin nghich bac hai

()3~ ()3 (2)- )

Vi du 9. Tim cdc sé nguyén to p sao cho p! + p la sé chinh phuong.

Do doé

L&i gidi. DE thAy p = 2, hoiic p = 3 thda min dé bai.

Xétp >3, tacop!+p=p((p—1D!'+1)suyra(p—1)!+1=px>vix €Z.Vip >3
nén 3| (p —1)!, suyra

px2=(p—1!4+1=1(mod 4) = p=1(mod 4).
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LAy a 1a mot bat thing du toan phuong 16 modulo p, 1 <a < psuyraal (p — !, tit

(p—l)!+1=px2:>px251(m0da):>(2):1,
a

Ap dung luat thuan nghich bac hai cho ki hiéu Jacobi

OG) - 0= ()

map =4k + 1, (%) = —1nén (£) = 1, mau thuén. Do d6 khong ton tai s6 p > 3 théa man
dé bai. [

Bai 1. Cho p 1a s6 nguyén t6 18, ¢ 1a bét thing du toan phuong nhé nhét cta p. Chiing minh
rang ¢ 1a s6 nguyén t6.
Bai 2. Cho a la mot thing du toan phuong modulo p. Chiing minh ring —a ciing 1a thing du
toan phuong modulo p khi va chi khi p = 1 (mod 4).

N Z 4 p_l
Bai 3. Chdng minh rang v6i p la mot so nguyén to 16 thi Y~ (i/p) = 0.

i=1

Bai 4. Cho p 1a s6 nguyén t6 18, g 12 bat thing du toan phuong nhd nhit ctia p. Chitng minh
rang ¢ 12 s6 nguyén t.
Bai 5. Cho p la s nguyén t6 16n hon 5. Chiing minh ring it nhit mot trong ba s6 2, 5, 10 Ia
thang du toan phuong modulo p.

Bai 6. Cho P (x) = (x*>—2)(x*—3) (x? — 6) . Chiing minh rdng v6i moi s6 nguyén t p,
ludn ton tai sb nguyén k sao cho p | P (k).

Bai 7. Xét da thiic P (x) = x> + 14x? — 2x + 1. Chiing minh rang ton tai s6 tu nhién n sao
cho v6i moi x nguyén thi

PP (P(--P(x))) =x(mod 101).

n lan

a’4+b24c?

Bai 8. Ching minh ring khong ton tai cac sb nguyén duong a, b, ¢ sao cho Soh hored)

la mot
s6 nguyén.

Bai 9 (Iranian TST 2013). Chiing minh ring khong ton tai cic sb nguyén duong a, b, ¢ sao
cho a? + b? + ¢? chia hét cho 2013 (ab + bc + ca) .

Bai 10. Tim tit ca cdc sb nguyén duong n sao cho (2" — 1) | (3" — 1).
Bai 11. Tim c4c sd nguyén duong m, n thda man 7" = m? +m + 1.

Bai 12. Tim cic s6 nguyén n € [100, 1997] théa man n | (2" + 2).
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Bai 13. Tim udc nguyén té nhd nhit cia 122" + 1.

Bai 14. Chiing minh ring phuong trinh x> = y3 — 5 khong c6 nghiém nguyén.

Bai 15 (Sierpinski). Chiing minh ring khong ton tai sé nguyén duong n > 1 thdéamann | (2”_1 +1).
Bai 16. Cho ba sb nguyén a, b, c. Chiing minh ring a, b, ¢, abc khong 1a s chinh phuong

khi va chi khi ton tai vo s6 s6 nguyén td p sao cho (%) = (%) = (%) .
Bai 17 (Polish MO 2013). Cho céc sb nguyén a, b sao cho 3 + a + b? chia hét cho 6a. Ching
minh ring a am.

Bai 18 (Taiwanese MO 1997). Cho k = 22" + 1 véi n 1a s6 nguyén duong. Ching minh ring
k 1a sb nguyén t6 khi va chi khi k | (Sk%l + 1) )

Bai 19 (IMO Shortlist 1998). Tim cdc sd nguyén duong n sao cho ton tai sé nguyén m dé
2" =1)|(m*+9).

Bai 20. Cho a, b 1a hai s6 nguyén duong thda man ab khong 1a sé chinh phuong. Chiing minh
rang ton tai vo s6 s6 tu nhién n sao cho (a” — 1) (b™ — 1) khong 1a sb chinh phuong.

Bai 21. Cho cip sb nguyén duong (m,n) théa man ¢ (5" — 1) = 5" — 1. Chiing minh rang
ged (m,n) > 1.

n 2
A = mt3) 4115 (4

Bai 22 (Bulgarian MO 1998). Cho m, n la cac s6 nguyén duong théa man S

nguyén. Chiing minh ring A 18.
Bai 23. Ching minh rang 23" + 1 ¢6 it nhét n wéc nguyén t6 c6 dang 8k + 3.

Bai 24 (Iranian TST 2004). Cho truéc s6 nguyén td p va sé nguyén duong k, chiing minh ring

X Z g g h

Bai 25 (Korean 1999). Tim cic s6 nguyén duong n sao cho 3 | (2" — 1) va ton tai s6 nguyén m
sao cho % | 4m? + 1.

[1] The theory of number, a text and source book of problems, Andrew Adler.
[2] Quadratic residue and non-residue, Steve Wright.

[3] An introduction to the theory of numbers, G.H Hardy.

[4] Elementary theory of numbers, W. Sierpinski.

[5] Sé hoc, Ha Huy Khoai.
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[6] Chuyén dé thing dw binh phuwong, Nguyén Vin Son.

[7] Chuyén dé thing du binh phuong, Nguyén Huy Hoang, Tran Hy Dong.
[8] Bai gidng S6 hoc, Nguyén Vil Luong.

[9] https://artofproblemsolving.com

[10] https://math.stackexchange.com
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CAU CHUYEN VE MOT BAT PANG THUC

Tran Nam Diing
Pai hoc KHTN, PHQG thanh phé Ho Chi Minh

MSi ddy, tdi nhan dugc mot tin nhian qua Facebook v6i ndi dung nhu sau:

Em thua thay thiy cho em hdi 1 nhitng kién thiic minh dugc hoc trong qu4 trinh 6n thi doi tuyén
qudc gia liéu c6 ich gi sau ndy khong a, nghia 12 liéu sau nay 1én dai hoc minh c6 dung nhiing
cai d6 khong hay 1a minh hoc chi vi dam mé hoic chi d€ thi qudc gia thoi a? Tai em c6 hdi mot
s6 anh chi di truéc & Pai hoc Béch khoa thi c4c anh chi c¢6 néi miy kién thiic todn c6 dién sau
nay 1én dai hoc khong con ding lai nita. Nhung ma em cdm thy kh6 ma chip nhan nhu thé
dugc a, cha 18 minh mit cong hoc buc mit hoc cao siéu nhu thé chi dé kiém gidi qubc gia ma
sau nay cha dé lam gi a?

Nhan thiy day 12 mot van dé quan trong, khdng chi véi ban hoc sinh 4y ma con véi rat nhiéu
ban dang vt va on luyén d€ thi hoc sinh gidi qudc gia, t6i ghi lai ddy ciu chuyén clia ching toi

C6 chi. To4n 12 mot su tiép ndi ma. Anh chi néi thé 1a thiéu hiéu biét.
Liéu thay c6 thé néi cu thé hon mot chit duge khong a?

Toan hoc & trén dai hoc ciing lai 13 dai sd, gidi tich, s6 hoc, t6 hop, hinh hoc ma. Tuy chuyén
nganh sé hoc khac nhau. Tai em thd that 12 em cdm thiy rit khé ma c6 dong luc hoc néu nghi
nhiing thi minh hoc sé khong giup ich dudc gi sau nay y a . Vay c6 phai nhiing thit nhu pt ham,
céc dinh ly co ban ctia s6 hoc sau nay minh sé tiép tuc dao sau thém diing khong a? Hién nhién.
Dinh ly Trung hoa vé sb du, dinh ly Euler, dong du ... ting dung am am.

Rdi cdc dinh 1y co ban ciia giai tich, roi hinh hoc giai tich ...

Da em cam on thay a. Em nghi 1a em c6 thém dong luc d€ hoc hanh chim chi r6i a. Okie. Theo

doi facebook thay sé c6 bai ki hon vé van dé nay.

That tinh cd, sau d6 tdi 1én facebook thi thiy c6 bai ctia L& Quang Nam, hoc tro cii thoi PTNK,
nay la gido su todn & Indiana, mé dau bang cau d6 rét thd vi va mot bit dang thiic kha so cap.

Va trong phan giai d6 thi that bit ngo 1a nhiing két qua nén tang cta Garding va Chern. Nim
din dat qua tdt nén viéc clia toi chi 1a chép lai va ding & day.

Tén Bat Pang Thiic 1a gi?

Cubi tuan, cudi thang, cudi he, ban nao ranh suy nghi cdc cau hdi lién quan bai todn Bat Pang

Thuc sau nhé.
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Bai toan. Goi G la tdp hop cdc bo bon sé (x, y,z,w) sao cho:
X+y+z4+w >0, xy+xz+xw+yz+yw+zw >0, xyz+xyw+xzw—+yzw > 0.
Xét hai b6 (x,y,z,w) va (a, b, c,d) thuoc G. Chitng minh rdng:
(ayw + azw + ayz + bxz + bxw + cyw + cxy + cxw + dxy + dxz + dyz)?
> 27(xyz + xyw + xzw + yzw)?*(abc + abd + acd + bed).

Cdc cdu hoi la:

(1) Bdt ding thiic trén do ai chiing minh ldn ddu tién?

(2) No duoc xudt bdn ¢ ddu?

(3) Anh huéng ciia né nhu thé nao trong todn hoc?

Lars Garding (1919 — 2014) hoan thanh luan an vé 1y thuyét biéu dién nhém nim 1944 dudi su
hudng dan cta Marcel Riesz.

Sau khi viét vai cong trinh lién quan dén lun 4n, Garding chuyén sang nghién ciu phuong trinh
dao ham riéng hyperbolic ma phuong trinh truyén séng 12 mot vi du. Mot hoc trd xult ching
cua Garding la Lars Hormander (1931 — 2012), cht nhéan cuda giai Fields nam 1962. Garding
dugc mai bdo cdo toan thé tai Pai hoi Toan hoc thé gi6i nim 1958.

Nim 1959, Garding c6 gti dén tap chi todn hoc ctia Pai hoc Indiana, Indiana University Math-
ematics Journal (IUMJ) ! (liic d6 con mang tén Journal of Mathematics and Mechanics, trang
web hién tai: https://www. iumj.indiana.edu) mot bai bao ngan vé mot bat dang thiic
cho cac da thuc hyperbolic.

Thanh vién ban bién tip x@ 1i bai cia Garding lic d6 1a nha hinh hoc Iting danh Shiing-Shen
Chern (1911 — 2004). Liic d6 Chern dang lam viéc cho Pai hoc Chicago. Chic thiy bai ctia
Garding hay quéa nén Chern dung ngay két qua clia Garding d€ chiing minh tinh duy nht clia cic
siéu mit 16i trong nhiéu chiéu ma trudc diy nim 1938 Aleksandrov-Fenchel-Jessen chi chiing
minh dudc trong hai chiéu. Cudi cuing bai ctia Garding dugc nhan vao IUMIJ. Két qua la:

(1) Hai bai ctia Garding va Chern cling xuét hién trong cting mot s ctia ITUMJ

(2) Bai cua Chern (trang 947-955) & trudc bai cua Garding (trang 957-965)

'Mttps://en.wikipedia.org/wiki/Indiana_University Mathematics_Journal
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(3) Chern trich dan bai ctia Garding; Garding c6 néi vé viéc Chern ding két qua ctia minh
nhung khong trich dan.
Chiing ta c6 thé dbi chiéu toan vin hai bai bdo lién quan tai [ 1], [2].

Bit dang thiic ctia Garding va da thic hyperbolic 14 nhitng céng cu cd ban trong nhiéu nganh
toan hoc, tir Giai tich, Phuong trinh Pao ham riéng, Ly thuyét t6i uu, Hinh hoc 16, T6 hop,...
Chiing ta c6 thé xem vai trich dan tiéu biéu trong Google Scholar:

https://scholar.google.com/scholar?hl=en&as_sdt=0%2Cl5&g=hyperbolic+
polynomials&og=hyperbolic+pol

https://scholar.google.com/scholar?cites=16253416580996898076&as_
sdt=800005&sciodt=0,15

Bai mdi nhit ctia Filipe Rincon, Cynthia Vinzat va Josephine Yu (déu 1a cac cuu IMO/Putnam)
dung da thic hyperbolic [3]. Bai cii hon dung bit ding thitc Garding [4].

Mot trudng hop cu thé clia da thiic hyperbolic 1a da thic d6i xiing P,, bac m clia n bién sb
X =(X1,..., Xp) :

Pr(x) = x1 + X2+ + Xn,
Py(x) = x1X2 + X1X3 + -+ X1X0 + XoX3 + o0+ X2Xp + -0+ Xp—1Xn,
Pu(x) = x1x3- -+ Xp.

Chiing ta ¢ dinh n (trong phan mé dau, n = 4, m = 3) :

Goi G, 1a tap cac bdo n s6 x = (x1,..., x,) sao cho gid tri cia Py, ..., P, tai x déu duong.
C6 thé thay rang khi m > 1, ¢6 rat nhiéu bd s6 x = (x, ..., x,) trong G,, véi nhiéu s6 x; am.

Ta c6 thé “tron” y = (y1, ..., yn) vao Py (xy,..., x,) nhu sau: V6imdii = 1,2, ..., n,
ta thay y; vao vi tri clia x; trong P, (X1, ..., X,) (cdc bién khdc giif nguyén nhung xo0d céc sd
hang khong chia x;). Sau cling cdng hét lai, ta dudc mot biéu thiic Q,,(y, x).

Dé thdy Q,,(x, x) = mP,,(x). Néu ban nao biét dao ham riéng phan thi c6 thé thay 0,,(y, x) =
lay tdng theo i tif 1 ti n clia céc tich (y; nhan véi dao ham riéng phan cta P,, theo bién x;).

Bit dang thic ctia Garding phat biéu:
Néu x, y la hai bo s6 trong G,y thi ta luén co
(O (3, )™ = m™ Py (3) (P (x))™ .
Déu ding thifc Xy ra khi va chi khi c6 mdt s6 duong ¢ sao cho y = cx, tic 1a y; = cx;, Vi.

Céch chiing minh 1a diing tinh 16m ctia ham s6 (P,,)/™ trén G,,. Chi tiét c6 trong bai bdo trén
Acta cua Caffarelli-Nirenberg_Spruck, trang 269, [5].
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Tai liéu tham khao

[1] http://www.ium]j.indiana.edu/IUMJ/FULLTEXT/1959/8/58060
[2] http://www.iumj.indiana.edu/IUMJ/FULLTEXT/1959/8/58061
[3] https://arxiv.org/pdf/1907.08545.pdf

[4] https://arxiv.org/pdf/1212.6696.pdf

[5] https://projecteuclid.org/download/pdf_1/euclid.acta/
1485890403
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gpsi lon

CAC BAI TOAN TO HOP LIEN QUAN SO HOC

L& Phuc Lu
(Cao hoc Khoa hoc tu nhién TPHCM)

TOM TAT

Trong bai viét nay, tic gia gidi thiéu mot sb bai todn t6 hgp nhung c6 dung cic dinh ly,
cong thiic lién quan dén s6 hoc nhu: sb mii ding, tinh téng cic udc, ...

Cic tinh chét sau dudc xét véi cc sb nguyén duong a, b, n va p 1a sd nguyén tb.

L. vy(ab) = vp(a) + vy(b), vp(a™) = n - vp(a).
2. (%) = vp(a) — vy(b) néu b | a.

3. vy(a) > v,(b) v6i moi s6 nguyén t6 p khi va chi khi b|a. Tinh chit nay cho ta mot hudng
tiép can dinh lugng cho bai toan chia hét thong thudng.

4. v,(a) chin v6i moi s6 nguyén 6 p khi va chi khi n 1a s6 chinh phuong.

5. Cong thiic Legendre dé tinh sé mii ctia p trong n! 1a

vy(nl) = io HJ

k=1 p

Tiép theo 12 mot s6 cong thiic vé ham s6 hoc.

Chon = pi'py? ... pe* vOi p1, pa, . .., pr 1a cdc sO nguyén to va cac so mi ay, ag, . . . , ax nguyén
duong. Khi do

1. Tong sd uéc cianlao(n) = [[(1+ p;+ -+ + pi*) véi tich 14y trén cdc udc cta n.

2. Sdcacudec cianlat(n) = (14 ay)(1+ag) - (1+ ay).
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Bai 1. Goi A 1a tap hop céc uéc duong ctia 30'°. Hai sb =,y € A goi 1a lién két v6i nhau néu
ton tai k € Z* sao cho xy|(z* + y*).Hdi c6 bao nhiéu cip c6 tinh thi tu, khong nhét thiét phan
biét (z,y) lién két v6i nhau trong A?

Loi gidi. Ta s& chiing minh diéu kién can va di dé c¢6 hai s6 =, y lién két 1a z, y 6 cung tap udc

nguyén t6. That vdy, chiéu thuan hién nhién vi a|b* va bla* ching t6 a, b khong thé c6 cac udc

nguyén t6 riéng; chiéu ddo thi chi can chon k& du 16n dé véi p 13 udc nguyén tb cia ab thi
v,(ab) = vy(a) + v,(b) < kmin {v,(a),v,(b)} < v,(a" + b¥).

Xét su c6 mit clia uSc nguyén td 2 trong hai sb a, b:

1. Néu chiing ciing c6 s6 mii 0 thi c6 1 cach chon.
2. Néu ching cuing ¢6 s6 mii 16n hon 0 thi mbi s6 ¢6 10 cach chon nén téng cong ¢6 10241 =
101 céch.
Do cic u6c nguyén td 2, 3, 5 doc 1ap nhau nén ta dém dudgc c6 tit ca
(10> + 1)° = 1013

cip lién két nhau. Ngoai cach xit ly trén, ta c6 thé dém thi cong bang cach chia nho cic trudng
hop. [

Bai 2. (USA MTS 2015) Cho s6 nguyén duong n > 3. Ngudi ta xép n s6 nguyén duong nao dé
trén mot dudng tron sao cho: i. Tich ctia hai s6 khong ndm canh nhau thi chia hét cho 2015-2016.
ii. Tich ctia hai s6 nim canh nhau thi khong chia hét cho 2015 - 2016. Tim gi4 tri 16n nhat cta n.

Loi giai. Tacd
2015 =5-13-31,2016 = 2°-3%.7.
bat M = 2015-2016 va N = {2,3,5,7,13,31}.
Gia st ton tai n sd nguyén duong 1, T2, T3, ..., T, Xép trén vong tron thda man tinh chit da néu,

quy udc x, 11 = 1 Va Tpio = To. Do z;1;,1 khong chia hét cho M vé6i i = 1,n nén ton tai sd
nguyén td p; € N tuong (ing ma

Up, (iTir1) < vp, (M) & vp,(2) + vy, (Ti41) < vy, (M) (*)
Chu y ring cic sd p; nay c6 thé tring nhau. Ta sé ching minh ring p; # p; v6i i, j 12 hai chi sd
khong ké nhau. That vdy, gia sd ton tai 7, j khong ké nhau sao cho p; = p; = p (don > 4 nén
ton tai cdc chi s6 4, j nhu thé). Pit a = v,(M) thi theo (*), ta c6

Up(@:) + vp(Tir1) < avavy(x;) + vp(wj41) < a
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Suy ra

() + 0y (i) + p(a5) + vplar) < 20 ()
Mitkhdc, do (4, 7), (i+1, j+1) 1a cdc cap s6 khong ké nhau nén v, (x;) +v,(z;) > a,v,(zii1)+
vp(Tj41) > a. Suy ra

Up(i) + Vp(Tiv1) + vp(T5) + vp(xj41) > 2a (2)

Ta thdy (1), (2) mau thudn nhau nén nhén xét trén dudc chiing minh.

Tiép theo, gid st tOn tai ¢ ma p; = p;.1 = p (V6i céc sO p;, p; dinh nghia nhu trén). Néu
v,(M) = 1 thi do cdc cdp ;2 41, ;11712 déu khong chia hét cho M nén dan dén z;, ;4 1, 212
déu khong chia hét cho p. Suy ra z;2;,5 /M, mau thuln vi z;, 7, » khong ké nhau. Do dé, ta
phai ¢6 v, (M) > 2. Tu day suy ra, trong ddy cdc sb pi, pa, ..., p, V6i p; € N, mdi s6 nguyén t6
xuat hién khong qua 2 1an va néu né xuét hién 2 1an thi binh phuong ctia né phai 1a udc cia M.
N6i cach khac, M chia hét cho tich pips...p,.

Do M = 25-32.5.7-13- 31 nén dé cho s6 luong n 16n nhit c6 thé, ta cho s6 2 xuét hién 2 lan,
s6 3 xuat hién 2 1an, cac udc nguyén td con lai xuét hién 1 1an, tic 1a c6 tdng cong 8 s6. Ta lai
c6 thé chon céc sd nhu sau:
M M M M M M M M
2572.373273.5"5-7"7-13713-31731-2

tuong ting v6i day sd nguyén td
b = 27p2 = 37p3 = 37p4 = 57p5 = 77]96 = 137]97 = 317178 = 2.
RG rang ddy sb nay thoa man cac diéu kién da cho. Vay gid tri 16n nhit ctia n 12 8. O

Bai 3. (Chuyén Su pham HN, 2014) Xau nhi phan 1a mot day lién tiép cac ky tu 0, 1 dudc xép
thanh mot hang, con bac clia n6 1a s6 xau nhi phan khong tring v6i né nhung c6 cling s ludng
ky tu 0, 1 v6i no.

Vi du: xdu nhi phdn 001 c6 bdc 2 vi ¢6 hai xdu nhi phdn 100,010 ¢6 ciing sé luong 0, 1 vdi no.

Héi c6 bao nhiéu cach xép 66 s6 0 va 33 sd 1 thanh mot ddy sao cho v6i moi & = 1,99 thi xau
nhi phan tinh tif vi tri thd 1 dén vi tri thi & trong ddy déu c6 bac chin?

Loi gidi. St dung dinh ly Legendre, ta chiing minh dugc cong thiic manh hon la dinh gia p-adic.

Cu thé 1a v, (n!) = “=*2™ véi 5,(n) 1a téng céc chil s ctia n trong hé p phan. Khi do,

vp(Cr) = vp(nl) — vy (k!) — v,((n — k)!)
n—sp(n) k—sp(k) n—k—sy(n—k)

p—1 p—1 p—1
Sp(k> + Sp(n — k) — Sp(n)
p—1 '

Trong trudng hop p = 2, ta ¢6 v9(CF) = s5(k) + so(n — k) — so(n).
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Tr lai bai todn, ta thiy rdng mot xau nhi phan c6 a s6 0 va b s6 1 thi ¢6 bac 1a C2,, — 1 (chinh
12 s6 cach sip xép cac s6 0,1 1én dudng thang). Do d6, ta can sap xép cic s6 0, 1 phu hdp sao
cho tinh tir dau diy dén vi tri thii &, néu c6 [ s6 0 thi C’,lC 1a 1é.

Nhén xét 1: 64 s6 dau tién 1a 0. That vay, néu trong 64 s6 dau tién ¢6 ca 0 1an 1 thi C¢, 1a s6
chin, khong théa. Do d6, 64 diu tién phai gidng nhau, va déu 1a 0.

NNhan xét 2: 32 s6 tiép theo 1a 1. Tuong tu trén, chi y rang 2°|96 nén néu c6 mot sd 0 roi vao
gilta 32 s6 tlf vi tri 65 — 96 thi ta c6 hai s6 C§S hodc CS¢ déu chan.

Nhén xét 3: ba s6 cubi 1a 001. Ta chi con ba vi tri v6i ba s6 0,0, 1 va d& dang kiém tra dugc
rang néu xép theo hai cach kia 1a 1, 0,0 thi dan dén C$3 1a s6 chén, khong théa.

Vay chi c6 ding mot cach xép thda man dé bai. O
Bai 4. (TPHCM 2017) Cho sb nguyén duong n chdn va mot bang hinh chit nhat n cot, nhiéu
hang dudgc dién sd théa man dong thoi cic diéu kién sau:

i) Tong tt ca cic sd cia mdbi hang 13 n.

ii) Mbi hang dugc gan mot bac bang a va trén mdi hang, ta chi dugc dién céc s6 1a 0 véi a
(khong c6 rang budc vé vi tri cua cac so trén moi hang). Khong c6 hai hang c6 bac bang
nhau.

iii) Khong th€ thém mot hang méi nao vao bang ma i), i) van dudc thdéa man.
Chitng minh rang néu trén bang c6 1 sb 0 thi s 18 16n nhét trén bang phai 1a s6 chinh phuong.

Loi gidi. Gia st trén mot hang ¢ bac 12 a, 6 tht ca b s6 a dugc dién thi tdng cac sb trén hang

cua n.

Goi o(n), f(n) 1an lugt 1a tdng udc duong clia n va sd cic udc duong clia n. S6 cac sd khac 0
trén mot hang c6 béc bang a 1a 2 nén s cdc s6 bang 0 trén hang d6 lan — 2.

Tong cdc s6 0 trén bang 1a

Z(n—%):Z(n—a):n-f(n)—Za:n~f(n)—a(n).

aln aln aln
Do n chin nén o(n) phai 1&. Pit n = 2¥ - ¢ véi ¢ 1a s6 18 thi ¢ chinh 1a u6c 18 16n nhat ctia n,

cling chinh 1a s6 16n nhét c6 trén bang. Téng céac udc o(n) clian c6 dang [] o(p?).
p*n

1. Néu p = 2 thi o rang o(2*) 1uédn 1a s6 1.

2. Néup >2thio(p®) =1+p+---+ p*1asd1é nén a phai chin.
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Tir d6 suy ra tit ca cac udc nguyén td 18 ctia n déu c6 sb mi chin. Tir d6 suy ra ¢ 1a s6 chinh
phuong, ta c6 dpcm. [

Bai 5. (IMO Shortlist 2016) Cho s6 nguyén duong n > 1. Xét bang 6 vudng kich thude r x s
thoa man cac diéu kién sau:
i) Tat ca cac udc nguyén duong clia n déu dudc dién ding 1 1an trén bang va khong c6 6
tréng.
ii) Tong cac sb trén mdi hang bang nhau.

iii) Tong céc sb trén mdi cot bang nhau.
Loi gidi. Trudc hét, ta c6 nhan xét ring r, s > 1 vi cac udc déu phan biét.
Tiép theo, Vi trén bang c6 sd n nén tit ca cac tong clia mdi hang, mdi cot déu 16n hon n.

Gia st ¢ < r va goi ay, as, . . ., a, 1a cic u6c 16n nhét ciia hang 1,2, ..., r. Ta gi st tiép a, 12
s6 nhd nhit trong do thi a, sé khong vudt qua udc 16n thi 7 clia n va tit nhién sé khong vuot
qua .

Suy ra tit cd cdc sO cta cot tuong ing s& khong vuot qua 2, ¢6 ¢ s6 nhu thé nén tng céc s6 trén
cot d6 sé khong vugdt qua ¢ - 2 < 7 - 2 = n, mau thuan. O

Bai 6. (Han Qubc, 1997) Cho céc sd nguyén tb p1, ps, . . ., pr, phan biét va cic sd tu nhién bat
Ki ny, 7, ...,n; déu 16n hon 1. Chiing minh rang s6 cip sb (z,y) khong c6 thi tu, nguyén o
cung nhau va thoéa man dang thifc sau

IB 4 y3 :p?lpgz . ka

s& khong vugt qua 2++1.

Loi gidi. Taco 28 + 4° = (z + ) <w3+y3> va ged <x T, f3+y3) —dthide {1,3). Tasé

Tty Tty
chiing minh ring s cip (z,y) khong c6 thi tu thdéa man sé khong vugt qua sd cach chon z + y
N ;173 3 N PN
va IIZ . That vay:
r+y=a y=a—x
5 3 o (a,beZ)es 7, 3
> +y’=0b "+ (a—x)" =b
Ta co
3 3 2 a3 —b
"+ (a—x)’=bsx” —axr + 3 =0
a

nén phuong trinh nay c6 khong qua hai nghiém la zy, a — x( tuong dng véi hai nghiém cia hé
ban dau 1a (z¢, a — o), (a — ¢, 7o) . Do khong c6 tinh thif ty nén hai nghiém nay dugc coi nhu
mot nghiém va nhan xét dugc chiing minh. Tiép theo, ta s& xét hai trudng hop sau:
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3 +y3
z+y

e Néu3 ¢ {p1,p2, p3, ..., pr } thi v6i mdi p}* thi s& chi thudc vé sb hodc z + y, tic 1a

¢6 2 cach chon va khi d6, sb ciip (z,y) sé khong vugt qua 2%,
e Néu 3 € {p1,p2,...,pr} thi gid st khong mét tinh téng quat, c6 thé gia st p; = 3. Khi
do, v6i 1 < ¢ < k thi ¢6 2 cach chon tuong tu nhu trén cho sb piivavéii =1 taco4
cach chon 12 3™ thudc hoan toan vé mot trong hai s trén hodc 3 thudc vé mot sd va 3™~ 1
thudc vé sb con lai. Do dé, trong trudng hop nay, sb cip (,y) sé khong qua 28+1.
Do d6, trong moi trudng hop, ta déu c6 dpem. O
Bai 7. (VMO Mock test 2020) Véi k 1a sb nguyén 16n hon 1, trén bang c6 viét sin cic sb
1,2,3,...,10% 10F +1.

O mbi budc, cho phép xéa di hai sb a, b bit ky c6 sin trén bang rdi thay bdi f(a, b), trong d6
f 1a mdt ham hai bién. Goi x 12 s6 nguyén duong thu dudc sau 10* buée. Chiing minh ring véi
moi cch chon ciip sd & mdi budc

1. Néu f(a,b) = ged(2020ab, a® + 506ab + b?) thi z = 1.
2. Néu f(a,b) = ged(a®b? + 2019, a® + b? + 2021) thi 2 khong phai s6 chinh phuong.

Loi gidi.
1) Ta xét cac truong hdp sau:

e Néu a,b cung 18 thi f(a,b) chén.
e Néu a,b cung chén thi f(a,b) chén.

e Néu a, b khéc tinh chin 1€ thi f(a, b) 18.

Suy ra s6 lugng s6 18 hoic gilf nguyén, hodc gidm di 2 don vi; ma ban dau c6 18 s 1é nén s6 x
cudi cung phéi 18. Gia stt z > 1, goi p 1a mot uéc nguyén t6 cla z.

Néu p = 5 thi vi 5| ged(2020ab, a® + 506ab + b*) nén 5|a® + ab + b>.

Ta c6 bd dé quen thudc sau. Néu p = 3k + 2 la s6 nguyén t6 va p|a® + ab + b* thi p|a, b. (chiing
minh dé dang bang dinh ly Fermat nho, chd y a® = b* (mod p).)

Tt d6 suy ra cac s truc d6 da sinh ra a, b cling chia hét cho 5, kéo theo tit ca cic s6 ban dau
chia hét cho 5; vo ly. Tuong tu vé6i 101.

Con néu p # 5,101 thi p|ab, p|a® + 506ab + b* s& kéo theo p | a, b. Tuong tu trén cling suy ra
vo ly.

Viy nén z 12 s6 1é va khong c6 udc nguyén tb 18 nao, chiing té rang « = 1.
2)Via’=1 (mod 3)néu3tavaa®=0 (mod 3)néu 3 | anéntacod
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e Néu3|a,3|bthi3f f(a,b).
e Néu c6 ding mdt trong hai 6 a, b chia hét cho 3 thi 3 | f(a,b).

e Néu3ta, 31bthi3f f(a,b).

Goi T 1a sb luong sb chia hét cho 3. Sau mdi budc tinh chin 18 ctia 7' khong d6i, ma ban dau
10 -1 o .. g . ) \
T = lé nén «x chia hét cho 3. Ngoai ra, x khong chia hét cho 9 vi néu ngugc lai, do ton

tai a, b sao cho x = f(a,b) | a®b* + 2019 nén 2019 chia hét cho 9, diéu nay vo Ii.

Vay nén z khong phai 1a sb chinh phuong. O
Bai 8. (P& nghi HSG TPHCM 2019) Xét mot tam gidc Pascal ¢6 2019 dong dudc bd tri theo
dang tam gidc déu va v6i mdi s61 < k < 2019 thi dong thif &k c6 ding k sb. Biét ring ngoai trit
céac s6 & dong dudi cling thi mdi s6 & trén sé bang tdng clia hai s6 ké vdi né & hang lién duéi.
Goi S 1a s6 & dinh trén cling clia tam gidc va ag, ay, . . . , as1g 12 cac s6 & dong dudi cling.

(a) Ching minh rang S = C3y,5a0 + Capisa1 + - - + C208agnss.

(b) Hai c6 bao nhiéu cach cho mdi s6 ag, a1, . . ., as1s nhan gid tri 0 hodc 1 d€ S chia hét cho
1009?

Loi gidi.

(a) Ta sé chiing minh bang quy nap rang néu tam giac Pascal c6 n + 1 dong va cic s6 & dong
cudi la ag, ai, . . ., a, thi s & dong trén cling sé 1a

S =C%;qg+Clay + -+ + Ca,,.
Véi n = 1, ta thiy tam gidc c6 hai dong va hién nhién
S = ap +ay = C?ao + 011(11.

Gia st khang dinh diing v6i n. Ta thém vao bén dudi tam gidc Pascal c6 n + 1 dong mot dong
mé6i gom n + 28614 by, by, . . ., by41. Khi d6, theo gia thiét quy nap thi

S =Chag+ Chay + -+ + Cplay = Cp(by + by) + Cp(by + by) + -+ - + C by + bpsa).
V6i 1 < i < n thi hé sb cla b; trong S sé€1a Ci-!' 4+ C% = C | nén tlt d6 suy ra
S'= Chiabo + Copyby + -+ Cifiby.

Theo nguyén ly quy nap thi khiang dinh ding. Thay n = 2018, ta c6 diéu phai ching minh.

(b) V6i p 1 s6 nguyén t6 18, ta c6 cac tinh chit sau:
i) C5, =2 (mod p).
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i) C5, =0 (modp)véil<k<2p—1vak#p.

1) Ta co:
cr o= (Q'p)'! L, )P +2) - (20— D)) _,
pp! P
L)@+ 2 -1~ (p-1)!
(p—1)!

Tit s6 dong du véi 1-2 -3 (p— 1) — (p — 1)! = 0 theo modulo p nén C3, = 2 (mod p).

i) Do C¥, = C3»~" nén ta c6 thé gia st 1 < k < p. Bién ddi tuong tu trén thi

Cp—k+1)2p—k+2)...(2p—1)(2p)
k!

ko
s, =

Ta thiy tif s6 chia hét cho p trong khi (p, k!) = 1 vi 1 < k < p nén méu sb khdng chia hét cho
p, tiic 12 biéu thiic trén chia hét cho p.

Tir d6 ta thiy rang, d€ 1009|S thi ag + asis + 2a1009 phai chia hét cho 1009. Diéu nay chi xay
ra khi tit ca cac sd nay bang 0. Cac gid tri con lai ta c6 thé chon tiy ¥ 12 0 hodic 1 nén c6 tit ca
22016 ¢4ch, O

Bai 9. (N sinh Trung Qubc 2012) Mdi 6 ctia bang hinh chif nhat n x 4 dudc dién cic sb 1 va
—1. Biét ring tong cic s6 mdi hang va mdi cot déu bang 0. Goi f(n) 1a sb cach dién thoa man.

(a) Tinh f(4).

(b) Ching minh ring v6i moi p 1a s6 nguyén t& 18 thi f(2p) = 6 (mod 2p).

Loi gidi. Ta nhan xét rang cac cach dién cc s6 1, —1 & mdi cot clia bang sé c6 mot trong cac
dang la:
XX00,00XX, XOX0,0X0X,XO0X,0XXO.

Goi sb cot ¢6 cac dang trén 1an lugt 1a a, b, ¢, d, e, f v6i tong 1a 2p. So sanh s6 luong s6 0 & cic
hang, ta co hé:

a+ct+e=b+d+f

a+d+f=b+c+e

at+d+e=b+c+f

at+c+f=b+d+e

Tir hé nay dé dang suy raa = b,c = d, e = f. Sb cach dién c6 dang

2p)! 2p)!
M= 2 a!b!(c!]c)ge!f!: 2 (a(!cz!ia)!)z'

a=b,c=d,e=f,a+b+c+d+e+f=2p a+c+e=p

(@) Taco f(4) =2 0 vies (L. Xét truc tiép cac trudng hop (mot sb bang 2 va hai s6 bang

alcle!)?

1), ta dém dugc f(4) = 270.
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(b) Do p nguyén t6 nén chi khi c6 mdt sb (trong ba sd «a, ¢, €) bang p va hai sb bang 0 thi phan
s6 m&i khong chia hét chia p, con lai déu chia hét cho p.

Do d6, theo mod p, s6 M dong du véi 3C},. Bang cach khai trién truc tiép, dé thdy C§ — 2 chia
hét chopnéntacé M = 6 (mod p), ngoai ra dé thly M chén nén M dong du 6 (mod 2p). [

Bai 10. (Dya theo IMO Shortlist 2001) Mot bd 5 s6 nguyén duong c6 thi tu (m, n, p, ¢, r) dude
goi 1a “tdt” néu chiing 14 c4c s6 hang lién tiép ctia mot cip sd cong c6 cong sai khong chia hét
cho 5.

1. Héi tir 100 sd nguyén duong dau tién, ta cin chon ra it nhit bao nhiéu s6 dé€ chic chin
rang trong d6, ludn ton tai mot bo t6t?

2. Héi trong mot day (ay, as, . . ., ay0) gom 100 sb nguyén duong bat ky (khong nhat thiét
phan biét), c6 thé chon ra dudc nhiéu nhit bao nhiéu bd t6t? Hai bd dudc xem la khac
nhau néu c6 mot phan tit trong bo nay c6 s thif tu khac tit ca sb thu tu cdc phan ti trong
bo kia.

Loi gidi. Goi k 12 cong sai clia cip sd cong trong dé bai thi rd rang (k,5) = 1. Tacé

Ty =g+ k,x. =24+ 2k, vqg =14+ 3k, . = 1, + 4kK.

Suy ra cdc s6 nay 1ap thanh mot hé thing du day di modulo 5, tifc 1a c6 diing mot sb chia 5 va
c6s6dulan,1,2,3,4.

(a) Trong cac sd nguyén duong 1 — 100, ta chon tit ca cac sb chia 5 du 0, 1,2, 3 thi thu dudc
80 s6 va ro rang khong c6 hé thing du day di modulo 5 nao tao thanh nén chic chin sé khong
¢6 bo tot. Do dé, can léy it nhat 81 so.

Ta can ching minh ring khi 14y 81 s thi ludn théa man. That vy, trong cic s6 1 — 100, ta chia

thanh 20 bo, mdi bd gdm 5 s6 lién tiép thi khi 1y 81 sd, ta da bod di 19 sb; tic 1a c6 mot bo van

con gilf nguyén cic phan ti clia né, va d6 ro rang 1a bo tét. Vi thé nén GTNN can tim 1a 81.

(b) Goi A, B, C, D, E lan ludt 1a sb lugng sb ctia ddy chia 5 du 0,1, 2, 3, 4 thi
A+B+C+ D+ E=100.

Khi do, so bo 5 s0 thdéa man dé bai sé€ la

A+ B D+ E\®
mgABCDEg( + +€+ + ):205.

DE xdy dung day s thoa man, ta chi can xét a; — ag bang 1, as — as bang 2, ay — ago
bing 3, ag1 — aso bang 4 va ag; — a0 bang 5. DE thdy trong day nay, gid tri ctia m = 20°.
Vay gia tri 16n nhit can tim 1a 205. O
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GIOI THIEU MOT SO BE THI OLYMPIC ONLINE

L& Phuc Lu
(Cao hoc Khoa hoc tu nhién TPHCM)
Tran B4 Pat
(GV THPT Gia binh TPHCM)

TOM TAT

Trong thdi gian hon nita nim qua, véi tinh hinh dich bénh trén khap thé gi6i, nhiéu ky thi
Olympic truyén thdng da chuyén sang hinh thic online d&€ ddm bao an toan cho cic thi
sinh. D6 vira 1a thach thic, khi doi héi phai td chiic duge mot ky thi cong bang, khach
quan, viia 1a co hdi, khi viéc & chiic sé linh dong hon, thuan tién hon. Trong bai viét nay,
tac gid xin diém qua t6ng cong 10 ky thi online nhu thé.

American Mathematics Competitions két hop véi AoPS da t& chiic CMC - Cyberspace Mathe-
matical Competition. Pay 1a cudc thi online mién phi, uy tin, vita mang tinh giai tri nhung cling
vita thi thach rat cao, tdi da 8 hoc sinh méi nudc dude ding ky. Thi sinh sé gidi 4 bai toan trong
vong 5 gid moi ngay.

BAI 1. Xét bang 6 vuong kich thudc n x n va dudng chéo chinh cia né 1a n 6 vudng doc theo
dudng chéo tir goc trén bén tri xudng géc dudi bén phai. Xét hinh chit L 1a bang 6 vudng 2 x 2
bd di mot 6 vudng & goc nao d6. Tim tit ca gid tri n > 2 sao cho c6 thé phii bang bdi cac hinh
chit L sao cho cac 6 trén dudng chéo chinh khong dudc phu, va cac 6 con lai cia bang thudc
ding mot hinh cht L.

BAI 2. Cho ham sb f(z) = 322 + 1. Ching minh ring v6i moi sé nguyén duong n thi tich
f(1)f(2)--- f(n) c6 tdi da n udc nguyén td phan biét.

BAI 3. Cho tam gidc ABC ¢6 AB > BC va diém D di chuyén trén doan BC. Xét diém E
thudc cung BC khong chia A ctia dudng tron (ABC) sao cho /BAE = /DAC. Goi I, J lan
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luoct 12 tAm ndi tiép tam gidc ABD va ACE. Chiing minh rang dudng thang I.J ludn di qua mot
diém cb dinh khi D thay ddi.

BAI 4. Cho n 1a mdt s6 nguyén duong 1é. Mot sd 6 vudng ctia bang n x n dudc td mau xanh sao
cho mdt quan vua c6 thé di chuyén qua tit ca cic 6 dudc td xanh sao cho mdi bude né di qua

6 vudng xanh k& dinh véi 6 hién tai ma né dang diing. Chiing minh riang quan vua ludn cé thé
2

thuc viéc di chuyén trén véi khong qua budc.

BAI 5. C6 2020 sb nguyén duong nao d6 dugc viét 1én bang. Mdi phiit, Zuliet x6a di hai sb a, b
nao dé trén bang va thay bdi mot trong cac s6: a+ b, a — b, b— a, ab, %, —. Sau 2019 phut, Zoom
a

viét dugc sb —2020. Chiing minh rang ciing v6i 2020 sb nguyén duong d6, Zoom c6 thé viét
dugc s6 2020 bang cach thuc hién cic thao tac trén mot cach thich hop.

BAI 6. Tim tit c4 cac sb nguyén duong n > 3 sao cho: néu da gidc P 1a n gidc 16i ma n — 1
canh cua no6 c6 do dai bang nhau, va n — 1 goc ctiia n6 ¢6 s6 do bang nhau thi P s€ la da giac
déu.

BAI 7. Mbi 6 vuong cia bang n x n dudc t6 den hoic tring. Goi a; 1a s6 6 vudng den hang thi
n
i va b; 1a s6 0 vudng trang § cOt thit 4. Tim gia tri I6n nhat cla tong > a;b;.
i=1

BAI 8. Cho a4, as, . . . 1a ddy vd han cac s thuc duong sao cho v6i moi n € Z* thi

ar+as + - +ay, \/a%+a§+---+ai+1

>
n n+1

Chitng minh ring day da cho 1a hang.

USA MO, danh cho céc ban senior 16p 11-12, ¢6 2 cu giéng véi dé USAIMO (danh cho 16p <=
10) va tit nhién cédc cau déu khé. Hai ky thi nay t6 chic ciing ngay va gidng kiéu bang A-B ctia
VN truéc kia. Pa s hoc sinh ddu USAMO va mot it top trén USAIMO dugc vao vong trong.
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BAI 1. (Zuming Feng) Cho ABC nhon, c¢6 dinh véi tAm ngoai tiép O. Diém X thay d6i trén
cung nhé AB ctia (O) va CX cit AB tai D. Goi Oy, Oy 1an lugt 1a tAm cta hai dudng tron
ngoai tiép tam gidc ADX, BDX. Tim tit ca cdc vi tri ctia X dé tam gidc OO, 0, c6 dién tich
nhd nhit.

BAI 2. (Alex Zhai) Mot khéi g6 hinh 1ap phuong kich thudc 2020 x 2020 x 2020 dudc chia thanh
céc khdi 1ap phuong don vi. Céc thanh xa hinh hop chit nhat kich thude 1 x 1 x 2020 dugc dit
bén trong khbi gb thda min

1. Thanh xa 12 khéi lién tiép cac khéi 1ap phuong don vi va hai dau cda thanh xa thudc vé
hai mit d6i dién nhau ctia khoi gb (sé c6 tdi da 3 - 20207 thanh).

2. Hai thanh xa bat ky thi khong c¢6 chung khéi 1ap phuong nao.

3. Mbi mit 1 x 2020 cta thanh xa thi nim & bién cia khoi gb hodc ké véi mot mit nao d6
cua thanh xa khac.

Tim s6 it nhét cac thanh xa c6 thé dit vao bén trong khdi gd.

BAI 3. ( Richard Stong and Toni Bluher) Cho sb nguyén t6 18 p va x 1a mot bat thing du chinh
phuong mod p, nghia 12 khong ton tai ¢ nguyén sao cho = — t? chia hét cho p. Ky hiéu A 1a tap
hop tit ca cic sd a sao cho 1 < a < p va a, 4 — a déu 12 bit thing du chinh phuong. Tinh s6 du
clia tich tt ca cdc sd trong A khi chia cho p.

BAI 4. (Ankan Bhattacharya) Gié st ring (a1,b1), (ag,b2), ..., (@100, bioo) 12 cic cip c6 thi
tu céc sb tu nhién phan biét. Goi N 1a sd cip chi s6 (i,5) sao cho 1 < i < j < 100 va
la;b; — a;b;] = 1. Xac dinh gia tri 16n nhit ctia N.

BAI 5. (Carl Schildkraut) Mot tap hitu han S cic di€ém trong mit phang dudc goi 1a "xdc dinh"
néu nhu |S| > 2 va ton tai da thiic hé s6 thyc P(t) c6 bac khong vugt qua |S| — 2, thda man
P(z) =y véi moi (z,y) € S.

V6i mbi sb nguyén duong n > 2, tim s6 nguyén k 16n nhét sao cho tdn tai mot tap hop c6 n
diém phan biét khong "tot" va c6 k tap con tot.

BAI 6. (David Speyer and Kiran Kedlaya) Cho s6 nguyén duong n > 2. Goi 1 > 9 > ... > @,
VAL > Yo > > ypla2nsdthuc0 =21 +To+ ..+ Zp =1 + Yo + ... + Yp V2
l=a?+ a2+ 22 =2 +ye+ ...+ 92

_2
n—1"

Chiing minh rang Y7 (2Yi — ZiYnti-1) >
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USAJMO la ky thi HSG toan qudc ctia My danh cho hoc sinh 16p 10 hoic nhd hon, nham tuyén
chon ra hoc sinh "Red level" cho céc truong heé. Ky thi nay t6 chic 1an dau tién vao nim 2010,
va ndm nay dugc t6 chiic online.

BAI 1. (Milan Haiman) Cho sb nguyén duong n > 2. Carl ¢6 n quyén sach hinh chit nhat xép
trén k&, mdi quyén c6 kich thudc dai - rong ddi mot phan biét nhau. Ban dau, cic quyén sich
dugc xép ting dan theo chiéu dai vd mébi buée, Carl c6 thé chon hai quyén bat ky canh nhau ma
quyén bén trai c¢6 chiéu rong nhé hon, nhung chiéu dai 16n hon so v6i quyén bén phai, roi ddi
chd chiing. Carl 1ip lai thao tic trén nhiéu lan dén khi nao khong thuc hién dudc nita. Chiing
minh rang qua trinh nay sé ding lai, va khi d6, cic quyén sach xép ting dan theo chidu rong tit
trai sang phai.

BAI 2. (Titu Andreescu and Waldemar Pompe) Cho w 1a dudng tron ndi tiép tam gidc déu ABC
c6 ¢ 1a dudng thang thay ddi ludn tiép xic v6i w va cat cac doan thang BC, C' A 1an ludt & P, Q.
Tim quy tich cdc diém R thda man PR = PAva QR = QB.

BAI 3. (Alex Zhai) Mot khoi gb hinh 1ap phuong kich thude 2020 x 2020 x 2020 dudc chia thanh
céc khoi 1ap phuong don vi. Céc thanh xa hinh hop chit nhat kich thude 1 x 1 x 2020 dudc dit
bén trong khéi gb thda man

1. Thanh xa 12 khdi lién tiép cac khbi 1ap phuong don vi va hai dau cda thanh xa thudc vé
hai mit d6i dién nhau ctia khoi g6 (sé c6 tdi da 3 - 20207 thanh).

2. Hai thanh xa bat ky thi khong c¢6 chung khbi 1ap phuong nao.

3. M&i mit 1 x 2020 ctia thanh xa thi ndam & bién ctia khdi gb hoidc ké v6i mdt mit nao d6

cua thanh xa khic.

Tim s it nhat cac thanh xa c6 thé dit vao bén trong khbi gb.

BAI 4. (Milan Haiman) Cho td gidc 16i ABC'D ndi tiép trong dudng tron va théa min DA <
AB = BC < CD. Piém E, F dudc chon lan lugt trén CD, AB sao cho BE 1 AC va
EF || BC. Chiing minh ring FB = FD.

BAI 5. (Ankan Bhattacharya) Gié st ring (a1,b1), (ag,b2), ..., (@100, bioo) 12 cic cip c6 thi
tu céc sb tu nhién phan biét. Goi N 1a sd cdp chi s6 (i,5) sao cho 1 < i < j < 100 va

la;b; — a;b;| = 1. Xac dinh gia tri 16n nhit ctia N.
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BAI 6. (Ankan Bhattacharya) Cho n > 2 1a s6 nguyén va xét P(zy, s, ..., x,) 1a da thic n
bién hé s6 thuc. Gia st rang v6i moi bd n sb thuc r, 7, ..., 7, ma cé it nhét hai trong chiing

bing nhau thi ta déu ¢c6 P(ry,7s,...,7,) = 0. Ching minh ring P(zy, s, ..., x,) khong thé

viét thanh tdng clia it hon n! don thiic c¢6 dang czf' 232 . .. %, véic # 0 vady, ds, . . ., d, 1a céc

SO tu nhién.

Olympic Nit sinh chAu Au EGMO tai Ha Lan da tién hanh thi online. EGMO c6 céu triic 2 ngay,
mdi ngay 3 bai 1am trong 4 tiéng rudi. So véi APMO thi d& nay c6 hinh thic gidng cic dé cia
VN hon, gan giii hon, nhung van rat dep va thi vi.

BAI 1. Cho céc s6 nguyén duong ag, a1, . . . , aszo théa man diéu kién
20p10 = Apyy + 4a, v6imoin =0,1,2,...,3028.

Chiing minh ring c6 it nhat mot trong cac so ag, ay, . . . , asgso 1a chia hét cho 22020,

BAI 2. Tim tat c& céc bo sb thuc khong am (1, Ty, . . ., Tog2) thoéa man dong thoi ba diéu kién

1) 1 <29 < ... < Ta0o0;
i) @020 < 1 + 1
111) co mC)t hoan Vi (yl; Yz, ... ,ygogo) cua (.Tl, To, ... ,IQOQ()) sao cho

2020 2020

Z (i + 1) (y; + 1))° = 82@’)

i=1

BAI 3. Cho luc gidc 16i ABCDEF théa mian diéu kién /A = /C = LEva /B = /D =
/F ddng thdi phan gidc trong clia cic goc LA, ZC va ZE thi ddong quy. Chiing minh riang khi
do, cac phan gidc trong ctia cic géc £ B, /D va ZF ciing dong quy.

BAT 4. Mot hodn vi clia cac s6 1,2, . .., m dudc goi 1a “t6t” néu nhu khong c6 s6 nguyén duong
k < m nao sao cho k sd dau tién ctia hodn vi cling chinh 1a 1,2, ..., k theo thi tu ndo d6. Goi
fo 1256 hodn vi tot ctia 1,2, ..., m. Ching minh rang f, > n - f,_; v6i moi n > 3.

103



Tap chi Epsilon, S6 18, 08/2020

BAI 5. Xét tam gidc ABC c6 goc C ti. Pudng tron I' ngoai tiép tam gidc ABC c¢6 ban kinh 1a
R. Gia st ¢6 diém P nam trong doan thang AB sao cho PB = PC va PA = R. Pudng trung
truc ctia PB cit I tai cac diém D va E. Chiing minh rang P 1a tim dudng tron noi tiép cta tam
giac CDE.

BAI 6. Cho sd nguyén m > 1.Mot ddy s6 ay, as, as, . . . dudc dinh nghiabdia, = ay = 1,a3 = 4
va v6i moi n > 4 thi
ap = M(An-1 + Ap—2) — An_3.

Tim tat ca cac so m sao cho moi so hang cua day nay deéu la s6 chinh phuong.

Olympic chiau A Thédi Binh Duong 1a ky thi thudng nién dién ra theo hinh thic thi "ban tip
trung" tai mbi nude, bdi thé nim nay viéc thi online ciing khong anh huéng may. BTC phat dé
va tién hanh chim trong thang 3 va cong bd két qua va dau thang 6 vira qua.

Bai 1. Goi I 1a dudng tron ngoai tiép tam gidac ABC. Goi D la diém nam trén canh BC. Tiép
tuyén ctia I tai A cit duong thang qua D, song song v6i BA tai £. Canh CE cit I' 1an nita tai
F.Gia st rang B, D, F, E cing nam trén mot duong tron, chiing minh ring AC, BF, DE dong
quy

Bai 2. Chiing minh ring r = 2 1a sb thyc 7 16n nhét thoa man diéu kién sau:

Néu mot diy cac s6 nguyén a;, as, . . . théa man bét dang thiic

Qn S Apt2 S V a% + Tlp41

v6i moi sb nguyén duong n thi ton tai s6 nguyén duong M sao cho a,,o = a, v6i moin > N.

Bai 3. Xéac dinh tAt ci cdc s6 nguyén duong k théa man ton tai mot sd nguyén duong m 1a tp
hop S gdm cic s6 nguyén duong sao cho mdi s6 nguyén n > m bat ki déu c6 thé viét dugc dudi
dang t8ng cac phan ti phan biét trong S theo ding & céach.

Bai 4. Goi Z 1a tap hop tht ca cac s6 nguyén. Tim tit ca cac da thic P(z) hé s6 nguyén thoa
man tinh chét sau:

V6i mdi day cdc sO nguyén ay, as, . . . ma véi mdi s6 nguyén xuét hién ding mot lan trong day,
ton tai chi s0 ¢ < j va so nguyén k thoa

ai—l—aiﬂ—l—...—i—aj :P(/{)
Bai 5. Cho s6 nguyén duong n > 3. S6 1 dudc viét n 1an trén bang. Phia dudi bang 12 hai céi
x6 trong. O mdi budc, thuc hién x6a hai s6 a va b trén bang, thay bsi 1 va a + b dong thdi thém

1 vién séi vao x6 thit nhat, ged(a, b) vién sbi vao xo thid hai. Sau mot s6 hitu han budc, c6 s cuc
d4 trong xo thit nhit va ¢ cuc da trong xo6 thi hai. Tim tit ca cdc gid tri c6 thé c6 clia L
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April Fool MO la mét ky thi "an theo" APMO, vi n6 viét tit 1a AFMO:; céc bai todn cung hoi la
nhung cling dam bdo tinh chuyén mon va thu thach.

Bai 1. Mot sb nguyén duong n dugc goi 1a "dep" néu téng cic chif s6 ctia 2" nhé hon téng cic
chit s6 ctia 3" diing mot don vi. C6 thé thiy rang 1 va 3 1a hai sb "dep". Liéu con c6 sb "dep"
nao khac ntta khong?

Bai 2. Ham tAm tam gidc phiic 1a ham sb cho bdi

P(a,b,c)
Q(a;b,c)

trong d6 P, Q la da thiic di xding c6 tat ca cdc hé s6 1a mot va deg(P) = deg(Q) + 1. Néu
la| = |b| = |c| = 1 thi f s& biéu dién diém X = f(a, b, c) trong mit phang phdc. Chang han,
néu f(a,b,c) = a+b+ cthi X 1a truc tim tam gidc c6 toa do ba dinh trong mét phang phiic 1a
a,b,c.

f(a7b7 C) -

Ham f nhu vay dugc goi 1a "dep" néu véi bat ki cach chon cac sé phan biét a, b, ¢ véi |a| =
b] = |¢|, diém X = f(a, b, c) ndm trong tam gidgc ABC. Liéu c6 phdi c6 hitu han ham tdm tam
giac phuc f7

Bai 3. Cho tam gidc nhon khong can ABC véi tam dudng tron ngoai tiép 12 O va truc tim la
H. Tia OH cét dudng tron ngoai tiép tam gidc ABC 1an nifa tai X, va 4nh ctia X qua phép ddi
xting céc truc OA, OB, OC lan luot1a R, S, T. Goi G 1a trong tAm tam gidc RST va P 1a diém
tiép xuc giita dudng tron nodi tiép va dudng tron chin diém cia RST. Liéu X, G, P c6 thang
hang hay khong?

Bai 4. C6 2020 thanh phd trong mot sd nude. A va B tao ra cac dudng di mot chiéu giita cic
thanh phd theo lugt, trong d6 Andrew di trude (c6 thé md dudng di tif mot thanh phd t6i chinh
thanh phd d6 néu ngudi choi mudn). Trong mbi luct, mdi ngudi choi tao ra ding mot dusng di
nhung mdi thanh phd khong dudc phép c6 nhiéu dudng dén hay nhiéu dudng di.

Khi khong thé tao thém dudng nita, cac thanh phd sé bat dau giao dich v6i nhau sao cho cic
giao dich chi dién ra trén cdc tuyén duong (hai thanh phd chi dugc giao dich v6i nhau néu ton
tai mot day dudng ndi hai thanh phd vé6i nhau).

Cubi cung, cac thanh phd dudc chia thanh cic qudc gia sao cho cac thanh phd giao thuong dudc
v6i nhau thi phai 6 cing mot qudc gia, nhitng thanh phd khong thé giao thuong vé6i thanh phd
nao khéc thi tré thanh mot quéc gia riéng biét. A thang tro choi néu c6 sb chin cic quoc gia,
con B thang néu c6 sb 1é cac qudc gia. Gia st cac ngudi choi déu biét cach chai tdi wu, liéu B
c6 thé thang hay khong?

Bai 5. C6 hitu han hinh tron trén mit phang. Mot cip duong tron (T, ) dude goi la "dep" néu
ton tai mot tam gidc nhan I' lam dudng tron ngoai tiép, v 1am dudng tron nodi tiép hodc ngudc
lai. Xay dung mot do thi c6 cac dinh 1a cdc dudng tron, hai dinh dudc nbi véi nhau bdi mot canh
néu cip dinh d6 "dep". Liéu dd thi da cho c6 phai dd thi phang hay khong?
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Bai 6. Mot ham s6 f : N — N dudgc goi 1a "dep” néu ton tai mot ham khac hang g : N — N
thda man v6i moi s tu nhién n, ta ludn cé

f(n) + g(n) = 9 (n) + ¢/ (n).

Chd y rang, f*(z) = f(f(--- f(x)---)). Liéu c6 ton tai ham f, : N — N thoa man céc tinh

J

TV
aalan f

chét sau

e Néu f(n) < fo(n) véi moi n thi f1a "dep".

e Néu f(n) > efy(n) véi moi n thi f 1a khong "dep".

Pay 1a mot ky thi ciing mang tinh “4n theo” USAMO xin, ¢6 thé n6i ddy chinh 1a mot phién béan
thit nghiém cho cac thi sinh dang hudng téi ky thi USAMO chinh thic. Nam 2020 ciing 1a nam
dau tién c6 ky thi USEMO nay dién ra.

Bai 1. Cho ti gidc noi tiép ABC'D. Mot dudng tron ¢ tdm 1a O, di qua B, D va cat BA, BC
lan nita tai £, F khiac A, B,C. Goi H la truc tim tam giac DEF. Chiing minh ring néu
AC, DO, EF dong quy thi hai tam gidc ABC va EHF dong dang v6i nhau.

Bai 2. Goi Z[z] 1a tap hop cic da thiic theo = véi hé s6 nguyén. Tim tit ca cac ham 6 : Z[z] —
Z[z] théa man

e V6ip,q € Z[z], taludn c6 O(p + q) = 0(p) + 0(q).

e VG6i mdi p € Z[x], p c6 nghiém nguyén khi va chi khi 6(p) c¢6 nghiém nguyén.

Bai 3. Goi G la ludi v6 han chia cac 6 vudng don vi. Mot da gidc ban co la mot da giac co cac
canh nam trén ludi. Nikolai chon mét da gidc ban c¢d F va yéu cau ban t& mot s6 6 clia G mau
xanh sao cho mdi da giac ban co dong dang véi F' déu c6 it nhat 1 va nhiéu nhét 2020 & xanh.
Liéu Nikolai c6 thé chon F d€ khién ban khong thé thuc hién dudc diéu trén hay khong?

Bai 4. Ching minh rang v6i moi s6 nguyén t6 p, ton tai sé nguyén ducng n théa man

1" 421 43772 1+ n' = 2020 (modp).
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Bai 5. Cho dac déu P va V 1a tap hop cac dinh ctia P. Mdi diém trong V dudc to bdi mot trong
ba mau d9, trang, xanh. Mot tip con ctia V dudc goi la dep néu né sb dinh dugc to bdi mdi mau
12 nhu nhau. M6t canh ctia P dudc goi 13 sdng néu diém dau va diém cudi cia n6 khac mau.

Gia st rang V 1a dep va sb canh sdng trong P 1a chin. Chitng minh rang ton tai mot dudng thang
khong di qua tht c4 cdc dinh ctia V va chia V thanh hai tap con dep.

Bai 6. Cho ABC la tam gidc nhon khong can vé6i tAm dudng tron ngoai tiép O va ba dudng cao
AD,BE,CF.Goi X,Y, Z lan luot 1a trung diém cta AD, BE,CF. AD vaY Z cat nhau tai P,
BE va ZX catnhau tai Q, CF va XY cat nhau tai R.

Giastirang Y Z va BC catnhau tai A’, QR va EF citnhau tai D’. Chiing minh ring bén dudng
vuong goc lan ludt ké tir A, B, C, O t6i QR, RP, PQ, A’ D' tuong ting dong quy.

Ky thi OMO nay mdi niim t3 chiic 2 1an, 1 vio mua thu (cudi T10-dau T11) va 1 vio mua xuin
(cubi T3-dau T4). P& gdom 30 cau (tir dé dén kho, rit khé va khing, ca vé hinh thic 14n noi
dung), thi sinh tham gia theo hinh thic ding ky team va dién dap s6. Pé thi rit da dang nhiéu
mang kién thic, nhiéu ky thuat hay, méi, dang dugc chi y. Bén dudi Ban bién tap chon gidi
thiéu 15 cau trong sb do.

Bai 1. Cho dudng thang [ va A, B, C' nam trén [ thda man AB = 7, BC' = 5. Goi m 1a dudng
thang qua A, vudng goc v6i [. LAy P nam trén m. Tim gid tri nhé nhét ctia PB + PC.

Bai 2. P viét vao gidy nim s6 tu nhién lién tiép roi x6a mot trong s6 ching di. Khi d6 téng cla
bdn s6 con lai 1a 153. Tinh con s6 1a P di x6a.

Bai 3. Cho hinh vuéng ABC' D véi dd dai canh 1a 16 va tdm la O. Goi S la nita dutng tron

dudng kinh AB ndm ngoai ABCD va P 1a diém nim trén S sao cho OP = 12. Tinh dién tich
tam gidc CDP.

Bai 4. Tim t6 nguyén duong n nhd nhét sao cho khdng tdn tai cic sb nguyén x, y sao cho

n = + 3y
Bai 5. A ¢6 2020 btc vé, trong d6 bic vé thi ¢ 1a hinh chit nhat c¢6 do dai 1 x 4, v6i ¢ =
1,2,...,2020. Tim sb tu nhién n nhd nhit sao cho ta c6 thé dit tat ca cac buc tranh trén mot
chiéc ban kich thudc n x n va khong bi chong 1én nhau.

al+1
bl+1-

Bai 6. Cho hai sb nguyén duong a > b. Tinh gid tri nguyén nhé nhét ctia biéu thiic

Bai 7. Mot nha 4o thuat cé mot chiéc mil chifa a con thd trang va b con thd den. Nha ao thuat
lién tuc rit ra nhitng cip thd dudc chon trong chiéc mii. Goi mot cip thd dudc rit ra 13 hodn
hdo néu cip gdbm mot thd den va mot thd trang. Biét rang nha ao thua gia da rit ra tit ca cic
con thé theo ting do6i (khong c6 con thd nao dude riit ra mot minh) va sb cip hoan hdo 1a 2020.
Tinh céc gid tri c6 thé cla cip sb (a, b).
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Bai 8. Tinh s6 ham f: {1,...,15} — {1,...,15} théa man v6i moi z € {1,...,15}, ta ludn

0 F(f(x)) — 2f(z) +
15

la sO0 nguyén.

Bai 9. Mot gia sach gb bdn quyén sach gidng hét nhau véi s6 trang lan lugt 1a 200, 400, 600,
and 800. Velma chon ngiu nhién mot quyén séach trén gia sach, 14t ngiu nhiéu mot trang dé doc
va dit quyén sdch lai trén ké. Sau d6, Daphne ciing chon ngiu nhién mdt quyén sach trén ké va
lat t6i mot trang bat ki d€ doc. Biét ring Velma doc trang 122 va Daphne doc trang 304, xéc
suat d€ ho chon chung mot sach 1a 2 vé6i m, n 12 hai s6 nguyén 6 cting nhau. Tinh 100m + n.

Bai 10. Véi cac s6 nguyén khong am p, ¢, r, dit

f(p,q,r) = (p)P(g")(r!)".

Tim s6 nguyén duong n nhé nhit sao cho véi moi bd ba (a, b, ¢) va (z,y, z) cdc sb khong am
thbamana +b+c=2020vaz +y+ 2z =n, f(x,y,2) chia hét cho f(a,b,c).

Bai 11. Tinh s6 cip s6 nguyén duong c6 thd tu (m, n) thda man (2™ — 1)(2" — 1)[2!% — 1.

Bai 12. Tinh s6 cdc sb nguyén n théa 1 < n < 1024 théa man day [n], [n/2], [n/4],[n/8], ...
khong chita bdi nao cua 5.

Bai 13. Vincent c6 mot con xuc sic cin bang 6 mit. Ban du, Vincent tung con xtc sac va ghi
lai s6 chAm 1én mot tS gidy. Sau do, cti mdi gidy, anh Ay lai tung lai mot 1an. Néu két qua 1an
tung sau khac 1an tung trudc thi anh sé ghi lai két qua mdi vao to gidy. Néu két qua 1an tung sau
gibng vé6i 1an tung trudc thi anh sé& diing lai va khong ghi két qua 1an cudi cung. Biét rang lugt
tung dau tién cta Vincent 1a 1, goi F 1a ki vong ctia két qua sau cac 1an tung. Biét rang ton tai
cac sd hitutir, s,t > 0 thdaman E = r — sInt va t khong phai 12 liiy thita ciia mot s6 tu nhién.
Néur + s+ ¢ = ™ v6i m, n 1a hai s6 nguyén t6 cing nhau, tinh 100m + n.

Bai 14. Cho ABC' 1a mdt tam gidc khong can. Pudng tron ndi tiép tam gidgc ABC cit cac canh
BC, AC, va AB tai cic diém D, E, and F, tuong dng, va dudng tron A-bang tiép tiép xiic véi
BC, AC, va AB lan luct tai Dy, Fy, va I, tuong ting. Gia st rang AD, BE, va CF dong quy
tai G, va cic duong thang AD,, BE,, CF, dong quy tai G,. Pudng thang GG, cit phan gidc
trong clia géc BAC tai X. Gia st AX = 1, cos ZBAC = /3 — 1, va BC = 8+v/3. Khi d6
AB - AC = ]JrkT‘/m véi cdc sb6 nguyén j, k, m, va n thda man ged(j, k, n) = 1 va m khong chia
hét cho bét ki s6 chinh phuong nao 16n hon 1. Tinh 10005 + 100k + 10m + n.

Bai 15. Véi cac s6 nguyén duong i = 2,3, ..., 2020, dit

V3i?+2i -1

a; = _
’ 3 —1
% N - A 2 1 . N

Dg}t x'g,’. - Zl’)/QoQ()?la cac s0 thuc duong thoa x5 + x§ 4+ -+ x§020 =1 — T5153030.3021 - GO1 Sla
gia tri 16n nhat cua

2020

Z aixi(\/ai — 2_2'251'1‘)

=2
va dit m 1a s6 nguyén duong nhd nhét sao cho S™ hitu ti. Khi ™ dugc viét dusi dang phan sd
t6i gién, gid sd phan tich tiéu chudn ca mau so 1a p'py? - - pi* véip; < --- < pj, la cdc b

nguyén tb va o 1a cac s6 nguyén duong. Tinh piay + pacva + - - - + prov.
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Day 1a cudc thi online do Thuy ST t6 chic, dién ra trong dot cach ly vi dich bénh viia qua, gitip
hs mot s6 nude van c6 co hoi trai nghiém do nhiéu ky thi khac da bi hiy.

Ngay 1.

Bai 1. Cho tam gidc ABC véi tim ndi tiép . Pudng tron noi tiép tam gidc ABC tiép xic vdi
AC va AB 1an ludt tai B, F. Goi I, ¢ 12 cic tiép tuyén clia dudng tron ngoai tiép tam gidc
BIC tai B, C tuong ting. Chiing minh ring ton tai mot dudng tron tiép xic véi EF, g, o véi
tam nam trén BC.

Bai 2. Geoff c6 vo han tii keo, c6 n vi. Anh iy phan ph6i mot s6 keo cho n dita bé (mot dita
bé c6 thé lay bt ki keo c6 huong vi nao). Goi mot cach phan phdi cic vién keo 1a k—tdt néu
moi nhém k dia tré déu c6 it nhit k huong vi keo khac nhau. Tim tit ca cac tip con S cia
{1,2,...,n} thda man néu mot cich phan phdi keo 1a s—tdt v6i moi s € S thi né cling la s—tdt
véimoi s € {1,2,...,n}.

Bai 3. Ta goi mot bo s6 nguyén 12 ddc biét néu n6 chifa it nhat 4 phan ti va c6 thé phan hoach
thanh hai tip hop rdi nhau {a, b} va {c,d} sao cho ab — cd = 1. V6i moi sb nguyén duong n,
chiing minh rang tp hgp {1,2, ..., 4n} khong thé phan hoach thanh n tap ddc biét.

Bai 4. Ching minh rang v6i moi s6 nguyén dii 16n n, ton tai n sb nguyén a,, as, . . ., a, thda
man ba diéu kién sau:

e Mbi s6 a; bang —1, 0 hoidc 1.
e C6 it nhit 2n/5 s6 trong ay, as, . . ., a, khic 0.

e a;/l1+a/2+...+a,/n=0.

Ngay 2.
Bai 5. Tim tt ca cac ham f : Q — Q théa man

f@)fly+1) = flzf(y)) + f(z), véimoiz,y € Q.

Bai 6. Liéu c6 ton tai vd han bd ba s6 nguyén duong (a, b, ¢) théa man tat ca cac udc nguyén to
cua a! + b! + ¢! nho hon 2020 hay khong?

Bai 7. M&i s6 nguyén trong {1,2,...,2020} dugc t6 mau theo sao cho véi moi sd nguyén
duong a, b théa man a + b < 2020, cic sb a, b, va a + b khong dudc td bdi ba mau khac nhau.
Xdc dinh s6 mau t6i da c6 thé dudc dung.

Bai 8. Goi ABC 1a mot tam giac nhon khong can vé6i chan dudng cao ha tit A, B, C' ha xudng
BC,CA, AB lan lugtla D, E, F. Goi W 1a mot diém nam trong tam giac ABC va W,, W,, W,
lan lugt 1a 4nh d6i xiing ctia W qua BC,C A, AB tuong dng. Cubi cung, goi N va I 1a tAm
dudng tron ngoai tiép va tim dudng tron noi tiép clia tam giac W, W, W,. Ching minh ring néu
N trung véi tim dudng tron chin diém ctia DEF thi W1 song song v6i dudng thang Euler ctia
ABC.
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Bai 1. Tim tit ca cdc bo bén (a, b, ¢, d) sao cho cdc dang thiic
X +aX+b=(X—-a)(X—-c) vaX’+cX+d=(X—-b(X—d)
ding v6i moi X.

Bai 2. Ngan hang Zulrich phat hanh mot dong xu c6 mot mit in chit 4 va mot mit in chit 7.
Alice c6 n dong tién nhu vay dugc sip xép tlf trai sang phai. Co 4y lién tiép thuc hién thao tic
sau: néu mot dong tién dang & mit H, Alice chon mdt s6 dong xu lién tiép (it nhat mot xu) va
1at chiing lai; trong truting hop tit ca cic dong xu déu ¢ mit 7" thi Alice ding lai. Chang han,
néun = 3, Alice c6 thé thuc hién nhu sau: THT — HTH — HHH — TTH — TTT. Alice
ciing c6 thé chon céch thao tac THT — TTT.

V6i mdi chu hinh C ban dau, goi m(C) 1a sb nhd nhit cac thao tac ma Alice c6 thé thuc hién.
Chang han, m(THT) = 1 vam(TTT) = 0. V6i mdi s6 nguyén n > 1, hiy x4c dinh gid tri 16n
nhat ciia m(C).

Bai 3. Goi A va B 1a hai diém phan biét trong mit phang. Goi M 1a trung diém ctia AB va w 1a
dudng tron di qua A va M. Goi T 1a mot diém nam trén w thda man BT tiép xiic véi w. Goi X
1a diém khéc B trén canh AB thda man TB = T'X, va goi Y 1a chan dudng cao ha tit A xubng
BT. Chiing minh ring AT va XY song song.

Bai 4. V6i mbi sb thuc z, ta goi [] 1a s6 nguyén 16n nhit khong vugt qud 2. Tim tat ca cdc ham
di tot R vao R théa man

fle+y) = (DY f(z) + (=D f(y), véi moiz,y € R.

Bai 5. Goi n, k 12 c4c sb6 tu nhién thda man k& < 2". B va C cling choi mdt trd chdi nhu sau.
Pau tién, B bi mat chon mét sb tu nhién x trong khoang tit 1 dén n. C sé c¢b gang doan z bang
céach hoéi cdc cau hoi dugc md ta nhu sau. Trong moi lugt, C chon & tip con khac nhau cuia
{1,2,...,n} va v6i mdi tip con S, C s& hdi "Liéu x c6 nam trong S hay khong?". B chon mdt
trong k cau héi, doc cau héi d6 1én va tra 18i chinh xdc né. Tim tht ¢4 céc cip (n, k) sao cho véi
moi hanh dong cta B, C c6 thé x4c dinh dudc x sau hitu han budc.

Bai 6. V6i moi s tu nhién khac 1 va —1, goi S(n) 1a sd tu nhién nho nhit 16n hon 1 va udc cia
n. Bac biét, S(0) = 2. Ta cing dinh nghia S(0) = S(—1) = 1.

Goi f 1a da thic khéac hing v6i hé s6 nguyén théa man S(f(n)) < S(n) véi moi s6 nguyén
duong n. Ching minh ring f(0) = 0.

DPay 12 mot ky thi mang tinh chuin bi cho USAMO “xin”. Tuy 12 hang “fake” nhung cic bai
cling rAt m6i mé va mang tinh thii thach rit cao. B&i thé méi thiy dugc ring doi ngii Chuyén
Toan ctia My vita ¢6 chuyén mon cao ma lai lam viéc cuc ky nghiém tic va hiéu qua.
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Bai 1. Cho C 12 mdt s6 nguyén duong va a,, as, as, . . . 1a mot diy vo han cic sd nguyén duong

théa man
any1 = /a3 — Cay,

v6i moi n nguyén duong. Chiing minh rang ton tai sé nguyén duong N théa min ay = ayy; =
AN42 = ...

Bai 2. Cho n 12 mot sb nguyén. Ankan c6 1 + 2+ ... + 2n diém dugc sip xép thanh mot mang
tam gidc déu hudng 1én gdm 2n hang. Ta goi mot doan thang ndi mot diém véi hai diém ngay
phia dudi n6 12 mot lién két.

Cho ddy ay, as, . ..,as, cotonglanvaa; <ivéimoii = 1,2,...,2n, Ankan thich d6 Bankan
lay di n di€ém sao cho hang thi i c6 diing a; diém bi lay di, v6i moi i = 1,2, ..., 2n. Khi d6
Ankansé cb ging 14y n? lién két sao cho mdi diém dudc két nbi véi diing mot lién két. Néu anh
ta luon thanh cong bat ké Bankan loai bé diém nhu thé nao, trinh t a1, as, . . . , s, dudc goi 1a
dep. Tim s6 cac diy dep.

Bai 3. Cho AABC khéng cin véi tAm dudng tron ngoai tiép O, tim dudng tron ndi tiép I, va
duodng tron ndi tiép w. Biét w tiép xtc v6i BC, CA, va AB tai D, E, and F. Goi T 1a hinh chiéu
ctia D 1én EF. Pudng thang AT cat dudng tron ngoai tiép tam gidc AABC lan nita tai X # A.
Cic dudng tron ngoai tiép cac tam gidc AAEX va AAFX citwlannitatai P # EvaQ # F.
Chiing minh rang cac dudng thang EQ, F P, va OI ddng quy.

Bai 4. C6 n hoc sinh trong mot 16p hoc. Ban dau, mdi hoc sinh c6 0 dong xu. Thay gido Evan
dén va thuc hién thao tac sau mdi phut: thay chon hai hoc sinh dang c6 s6 xu bang nhau, gia st
1a k. Néu k = 0, thay cho mdt hoc sinh 1 xu va hoc sinh con lai khong dudc nhan xu. Ngudc
lai, thay s& 1y mot dong xu tif ban niy chuyén qua ban khac.

DPén mot thoi diém, Evan khong thé thuc hién thao tic nao nita. Chiing minh ring tai thdi diém
do, cac hoc sinh gitt s6 xula 0,1,2,3,...,n — 1 theo mdt trat ty nao do.

Bai 5. Xac dinh tit cd cdc ham khong bi chiin f : Z — Z théa min véi moi sd nguyén a, b, ¢
lap thanh cip s6 cong, mot hoan vi nao dé cta f(a), f(b), f(c) cling 1a mdt cip s6 cong.

Bai 6. Goi Z* 1a tap hop tit ca cac s6 nguyén duong. Gia st f : Z+ — Z* thda min hai diéu
kién sau:

e V6i mdi ddy hitu han cac s6 nguyén duong a1, as, . . ., az, ta ludn c6
far) + flag) + ...+ f(ag) chiahét f(a; +az + ... + ag).

e Ton tai mot s6 nguyén duong m théa f(m) # mf(1).

Chitng minh rang ton tai mot s6 nguyén duong n thdéa man

ged(f(n), f(n+1), f(n+2),...) > 2020".
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Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S6 18, 08/2020

MOT SO BAI TOAN PHUONG TRINH HAM
TRONG DE THI OLYMPIC TOAN

Vo Qudc B4 Can

G101 THIEU

Trong bai viét ndy, tac gia xin dudc gi6i thiéu cic bai todn dudc tic gid sit dung trong bai
giang vé Phuong trinh ham & Gip gd Todn hoc 2020.

Bai toadn 1. Tim tdt cd cdc ham s6 f : R — R théa man

fx+yf)+ f(y— fx) =2xf(y), Vx,yeR. (1)

Li giai. Pita = £(0). Néu a = 0 thi bing cach thay x = 0 vao (1), ta dudc f(y) = 0 véi
moi y € R vi haim sé f(x) = 0 théa man cic yéu cau ctia bai todn.

Xét truong hop a # 0. Thay x = 0 vao (1), ta dugc

flay)+ f(y —a) =0, VyeR. 2)
Thay y = 0 vao (1), ta cling co
f(x)+ f(—f(x)) =2ax, VxeR. (3)

Tir (3), ta dé thiy f don 4nh va f(—a) = —a. Thay x = —a vao (1), ta dugc
f(=aly + D)+ f(y +a) = =2af(y), V¥yeR.
Mit khdc, tir (1), ta cling ¢6 f(—a(y + 1)) = —f(-=y —a — 1). Do dé
SO +a)— f(=y—a—-1)=-2af(y), VyeR.

Thay y = —a — 3 vao phuong trinh trén, ta dudc f (—a — 1) = 0. Tiép tuc, thay x = —a —
vao phuong trinh (3), ta dudgc a = —2a (a + %) ,suyraa = —1(doa # 0)va f (%)
Thay a = —1 va thay y bdi —% — y vao phuong trinh (2), ta dugc

1 1
flz+y)+flz—-»]=0 VyeR
2 2
By gi0, thay y = 1 vao phuong trinh (1) va sit dung két qua trén, ta dudc
1 1 1
S x+§f(x) =—f E_f(x) =f E‘i‘f(x) -
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Do f don anh nén tu day, ta c6 x + %f(x) = % + f(x) hay f(x) = 2x — 1. Thi lai, ta thay
thda man.

Viy c6 hai ham sb thdéa man yéu cau dé bai la f(x) = 0va f(x) = 2x — 1. O

Bai todn 2. Tim tdt cd cdc ham lién tuc f : R — R théa mdn

S +y)+fy) = flxy+x)+ f(y), Vx,yeR (1)

Loi giai. Thay x b01 7 VOi x, y > 0 vao phuong trinh (1), ta dugc

x) + = +f——+ Vx,y =20. 2
f)+ £ f(y+1) f( T y) y 2)
C6 dinh x, y > 0. Xét hai day (x,), (y,) dudc xdc dinh bdi xo = x, yo = y va
XnVn Xn
= — = , VmneN.
Xn+1 wt 1 Yn+1 nt 1 + n n

Khi d6, dé thiy x,, + y, = x + y véi moi n. Phuong trinh x4c dinh day (y,) c6 thé dudc viét
lai thanh

n+1 yn+1 ne

Tir dy, bang quy nap, ta dé dang chiing minh dudc 0 < y, < SX+y v6i moi s6 tu nhién n. T d6
suy ra ddy (y,) khong giam va bi chiin trén bdi x + y, do d6 ton tai gidi han hitu han lim y, = L.
Chuyén phuong trinh xdc dinh diy sang gi6i han, ta dudc L = x + y. Vay lim y, = x + y, suy
ralimx, = 0.

Miit khéc, tif phuong trinh (2), dé thay f(x) + f(») = f(x,) + f(y») v6i moi sb tu nhién 7.
Cho n — +o00 vdi chid y & tinh lién tuc ctia hAm sb f, ta dugc

f)+ f() = flx+y)+ f0). Vx, y=0.

Do f lién tuc nén ti day, ta dé dang suy ra f(x) = ax + b v6i moi x > 0, trong d6 a, b 1a cic
hing s6 thuc. Bay gid, thay y = —1 vao phuong trinh da cho, ta dudc

f(=x)+ f(x =1 =b+ f(-1), VxeR.

Trong phuong trinh nay, cho x > 1, tadudc f(—x) = —ax+a+ f(—1).Suyra f(x) = ax+c
v6i moi x < —1, trong d6 ¢ = a + f(—1). Tiép tuc, thay y = 1 vao phuong trinh (1), ta dugc

fx)=f2x)— f(x+1)+a+b, VxeR. (3)

Dua vao phuong trinh (3), ta sé chiing minh bing quy nap theo  rang

f(x) =ax +c, Vx€|: 21n 2n—1+1i| 4)

Xét x € [—1,—%],tacc')2x <—lvax+12>0nén f2x) = 2ax +cva f(x+1) =
a(x +1)+b. Tudésuyra f(x) = f(2x) — f(x + 1) + a + bax + c. Viy khang dinh diing
véin = 0.
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Bay gi0, gia sit khang dinh ding &én n (n > 0). Xét x € [—57. —3r2]. ta €6 2x €
[—zln, —2,,%] vax+12>0nén f2x) =2ax +cva f(x+1)=a(x+1)+b.

Do d6
fx)=f2x)— f(x+1)4+a+bax +c.

Nén khang dinh ciing diing véi n + 1. Theo nguyén ly quy nap, khang dinh ding véi moi 7.

Tii (4), tasuy ra f(x) = ax + ¢ v6i moi x < —54. Chon — 400, ta duge f(x) = ax +c
v6i moi x < 0. Vay f(x) =ax + b véimoix > 0va f(x) =ax + b véi moi x < 0.

Vi ham s& f lién tuc tai moi diém nén lim,_o- f(x) = lim,_o+ f(x), tic b = c. Vay
f(x) = ax + b v6i moi x € R. Thi lai, ta thiy ham niy thda man c4c yéu cau bai toan. [

Bai toan 3 (Iran, 2018). Tim tdt cd cdc ham sé6 f : R — R théa man

fx+y)fx*>=xy+yH)=x>+y3 Vx,yeR 1)

Loi giai. Thay y = 0 vao phuong trinh (1), ta dugc
S f(x?) =x% VxeR 2)

T dé £(1) = 1 hodc f(1) = —1. Mit khéc, dé thay néu f 12 mot nghiém ham thi — f ciing 1a
mot nghiém ham. Do d6, khong mat téng quat, ta chi can xét trudong hop f(1) = 1 1a dd.

Bay gig, thay y = 1 — x vao (1), ta dudgc
fBx?=3x+1)=3x>-3x+1, VxeR

Vi 3x2 — 3x + 1 ¢6 thé nhan moi gid tri trén mién [% —|—oo) nén tir két qua trén, ta suy ra

1
f(x) =X, vx > Z
Két hop véi (2), bang quy nap, ta d& dang chiing minh dudc f(x) = x véi moi x > 4% (n tu
nhién). Tt d6, cho n — +o0, ta dudc f(x) = x v6i moi x > 0. Tu d6, két hop véi (2), ta suy
ra f(x) = x véi moi x # 0. Mit khac, ciing tf (2), dé thiy £(0) = 0. Do d6 f(x) = x véi
moi x € R. Thit lai, ta thAy ham nay théa man c4c yéu cau cia bai toan.

Tém lai, c6 hai ham sd théa man yéu cau la f(x) = x va f(x) = —x. O

Bai todn 4 (APMO, 2016). Tim tdt cd cdc ham sé f : RT — RT théa man
z+Dfx+y)=f(xf@)+y)+ f(rf(2) +x) (1)

vdi moi s6 thuc duong x, y, z. (O day R* dugc ky hiéu la tdp cdc s6 thic diong.)
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L&i gidi. RO rang ham sb da cho don anh trén R*. Thay x = y = z = 1 vao (1), ta dugc
f(1) = 1. Thay x = y vao (1), ta dugc

(z+ 1D f@x)=2f(x[f(z) +1]). Vx,z>0. (2)
Thay x = 5 vao phuong trinh trén, ta dugc
f(f(z)z“):Z;l, Vz >0, 3)

Suy raham s6 f(x) toan dnh trén mién (3, +00)) . K& hop hai phuong trinh (2) va (3), ta dugc

f@+1

F s+ 1)) = rens (22

) , Vx,z>0.
Vi L& ¢6 thé nhan moi gid tri trén mién (2, +00) nén tir két qua trén, ta suy ra

3
fxy)=fx)f(y), Vx>0, y> T
V6i moi s6 thuc duong x, y, ton tai s6 thuc z > 3 sao cho yz > 2. St dung két qua trén, ta c6

fxyz) _ fy) f(2)

f(Z) - f(Z) = f(xy)’
va
fyz) @2 RS0
fz)y f(2) - £(z) = f(x) ().

Do d6 f(xy) = f(x)f(y) v6i moi x, y > 0, hay ndi cach khac, ham f nhan tinh. No6i riéng,
ta co

f(x?) = (f()*, Vx>o.

Tir ddy, bang quy nap, ta d& dang chiing minh dugc f(x) c6 thé nhan moi gid tri trén mién
537> +00) v6i moi 1 ty nhién. Cho n — +oo, ta suy ra ham f toan énh trén R*. Vay f 1a

mot song anh.

Nhu vay, v6i moi s6 thuc duong a va b, tdn tai sd thuc duong z sao cho f(z) < min {l, 2, %}
va do d6 ton tai hai sb thuc duong x, y sao cho xf(z) + y = a, yf(z) + x = b (cu thé
x = b=af@ oy, — azbf@) ) quyra

1-(r@) 1-(/@)

f@+ fb) = f(xf ) +3) + £ (2 @) +x) =+ DS+ )
sy (f(2)2+1)f(x+y):2f ([f<z>+1]<x+y))

2
a+b
a(15)
Noéiriéng,tac62f(2) = f3)+ f(1) = f3)+1va2f3) = f4)+ f(2) = (f(2))2—|—f(2).
Tu day, v6i chi y f song anh, ta dude f(2) = 2va f(3) = 3. Vado d6

a+b)_2f(a+b)
2 ) f@
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Suy ra hAim f cong tinh trén RT. Két hop v6i f(1) = 1, tasuy ra f(x) = x v6i moi x > 0.
Thi lai, ta thiy ham nay thda min cic yéu cau clia bai todn. O

Bai todn 5 (Korea, 2015). Cho s6 nguyén lé n > 1. Tim tdt cd cdc ham s6 f : R — R théa
F (" +(F0)") ="+ (f0)", ¥x.yeR. ()
Loi gidi. Pata = £(0). Tur gia thiét, ta c6
£+ (o)) = £ (" + (F0)") = 2"+ (fO)", ¥,y eR.
Vix" + (f(»))" c6 thé nhan moi gid tri trén R nén tit day, ta suy ra
f(f(x)) =x, VxeR.
Tu day, thay y béi f(y) vao (1), ta dugc

SO" 4y = ()" + ()", ¥x,yeR. 2)

Thay y = 0 vao (2), ta dugc f(x") = (f(x))" + a”" v6i moi x € R. Néi riéng, ta cé a = 2a".
Phuong trinh (2) c6 thé dudc viét lai thanh

JE" ") = S+ fO") - 24",

hay
fx+y)=fx)+ f(y)—a, Vx,yeR ()

Thay x = y = a vao (3), tadudc f(2a) = 2f(a) —a = 2f(f(0)) —a = —a. Tiép tuc, thay
x =avay = —2a vao (1), ta dugc

a=f0)=f(a"+(fQa)") = )" + (f(@)" = (2a)".
Két hop v6i a = 2a", ta dé dang suy raa = 0. Tt d6 suy ra hAm £ cong tinh trén R va

fG6" = (f()". VxeR
Tir day, dé dang chiing minh dugc chi ¢6 2 ham s théa man 1a f(x) = x va f(x) = —x. [

Bai toadn 6. Tim tdt cd cdc ham s6 f : RT — R théa man

xy \ y
Plrrr ) = s+ o (), )

vdi moi s6 thite duong x, y. (O ddy Rt dugc ky hiéu la tdp cdc sé thuc duong.)

L&i gidi. PAo vi tri cia x va y trong (1) r6i dbi chiéu véi chinh phuong trinh (1), ta dudc

o _ 7 (+5)
oy (%) ’
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Tu do suy ra

va

Két hop lai, ta dugc
y Xy
1o (=) = s (£2). verso
X+Yy X—+Yy

Tir d6, phuong trinh (1) ¢6 thé dudc viét lai thanh

Xy
X +

f(x+y+ ) f(x+y)+f( )f(l) Vx, y>0.

Pé y riang véi moi s6 thuc duong a, b ma a > 4b, ludn ton tai hai s6 thuc duong x, y sao cho
xX+y=ava x)fgy = b. Tt day, két hop véi két qua trén, ta dugc

fla+b)= f@) + f®)f(), Ya,b>0:a>4b.

Bay gi0, ¢b dinh x, y > 0. Ta thay ton tai s6 thuc duong z sao cho z > 4(x + y). Khi d6, theo
két qua vira ching minh, ta c6

fe+x+y) =@+ fx+y)f1)

va
fC+x+y)=fC+x)+ DS = f(2)+ fx) D)+ f() QD).

So sanh hai két qua, ta dugc

fx+y)=fx)+ f(»), Vx,y>0.

Suy raham f cong tinh trén R*. T d6 f(x) = kx vdi moi x > 0, trong d6 k 13 hing sé duong
nao d6. Thay trd lai phuong trinh (1), ta dudc k = 1. Vay c6 duy nhit mot ham s6 thda man cic
yéu cau cta dé bai 1a f(x) = x. O

Bai toan 7 (IMO Shortlist, 2018). Tim tdt cd cdc ham s6 f : Rt — R thda man
1 y
x-S0 = s+ 7 (3) M
vdi moi s6 thite duong x, y. (O ddy Rt dugc ky hiéu la tdp cdc sé thuc duong.)
Loi giai. Pat f(1) = a. Thay x = y vao phuong trinh (1), ta dudgc
1
(x-l——) f(x)= f(x*) +a, Vx>0. (2)
X
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Thay y bdi xy? vao phuong trinh (1), ta dudgc

(1) £0%0 = £G4 02 Vaoy =0 ®)

Thay x béi y va thay y bdi xy vao phuong trinh (1), ta dugc
1
(3+5) £ = 1070+ 1. vry >0 @

Két hop céac két qua (2), (3) va (4), ta dudc

(x + 1) [(y + 1) Fy) — f(x)] _ (xy + i) Fey) + (y + l) £ —2a.
X y Xy y
hay
Xy 1 1
(— N —) Py = (x i —) £ + (y i —) FO) =24, Vx.y>0.  (5)
y X X y

Bay gio, d4o vi tri cia x va y trong phuong trinh (1) rdi cong két qua vira thu dudc véi (1), ta
duoc

1 1 X y
(r+ 1) 00+ (v 5) s =2rem+ 7 (3) + £ (2). vry>o
x y y x
Mit khéc, bang cich thay x bdi S vathay y = 1 vao (1), ta ciing ¢6 f (f) + f(%) =

a (% + %) . Do d6, két hop véi két qua trén, ta dudc

(x+ 1) 0+ (v45) rw=2/m+a(E42). vayso
X y y X

Nhan hai vé clia phuong trinh trén véi 5 + ¥ r6i sit dung két qué (5), ta dugc

(D) (x+3) o+ (E+2) (r+5) s
Yy x x y  x y
:2(x+l)f(x)—l—2(y+l)f(y)—4a+a(£+z) ,
X y y X
hay

2_1 2 2 2 ,2)\2
O -DO"—x f(y):a(x - 2y) C Vay >0
X=y

xy2

) 1) +

(x* = D(x? = y?)
2

Thay y = 2 vao phuong trinh trén, ta dugc f(x) = mx + 2 v6i moi x > 0, x # 2, trong d6
m, n 1a cac hang s6 nao d6. Mit khac, bang cach thay x = 2 vao (2), taciing c6 f(2) = 2m+ 5.
Do d6, ta ludn c6 f(x) = mx + 2 v6i moi x > 0. Thit lai, ta thiy thoa man. Vay cdc ham s6
thda man yéu cau dé bai c6 dang f(x) = mx + 2 v6im, n lacic hing sb thuc. ]

Bai toan 8 (Korea, 2020). Tim tdt cd cdc ham s6 f : Qt — R théa man
J)+ )+ fz) =1

véi moi sé hitu ti dwong x, y,zmax +y +z + 1= 4xyz.
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L&i gidi. DE thly x + y+z+ 1 = 4xyz tuong duong véi 515 + 2y1+1 + 221+1 = 1. Pit
a = 2x1+1,b = y+1 vac = 22+1 thitac0 <a,b,c <l,a+b+c=1vax = lz_aa’
y = %, z = 1 . Do do, gia thiét ctia bai todn c6 thé dudc viét lai thanh

1—a 1-b 1—c¢
- -1
f(za)+f(2b)+f(2c)
v6i moi s hitu ti duong a, b, c théamana + b + ¢ = 1.

bitg (x — 1) = f(5) — 3 thitac

2x
! +g|b : + : 0
a—~ - = c—3|=
E\73) T\ T3) AT
v6i moi sb hitu ti duong a, b, ¢ thda min a + b 4+ ¢ = 1. Mot cach tuong duong, ta c6
gx) +g(y)+g(2) =0 (1)

v6i moi s0 hitu ti x, y, z € (—3, %) théaman x + y + z = 0.

Bay gld thay x =y =z =0vdo (1), ta dudc g(0) = 0. Lan luct thay x, y béi m m Vao
(1) 16i d6i chiéu véi chinh phuong trinh (1), ta dugc

¢ (x +y) _ 8 +g()

> > 2)

v6i moi s6 hitu i x, R € ( 3 3) thbamanx + y € (—% %) . N6i riéng, phuong trinh (2) dugc

thoa man véi moi sO hitu ti x, y € ( ;, %)

Dat h(ix)=g (x — l) —g (—%) . Khi do, vé6i mQ,i sbhitutix, y € (—
cung thudc khoang (—% é) . Do d6, stt dung ket qua (2), ta dugc

X+y\_ x4y 1\ 1\ _ [(x-gHHy-5\ (1
h( 2 )_g( 2 12) g( 12)_g( 2 ]2

gx—5%)+tglv—1%) (1) h(x) +h(y)
2 AT 2

. 1
),tacox—ﬁ, y—

NI

1
4°

R& rang /7(0) = 0 nén tif phuong trinh trén, ta dé dang chiing minh bang quy nap d€ suy ra

x
he) =2 (5;) 3)

v6i moi s0 hitu i x € (—5, ) va v6i moi s ty nhién n.

Bay gid, v6i mdi so hitu ti x, ta thiy ton tai cic sb nguyén duong 7 sao cho 3; € (—3 i 1)

Ngoal ra, v6i cdc s6 n nay thi 2"h ( 2,1) nhéan gla tri duy nhat (theo x). That vay, gia st ton tai
hai s nguyén duong m, n v6i m > n sao cho = s 2); € ( I Z) . Khi do6, theo (3), ta co

2"h (;—n) — on. oy, ( 2”n) — 2" (Zim) .
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Tir két qua nay suy ra ta cd thé dinh nghia ham A : Q — R dudc xdc dinh bdi A(x) = 2"h (35),
trong d6 7 1a s6 nguyén duong théa méan 2 S (—%. 3) - Ham A(x) dugc xéc dinh theo cach nay
12 ham cong tinh trén Q. That vay, véi hai s6 hitu ti x, y cho trudc, rd rang ton tai s6 nguyén
dudng 7 sao cho 5, 55, x;y € (—%, i) . Tur do, ta co

A(xty) = 2" 1h (’;tly) Y [h (2) +h ( )} ey (2 )+2"h (2y ) = A(X)+FA).

Vi A(x) 1a ham cong tinh trén Q nén A(x) = kx vdi k 12 hiang s6 thuc nao d6. Tt d6 suy ra véi
moi s6 hitu tf x € (—%, i) thi h(x) = A(x) = kx, do d6 v6i moi s6 hitu ti x € (—%, %) thi

1 1 1 1
g(x)-h(x—i—12)+g(—ﬁ):k(x—i-ﬁ)—i-g(—ﬁ):kx—l-ﬁ,

trong d6 £ = % +g (—%) .Ma g(0) =0nén £ = 0, suy ra

11
gx)=kx, VxeQ:x¢e (—5, 6) . (4)
Bay gid, trong phuong trinh (1), xét x € [é %) vathay y = % —e—X,z = —% +evlielasd

httu ti thude (0, 2 _ x) , ta dudc

3
1 1 o
g(x)+g(§—8—x)—|—g(—§+8) = 0.

fe 2 ~ c 1 1 1 1 . P 5 N
V6i cach chon € nhu trén, ta co 3—€6—x,—3+t¢ee€ (—5, g) . Do d¢, theo ket qua (4) thi

((boe) e (L) k(o) () ke

Tur d6 suy ra g(x) = kx v6i moi s6 hitu ti x € [é, —) Tém lai, ta ¢6 g(x) = kx v6i moi sb

hitu i x € (—3, 2). Tt day suy ra, v6i moi s6 hitu ti x € (0, 1) thi

f(z;’“)—%=g(x—%)=k(x—%)-

Thay x bdi 5=~ +1 , tadudc f(x) = 2x = + 12k v6i moi s6 hitu ti duong x. Thit lai, ta thdy ham
nay théa min cdc yéu cau cla bai todn. [

Bai toan 9 (Chinese IMO TST, 2019). Tim tdt cd cdc ham s6 f : Q — Q théa man

1 (2xy + ) P y) =40 f0) 5. YxyeQ (1)

Loi giai. Thay y = 0 vao (1), ta dugc [4f(0) — l]f(x) = f (%) - = V(’ii moi x € Q. Néu

£(0) 75 thi ta c6 f(x) la ham hang, tuy nhién khi thi lai thi khong c6 ham hing nao thdéa

man yéu cau bai toan. Do d6 f(0) = ;. Suyra f (3) = 3.
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Bay gi0, trong (1), 1an lugt thay x, y béi 3, %, ta dugc

(B e () = () (B) g veree

2 2 2
bat g(x) =4f (%) thi tu phuong trinh, ta c6
glxy+ D +glx—y)=gx)g(y) +2. VYx,yeQ 2)
Tt cach dit, dé thay g(0) = 1 va g(1) = 2. Thay y = 1 vao (2), ta dugc
gx+1D+gx—-1)=2g(x)+2, VxeQ. (3)

Tir (3), bang quy nap, ta d& dang chiing minh dugc g(n) = n? + 1 véi moi sb nguyén n. Tiép
theo, ta sé chitng minh két qua sau

g(x +n)+gx—n)=2g(x)+2n* VneN, xeQ.

Ta st dung phép quy nap theo n. V6i n = 0 van = 1, khang dinh hién nhién ding. Gia st
khang dinh ding dén n (n > 1), 1an ludt thay x bdi x 4+ n va x — n vao (3), ta dudc

gx+n+1)+gx+n—-1)=2g(x+n)+2
va

gx—n—-1)4+gx—n+1)=2g(x —n)+ 2.
Tur d6 suy ra
gx+n+l)+gx—n—-1)+gx+n—-1)+gx—n+1)= 2[g(x—|—n)+g(x—n)] + 4.
Mt khac, theo gia thiét quy nap,tacé g(x +n—1) + g(x —n + 1) = 2g(x) + (n — 1)? va
g(x +n)+ g(x —n) =2g(x) + 2n?%. Do d6

gx+n+D)+g(x—n—1)=2gx)+4n*>-2(n — 1>+ 4 =2g(x) +2(n + 1)%
T day suy ra khang dinh ciing diing véi n + 1. Theo nguyén ly quy nap, ta c6 khang dinh diing
v6i moi n. Bay gid, 1an luct thay y bdi n va —n (n nguyén duong) vao (2), ta dudc
gxn+ 1)+ gx —n)=m*+ Dg(x)+2

va

gl=xn+1)+g(x+n) = @n*+Hgx) +2.
Cong hai phuong trinh trén lai va thay x = ** v6i m nguyén, ta dugc

2(n2+1)g(m)+4=g(%+n>+g(T—n>+g(m+1)+g(—m+1)

n n
:2g(ﬂ)—|—2n2+(m+1)2+1—|—(m—1)2+1
n
m 2 2
=2g(—)+2m +on? 4 4.
n
Tu do suy ra g (%) = (%)2 + 1. N6i céach khdc, ta c¢6 g(x) = x2 + 1 v6i moi x € Q. Suy ra

f(x) = x?+ % v6i moi x € Q. Th lai, ta thdy ham ny thda min cdc yéu cau cia bai toan. [
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Bai toan 10 (Iran, 2010). Tim tdt cd cdc ham s6 f : Rso — Rsq thda man
x+ f(x)
7o+ =) =20 s+ 1 (70) 0
vdi moi s6 thue khong am x, y. (O ddy Rsq dugc ky hiéu la tdp cdc sé thic khong dm.)

L&i gidi. Trude hét, ta sé chitng minh ham f don anh. That viy, gia st ton tai hai s6 khong am
a,b véia > b saocho f(a) = f(b). Khido, tu (1), taco

7o+ D) =20 r@ 4 (70

va
b b
P v+ 2L2) =2 s+ 1500

Suy ra

f@,.,_%f(a)):f(yq_W)q-Z(a—b), Yy > 0.

Tu day, ta co
SO +o)=fy)+4c

véimoi y > W, trong d6 ¢ = % > 0. Va nhu thé, bang quy nap, ta ching minh dudc
f(y +nc)= f(y) +4nc
b+ f(a)

v6i moi y > =5-= vamoin € N. By gig, thay x b6i x + 2¢ vao (1) vaxét x, y >
duoc

b+ f(a)
—2 @

f(y+%f(x)+56) =2x — f(x) —4c + f(f()),
hay
f (y—i—%f(x)) + 20c¢ =2x—f(x)—4c+f(f(y)).

Déi chiéu véi phuong trinh (1), ta dugc 20c = —4c, mau thuin. VAy ham f don 4nh.

biatd = f(0). Thay x = d va y = 0 vao phuong trinh (1), ta dugc

P 2 0
Thay x = 0 vao phuong trinh (1), ta dudc
d
r(r+5)=rron-a vy=o @)

Do d6, phuong trinh (1) c6 thé dudc viét lai thanh
x+ f(x d
f(y—l—#) =2x—f(x)+d+f(y+5), Vx,y = 0.
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Thay x = % va y = 0 vao phuong trinh nay, ta dudc

d d
f (%”2)) —2d. (3)

Tir (1) va (3), véi chi ¥ f la ham don dnh, tasuy ra ¢ + f(d) = £ + f (£) . Mit khac, tit (2),
tacing c6 f (£) = f(d)—d.Dodé % + f(d) = f(d)—d.hayd = 0.

Vi d = 0 nén phuong trinh (2) c6 th€ dugc viét lai thanh f(y) = f(f(y)) v6imoi y > 0. Do
f don 4nh nén tir day, ta suy ra f(y) = y véi moi y > 0. Thi lai, ta thidy ham sb f(x) = x
thda man cic yéu cau cia bai todn. ]

Bai toan 11 (RMM Shortlist, 2019). Tim tdt cd cdc ham s6 f : R — R théa mdan

f(x+ /() + flxy) = f(x) + f(2019y), V¥x,y€eR. (1)
Loi giai. Xét cac trudng hop sau.
Trudng hop 1: f(0) = 0. Thay x = 0 vao phuong trinh (1), ta dugc f(2019y) = 0 v6i moi

y € R. Tt d6é f(x) = 0 véi moi x € R. Thi lai, ta thly ham nay théa min c4c yéu cau cla bai
toan.

Trudng hop 2: £(2019) # 0. Thay x = 2019 vao phuong trinh (1), ta dudc
£ (»f(2019) + 2019) = £(2019)

v6i moi y € R. Vi yf(2019) + 2019 c6 thé nhan moi gi4 tri trén R nén tir ddy ta suy ra
f(x) = C véi C 1a hang s khac 0. Thi lai, ta thdy ham nay théa mén cdc yéu ciu clia bai toan.

Trudng hop 3: £(0) # 0, £(2019) = 0.

e Néu f(x) = 0 v6i moi x # 0 thitacé

0 néux #0
fx) = A
¢ néux =0,
trong d6 ¢ 1a hiang s6 khac 0. Ham nay thda man cdc yéu ciu bai todn.
e Néu f(x) # 0 vSi moi x # 0 thi bang cach thay y = 1 vao phuong trinh (1), ta dugc
f(x + f(x)) =0, VxeR.

Tir d6 x + f(x) = 2019, tic f(x) = 2019 — x v6i moi sb thuc x. Thit lai, ta thAy ham
nay théa min cdc yéu cau bai todn.
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e Xét trudng hop ton taia # 0, b # 2019 sao cho f(a) # 0 va f(b) = 0. Thay x = b vao
phuong trinh (1), ta dugc f(by) = f(2019y) v6i moi y € R. Tur d6 suy ra

Jf(x) = fkx)

v6i moi sb thuc x, trong d6 k = 20% # 1. Bay gi0, thay x boi ka va thay y béi % vao
phuong trinh (1), ta dugc

2019y
f(“’“’”f(f( )) f(f())”(“) f(“"”f(f( ))

Suyra f(y + ka) = f(y + a) v6i moi sb thuc y. Ti d6, ta c6
fx) = f(x+m)

v6i moi s6 thuc x, trong d6 m = (k — 1)a # 0. Thay x bdi x + m vao phuong trinh (1),

ta dudc
f(x+2f() + flxy +my) = f(x) + f(2019y) = f(x + yf(x)) + f(xp),
hay
f(xy +my) = f(xy), Vx,ye€eR.
Bay gio, thay x = ’”l;) vay = %b vao phuong trinh trén, ta dugc f(a) = f(b), mau

thuan. Do d6, trudng hop nay khong xdy ra.

Tém lai, cac ham so thoa man yéu cau dé bai la

0 nux #0

¢ néux =0,

fx)=C, f(x)=2019—x, f(x)=
trong d6 C, ¢ 1a cac hang sb thuc va ¢ # 0. O
Bai toan 12 (IMO, 2011). Cho ham s6 f : R — R théa mdn
SO +y) <yf) + f(f(x) (1
véi moi 56 thuc x, y. Chitng minh rang f(x) = 0 vdi moi x < 0.
Loi giai. Pata = f(0) vab = f(f(O)) Tir gi thiét, bang cach thay x = 0 vao (1), ta co
f(y)<ay+b, VyeR

T d6 suy ra

fa+y) <yf@O)+f(f) <yf)+af(x)+b=(+a) f(x)+b. Yx,yeR. (2)

Ta sé& chitng minh £(x) < 0 v6i moi x € R. That vy, gia st tdn tai s6 thuc ¢ sao cho f(c) > 0.
Thay x = ¢ va thay y b6i y — ¢ vao (2), ta dudc

fO)<(y—c+a)f(c)+b, VyeR
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Vilimy_o[(y — ¢ +a) f(c) + b] = —co nén

m f(y) = —o0.
Bay gio, thay y = ¢ — x vao (2), ta dudc

fle)<(c—x+a)f(x)+b, VxeR

Tudo0 < f(c) < limx_,_oo[(c —x+a)f(x)+ b] = —00, mau thuin. Tém lai, ta c6

f(x) <0, VxeR. (3)
Bay gid, trong bt phuong trinh (2), thay y = a — x, ta dudc

2a—x)f(x) >0, VxeR.

Tir d6, v6i moi x < 2a thi f(x) > 0. Két hop vé6i (3), ta dudc f(x) = 0 v6i moi x < 2a.

Cubi cung, ta sé chiing minh ¢ = 0. That vay, gid st a < 0. Trong (1) cho x < 2a va thay y
bdi y — x, tadudc f(y) < a v6i moi y € R. Nhung bat ding thiic nay khong ding khi y < 2a.
Do d6 a = 0. T day két hop véi cac két qua da thu dudc, tacéd f(x) = 0 véimoi x < 0. [

Bai toan 13. Ton tai khéng ham sé6 f : R — R théa mdn
flx—f() <yf(x)+x, Vx,yeR? (1)

L&i gidi. Gid st ton tai ham s6 f thda man yéu cau. Pita = £(0), khi d6 tir (1), dé thiy

f(x)<x+a, VxeR (2)
Thay x bdi f(y) vao (1) va st dung bit dang thiic trén, ta dugc

a<yf(fO»)+fO) <yf(f)) +y+a.
Tu do suy ra
y[f(f()+1]=0 VyeR

Trong bat phuong trinh trén, xét y > 0 va st dung két qua (2), ta dudc

f»)=—-a-1, Vy>o. 3)

Bay gid, cd dinh x e Rvaxéty < x —a. Theokétqua (2),tacé x — f(y) = x —(y +a) > 0.
Tt d6, theo két qua (3) thi f (x - f (y)) > —a — 1. St dung danh gia nay, ta dugc

—a—1< f(x=f(») <yf(x)+x, Vy<x-—a.
Cho y — —oo, tasuy ra f(x) > 0. Tom lai, ta ludn c6

f(x) <0, VxeR.
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N6i riéng, tacé a = £(0) < 0. Bay gid, thay x bdi x + f(y) vao (1) v6i x < 0 < —a cb dinh
va y > 0, ta dugc

fO<yf(x+fM)+x+ fO <y + f)+a@) +x+ f(») <yx +a) +x.
Tu do suy ra
<X= f (X)’
—(x+a)
Bit ding thiic nay khong thé thda mén khi y nhan gia tri d 16n. Viy khong ton tai ham s6 f
nao thdéa man yéu cau. O

Yy > 0.

Bai toan 14 (Japan, 2020). Tim tdt cd cdc ham s6 f : N* — N* théa mdn
2 2 2 *
XA+ (fD) +[x=fW] = (f()) +y% Vx. yeN M

L&i gidi. DE tién cho viée trinh bay, ta ky hiéu f,(x) = f (f ( (). )) (n lan f). Thay
x = f(y) vao (1), ta dugc
2(/0)° 2 (S(FM)) + > ¥y eN~. )

Néu ton tai s6 nguyén duong a sao cho a > f(a) thi tit bAt phuong trinh (2), ta dé dang suy ra
f(a) > f(f(a)). Tir d6, bang quy nap, ta chiing minh dugc

a> fa) > f(f@)> fsla) >
Suy ra & gitta hai s6 0 va a c6 vd s6 s6 nguyén duong, mau thuan. Do d6
f(x) >x, VxeN*,

C6 dinh x nguyén duong. Ta sé chiing minh ton tai sd tu nhién 79 a0 cho fry11(x) = fp, ().
That viy, gia st ngudc lai, v6i moi sb tu nhién 7 thi f,11(x) > f,(x).

Thay y bdi f,(x) vao (2). ta duge 2(fus1(x))” > (fara(x))” + (fa(x))’. hay
[fn—H(x) - fn(x)][fn—i-l(x) + fn(x)] > [fn+2(x) - fn—i—l(x)][fn—i-z(x) + fn—i—l(x)]-
Do [fn—i—l(x) - fn(x)][fn+l(x) + fn(x)] < [fn+1(x) - fn(x)][fn—i-Z(x) + fn—i—l(x)] nén tu

bat phuong trinh trén, ta suy ra

fn—i—l(x)_fn(x) > fn+2(x)_fn+1(x)’ Vn € N.

Tir két qua nay, ta c6

f)=x> folx) = f(x) > f3(x) = fa(x) > --- = 0.
Suy ra & gitta 0 va f(x) — x c6 vo sb sd nguyén duong, mau thudn. Vay phai ton tai s6 tu nhién
no sao cho f,,+1(x) = fu,(x). Bay gi0, trong (1), thay x bdi f,,—1(x) va thay y bdi f,,(x),
ta dudc
2 2 2 2

(Sro=1(0)" + (fa0 ()™ + [fuo—1(x) = fuo ()]” = 2(fao (%))

hay
2fn0—1(x)[fn0—l(x) - fno(x)] = 0.

T d6 suy ra fr,—1(x) = fuo(x). Ma f,(x) = [no_/l(x) nén ta cling c€3 Jno—1(x) = fno(x/).
Ci nhu vay, ta chiing minh dugc f(x) = x v4i moi so nguyén dudng x co dinh. Thi lai, ta thay
ham sd f(x) = x théa man c4c yéu cau bai toan. O
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Bai toan 15 (Iranian IMO TST, 2017). Ddt R" la tdp cdc sé thuc duong. Tim tdt cd cdc ham

56 f :RY x Rt — R* théa man dong thoi cdc diéu kién sau véi moi sé thie duong x, y, z :
o f(f(x.p),z)=x2y2f(x, 2). (1)
o f(x, 14 f(x, ) =2+ xyf(x, x). 2)

Loi giai. Thay y = z = 1 vao (1), ta dugc

F(f(x, D, ) =x>f(x, 1), Vx>0. (3)

Tir ddy, dé dang suy ra ham s6 f(x, 1) don dnh trén RT. Tt do, v6i cha y f(f(1, 1), 1) =
f(1, 1), tasuyra f(1, 1) = 1. Thay x = z = 1 vao (1), ta dugc

ffA ), D)=y Vy>o. (4)
Suy ra ham s& f(x, 1) c6 thé nhan moi gid tri trén R*. Tém lai, ham s6 f(x, 1) 1a song 4nh

trén RT.

Tir (4), ta ciing suy ra ham s6 f(1, x) don 4nh trén R*. Mit khac, vi ham s& f(x, 1) la song
dnh trén R nén tng véi mbi sé duong x déu ton tai s6 duong y sao cho y2 = f(x, 1). Két
hdp véi (4), ta dugc f(f(l, y), 1) = f(x, 1), tic £(1, y) = x. Suy raham s6 f(1, x) ciing
12 toan anh trén R™. Tém lai, ham s6 f(1, x) 12 mot song dnh trén R,

Bay gio, thay x = 1 vao (1), ta dugc
FUQAL ), 2) =y2fa, 2) = f(fQA, »), 1) £, 2).
Viham sd f(1, y) la song 4anh trén RT nén tir day, ta c6
S, y)=fx, DA, y), Vx,y>0. (5)

bit g(x) = f(x, D) vah(y) = f(1, y) thitir (5), tacod f(x, y) = g(x)h(y). Cac gia thiét
(1) va (2) c6 thé dudc viét lai thanh

g(g()h(y)) = x*y*g(x), Vx,y>0 (1)

va

gh(1 +g()h(y)) = x* + xyg(x)h(x), V¥x,y > 0. (2)
RG rang g(1) = h(1) = 1 nén t (1'), ta c6 g(g(x)) = x2g(x) va g(h(y)) = y*. Do do,
phuong trinh (1’) c6 thé dudc viét lai thanh g(g(x)h(y)) = g(g(x))g(h(y)). Vi g(x), h(y) la
cac ham song 4nh trén R nén tir day, ta suy ra g 12 ham nhan tinh trén R*.

Véichi y x2y? = g(h(xy)), i ('), tacé

g(g)h(y)) = g(h(xy))g(x) = g(xh(xy)).
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Cho y = 1, ta dudc g(x) = xh(x) v6i moi x > 0. Tir day, dé thiy /& (x) ciing 12 ham nhan tinh
trén R*. Ngoai ra, gi thiét (2') c6 thé dudc viét lai thanh

h(x)h(1 + xh(xy)) > x + xy(h(x)) Vx, y >0,

hay
h(x)h(1 + xh(y)) > x + y(h(x)) Vx,y > 0. 2"

Bay gio, thay x = ﬁ vao phuong trinh (2”) véi chd y h (h(y)) = h(hl( )) = h(y) (do
y

g(h(y)) = y*nén h(y)h(h(y)) = y*), ta dugc

e 1 (h(»))

7 hO) o
hay
o) > L 41O
(h(y)) y
St dung bit dang thic AM-GM, ta c6 (h( ))2 + h(yy) o) h(y Do d6, tir bat dng thic trén,
y

ta suy ra ton tai hiang s6 k > 0 sao cho h(y) > ky véi moi y > 0.

Vi /i(x) 1a ham nhan tinh nén ta ¢ h(x") = (h(x))" véi moi n nguyén duong. Do /1(x") > kx"
nén h(x) > kx v6i moi n nguyén duong. Cho n — +o0, ta dudc h(x) > x v6i moi x > 0.
Tu day, két hop véi h(x)h(h(x)) = x2, ta dé dang suy ra h(x) = x v6i moi x > 0. Tur d6
g(x) = xh(x) = x? v6imoi x > 0. Vay f(x, y) = g(x)h(y) = x?y véi moi x, y > 0. Tht
lai, ta thdy ham nay thoa man cic yéu cau cia bai toan. O

Bai tap 1 (GQMO, 2020). Tim tdt cd cdc ham s6 f : Q — Q théa man
fOfy+1)=f(xf(»)+ f(x). Vx, yeQ.
Bai tap 2. Tim tdt cd cdc ham sé f : R — R théa mdn
2 2 2
(fx+»)" =)+ (D) +xf()+yf(x), Vx,yeR.
Bai tap 3 (Taiwan IMO TST, 2019). Tim tdt cd cdc ham sé f : R — R théa mdn

f(f0) = f&x)=y)=yf() = f(»)—x. V¥x,yeR

Bai tap 4. Tim tdt cd cdc ham sé f : R — R théa man

fa=20)+ fx+ f)=x+ f(f(x)—y). ¥Yx.yeR
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Bai tap 5 (Tuymaada, 2003). Tim tdt cd cdc ham sé lién tuc f : RT — R théa mdn

f(x+%)+f(y—|—%) =f(x+§)+f(y+%), Vx,y>0.
Bai tap 6 (RMM Shortlist, 2016). Tim tdt cd cdc ham s6 f : N — N théa man
fa+b) = f@) + fB) + ) + f(d)
véi moi s6 tw nhién a, b, ¢, d sao cho 2ab = c¢* + d>.

Bai tap 7 (IMO Shortlist, 2013). Tim tdt cd cdc ham sé6 f : Q — Z théa man

f(%):f(xza), VxeQ,aeZ beZ".

Bai tap 8 (USAMO, 2018). Tim tdt cd cdc ham sé f : Rt — R* théa man

f(x+l)+f(y+l)+f(z+l):1
X y z

véi moi sé thyc duong x, y, z ma xyz = 1. (é day R duoc ky hiéu la tdp cdc sé thuc duong.)

Bai tap 9. Tim tdt cd cdc ham lién tuc f : R — R théa mdn

fx+y)+fxy)=fx)+ f)+ fey+1. Vx.yeR

Bai tap 10 (IMO Shortlist, 2000). Tim tdt cd cdc cdp ham s6 f, g : R — R thda man

f(x+80) =xf()—yf(x) +gx). Vx,yeR.

Bai tap 11. Tim tdt cd cdc ham sé f : R — R théa man f(0) > 0va

fO+y) = f)+yf(f(x), Vx,yeR.

Bai tap 12 (IMAR, 2008). Ky hiéu RT la tdp cdc s6 thic duong. Chiing minh rdang vdi moi ham
s6 f :RY — R*, luén tai cdp sé duong (x, y) sao cho

[ +y) <yf(f(x).

Bai tap 13 (Iran, 2019). Tim tdt cd cdc ham s6 f : R — R sao cho vdi moi s thuc a, b, ¢, néu

a+ f(b)+ f(f(e) =0,

thi
(f(@)* + b(f (b)) + 2 f(c) = 3abe.

Bai tap 14 (Turkish IMO TST, 2011). Tim tdt cd cdc ham s6 f : QT — Q7 théa mdn

x \ _ f(x) 1y flx
f(x—l—l)_x+1’ f(;)_ x3 VxeQr.
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KHAM PHA TU MOT BAI TOAN HAY

Nguyén Duy Phudc
(Truong Trung hoc phd thong Chuyén Qubc Hoc — Hué)

TOM TAT

Bai viét nay 1a két qua ctia nhitng kham ph4, mé rong ma tic gia da khai thac dudc tit mot
bai to4n c¢6 cAu hinh don gidn. Qua d6, xin chia sé véi ban doc mot cach hoc todn, dic
biét 12 v6i phan moén hinh hoc clia ban than tac gia theo huéng khai thac bai toan ban du
d€ hiéu thém vé bai todn d6. Cu thé ta di dén ndi dung bai todn sau.

BAI TOAN 1. Cho tam gidc ABC. Pudng thang qua B, C 1an ludt vudng géc véi AB, AC theo
thi tu cat dudng thang qua A vudng géc véi BC tai X, Y. Pudng tron dudng kinh XY 1an lugt
cat BX,CY lan thi hai tai Z, 7. Chiing minh rang Z7 di qua truc tim ctia tam gidc ABC.

LO1 GIAL

CACH 1. Goi S 1a giao diém ctia BX va C'Y, K 12 hinh chiéu cta S 1én XY, H 1a tryc tAm cuia
tam giac ABC.

Tacé LAKS = ZABS = ZC = 90° nén niam diém A, B, C, K, S cung nam trén dudng tron
dudng kinh AS. Tir d6, dé thiy ti gidc BHC'S 1a hinh binh hanh. Nén SH chia doi BC. Miit
khic SK 1L XY, XY 1 BC,suyra SK || BC.

Do dé S(KH,BC) = —1,suyra S(KH,XY)=—1nén (KH,XY) = —1.

Dé thiy SK,Y Z, XT 1a céc dudng cao clia tam giac SXY nén SK,Y Z, XT dong quy. Lai c6
(KH,XY) = —1. Vay ba diém Z, T, H thang hang.
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CACH 2. Ta ki hiéu céc diém tuong tu nhu & cach 1.

Ta c6 ZSKY = ZSZY = 90° nén ti gisdc SZKY ndi tiép suy ra /BZK = /KYS. Vi
BH 1 CA,CY L CAnén BH | CY dod6 ZKYS =/HYC = /BHY = /BHK.

Din dén /BZK = /BHK. Suy ra ti gidc BHZK 1a tii gidc ndi tiép. Nén ta c6 bién d6i goc

(KHZ = /KBZ = /KBS = /ZKAS

Vivay HZ || AS. Ching minh tuong tu, ta dugc HT || AS. Vay ba diém Z, T, H thang hang.
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Tt hai cach chiing minh trén, ta ridt ra dugc hai hé qua sau: (KH, XY) = —1 va
ba diém Z, T, H cung nam trén dudng thang song song véi AS. Tuy hai hé nay kha don gin
nhung né déng vai trd kha quan trong cho nhiing bai todn tiép theo.

Tiép theo sé& 12 nhitng vin dé dugc khai thac dén bai toan 1 nay.

BAI TOAN 2. Cho tam gidc ABC, H la truc tim. Pudng thang qua B, C 1an ludt vudng géc véi
AB, AC theo thit tu cit AH tai X,Y. Ching minh rang BC' la truc dang phuong clia dudng
tron duong kinh XY va dudng tron (H;0).

LO1 GIAL Goi D la giao diém cia AH va BC, K la giao di€ém thi hai cia AH va dudng tron
ngoai tiép tam gidac ABC. Khi do, ta c6 két qua quen thuéc H va K dbi xiing nhau qua BC hay
D la trung diém cua HK.

Theo céch 1 § bai todn 1, ta da chiing minh dugc (HK, XY) = —1. Lai ¢6 D la trung diém cta
HK nén DH? = DX.DY (hé thiic Newton), suy ra phuong tich tit D dén dudng tron dudng
kinh XY bing phuong tich tit D dén dudng tron (H;0). Do d6 truc dang phuong clia dudng
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tron duong kinh XY va dudng tron (H; 0) di qua diém D.

Ta nhan thiy tim ctia dudng tron dudng kinh XY chinh Ia trung diém cta XY, BC di qua D
va BC 1 XY.

Viy BC la truc dang phuong ctia dudng tron dudng kinh XY va dudng tron (H;0).

BAI TOAN 3. Cho tam gidc ABC, truc tim H. Pudng thang qua B, C' lan lugt vudng géc véi
AB, AC theo thit ty cat AH tai X,Y. Pudng tron dudng kinh XY 1an ludt cit dudng tron
(BHX), (CHY) lan tht hai tai Z,T. ZX,TY lan luct cat BC tai @, P. Goi U la giao diém
cia HP va ZX,V la giao di€ém ctia TY va HQ.

a) Ching minh rang bén diém Z, T, U, V cung nam trén mot dudng tron. Goi dudng tron dé 1a

(w)-
b) Chiting minh ring dudng tron (w) tiép xtic véi AH.

LOT GIAL a) Theo bai toan 2 thi BC 1a truc dédng phucng clia dudng tron dudng kinh XY va
dudng tron (H;0). Suy ra PH? = PT.PY. Do &6 PH la tiép tuyén ctia dudng tron (CHY').
Nén LZUHT = /PHT = /ZHYT = /XYT = ZUZT suy ra bdn diém H,U, Z, T cing nim
trén mot dudng tron. Chitng minh tuong tu, ta dudc bdn diém H,V, Z, T cing nim trén mot
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dudng tron.
Vay nim di€ém H, Z, T, U,V cung nam trén mot dudng tron (w).

b) Goi D 1a giao diém ctia AH va BC. Khi d6 theo cach ching minh & bai todn 2 thi DH? =
DX .DY . Ta sé chitng minh ba diém Z, T, D thang hang.

Ta da c6 PH, QH lan ludt 12 tiép tuyén clia dudng tron ngoai tiép tam gidc CHY, BH X. Suy
ra /QHD = /QHX = /HBX,/PHD = /PHY = ZHCY . Mit khac do BH || CY
(do cing vudng goc véi AC), CH || BX (do cung vudng goc v6i AB) va ba diém H, X,Y
thang hang nén ZHBX = ZHCY.Do d6 ZQHD = ZPHD nén HD la tia phan gidc clia
goc PHQ.Laico HD 1 PQ = BC.

Vi vy HD la dudng trung truc cia PQ hay P la diém ddi xding véi Q qua HD din dén
DX = /ZDPX.

Tacoé ZPTX =180° — ZXTY = 180° — 90° = 90° = ZPDX nén td gidc PDTX ndi tiép,
LYZQ =LY ZX =90° = LY DQ nén ti gidc Y Z D@ ndi tiép. Suy ra ta c6 bién d6i goc

LITX =LY X =/L2YD =/72QD = /ZXQD = /XPD = /ZDTX

Vi thé, ba diém Z, T, D thang hang. Do d6 DZ.DT = DX.DY = DH? Viy dudng tron
(w) = (HZT) tiép xtic v6i DH hay (w) tiép xtic véi AH.
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Chiing ta c6 thé chitng minh UV || DH bing cach st dung bd d& Reim vao dudng
tron (w) va dudng tron dudng kinh XY (khi d6 UV || XY = DH). Sau d6, st dung yéu t6 P
va @ 1a hai diém d6i xdng v6i nhau qua DH thi bang bién d6i géc don gian thi ta ciing chi ra
dugc (w) = (HUV) tiép xtic v6i DH = AH.

BAI TOAN 4. Cho tam gidc ABC. Goi D la hinh chiéu ctia A 1én BC. Puong thing qua B, C
lan lugt vuong goc véi AB, AC theo thii tu cat AD tai X, Y. BX,CY lan ludt cit lai dudng
tron duong kinh XY tai E, F. (BEC), (BFC) 1an lugt cit dudng tron dudng kinh XY tai cic
diém thit hai la U, V.

a) Chiing minh rang dudng tron ngoai tiép tam giac UV D di qua truc tAm cia tam gidc ABC.

b) (BEC) cét AC tai Q khic C, (BFC) cit AB tai P khac B. Ching minh ring P(Q tiép xuc
vGi duong tron (UV D).

LO1 GIAL a) Goi H 1a truc tam ctia tam giac ABC, S 1a giao di€ém cua BH va C' X . Trudc tién,
ta sé chiing minh ba diém U, X, C thang hang; ba diém B, V, Y thang hang. Goi U’ 1a giao diém
thit hai cia C'X va duong tron duong kinh XY'. Ta c6

LYUC=24YU'X =90°=ZLYDC, L/YEB = /ZYEX =90° = LY DB

Suy ra céc tif giac YU'DC, Y EDB noi tiép. Do d6 XU'.XC = XD.XY = XE.XB. Vi thé
ti gidc BU'EC noi tiép suy ra U = U’ hay ba diém C, X, U thiang hang. Ching minh tuong tu,
ta dugc ba diém B, V,Y thing hang.

Ta da c6 td gidgc YU DC noi tiép nén ZUDY = ZUCY. Mit khac BH || CY (do ciing vudng
g6c véi AC)nén LHSU = LUCY.Do dé ZUDY = £HSU. Khi dé i giac SHDU ndi tiép.
Theo bai toan 2 thi BC 1a truc dang phuong ctia dudng tron dudng kinh (XY') va dudng tron
(H;0).Suy ra BH?> = BV.BY vi thé ta dé dang ching minh dudc hai tam giac BHV va BY H
dong dang theo trudong hgp c-g-c. Do dé Z/SHV = /BHV = /BYH = /VYX = /SUV
nén ti gisfc HSUV ndi tiép.

Vay nam diém S, H, V, U, D dong vién hay (UV D) di qua H.
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b) Goi A’ 1a giao diém ctia BX va CY. Theo bai toan 1 thi ba diém H, F, I thang hang va ba
diém H, E, F cung nam trén dudng thang song song v6i AA’. Dé thdy AA’ 1a dudng kinh ctia
dudng tron ngoai tiép tam giac ABC.

Ta ¢6 bién d6i géc: /BPF = /BCF = /BCA" = /BAA' suy ra PF || AA'. Lai c6 cét
tuyén HEF || AA’. Suy ra bén diém P, H, E, I thang hang. Chiing minh tucng tu, ta dugc bon
diém @, H, E, F thang hang.

Goi T 1a giao diém ctia UV va EF. Ap dung dinh ly Pascal cho 6 diém U, E,Y, F, V, X véi chi
VUVNEF=T,EXNVY =B, UXNFY = C tacébadiém B, T, C thang hang.

Theo bai toan 2 thi BC 1a truc déng phuong ctia duong tron (XY') va dudng tron (H;0). Khi
dé, ta dugc TH? = TU.TV. Vay T H 1a tiép tuyén cta dudng tron (HUV) = (UV D) hay PQ
tiép xtic véi (UV D) tai H.

BAI TOAN 5. Cho tam gidc ABC noi tiép dudng tron (O). Pudng thiang qua B, C lan lugt vuong
géc véi AB, AC theo thi tu cat dudng thang qua A vudng géc véi BC tai X, Y. M, N 1an lugt
la trung diém ctia BX, CY. OM,ON lan ludt cat AB, AC tai P, Q.
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a) Chiing minh rang bén diém A, P, Q, O cing nam trén mot dudng tron.

b) Chiing minh ring cic dudng tron (O), (APQ), (PM), (QN) va (OMN) cung di qua mot
diém.

LOI GIAL a) Goi Z 1a hinh chiéu vudng géc ctia A 1én BC, K 1a giao diém cta BX va CY'.
Dé thiy AK la duong kinh ctia dudng tron (O), Z thudc dudng tron dudng kinh BX va dudng
tron dudng kinh CY. Goi D 1a giao di€m thi hai clia dudng tron dudng kinh BX va dudng tron
duong kinh CY'.

Tacd £LBDC = /BDZ + £ZDC = /BXZ + /ZYC = /KXY + ZXYK = 180° —
/XKY = /BKC. Suy ra D nam trén duong tron (K BC) = (O).

Dé thly MB = MD,OB = OD suy ra OM la dudng trung truc cia BD hay B va D dbi
xting nhau qua OM. Suy ra ZMOD = # =/BKD = ZMKD nén ti giac OM DK ndi
tiép hay M thudc dudng tron (OK D). Chiing minh tuong tu, ta dugc N ndm trén dudng tron
(OKD).

Tu d6 suy ra ZPOQ = 180° — ZMON = 180° — LZMKN = /BKC = 180° — LBAC =
180° — ZPAQ. Vay bbn diém A, P, Q, O cung nam trén mdt dudng tron.
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b) Ta da chiing minh dudc B va D db6i xiing nhau qua OM. Mit khac ZMBP = 90° suy ra
ZMDP = 90° nén D thudc duong tron duong kinh PM. Ching minh tuong tu, ta dugc D
thudc duong tron dudng kinh QN. Ta c6 bién ddi goc

LAPD = /BPD =2/MPD =2/MBD =2/KBD =2/KAD = 2(90° — ZAKD) =
180° — 2/AKD = 180° — LAOD

Do d6 ti gidc APDO ndi tiép hay D nim trén duong tron (APO) = (APQ). Viy cic dudng
tron (O), (APQ), (PM),(QN) va (OMN) cung di qua diém D.

Tir bai todn ndy, chiing ta c6 th€ chitng minh dudc truc tim clia tam giac OM N
nam trén BC'. Luc nay, duong thang di qua B va C chinh la dudng thang Steiner cua tam giac
OM N iing véi diém D.

BAI TOAN 6. Cho tam gidgc ABC, D 1a chan dudng cao ha tit A xudng BC, D’ 1a diém dbi xting
véi D qua trung diém ctia BC. Pudng thang qua B, C 1an lugt vudng géc véi AB, AC theo thi
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tu cat AD tai X,Y. Goi M la trung diém ctia XY. Goi N la giao diém ctiia BX va CM, P la
giao diém ctia BM va C'Y. Chiing minh ring ba diém N, P, D’ thang hang.

LO1 GIAL Goi A’ 1a giao diém ctia BX va CY. Dé thiy AA’ 1a dudng kinh cta dudng tron
ngoai tiép tam gidc ABC.

Vi D’ 1a diém ddi xing v6i D qua trung diém ctia BC, AA’ 1a dudng kinh cta (ABC) nén
A'D’ | BC.Mitkhac XY 1 BC.Suyra XY || A’D’. Lai ¢6 M la trung di€ém ctia XY Do
d6 A/(D'M,XY) = —1suyra A'(D'M, BC) = —1. Tt d6, dé dang chi ra dugc BA’, CM va
PD’ ddng quy. Ma N 1a giao diém ctia BA’, C M. Viy ba diém N, P, D’ thang hang.

BAI TOAN 7. Cho tam gidc ABC. Pudng thang qua B, C 1an lugt vudng géc véi AB, AC theo
thi tu cit dudng thang qua A vuong géc véi BC tai X, Y. Goi P la diém d6i xing véi X qua
AB, Q la diém dbi xing v6i Y qua AC. Chiing minh rang PQ di qua truc tim cla tam gidc
ABC.
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LO1 GIAL Goi H 12 truc tam ctia tam gidc ABC, F 1a diém dbi xing v6i H qua AB, M 1a trung
diém ctia BC, AM cat CH tai N, S 1a giao diém ctia CH va AB.

Vi F 1a diém ddi xting v6i H qua AB nén ba diém F, H, C thang hang. Lai c6 P dbi xing véi
X qua AB nén theo tinh chét d6i xiing truc thi ba diém A, F, P thang hang va AB, PH, X F
dong quy tai 7. Ta ciing ¢6 B 1a trung diém cta PX.

Ap dung dinh Iy Menelaus vao tam gidc ABM véi ba diém S, N, C thang hang

SA NM CB

SA NM CB _ |

SB'NA 'CM

NM CM SB 1 HX

Ap dung dinh Iy Menelaus vao tam gidc ABX véi ba diém P, T, H thang hang

TB HA PX_l

TA"HX' ' PB ~—
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TB _ HX PB _ 1 HX
Suy ra {M = ZB(= . 2X) Do d6 TN || BM. Mat khac AH 1 BM.Nén AH L TN,
ta cling c6 NH 1 AT. Vi thé H 1a truc tAm cta tam gidc ATN. Nhu vay TH 1 AN hay
PH 1 AM. Ching minh tuong tu, ta dugc QH 1 AM.

Vay ba diém P, H, () cing nam trén mot duong thang vudng géc AM.

BAI TOAN 8. Cho tam gidc ABC, H la truc tim. Pudng thing qua B, C 1an lugt vudng goc véi
AB, AC theo thif tu cit AH tai P, Q. Goi (w) 12 mdt dudng tron qua H va tiép xic véi AH.
(w) 1an lugt cat dudng tron (BPH), (CQH) tai cic diém thit hai 1a X, Y. Goi Z 1a giao diém
cia BX va CY. Chiing minh ring dudng tron (XY Z) tiép xic véi (BPH), (CQH).

LO1 GIAL (Lé Viét An, GV truong PTNK, thanh phé H6 Chi Minh) Goi E 1a giao diém thi hai
ctia dudng tron (CHQ) va AC, F la giao di€m thi hai ctia dudng tron (BH P) va AB.

Do Z/FBP =90°nén ZFHP =90°suyra HFF | HP = AH. Chiing minh tuong tu, ta dugc
HE 1 AH.Do d6ba diém H, E, F thang hang va ta ciing chi ra dugc cat tuyén EHF' || BC.
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Goi K 1a giao diém thif hai cta dudng tron (w) va EF. Vi (w) tiép xtic véi AH nén tdm cia (w)
nam trén £ F nén H K la dudng kinh ctia (w). Dén day, k¢ KM | CH tai M, KN 1| BH tai
N do d6 M, N thudc dudng tron (w).

Tacé KM || BF (do cing vudng géc v6i H ') nén theo bé dé Reim thi ba diém B, X, M thang
hang. Chitng minh tuong tu, ta dudc ba diém C,Y, N thang hang.

Goi T 1a giao diém thif hai clia dudng tron ngoai tiép tam gidc XY Z va HY . Khi d6, ta c6 bién
ddi goc

LYTZ =/YXZ =/LYXM =/ZYHM = ZYHC

Nén ZT || CH. Do d6 dudng tron (XY Z) = (YT Z) tiép xiic v6i (Y HC) = (CHQ). Chiing
minh tuong ty, ta dugc dudng tron (XY Z) tiép xiic véi (BH P). Vay duong tron (XY Z) tiép
xtc véi (BHP), (CHQ).

Tac gia Lé Viét An da phat hién dudc hai két qua sau tir bai todn:

1) TAm ctia dudng tron ngoai tiép tam giac XY Z thudc mot elip ¢ dinh khi dudng tron (w)
thay déi.

2) Néu cho dudng tron (w) tiép xiic véi BC' thi dudng tron ngoai tiép tam gidc XY Z tiép xic
véi dudng tron ngoai tiép tam gidac ABC. Sau mot hdi bién ddi ciu hinh, ta c6 bai todn tdng
quat hon sau:

Cho tam gidc ABC néi tiép duong tron (O); E, F ldn lugt nam trén CA, AB. P la diém bdt
ki trén EF. Mot duong tron di qua P va tiép xiic véi BC ldn lugt cdt (BPF),(CPE) tai cdc
diém thit hai la X,Y . Goi Z la giao diém ciia BX va CY. Chitng minh rdng duong tron ngoai
tiép tam gidc XY 7 tiép xiic vdi duong tron (O).

Lai giai cho bai toan nay xin danh cho ban doc.
Chiing ta tiép tuc véi bai todn tiép theo.

BAI TOAN 9. Cho tam gidgc ABC. Pudng thang qua B, C lan ludt vudng géc véi AB, AC theo
thi tu cat dudng thang qua A vudng géc véi BC tai X, Y. Puong tron dudng kinh XY 1an lugt
cit BX,CY lan tht hai tai Z, T. ZT lan luct cit AX, (BHX),(CHY) tai H, P,Q (P, Q khac
H). BP cit CQ tai R. Ching minh ring duong tron (PQR) tiép xic v6i XY

LOI GIAL Goi E 1a giao di€m thi hai cia (CHY') va AC, F la giao diém thi hai ctia (BHX)
va AB, K la giao diém clia BX va CY. Khi d6 theo bai todn 1 thi H 1a tryc tm ctia tam gidc
ABC vacattuyén HZT || AK.

Dé thy ba diém H, I, F thang hang va cit tuyén EHF || BC. Tacé

/BFX =/BHX = ZACB = ZAKB = ZAKX

Suy ra tif gidc AF X K noi tiép. Chiing minh tuong tu, ta dudc ti gidc AEKY noi tiép.

Goi P’ 1a giao diém thit hai cia F'K va dudng tron (BHX). Thitacé ZXHP = /XFP =
/XFK =/XAKnén HP' | AK.Laic6cattuyén HZT || AK. Suy rabén diém H, Z, T, P’
thang hang. Do d6 P = P’ hay néi cich khic ba diém K, P, F' thang hang. Chitng minh tuong
tu, ta dudc ba diém Q, K, E thang hang.
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Goi S 12 hinh chiéu vudng géc cia K 1én XY. Theo bai toan 2, BC la truc dang phuong ctia
dudng tron duong kinh XY va dudng tron (H;0) nén CH? = CT.CY dan dén ACHT -
ACYH (c-g-c)suyraZCHT = ZCYH.

Vi ZKQY = ZEQY = ZECY = 90° = ZKSY nén ti giac KSYQ noi tiép. Lai c6
LKYQ = £CYQ = LCHQ = LCHT = ZCYH = ZKY S suy ra KS = K(. Chiing
minh tuong tu, ta dugc KS = KP.Vivay KS = KP = K( suy ra K 1a tam dudng tron ngoai
tiép tam gidc SPQ.

Tiép tuc bién ddi géc

/PRQ = 180° — ZRPQ — ZRQP = 180° — ZHPB — ZHQC =
180° — ZAFH — /AEH = /EAF = /BAC

Do tam gidc K P(Q cén tai K nén ZPK(Q = 180° — 2ZKP(@) = 180° — 2/FPH = 180° —
/FBH =2/BAC = 2/PRQ.

Suy ra K 1a tam ctia dudng tron ngoai tiép tam gidac PQR. Khi d6 K 13 tim cta dudng tron
ngoai tiép ti gidc PRQS. Mit khac KS 1 XY. Vay XY tiép xiic v6i dudng tron (PQR) tai
S.

BAI TOAN 10. Cho tam gidc ABC. Pudng thang qua B, C' lan lugt vuong géc véi AB, AC
theo thi tu cat dudng thang qua A vudng goéc véi BC tai X, Y. Pudng tron duong kinh XY
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lan luot cat BX,CY tai E, F (F khac X, F khiac Y). Pudng tron duong kinh XY 1an lugt
cit (BEC),(BFC) tai U, V (U khac E, V khic F). K 1a giao diém cta BC va UV, KZ
tiép xuc véi duong tron (XY) tai Z. (BEC) cit AC tai Q khac C, (BFC) cit AB tai P khac
B, dudng thang qua A song song v6i BC cit PQ tai S. M 1a diém Miquel ca ti gidc toan
phan (AB, BC,CA, PQ). Chiing minh dudng tron (K, K Z) tiép xtc v6i dudng tron (ABC)
va (ASM).

LO1 GIAL (Phan Nhu Hdi, hoc sinh truong THPT chuyén Lé Quy DPon, Pa Ndng)

Goi O 1a tam ctia dudng tron ngoai tiép tam gidac ABC. R6 rang BX, CY va AO dong quy tai
I nim trén dudng tron ngoai tiép tam gidc ABC.

Goi D 1a trung di€ém cta XY, H Ia tryc tam cta tam gidc ABC, G 1a giao diém thi hai cla
AH va dudng tron ngoai tiép tam gidc ABC.

Ta c6 (HG, XY) = —1 nén theo hé thiic Newton thi DZ? = DX? = DG.DH dén dén DZ
tiép xtic véi dudng tron (HG'Z) hay néu goi K’ 1a tam clia duong tron (HGZ) thi K’/ ndm trén
BC chinh 1a trung truc clia GH va K'Z vuong géc v6i DZ. Ma K Z tiép xiic v6i dudng tron
(XY) tai Z nén K Z cing vudng goc véi DZ ching t6 K = K.

Theo nhu cach chiing minh & bai toan 4, ta ¢é ba diém U, X, C thang hang; ba diém B,V,Y
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thang hang. Khi d6, ap dung dinh ly Pascal cho 6 diém U, E,Y, F,V, X véichiy EX NVY =
B,UX NFY = C tacé giao diém ctia UV va EF nam trén BC. Do K la giao diém cta BC
va UV nén K ciing thuoc E'F.

Theo bai toan 1 thi ba diém H, F, I thang hang va cat tuyén HEF || Al

Ngoai ra, ZQEB = ZQCB = ZAIB nén QFE || Al, tuong tu thi PF' || AI. Nhu vy, ta ¢
nim diém H, E, F, P, () thang hang va cling nim trén duong thang song song véi Al. Thanh
thit HK || AO hay ba diém O, K, G thang hang. Vay duong tron (K, KG) tiép xic vé6i (O) tai
G.

Bing bién d6i géc don gian, ta chi ra dugc

ANASP ~ ANHKB -~ AGKB
ANAQP ~ AHCB «~ AGCB

Suy ra g—g = [Ig—g. Xét phép vi tu quay tim M bién tam gidgc M QP thanh tam giac M BC nén

ciing bién S thanh K dan dén AMSQ ~ AMKC c6 dudc LSMQ = LZKMC = ZKQC
do d6 LMSH = ZSMQ + £5QM = ZKQC + £5QM = ZMQA = ZMAH nén ti
giac ASM H noi tiép. Lai c6 ZSAH = 90° do d6 td gidc ASM H ndi tiép duong tron dudng
kinh SH. Vi vay duong tron (K, K Z) tiép xiic v6i dudng tron (ASM) tai H. Vay dudng tron
(K, K Z) tiép xtic v6i dudng tron (O), (ASM).

Chiing ta da di mot hanh trinh khdm phd bai todn ban dau dé€ dat dudc nhiéu bai todn méi. Thong
qua bai viét nay, tic gia mudn nhan nhd téi ban doc mudn hoc hinh dat dugc két qua ot thi mot
trong nhitng céch 1a khai thdc mot bai todn nao dé theo nhiéu khia canh khic nhau, khi do6 ta sé
thiy dudc vé dep trong mdi bai todn cling nhu ting thém kinh nghiém cho ban than trong mdi
chung ta.

Sau day, xin dé nghi dén ban doc nhiing bai tap sau.

BAI TAP 1. Cho tam gidgc ABC, truc tim H. Pudng thang qua B, C' lan lugt vudng goc véi
AB, AC theo thi tu cit AH tai X,Y. Liy E, F trén dudng tron dudng kinh XY sao cho
BX = BE,CY = CF. XF,YE lan luct cat BC tai M, N.

a) Ching minh ring HM || YE,HN || XF.

b) Goi P, Q, R, S 1an luct 1a trung diém cta HM, HN,C A, AB. Chiing minh rang P.S, QR va
AH dong quy.

BAI TAP 2. Cho tam gidc ABC, D la chan dudng cao ké tif A ctia tam giac ABC. Pudng thang
qua B, C lan ludt vudng géc véi AB, AC theo thi tu cat AD tai X,Y. Goi M la trung diém
cia XY. N la giao diém ctia BX va CM, P la giao diém cia BM va CY.

a) Chiing minh ring dudng thang ndi trong tdm clia tam gidc ABC va tam gidgc M N P vudng
goc voi BC.

145



Tap chi Epsilon, S6 18, 08/2020

b) Goi U, V 1an lugt 1a truc tim ctia tam gidc X M N, tam gidc Y M P. Ching minh riang ba
diém D, U,V thang hang.

BAI TAP 3. Cho tam gidc ABC, H la truc tam. Pudng thang qua B, C' lan ludt vudng goc véi
AB, AC theo thi tu cat AH tai X,Y. Pudng tron dudng kinh XY 1an ludt cat C X, BY tai
E,F (E khiac X, F khic Y). Puong tron (BEC) cit AC tai Q khac C, duong tron (BFC)
cit AB tai P khac B. Puong tron (HEF) lan lugt cat (BEC), (BFC) tai U,V (U khic E, V
khéc F). Goi K 1a giao diém ctia PU va QV. Ching minh rang H K chia d6i BC.

BAI TAP 4. Cho tam gidc ABC. Pudng thing qua B, C' lan lugt vudng géc véi AB, AC theo
thit tu cit duong thang qua A vudng géc véi BC tai X, Y. Mot duong tron (K ) thay d6i di qua
B,C cat CA, AB tai E, F (E khac C, F khac B). Goi S 1a giao diém ctia FX va EY. Ching
minh ring S di dong trén mot dudng thang c¢b dinh khi (K) thay déi.

BAI TAP 5. Cho tam gidc ABC. Pudng thang qua B, C 1an lugt vudng géc véi AB, AC theo thi
tu cat dudng thang qua A vudng goéc véi BC tai X, Y. Pudng tron dudng kinh XY 1an ludt cat
BX,CY tai Z,T (Z khac X, T khac Y). ZT lan lugt cat AX, CA, AB tai H, M, N.Goi K 1a
diém sao cho KB = KC va KH 1 ZT.Pudng tron (K, K H) 1an lugt cit (BHN), (CHM)
tai P, ) khac H. Chting minh rang BP, CQ va HK ddng quy.

BAI TAP 6. Cho tam gidc ABC c6 truc tim H. Pudng thang qua B, C' 1in lugt vudng géc véi
AB, AC theo thi tuy cat AH tai X,Y. Goi P la diém dbi xting v6i X qua BH, Q la diém dbi
xting v6i Y qua C'H. Chiing minh ring dudng tron ngoai tiép tam giac HBC' va dudng tron
ngoai tiép tam giac H PQ cit nhau tai diém thi hai ndm trén dudng trung tuyén ké tit A ctia tam
giac ABC.

BAI TAP 7. Cho tam gidc ABC. Pudng thing qua B, C' 1an lugt vudng géc véi AB, AC' theo
thif ty cat dudng thang qua A vudng goéc v6i BC tai X, Y. Pudng tron dudng kinh XY 1an lugt
cat BX,CY tai Z,T (Z khac X, T khac Y). ZT cat AX tai H. Goi w; 1a duong tron qua B, H
va tiép xiic véi BC'; w, 1a dudng tron qua C, H va tiép xiic v6i BC. Pudng tron di qua H, c6
tam nam trén Z7 1an ludt cit wy va w, tai P, Q khac H. BP cit CQ tai R. Ching minh ring
dudng tron (PQR) tiép xuc véi w; va ws.

BAI TAP 8. Cho hinh binh hanh ABCD. Pudng thang qua A vudng géc véi BD lan lugt cat
CD,CB tai E, F. Goi P 1a diém dbi xing véi E qua D, Q 1a diém dbi xding véi F qua B.
Cic duong thang qua A, P, Q 1an ludt vudng géc véi AE, C'D, C' B cat nhau tao thanh tam gidc
XY Z. Chiing minh ring dudng tron ngoai tiép tam gidgc XY Z tiép xic v6i dudng tron ngoai
tiép tam gidc CDB.
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CAC DANG TOAN LIEN QUAN DEN
TRUC TAM CUA TAM GIAC

Lé Viét An (TPHCM)

G101 THIEU

Trong bai viét ndy, chiing t6i xin dé cip dén mot sé dang todn lién quan dén truc tim clia
tam gidc thudng gdp nhu ching minh mot diém 1a truc tim ctia mot tam gidc, truc thm
clia mot tam gidc nam trén mot duong thang hay dudng tron,... cac dang todn khac lién
quan dén tryc tim tam gidc cling nhu tng dung ctia né trong cic bai todn chiing minh
quan hé vudng géc, song song, su dong vién cac diém,...

1. Phuong phap 1: Chitng minh truc tiép t dinh nghia

1.1. NOGi dung phuong phap va cac vi du

Dé chiing minh mot di€m Ia truc tAm ctia mot tam giac, ching ta c6 thé st dung dinh nghia truc
tam ctia mot tam gidc. Trudc hét chiing ta c6 mot sd nhan xét nhu sau:

(1) Néu H 1a tryc tam ctia tam gidc khong vuong ABC thi AH 1 BC, BH 1 CA va
CH 1 AB.

(2) Néu tam gidc ABC vuodng tai A thi c¢6 thé xem A 12 truc tAm clia tam gidgc ABC.

(3) Néu H la tryc tim clia tam giac khong vudng A BC thi A 1a truc tAm ctia tam gidc HBC,

B 1a truc tam tam giac HCA, va C la tryc tam cta tam giac HAB.

Chiing minh tryc tiép diém H 1a tryc tAm cta tam gidc ABC, ching ta chi can chiing minh
dugc mot trong ba y don gian nhu sau:

(a) AH L BCvaBH 1 CA.
(b) BH L CAvaCH 1L AB.
(c) CH L ABvaAH L BC.
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Vi theo dinh 1i vé su ddng quy clia ba dudng cao trong mot tam gidc, ta suy ra néu cé (a) hoic
(b) hodc (c) thi H 1a truc tdm cua tam giac ABC.

Pé nam rd phuong phap nay, chiing ta hiy xét mot s6 vi du sau:
Vi du 1. Cho hinh chit nhdt XYZ T va diém R bdt ki khdc X, Y, Z, T ndam trén duong tron

ngoai tiép cuia hinh chit nhdt. Goi A, B, C, D theo thit tu la déi xiing ciia R qua XY, YZ, Z T,
TX. Chitng minh rang D la truc tam cia tam gidc ABC.

L&i gidi. Khong mat tinh téng quat, gia st R thudc dudng tron w ngoai tiép hinh chit nhit sao
cho R, X.Y,Z, T nam trén w theo ding thd ty do.

Chu y ring YXT = 90° nén qua phép dbi xing truc, ba diém A4, X, D thang hang hay X € AD.
Tuongty,Y € AB,Z e BCvaT € CD.

Honnita, RA L XY//TZ L RC nén R € AC.Goi E = AD N CB. Dé thiy
EXT =DXT =TXR=TZR=TZC = EZT.

Suyra £ € w. Dod6 AD = XE 1 ZE = BC.Tuongty, CD L AB. Do dé D la tryc tam
cua tam giac ABC. ]

Vidu 2 (TTT2). Cho tam gidc vuéng ABC (vudng tai A). Goi M la trung diém cang BC va
H la chdn duong vudng goc ha tir dinh A xuéng BC. Trén tia dbi ciia tia AM ldy mét diém P
(khong trimg véi A). Cdc dwong thing qua H vuéng goc véi AB va AC lan lugt cdt cdc dwuong
thing PB va PC tai Q va R tuong ving. Chiing minh rdng A la truc tdm ciia tam gidc POR.

Li gidi. Goi E = BP N AC va F = CP N AB.Déthdy EF//BC déc6 £4 = L2,

Goil = HONACvaK = HRNAB. Tt HQ//CE(L AB)va HR//AB (L AC), theo
dinh 1i Thales, ta c6
QI EA FA RK
IH AC AB KH

= IK//OR.
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Mit khac, ATHK ~ ABHA (g.g) nén I;_'I% = L = BB 'y 46 suy ra gg = 4 Kéthop

v6i BHQ — AHR (cung bang 90° — AHI) Ta nhan dugc ABHQ ~ AAHR (cgc) Do
do néu goi S = RA N BP thi BQH — ARH = SRH. Suy ra ti gidc HQSR ndi tiép. Ma
QHR = 90° nén QSR = 90° hay RA L PQ.Tuong tu, QA L PR. O]

Vi du 3 (Grade level 9, All-Russian Olympiad, 2013). Cho tam gidc nhon ABC ndi tiép duong
tron Q. Cdc tiép tuyén ciia Q tai B va C cdt nhau tai P. Goi D va E theo thit tu la hinh chiéu
vuong goc cuia P 1én AB va AC. Chiing minh rang truc tdm cia tam gidc ADE la trung diém
canh BC.

L&i gidi. Goi M 1a trung diém ctia BC. Theo tinh chét tiép tuyén, ta c6 PB = PC. Suy ra
MC 1 BC.Tudé PMC = PEC = 90° nén ti gidc PECM ndi tiép.
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Goi K = EM N AD.Taco

KMB = EMC = EPC = 90° — PCE = 90° — KBC.

Suy ra BKM = 90° hay EM 1 AD.Tuong tu, DM 1 AE vado dé M la tryc tdm cua tam
giaic ADE. O

Vi du 4 (L& Viét An). Cho tam gidc khong vuong ABC. Cdc duong cao BB' va CC' cdt nhau
tai H. Goi K la mét diém bdt ki trén B'C’ (K khdc B’, C'). Puong thing AK cdt MB', MC’
theo thit tu tai E, F. Goi N la giao diém ciia BE va CF. Chitng minh rang K la truc tam cia
tam gidc NBC.

Li gidi. Goi (M) la duong tron dudng kinh AH. Ké BP 1 CK tai P. Pudng thing qua A
vuong goc véi AC cat BP tai Q vacat (M) tai R khic A.

Dé thiy B’R 1a dudng kinh ctia (M) va bdn diém A, C, P, O cung thudc dudng tron (1) dudng
kinh CQ. Dé thdy nim diém B, C, B’, C’ va P clng thudc dudng tron duong kinh BC.

Dodé KC.KP = KB'- KC'. Suy ra

Pk = KC.KP = KB'- KC' = Pk /).
Diéu nay chiing t6 AK 1a truc dang phuong ctia (M) va (I). Ta cé
(PB',PQ) = (PB',PB)=(C'B',C'B) =(C'B’",C'A) = (RB',RA) = (RB’, RQ) mod 7.
Suy ra bén diém B’, P, O, R cung thudc mot dudng tron va ta ki hiéu dudng tron nay 1a (J).
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Tir d6 suy ra P Q la truc dang phuong ctia (1) va (J), va B'R = B’M la truc dang phuong ctia
(J)va(M).Chiy E = AK N B’M va AK la truc dang phuong ctia (M) va (1), thi theo dinh
ly v& tim dang phuong, suyra E € PQ. Do d6 CK L PQ = BE = BN. Chiing minh tucng
ty, ta cing c6 BK L CN. Do d6 K la truc tam cia tam giac NBC. [

Ban doc hay giai mot sb bai tip sau dé rén luyén phuong phép 1:

Bai tap 1 (TTT2). Cho tam gidc ABC.Piém M nim trong tam gidc. AM, BM,CM theo thi
tu cat BC,CA, AB tai A', B, C'. Biét rﬁng M 1a thm dudng tron noi tiép tam gidc A'B'C’.
Chiing minh riang M 12 tryc tdm tam gidgc ABC.

Bai tap 2 (Grade level 9, All-Russian Olympiad, 2011). Cho tam giac nhon ABC. Mdt dudng
tron di qua B va tim dudng tron ngoai tiép O ctia tam gidc, thd tu cat BC va BA lan nita tai
cc diém P va Q. Chiing minh ring truc tim clia tam giac OP Q ndm trén dudng thang AC.

Bai tap 3 (P2, Geometry Mathley, Round 1-2011). Cho tam giac ABC nhon, BE, CF la cac
dudng cao. M 1a trung diém ctia BC. N 1a giao diém ctia AB va EF. X 1a hinh chiéu cia N
trén BC. Y, Z theo thit ty 12 hinh chiéu ctia X trén AB, AC. Chiing minh rang N 1a truc tim
cua tam giac AY Z.

Bai tap 4 (TTT2). Cho tam gidc ABC, (J) la dudng tron bang tiép dbi dién dinh A. (J) tiép
xtic véi AB, AC 1an luct tai E, F. Gia st JB, JC cat EF lan luot tai K, L. BL va CK cit
nhau tai H. Chting minh rang H 1a truc tim cda tam gidc JBC.

Baitap 5 (TTT2). Cho tam gidc ABC cantai A. M, D tuong ting la trung diém ctia BC, AM .
H 12 hinh chiéu ctia M trén CD. AH cat BC tai N, BH cit AM tai E. Chiing minh ring E
la truc tdm cua tam giac ABN.

Bai tap 6 (THTT). Cho tam gidc ABC vudng tai A ngoai tiép dudng tron (I, r). Pudng tron
(1, r) tiép xiic véi AB, BC, CA lan lugt tai P, Q, R. Goi K 1a trung diém AC, dudng thang I K
cat AB tai M. Poan thang PQ cit dudng cao AH ciia tam gidc ABC tai N. Ching minh ring
N 1a tryc tam cua tam giac MQR.

Phuong phap gin tiép 1a chiing ta chiing minh thong qua mot s6 két qua khac ma phuong phap
truc tiép khong kha thi hodc khé ma thuc hién dudc. Cu thé chiing ta sit dung mot s6 diéu kién
di d€ mot diém 12 truc tam clia tam giac nhu sau:

Diéu kién di 1. Cho tam gidc ABC néi tiép duong tron (O) va duong cao ha tix dinh A cdt BC
tai D va cdt lai (O) tai K. Néu H la doi xiing ciia K qua BC thi H la truc tam ciia AABC.
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Diéu kién di 2. Cho tam gidc ABC va AA’ la duong kinh ciia dwong tron ngoai tiép tam gidc
ABC. Néu H la diém déi xiing voi A’ qua trung diém ciia BC thi H la truc tam ciia AABC.

Diéu kién di 3. Cho tam gidc ABC va D la chdn dwong cao ha tiv dinh A xudng BC. Néu H
la mét diém nam trén AD théa man DA- DH = —DB - DC thi H la truc tdm ciia AABC.

Diéu kién di 4. Cho tam glac ABC va duong cao AD (D thuéc doan BC). Néu diém H thudc
doan AD thoa man HBA = HCAwti H la truc tdm ciua ANABC.

Diéu kién di 5. Cho tam gidc nhon ABC va duong cao AD. Néu diém H thudc doan AD sao
cho BHC = 180° — BAC thi H la truc tdm cua ANABC.

Diéu kién du 6. Cho tam gidc ABC néi tiép duing tron tam O va M la trung diém canh BC.
Néu diém H théa man AH = 20M thi H 1a truc tam ciia AABC.

Viéc ching minh céc diéu kién da 1, 2, 3, 4, 5 va 6 don gian, xin phép bd qua va danh lai cho
ban doc nhu mdt phan bai tap nhé. Ching ta di dé&n mot s6 vi du minh hoa nhu sau:

Vi du 5 (TTT2). Cho tam gidc ABC. Puong tron (I) néi tiép tam gidc ABC, tiép xiic véi
BC,CA, AB thit twtai D, E, F. Puong thdng di qua B song song véi DF cdt cdc duong thdng

EF,DE thit tw tai M, N. Goi H la giao diém ciia I B va DF. Ching minh rang H la truc tam
cua tam gidc IMN.

Lsi gidi. Vi MN//FD va DC tiép xiic vé6i (1) nén

IMN < FMB = EFD = EDC = NDB = 180° — EDB (vi EDB > 90°).
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Tuong tt, INM < DNB = MFB < 90°. Do 46 ABFM ~ ABND, suy ra & = BN

Vi BDI = 90°, DH L BI, BC va BF tiép xtic v6i (I) nén

) BD BF BD BN
BH.Bl = BD*"=BDBF =—+-——-BN-BM =—.——-BN-BM = BM.BN.
BN BM BN BD

Két hop véi cac goc IMN vaINM nhon nén diém H nam trén doan BI. Theo diéu kién 3, ta
c6 H la truc tam cia tam giac IM N . O

Vidu 6 (Turkey EGMO TST 2013). Cho tam gidc ABC véi AB = AC. M¢t duong tron di
qua A va C cdt canh AB tai D. Phdn gidc ké tir A ciia tam gidc cdt duong tron tai E (khdc A).
Chitng minh rang truc tam ciia tam gidc AEB ndam trén duong tron.

L&i gidi. Goi K 1a giao diém cta dudng tron v6i BC. Ta sé chiing minh K 12 truc tidm clia tam
gidc ABE. That vay, goi F = AENBCvalL = KENAB.Taco

—

LAF = BAF = CAF = FKE = LKF.

Suy ra tif gidc ALFK noi tiép. Chii y ring AB = AC nén AF L BC.Suyra KLA =
KFA =90°nén KE 1 AB.Laikéthop v6i AE L BK tai F. Vay K 1a truc tAm cda tam gidc
ABE. L]

Vidu 7 (L& Viét An). Cho tam gidc nhon ABC vdi O, H thit tw la tam duwong tron ngoai tiép

va trie tdm ciia tam gidc. AO cdt BC tai D. Puong thing di qua D vuéng goc vdi BC cdt
HB, HC thit ty tai E, F. Chiing minh rdng truc tdm ciia tam gidc HEF nam trén AO.
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L&i giai. Goi AA’1a dudng kinh ctia (O). Ta c6 mot két qua quen thudc 12 BH C A’ 1a hinh binh
hanh. Do dé néu goi K 13 d6i xing ctia A’ qua BC thi HK//BC L EF va

CKD = CA'D = CA’A = CBA = CFD.
Suyra K € ©(CDF). Tuong tu, K € ©(BDE). Do d6 theo dinh li Miquel cho tam giac HBC
v6i D € BC,F e CHVAE € HB thitacé K = O(HEF) N ©(CDF) N ©(EBD). Tic la

tacd K € O(HEF). Do d6 néu goi K’ d6i xiing ctia K qua EF thi chi y rang HK 1 EF nén
theo diéu kién du 1, ta c6 K’ 1a truc tAm cla tam gidc HEF.

Mt khac, chi y rang BC L EF nén theo phép ddi xiing truc, dé thdy K’ € A’D = AD. Bai
toan da dugc ching minh. [

Nhan xét. Bai toan dudc tac gia khai thac tif bai G3 IMOSL 2017. Ta con ¢6 mdt tinh chat thi
vi nita 1a: Néu J la tam duong tron ngoai tiép tam gidc HEF thi JB = JC. Ban doc hiy ching
minh nhu bai tap.

Ban doc hay gii mot s6 bai tip sau dé rén luyén phuong phép 2:

Bai tap 7 (Sharygin 2012 final). Cho w la dudng tron ngoai tiép tam giac ABC. M6t diém B,
trén tia dbi tia BA sao cho AB; = AC. Phan gidc cia BAC cit w lin nita tai W. Chiing minh
rang truc tim ctia tam gidc AW B; nam trén .

Bai tap 8 (ELMO 2017). Cho tam gidc ABC véi truc tim H, va M 1a trung di€ém canh BC.
Gia st P va Q 1a hai di€ém phan biét nim trén dudng tron dudng kinh A H, khac A, sao cho M
nam trén dudng thang P Q. Ching minh ring truc tim ctia tam gidc AP Q nim trén dudng tron
ngoai tiép ctia tam giac ABC.
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B3i tap 9 (TTT2). Cho M la mot diém nim trong hinh binh hanh ABCD théa min MAB =

e —— .

40°, MBC = 25°, MCD = 65°, MDA = 50°. Tinh céc goc cua hinh binh hanh.

Dinh Iy 1 (Dudng thing Steiner). Cho tam gidc ABC c¢6 truc tam H. Vi méi diém P ndm
trong mdt phdng ciia tam gidc, goi Ao, By, Co theo thit tw la d6i xiing ciia P qua cdc duong
thing BC,CA, AB. Khi do Ag, By, Co thing hing khi va chi khi P ndm trén duong tron ngoai
tiép tam gidc ABC. Hon nita, trong truong hop Ao, By, Co thing hang thi duong thing AgBoCo
di qua H. Puong thing AgBoCo duoc goi la duong thing Steiner ciia P ing vdi tam gidc ABC.

Viéc chiing minh dinh li vé dudng thang Steiner c¢6 rat nhiéu trong cac tai liéu, chang han xem
tai [1]. Tuy nhién, chiing ta s& xem xét mot bién thé sau rat c6 10i trong viéc chiing minh céc bai
todn yéu cau chiing minh truc tAm ctia mot tam gidc nam trén mot dudng thang:

Phat biéu tuong ducng cha dudng thing Steiner: Cho tam gidc ABC va tric tam H. P la
diém bdt ki thuéc mdt phdng tam gidc. Goi Ag, By thit t la hinh déi xitng ciia P qua BC, CA.
Khi do P ndm trén duong tron ngoai tiép tam gidc ABC khi va chi khi AgBy di qua H.

Ta di dén cac vi du minh hoa sau:

Vi du 8 (Sharygin 2013 final). Cho £ la dwong thdng di qua dinh B ciia mot tam gidc déu ABC.
Mot duong tron w, voi tam 1, tiép xiic xiic véi BC tai Ay, dong thoi tiép xiic véi £ va AC. Mot
duong tron w, vdi tam 1. tiép xiic véi BA tai Cy, dong thoi tiép xiic voi £ va AC. Chiing minh
riing truc tam cua tam gidc A1 BCq nam trén 1,1,
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Loi giai. Tir gia thiét, d& thdy BAI, = BAC = 60° va BCI, = BCA = 60° nén cdc dbi xiing
ctia I, qua AB, ctia I, qua BC cung niam trén AC.

Nhung lai vi ﬁ + C/BTa = 60° = A/B? suy ra cac anh ddi xing & trén phai tring nhau.
Goi 4nh d6i xing d61a J. Suy ra J = I.C N I, A. Chi y ring ti gidc BA,JC, ndi tiép va
1., 1. 14 cic dbi xiing ctia J ctia CB, BA nén theo dinh li vé dudng thezlng Steiner, ta c6 1,1,
la duong thang Steiner ctia J ing v6i tam gidc Ay BC; nén truc tim cla tam giac A; BC; nim
trén 1,1.. O

Vi du 9 (All-Russian 2011). Trén canh BC ciia hinh binh hanh ABCD (A la géc nhon), ldy
diém T sao cho tam gidc ATD nhon. Goi Oy, O, va Os theo thit tu la tdm duong tron ngoai
tiép cdc tam gidc ABT, DAT va CDT. Chiing minh rdang truc tam ciia tam gidc O, 0,03 ndm
trén duong thing AD.

Li gidi. D& thiy 0, 0,, 0,05 thi tu 1 trung truc cia AT, TD va chi y ring ADT = CTD,
ta co
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010,05 = ATD = 0,T0s.
SuyraT € ©(0,0,03).

Chu y, theo tinh chat trung truc, ta cling c6 A, D 1a cac doi xting cia T qua O; 0,, 0,03 nén
theo dinh li vé dudng thang Steiner, truc tim ciia tam gidc O; O, O3 nam trén AD. [

Vi du 10 (L& Viét An) Cho tit gidc ABCD néi tiép duong tron (O) véi AB = BC = CD.
Gid sit duong thing qua A song song véi CO cdt doan BC tai E. Goi I va J theo thit tu la
tam duong tron néi tiép ciia cdc tam gidgc ABE va CDO. Ching minh rang truc tdm ciia tam
gidc OIJ nam trén AD.

L&i gidi. Vi BC = CD nén

(BDC CAO) OATD.

(CAD Aco) — %

1
2
BN — ADC

Chuy BC//AD va BC = CD nén BDC = £5=

2

JDB = BDC ~ CDJ = 1 (4DC - 00C) = 24,
Tu OA = OD suyra @ = ODA nén tit hai dang thic vira thu dudc, ta c6 IBA = J/D\A
ticla P = AI N JD nim trén (O) Tur do, dé thay ATAC ~ AJDC suyraC € ©O(PI1J). lai
ViOI L CDvaOB L CAnénT0J = 180° — ACD = 180° — [PJ nén O € (P1J).Do dé
C € O(01J). Bén day, ta sé c6 dudc AD la dudng thang Steiner ctia C ting véi tam gidgc O1J
nén truc tam ctia tam gidc O J nam trén AD. [
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Nhan xét. Dé dang bién d6i goc d& c6 A1 L 1J.

Vidu 11 (Lé Viét An). Cho tam gidc nhon ABC néi tiép duong tron (O). Cdc tiép tuyén ciia
(O) tai B va C cdt nhau tai T. AT cdt (O) tai D khdc A, va AO cdt BC tai P. Goi K va L
theo thit ty la tam duong tron ngoai tiép cdc tam gidc BDT va CDT. Chitng minh rdang truc
tam ciia tam gidc OKL nam trén PT.

Li gidi. Goi H la truc tim cda tam gidc OKL. D& thly OK L DB va OL L DC. Suy ra
KOL =180°— BDC = BAC.

Dé thdy BTC = 180° — 2BAC, KTB = BDT — 90° va LTC = TDC — 90°. Suy ra

—

KTL=KTB + BTC + LTC
= BDT — 90° + 180° — 2BAC + TDC — 90°
= (BDT + TDC) — 2BAC
= 360" BDC — 2BAC
= 180° + BAC — 2BAC
= 180° — BAC = 180° + KOL.

Suy ra tif gidc OK TL ndi tiép.

Goi X, Y theo thif tu dbi xing cia T qua TB, TC. Xét phép dbi xiing truc OK thi D, T, (O)
bién thanh B, X, (O). Qua phép dbi xiing nay véi chi y BT tiép xiic v6i (O) suy ra DX tiép
xtdc véi (0). Tuong tu, DY ciing tiép xic véi (0). Do d6 ba diém X, D,Y thang hang trén
tiép tuyén ctia (0) tai D. Ap dung dinh 1i v& dudng thang Steiner, ta c6 H nim trén XY . Mit
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khéc, goi A’ 1a dbi xing ctia A qua O, tacé OH 1. KL L DT nén OH//AD 1 A’D nén

OH 1a trung truc ctia A’H nén tit HD tiép xiic v6i (0), suy ra HA’ tiép xiic vé6i (0). Goi E

12 giao diém thi hai cia TA va (O). Theo mot két qua quen thude (c6 thé chiing minh bing cuc
/

va dbi cuc), DE di qua P. Ap dung dinh Ii Pascal cho sdu diém (;4) i i),), suy ra ba diém

P=AANDE,H=AANDDvaT = EA' N DA thing hang hay H € PT. O

Ban doc hay giai mot s6 bai tip sau dé rén luyén phuong phép 3:

Bai tap 10 (Lé Viét An) Cho tii gidc noi tiép ABCD. Gia st c6 diém E nam trén canh AD
sao cho cic tii gidc AECD va BEDC ngoai tiép. Goi I, J va K theo thi tu 13 tim dudng tron
ndi tiép clia cac tit gide AECD, BEDC va cia tam giac CDE. Chiing minh ring truc tim ctia
tam gidc /JK nam trén doan thang CD.

Bai tap 11 (L& Viét An). Cho hinh chit nhat ABCD. Liy diém P thudc canh AD. Pudng tron
ngoai tiép cua tam giac PBC ciat DA, AB, CD theo thi tutai £, F, G. Goi K, L theo thu tu la
giao diém cia cic cip dudng thang (EF, BP) va (EG, CP). Goi H 1a hinh chiéu vudng géc
ciia P 1én BC. Chiing minh riang dudng thing K L di qua truc tim ctia tam giac DAH..

Bai tap 12 (L& Viét An). Cho tam gidc nhon ABC va diém D thudc canh BC. Céc dudng cao
clia tam gidc ha tif cic dinh B va C cit AD theo thii ty tai £ va F. Pudng tron ngoai tiép cac
tam gidac BDE va CDF theo thi tu cat cic canh AB, AC tai G va H khic A. Goi DK va DL
theo thi tu 14 cac dudng phan gidc trong clia cdc tam gidc BDG va CDH . Chiing minh ring
truc tim ctia tam giac AK L nam trén GH .

Bai tédp 13 (THTT). Cho tam giac khong vuong ABC, O, H tht tu la tim duong tron ngoai
tiép va truc tam clia tam giac ABC. M 1a diém bat ki trén (O) (M khic A, B, C). Goi N 1a
diém dbi xing ctia M qua BC. P 1a giao diém thd hai cia AM va dudng tron ngoai tiép tam
gidc OM N. Ching minh rang HN di qua truc tim cla tam gidgc AOP.

Bai tap 14 (G8, IMOSL 2009). Cho ABCD la tii gidc ngoai tiép. Goi g 1a mot dudng thang di
qua A cit doan thang BC tai M va dudng thang CD tai N. Goi I, I,, va I5 theo thif ty 13 tim
dudng tron ndi tiép cta cac tam gidc ABM, MNC, va NDA. Ching minh rang truc tim ctia
tam giac I, 1,13 nam trén g.

Bai tap 15 (L& Viét An). Cho tam gidc ABC khong vudng tai A va noi tiép dudng tron (O).
AP 1a day cung cta (O) sao cho AP khong 1a dudng kinh va khac AB, AC. Gia st AP cat
trung truic CA va AB theo thi tu tai £ va F. OP cit BC tai D. Ching minh rang truc tim ctia
tam gidc OEF thudc AD.
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Noi dung dinh 1i Brocard nhu sau:

Dinh Iy 2 (Dinh If Brocard). Cho tit gidc ABCD néi tiép duong tron tam O. Néu E = AC N
BD, F = ABNCDvaG = AD N BC thi O la truc tdm cua tam gidc EFG.

Vi du 12 (Mathley 10/2015). Cho tam gidc ABC va diém P ndam trong tam gidic ABC sao
cho AP L BC. E, F thit tw la hinh chiéu ciia P lén AC, AB. Gid sv tiép tuyén tai E, F ciia
duong tron ngoai tiép tam gidc AEF cdt nhau trén BC. Chitng minh rdng P la truc tam ciia
tam gidac ABC.

A F E\ .. .,
P E F) véi chu
y rang ba diém C = AE N P'F, B = AF N P'E va M = FF N EE thang hang, suy ra
P’ e (N) = O(AEF).

Lsi gidi. Goi P’ = CF N BE. Ap dung dinh i Pascal cho sau diém (

Goi K = EF N AP’ thi ap dung dinh Ii Brocard, ta ¢ K la truc tdm cta tam giac BCN,
suyra NK 1 BC.Chi y rang N 1a trung diém AP va AP 1 BC.Do d6 K € AP. Suy ra
AP’ = NK = AP.Diéunay chingtdo P’ = P.Tid6 CP = CP' = CF,ticlaCP 1 AB.
két hop véi AP 1L BC tasuyra P 1a truc tAm cta tam gidc ABC. [

\Vidu 13. Cho tam gidc ABC. Duong tron (I) ni tiép tam gidc ABC, tiép xiic véi BC,CA, AB
thit twtai D, E, F. H la mét diém thudc DF. Puong thang di qua B vuong goc véi 1H cdt cdc
duwong thing EF, DE thit ty tai M, N. Chitng minh rdng H la truc tdm ciia tam gidc MIN.

L&i gidi. Goi G = MD N NF. Ap dung dinh If Pascal d& thiy G € (I).
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Ap dung dinh 1i Brocard cho tii gidc DEF G thi truc tim ctia tam gidc /M N phai nam trén EF
va duong thang qua I vudng géc v6i MN. Do d6 H = EF N IH chinh 1a tryc tim cda tam
giac IMN. [

Nhan xét. Bai toan nay dudc tac gia mé rong ti vi du 5.

Ban doc hay giai mot sb bai tip sau dé rén luyén phuong phép 4:

Bai tap 16 (TTT2). Cho tam gidc ABC khong vuong. Cic dudng coa BB’, CC' cit nhau tai
H goi K 1a trung diém AH. Gid st I = AH N B’C’. Chiing minh ring / 1a truc tim tam gidc
KBC.

Bai tap 17. Cho tam gidc nhon ABC, H la truc tim cta tam gidc. BH, CH theo thi tu cat

AC,AB tai E, F. EF cat BC tai K va M la trung diém BC. Chiing minh rang H 1a truc tim
cua tam giac AKM.
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Ta phéi hop nhiéu phuong phap khic nhau va céc dinh li lai v6i nhau dé chiing minh bai toan.
Chiing ta sé diém qua mot s6 vi du, hy vong sé& cung cip cho ban doc mot s6 y tudng méi dé c6
thé xt 1i dudc mot bai todn lién quan dén truc tam.

Vi du 14. Cho tam gidc ABC vdi truc tdm H. Piém D ndm trén BC. Puong thing vuong goc
véi BC tai D cdt AB, AC thit tw tai F va E. Chitng minh rdng truc tam tam gidc AEF nam
trén duong thing HD.

Loi gidi. Goi K = AH N BC, M la truc tim cua tam giac AEF va L = MA N EF. Taco
AKDL 1a hinh chit nhat nén AK = LD,

Dé thly AMEF ~ AABC (g.g), két hop véi A, H theo thi tu 1a tryc tm cia hai tam gidc

nay, suy ra % = % = %. Theo dinh 1i Thales, suy ra ba diém M, H, D thang hang. Ta c6
diéu phai chiing minh. [

Trong muc nay, ching ta sé di tim hi€u mot vai tng dung cla truc tAm tam giac qua mot s6 vi
du cu thé sau:
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Vidu 15 (AMPO 2010). Cho tam gidc ABC vdi BAC # 90°. Goi O la tdm duong tron ngoai
tiép tam gidc va T la dwong tron ngoai tiép tam gidc BOC. Gid sit T' cdt doan thing AB tai P
khdc B, va doan thing AC tai Q khdc C. Goi ON la duong kinh ciia T. Chitng minh rdng tit
gidc APNQ la hinh binh hanh.

L&i gidi. Goi K = 00 N AB, D& thly AQ0 = OBC = 90° — BAC = 90° — KAQ.

Suy ra tam giac AKQ vudng tai K. Do d6 @ = 90° = @ nén AP//QN. Tuong tu
AQ//PN.Vay APNQ lahinh binh hanh. O

Vi du 16 (TTT2). Cho tam gidc ABC vudng tai A, duong cao AH, diém D nam giita H va
C. Ké DE, DK ldn luot vuéng goc véi BC, AB (E € AC,K € AB). Chitng minh rang BE
vuong goc voi HK.

L&i giai. KE HL L AB tai L thi HL//AC.
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bit F = HL N BE. Ap dung dinh 1i Thales, ta c6

FH EC DC KA
FL AC DH KL’

T d6 suy ra KF//AH 1 BC = BH.Diéu nay ching td F 1a truc tAm clia tam gidc BHK.
Do d6 BF 1 HK. N

Vidu 17 (TTT2). Cho tam gidc ABC nhon, duong cao AH. Piém M thuéc doan BC. Puong
thing qua A vudéng goc véi AM theo thit ty cdt cdc duong thdng qua M vudng goc véi AB va
AC tai E va F. Chitng minh rang: AH, BF, CE dong quy.

Lsi gidi. Goi K = AB N ME vaL = AC N MF duong thang qua B vudng géc véi CE, cit

AH tai I.Taco AIB = MCE va ABI = MEC nén AAIB ~ AMCE. Do d6 4L — M€

Mit khic
2
BM _[ABM] MK-AB EM 2% LM
BC [ACM] ML-AC’ FM AM2 KM’
Do do

BM BM CM EM KM-AB Al LM _ Al
FM CM EM FM LM-AC ABKM  AC’

Két hop vdi IAC = BMF suyra AAIC ~ AMBF. Tit d6 d& dang ¢6 dugc CI L BF. Vay
AH, BF, CE dong quy tai truc tAm tam giac /BC. O

Ban doc hay gidi mot s6 bai tip sau dé rén luyén thém:
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Bai tap 18 (TTT2). Vé phia ngoai tam gidc ABC ta dung céc tam gidc vudng dong dang A BE
va ACF (ABE = ACF = 90°). Ching minh ring BF, CE va dudng cao AH cia tam giic
dong quy.

Bai tap 19 (Lé Viét An). Cho tam gidc ABC nhon, ndi tiép dudng tron (O) va H 1a truc tim
ctia tam gidc. AH cat BC tai D. Puong tron ngoai tiép tam gidc AOH cit (0) tai G khic A.
Qua H ké dudng thang vudng géc véi OH, ciat BC tai E. Goi M 1a trung diém ctia GH, DM
cit EG tai N va K 1a truc tim ctia tam giac GDH . Chting minh ring KN//OH .

Bai tap 20 (TTT2). Cho tam gidc ABC vudng & A, ngoai tiép dudng tron (1, r). Ké duong
cao AH, goi M 1a trung diém ctia BC, Q 1a giao diém cta AH va M1, E va F lan luct 1a
hinh chiéu ctia A trén /B va IC. Ching minh ring AQ = EF.

Bai tap 21. Cho tam gidc A BC véi trung tuyén AM . Pudng tron dudng kinh AM cat BC,CA, AB
theo thi tu 1an thi hai tai D, E, F. Ching minh ring AD, BE, CF ddng quy.

Bai tap 22 (IMO 2012). Cho ABC la tam gidc nhon véi truc tim H, va W 1a mot di€ém nam
trén canh BC. Goi M va N theo thu tu l1a chan dudng cao ha tu cac dinh B va C. Goi w; la
dudng tron ngoai tiép tam giac BW N, va X 1a diém trén w, sao cho WX 1a duong kinh. Tuong
tu, goi w, 12 dudng tron ngoai tiép tam gidc C WM, va Y 1a diém trén w, sao cho WY 1a dudng
kinh. Ching minh riang X, Y va H thang hang.

[1] Tai liéu chuyén todn hinh hoc 10, Poan Quynh, Vin Nhu Cuong, TrAn Nam Diing, Nguyén
Minh Ha, P6 Thanh Son, Lé B4a Khanh Trinh.

[2] https://artofproblemsolving.com/community/c6hl497688p8819767
[3] https://artofproblemsolving.com/community/c6h1391916p7767007

[4] https://artofproblemsolving.com/community/
c6h1708869p11011491

[5] https://artofproblemsolving.com/community/
c6h1694248p10849645

[6] https://artofproblemsolving.com/community/
c6hl1685247p10754378

[7] https://artofproblemsolving.com/community/c6h406967p2272760
[8] https://artofproblemsolving.com/community/c6hl1468151p8509518
[9] https://artofproblemsolving.com/community/c6h1449744p8307127

[10] Céc tap chi Toan Hoc Tudi Tré va Todn Tudi Tho 2.
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MOT TONG QUAT CHO PINH LY MUSSELMAN

Tran Quang Hung, Ha Noi

TOM TAT

Bai bdo nay dua ra mot tong quat cho dinh Iy Musselman, cting véi chiing minh hinh hoc.
Trong [ 1, 2] dé cap t6i mot dinh 1y cia Musselman

Pinh Iy 1. Cho tam gidc ABC' c6 tAm dudng tron ngoai tiép O. Ky hiéu A*, B*, C* 1a d6i xiing
clia A, B, C qua cic canh BC, C A, AB. Thi cac dudng tron ngoai tiép tam giac AOA*, BOB*,
COC* cat nhau tai diém nghich dio qua dudng tron ngoai tiép tam gidc ABC' diém dang giac
cla tAm dudng tron chin di€m.

Trong dot tip huin cho ddi tuyén toan Viét Nam tham du ky thi Olympic todn qudc t& nim
2006, tac gia bai viét st dung mot bai toan va 10i gidi trong [4]. Trong qué trinh sit dung bai
toan nay, tac gia c6 phat trién thém bai todn d6 thanh hai y 1) va 2) (& dinh ly dudi day). Diéu
thu vi 1 viéc phat trién d6 lai vo tinh tao ra mdt md rong thu vi cho Pinh ly 1. Hon nita, khi tac
gia ra dé cho cic em & ddi tuyén nim Ay, tac gia lai nhan dudc su dong gop nhiét tinh cla nhiéu
thanh vién doi tuyén vé6i nhitng 18i gidi thi vi khdc nhau. Cubi ciing nhd ¢ sy cin man va nhiét
tinh bién tap cua ban Ngo Quang Duong hoc tro cua tac gia ¢ chuyén toan K48 THPT chuyén
KHTN, tdc gia di hoan thanh bai viét nay. Xin gidi thiéu lai v6i ban doc tap chi Epsilon, bai
toan d6 dudi dang dinh ly nhu sau

Pinh Iy 2. Cho tam gidc ABC c6 P, () 12 hai diém dang gidc. PA, PB, PC cit cic dudng tron
(PBC), (PCA), (PAB) lan lugt tai X, Y, Z khic P. XQ,YQ, ZQ citYZ, ZX, XY theo
thit tu tai U, V, . Khi d6

i) céc duong thang AU, BV, CW tai mot diém ky hiéu 1a 7.

ii) sdu dudng tron (AQX), (BQY), (CQZ), (AY Z), (BX Z), (CXY') c¢6 mot di€ém chung
S chinh 1a dang gidc ctia T trong tam gidc ABC.
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Hinh 1.

Chitng minh. i) Tacé LBAZ = /BPZ = Z/CPY = LCAY va/LAZB = ZAPY = LZACY
nén NABZ ~ AAYC g.g. Lai ¢c6 LQAC = LXAB va ZACQ = /PCB = /PXB =
ZAXB nén ANAQC ~ ANABX g.g. Tut hai ciip tam gidc dong dang trén din dén AB - AC =
AY - AZ = AQ - AX. Suyra AAZQ ~ ANAXY (canh-géc-canh) nén LZAQZ = LAY W, dan
t6i (QY'W) di qua A. Tuong ty, (QZV) di qua A, theo dinh ly Miquel, (XZW) va (XYV)
cing di qua A.

(Phan chiing minh trén dya trén y tudng ctia em Pham Nguyén Manh)

Ta lai c6

(AV, AW) = (AV, AQ)+(AQ, AW) = (ZV, ZQ)+(YQ,YW) = (XZ. XY)+(QY,QZ) (mod )
Tuong ty ta c6 lién he

(BW,BU) = (YX,YZ)+(QZ,QX) (modx) (CU,CV)=(ZY,ZX)+(QX,QY) (mod )
Suy ra

0= (AV, AW)+(BW, BU)+(CU,CV) = (UC,UB)+(VA,VC)+(WB,WA) (mod )

nén (UBC), (VCA), (WAB) ddng quy tai mot diém T.

Theo trén, ta da chi ra (XZW), (XYV), (QYW), (QZV) di qua A nén bing cong gic ta c6
dugc AABV ~ AAWC g.g. Tuong tu, ABCW ~ ABUA va ACAU ~ ACV B. Do cac
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ciip tam gidc trén dong dang cuing huéng nén ta ciing c6 ACAV ~ ACUB.

(TB, TC)=(UB,UC) (mod 7)
= (AV,AC) (mod 7)
= (TV,TC) (mod )

Diéu nay cho thiy T, B, V thang hang. Tuong tw, AU, CW cing di qua 7.

Ly
N7

——

Hinh 2.

ii) (BXZ), (CXY) cit nhau tai S khac X thi ta c6 bién ddi goc

(SY,57) = (SY,SX)+ (SX,5Z) (mod 7)
=(CY,CX)+ (BX,BZ) (mod )
— (CY,CP) + (CP,CX) + (BX, BP) + (BP, BZ) (mod 7)
= (AY,AP)+ (AP, AZ) = (AY,AZ) (mod 7)

Vay S ndm trén (AY 7).

(Phan chiing minh trén dua trén y tudng ctia em Pao Vil Quang)

Chii y céc tif gidc AQV Z, CQUY, CQBX noi tiép, ta c6 bién dbi goc
(SA,SX) =

SA,SY)
ZA,ZY)

(SY,SX) (mod )

(CY,CX) (mod )

ZA,ZX)+ (ZX,ZY) + (CY,CQ) + (CQ,CX) (mod )
QAQV)+ (ZX,ZY)+ (UY,UQ)+ (VQ,VX) (mod )
QAQY)+ (ZX,ZY)+ (ZY,QX) 4+ (QY,ZX) (mod 7)
QA,QX) (mod 7)

+
+
+
+
_|_

N N N N /N /N
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Tu d6 S thude (AQX). Tuong tu S thude cac duong tron (BQY), (CQZ).
(Phan chiing minh trén dua trén y tudng cia em Vi1 DPire Tai)

Ki hiéu phép bién hinh Ia hgp clia phép nghich déo cuc A phuong tich AB - AC véi phép
dbi xiing qua phan gisfc /ZBAC la®thi® : B+ C, X — Q, E — F, (AEF) — EF,
(AQX) — QX do d6 T bién thanh X nén tia AS va AX dang gidc trong ZBAC hay AU, AS
dang gidc, tuong tu & cac dinh B, C. Viy ta két luan S, T' dang gidc trong tam gidc ABC.

(Phan chitng minh trén dua trén y tudng clia tdc gia bai viét). O

Chu y. Thuc ra viéc 14y hop thanh ctia phép nghich dao va phép dbi xiing qua dudng thing chiia
cuc nghich ddo da dugc st dung tir rat 1au, viéc 1am nay lan dau tién dugc dé xuit bdi nha hinh
hoc John Wentworth Clawson trong [3]. Viéc trich dan [3] ciing tranh cho chiing ta nhiing su
nham tudng ring né dudc goi, dit tén hoic dich sang tiéng Viét theo nhu mot sb tai lidu troi ndi
trén mang.

Bai bdo nay dudc ding vao nhiing thap nién dau cta thé ky 20 (tic 1a trudc thé chién thi 2 gan
20 nam) trén tS bdo rat ndi tiéng ngay nay 1a Annals of Mathematics. Can luu y rang thdi diém
d6 Annals of Mathematics ding kha nhiéu nhiing bai nghién ctiu sau vé hinh hoc so cAp ma cic
ban c6 thé truy cip nhiing bai viét nay mién phi tai co s dit liéu www.jstor.org. Ngay nay thi
Annals of Mathematics van 12 mot trong nhiing tS bao dugc xép vao hang danh gia nhét clia toan
hoc ma bat ky ngudi 1am toan chuyén nghiép nao ciing mudn c6 bai ding trén dé.

Trong bai bdo [3] c6 mot két qui quan trong, din ta dén phép bién hinh trén. Néu ta xét mot ti
gidc toan phan tao bdi 4 dudng thang ¢y, £y, {3, £, c6 di€ém Miquel M, giao diém cta ¢; véi £, 1a
P;jthi M Pyy- MPsy = MPyg- MPyy = MPsy - M Py = pvacéac goc ZPioM Py, £ PosM Py,
/P15 M Py, c6 chung mdt phan gidc £. Do d6 néu ® 14 hop cia phép nghich ddo cuc M, phuong
tich p v6i phép dbi xiing qua ¢ thi

D : Pig, Poz, Pyy +— Pay, Pry, Poy

ciing tif d6 ma ® bién ¢, thanh dudng tron ngoai tiép tam gidc tao bdi ¢4, (5, ¢3. Bai bdo cling
chi ra rang ® bién dudng tron Miquel thanh dudng thang Steiner.

Trong Pinh ly 2, A chinh 13 diém Miquel ctia tif gidc toan phan (BZ,CY, PB, PC).
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