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LOI NGO

Covid-19 khéi nguon tif nim 2019 nhung dén nim 2020 méi hoanh hanh, tac yéu tac quai. Con
chudt Canh ti da phai gong minh chdng lai con virus nguy hi€ém nay, va rt nhiéu noi, nhiéu
viing, cudc sdng clia moi ngudi da trd nén vo cling vat va. Nim méi Tan Sttu, véi stic khde vuot
tri, dic biét 12 véi tinh than yéu lao dong, nhiing con trau mdng luc ludng chinh truc sé dam
chét nhiing con Covid-19 gian x40 luon leo d€ dem lai sy binh yén cho thé gidi.

Cho du1 cudc chién sé con cam go, vat va, nhung ching ta vin ludn lac quan tién vé phia trudc.
Va dudng nhu nhitng hoan cinh khic nghiét chua bao gid 1a rio can cho nhiing sing tao, cho
nhitng phat minh, cho nhitng tim kiém méi. “Hoc nhi tri — Hanh nhi tri — Du nhi tri — Khon nhi
tri”. Hoc dé biét, hanh dé biét, giao du dé biét va trai qua gian khé dé biét. Khong c6 diéu kién
giao du truc tiép, chiing ta c6 thé giao du trén mang. Khé khin vi covid-19 lai tao cho nhiing
phuong thiic giao tiép mdi, nhitng dong luc sang tao mSi. Mdi ngudi dudng nhu tip trung hon,
séng noi tim hon, tlt d6 lai c6 nhitng y tudng, phat hién sau sac hon.

Covid-19 1am cho Epsilon sb 19 trd nén dic biét hon, bén canh cac ¥ nghia (da sb 1a tich cuc)
von ¢6 clia né. Epsilon 19 dem dén mot ¥ nghia tich cuc cho s6 19. Bdi ¢6 19 tiic 1a sé c6 20,
21 ... Ching ta van cling nhau di trén con duong, dem todn hoc, dem cai dep, dem cudc sdng
dén véi ban doc.

Per aspera ad astra
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TOAN HOC VA AM NHAC (PHAN 1) - Vi SAO AM
NHAC CO 7 NOT?

Nam Nguyen

GIOI THIEU

Hon ba nim vé trudc, & Epsilon sb 14, ching t6i da dugc vinh du ding bai viét vé "Hanh
trinh di tim mdy bay mét tich MIG-21U" ctia Thay Nguyén Lé Anh. Cudc hanh trinh ky
diéu d6 han khong thé bat dau néu nhu khong c6 16i kéu goi trén Facebook clia mot ngudi
c6 tén Nam Nguyen, mot nhan vat "huyén thoai ctia coi Face", "nha chép si" véi luong
bai viét cht lugng cao ma néu in ra chiing toi nghi c6 thé 14p day ca mot thu vién!
Trong sb Epsilon 19 nay, ching t6i vinh du dudc su dong ¥ ctia "nha chép si" cho phép
chia sé loat bai Toan hoc va am nhac cua 6ng (Ca nhan tac gia trén Facebook chu y khong
d€ tén that ciing nhu thong tin c4 nhan, nén d€ ton trong y nguyén cua tac gia, ching toi
chi st dung tén goi trén Facebook).

C6 mot diéu tdi ban khoan tir hdi nho, nhét 1a tir lic bat dau hoc xudng am va chdi nhac cu: vi
sao ngudi ta dung 7 ndt nhac, va giita cac ndt (c6 cao do cd dinh, dudc do bang dung cu do tin
s6 chuin) c6 thém “thing” va “gidng” nita thdi, thé 1a d4? Lén 1én chit nita thi giai thich cla
thay gido 4m nhac, rang ngay trudc nha thd La Ma dung bai tho gi ddy c6 7 tit dau cau dudc cha
c6 nao dly dung tir thé ky 11 d€ dit tén cho 7 nbt nhac... 6i sau ci thé theo truyén thdng, hién
nhién gii thich vy la khong théa dang. Tai sao cic cu A Pong nha ta thi chi dung hé 5 nbt.
Khi dudc hoc vat 1y thi lai cang thac mac thém, sao cao do ctia ndt “la” chuén la 440 Herzt ma
khong cao hon hay thip hon? (Tai ngudi ta c6 thé nghe dugc tir 20 Hz dén 5000 Hz diy nhé!).
Chuing t tai ngudi ta néi chung c6 nhiing cao dd nghe rat “suéng tai” — va hon nita c6 nhiing nbt
di v6i nhau nghe rit “da” — trong trudng hop ngudgc lai thi phai “chudng tai” hay “nghe ngang
phe phe”, phdng a? Vay cd s ndo d€ con ngudi ta cdm nhan nhu vAy (va cdc “con” khdc, tham
chi ngudi & chau luc khac, thoi gian khéc) liéu c6 cam nhén giéng chiing ta khong? Khong hé
don gian, va c6 gii thich dudc chic chan khong phai 14 cac nhac cong, nhac s, ca sy... ma phai
nhd t6i cdc nha khoa hoc nghién citu ban chét vin dé!

Ciing na n4 vy, néu nhin vao dan piano (hay guitar) thi thiy c6 12 “nita tong” — khac véi cic
loai dan nhu violin, cello, dan bau, kén... c6 thé choi dugc cao do bat ky. Tuy vAy ngudi ta vin
so day ctia dan diy véi ndt “la” ctia piano. Con néu ai chdi dan ddy nhu violin chiang han déu
biét, 1a néu dit nhe ngon tay 1én ddy dan & vi tri chinh giita cung dan, thi sé c6 cao do (tan sd)
gip dodi (didu nay thi hoan toan 12 vat Iy thoi — d6 dai day ngan lai ding mot nita ma) — va & day
cao nhit cda violin thi 4m thanh nay dudc coi 12 “nét nhac than thdnh” vi nghe rat hay! Nhung
tai sao nhi? Khong nhd miy dng toan hoc, vat ly va sinh hoc thi d6 ma biét dudc... Diéu nay
khéc han viéc “tai sao chi c6 10 chit s6” va “tai sao chi c6 hon ba chuc chit cdi” ma van di dung
dAy nhé, khac han vé ban chit (3, cic ban c6 biét cau tra 13i trong 2 trudng hop kia khong?).
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Vay thong tha xem nhé! Cic thay day c6 7 nét nhu sau (tén ding 13 1ay tit mot bai tho thé ky 11
cua Thién Chua gido that):

e Do — Dominus — Chua Troi;

e Re —rerum — vt chit;

e Mi — miraculum — diéu ky diéu;

Fa — familias planetarium - hé mat troi;

Sol — solis — mat troi;

La — lactea via — dai Ngan Ha;

Si — siderae — bau troi.

Con ngudi dan dan di t6i hé thdng ghi 4m nhac 7 ndt (v6i “thing” va “giang” nita 1a 12). Khong
don gian 7 né thich hop vé6i 7 ngdy, 7 dém, 7 mau cau vong... con 12 thich hop véi 12 thang
trong ndm hay 24 gid trong ngay dau, c6 thé ¢6 tring hgp thdi nhung nguyén nhén 1a toan hoc
co!

“Hoa 4m dep” 1a thé nao? Néu c6 hai 4m thanh véi cao dd w1 va w2 thi nhu dan nhac biét ring
néu ty 1¢ do cao ctia chiing bang 2 (mdt “be-ta”) sé 1a ty 1& rat hay. Néu né 1a 3/2 (“quin-ta”)
thi cling hay diy, hodc 4/3 (“quan-ta”) ciing kha. Con 5/4 (“terxia”) cling tam tam... Tén goi cha
can nhé6 dau, nhung c4c nha nghién cifu Am nhac thiy ding 13 nghe xudi tai hon that! Vi sao nhu
vy néi that 1a cac nha khoa hoc chua c6 cau tra 16i da stic thuyét phuc dau, nhung thuc t& va vo
van thuc nghiém cho thiy 13 nhu vay! Can chip nhan Tién dé 1: “ty 1¢ w2/w1 néu bang tich cta
céac phan s6, véi ti s6 v mau s6 14 cdc s6 nguyén td va sd liy thira 13 s6 nguyén (c6 thé am!)
cang bé thi hgp am cang hay!”. Ching han 2, 3/2, 4/3 nghe hay rdi da danh, nhung 3x5/8 chang
han nghe dudc, tuy khong con hay 1am nita. Léch ra thi d&!

Tién dé thit 2 1a “su bét bién”: “Quin-ta tit 7 “nita tong” phai khong thay ddi, bit ké né bat dau
tif ndt ndo”. Tdc 12 ty 1& tan sd ndt “dd” va “son” hay “dd thing” va “son thing” hay “ré” va
“la”... déu nhu nhau, va bing 3/2. Mot giai diéu hay tdc phdm c6 thé choi v6i nhiing “tong”
khdc nhau, mién 12 bdo toan ty 1& nay! Mot diéu dudng nhu hién nhién (nhit 12 ddi véi ai hoc
piano ngay nay) nhung lai khong hé hién nhién chit nao, néu ai chiu khé nghe nhiing tic phdm
¢d dién xua mot chut, didu nay chi dugc phét hién va 4p dung tir thé ky 18. Chang han tic phim
ndi tiéng ctia Bach ma dudc cu Nguyén Vin Thuong dich ra 1a “Cd-la-vo-xanh that hai hoa” —
n6 chinh 1a két qué ctia viéc ap dung tién dé nay! Con néu ai nghe cic tdc pham cd dién cii hon
s& c6 thé thiy nhitng chd dudng nhu ho 1én day sai day... Ai biét dudc, c6 1& néu ngudi trung cd
nghe nhac hién dai ho cling c6 cam giac ngang phe thi sao?

C6 vii khi 12 hai Tién dé 4y rdi ta bit dau di tim, bao nhiéu ndt nhac 12 “hay” nhit va tién nhét?
Goi s can tim 4y 1a N, ta biét rang mot dc-ta dudc chia lam N ndt nhac va cac ndt nbi tiép
nhau sé cao hon vdi ty 1& tan s6 “2 1y thita 1/N”. Va trong ddy N sb y phai c6 tan s6 rat gan
v6i “quin-ta” va “quan-ta”, dé hiéu la ty 1é tan s6 cta hai am nay 12 3/2 : 4/3 = 9/8. Néu goi
hiéu s6 cta sb liy thita 2 danh cho “quin-ta” va “quan-ta” 1a n thi ta ¢6: “2"/N = 9/8”. Dung
cong thiic logarithm sé c6: n ~ N.0, 170 ~ N/6.
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1% X3

Néun = 1thi N = 6. Khi d6 ta s& chi c6 cac nbt sau: “dd6”, “ré”, “mi”, “pha thing”, “son
thing”, “la thing”, “d6”. Nhung khi d6 “qua-ta” véi “quin-ta” bi trudt ra ngoai nhiéu qu4, rat
nhiéu tiac phdm cha danh dugc! Néun = 2 con N = 12 thi ta c¢6 diing trudng hop nhu 4m nhac
chau Au hién dai by gio, 12 “niia tdng” va 7 nét chinh! “Quan-ta” va “quin-ta” rt chinh xdc,
tuy rang di nhién khong thé tuyét d6i dudc roi, nhung tai ngudi hau nhu khong phéan biét dudc
sai l&ch vé tan s6 Am thanh chi vai ba phan trim thoi. Ngudi ngay xua tit nhién khong ding toan
dé tim, nhung bang thuc nghiém ho di tim ra phuong 4n tbi uu rdi!

Thé sao khong dung N = 24, hay N = 56 chang han? Céu tra 15i dé hiéu thdi: didu nay khong
tang dugc do chinh xac 1én bao nhiéu ca (cac ban tu tinh di!) — tai ngudi hién dai chua phan biét
dugc cic sai 1éch vé& cao do clia 4m thanh tinh t& dén vay - ma phic tap v6 ciing cho ngudi hoc
nhac, choi nhac. Mt s6 dung cu 4m nhac ctia An D06 ¢c6 N = 194, van chaoi nhac dugc chiing
té ngudi ta van hoc dudc, tuy vay sai sb clia “quin-ta” hau nhu khong dugc cai thién!

Chiing ta da ding todn hoc dé bao vé cho phuong 4n “7 nbt nhac” clia Am nhac ngay nay. Ciing
nhu vay, cac phan tiép theo c6 thé dung toan hoc va cidc mon khoa hoc khac dé€ soi sang vé gam
hay giong “trudng”, “thd”, 4m giai, hoa 4m... Con néu ai nghe thiy gido nhac néi ring: “bai nay
vui, phai ding gam d6 trudng” hay “bai nay budn lam, chdi la thi di” ma khong thay thic mic
gi thi c6 thé bd qua, gibng nhu 14i 6 td, c6 thé chi can tay 14i lua chid dong co may xing hay
mdy dau khac gi nhau ké di. Nhung ai da to mo thi nh6 diing c6 héi may 6ng nhac s¥, kéo lai bi
mang oan diy nhé! Cac dng 4y chi biét 1én day thoi...

Ghi chu:

1. Theo status trén ta cin nhS s6 quan trong nhét trong am nhac chau Au duong dai la:
logs3 ~ 19/12.

2. Mot s6 nha “cch tin” mudn dua thém nhiéu ndt nhac vao sit dung, dé tao ra nhiéu hiéu

ting hon, khong thi “am nhac sap chidm hét rdi vi chi ¢6 “83 521 hgp am ca thay” — theo
t6i 12 con 1au méi can thiét, nhung c6 1& 20-30 niim nita Am nhac sé& khic ching?

3. Pau nim néu ai thich “ong thi” thi xin m&i tham khio & ddy chang han: https: //www.
ncbi.nlm.nih.gov/pmc/articles/PMC3271183/

4. Cao d6 nbt La = 440 Hz 1a ctia Diic qudc xa ban hanh, cic nhac sy chau Au tranh diu doi
diing chuén 432 Hz ma khong dugc, rit &nh hudng dén toan xa hoi... toi cling da viét vé
diéu nay. Am nhac (4m thanh) c6 tac dung khing khiép ddy, can tiép tuc nghién cifu.
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X17 PHA LuO1

Robert Gast
Ngudi dich Pam Thanh Son

G101 THIEU

Mot luc chua ai biét dén dang 1am rung dong thé gidi hat nhan. Nhung luc nay c6 that
hay khong? C6 phéi hat X17 khét tiéng 12 hat mang luc nay hay khong? Nhiing ngudi
“thg sdan hat” dang bam sét theo diu vét ctia no.

Bai viét dugc dich ti bai Die fiinfte Kraft [ 1] ctia Robert Gast. Moi sai sot trong viéc dich
thudt la cua tac gia.

D6 1a mot thii it nho, chi nhu mot diu chdm trong thé gidi vi md, nhu moi hat co ban khéc.
Nhung hat X17 phai 12 mot hat rat kén chon, rit kin ddo, ma lai rat khoé. Khi né xut hién, né
lam rung dong c4 thé gidi hat nhan, nhu st gia ciia mot Iuc thif nim chua ai tiing biét dén.

Nhung Iuc thit nim va hat X17 c6 thuc su ton tai hay khong? Mot trong nhiing ngudi mudn
tim ra cau trd 16i cho ciu héi nay dang & Debrecen, trong mot vién nghién ciiu hang dau cda
Hungary. Ong thd dai. Attila Krasznahorkay 12 mot ngudi kin ddo, rut ré, khiém ton va lich su,
66 tudi, trong gidbng mot ngudi thi thu hon mot ngudi “tho sdn hat”. “Chiing ta phdi hét siic
thdn trong”, ong khé noi.

Véi dng, cude sin bat dau 20 nim trude, khi dng nhan ci dién thoai tit mot ddong nghiép ngudi Ha
Lan, Fokke de Boer. De Boer s6t sang nhiét tinh ké cho dng vé hat méi. Pau tién Krasznahorkay
con hoai nghi, 6ng doi cdc tai liéu vé& van d& nay, can di nhic lai. Sau d6 dng ddng y. “Liic doé
t6i nghi chi mét tudn la xong.”

DPén hom nay Krasznahorkay van chua 1am xong viéc nay. Ong thanh mot dang thii linh cudc
san. Trén ban lam viéc cua 6ng ¢ Vién nghién ciu Atomki la nhiing bai bdo dugc dong ghim
can than. Anh sang mit tr&i budi chidu xuyén qua rém cita, ngén tay ong chi vao mot chd 10i
trén do thi, cao chua dén 3 cm. Py 1a dAu vét clia hat X17, Krasznahorkay va cong su tin 1 nhu
vay. “Ddy la mot sai léch rdt nhé”.

Trong vat 1y, rat it khi c6 ai tim ra dudc mot hat co ban, va mdi 1an nhu viy st sach déu ghi
lai. Gidng nhu niim 2012 khi cc nha vat Iy & trung tim nghién ctiu CERN & Geneva tim ra hat
Higgs ndi tiéng. DE tim ra dudc hat ndy ngudi ta phai dung dén mot khau sing hat nhan dai 27
km (mdy gia tdc LHC) va hai bd phan tich (detector) khdng 15, mdi c4i ning hang nghin tan.
Hang ngan nha khoa hoc tham gia 14p k& hoach, x4y cit, va phan tich két qua trong vong hang
chuc nam.
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Hinh 1: Attila Krasnahorkay trong phong lam viéc & Vién Atomki, thang 3 nam 2020.

O Debrecen moi thit d&u nhé hon vai ¢5. Nhém ciia Attila Krasznahorkay c6 khoang chuc ngui,
trong d6 c6 con trai cia dng, ciing 1am vat ly. Thinh thoang mdt s em hoc sinh gidi c4c trudng
phd thong ciing dudc dén tham gia. Mdy gia téc cho cudc tim hat X17 c6 thé dit gon trong mot
toa nha to bang gian chdi thé thao ctia mdt trudng hoc. Méi nhin thi bd phan tich trong hoi giéng
mot cai “vong quay may mdn”, mic thém rat nhiéu day dién.

Tt thang 1 nim 2016 khi nhém Hungary cong bd sé liéu do luong [2] c6 chd nho 1én trong dd
thi, cic chuyén gia trén thé gidi dan do: Phai ching nhiing ngudi ngoai cudc di 1am nén mot
budc dot pha lich su? Hay la thi nghiém Hungary bi sai, va X17 1a do tuéng?

Di tim céu tra 15i cho nhiing cAu hdi nay, ta sé kham pha ra mot cau chuyén da bat diu tir hang
chuc nim truée. D6 13 cau chuyén vé electron va phan hat khé ludng ctia né, hat positron, vé cic
nha vit ly & cdc thanh ph6 Darmstadt va Frankfurt ctia Piic, vé Attila Krasznahorkay va dong
nghiép ngudi Ha Lan Fokke de Boer. Nhung trén hét, d6 12 mot cau chuyén vé vong xody cia
kham ph4, vé ranh gi6i gitta su that va mong mudn, va vé cAu héi khi nao thi ranh gi6i d6 da bi
budc qua.

Hoi 1: Con dudng mon din vao mot thé gidi khac

Cau chuyén bat ddu & ndi tri tudng tudng clia con ngudi dat dén gidi han: Trong thé gidi ctia hat
nhan nguyén ti va céac luc xuit hién & trong d6. D6 12 mot thé gidi tritu tugng, thoat nhin chi
céac chuyén gia méi hiéu dudc, nhung rat quan trong cho quan niém ctia con ngudi vé Vi tru.

Trong thé gi6i nay, cac nha vat ly thdy c6 hai “f6¢” hat co ban. Pau tién c6 nhiing “vién gach”
xdy nén thé giéi xung quanh ching ta, trong d6 c6 cic hat quark trong hat nhan nguyén ti va,
nam xa hat nhan hon, cac hat electron.
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Hinh 2: Mdy LHC chay dai 27 km trong mot dudng ham hinh tron bén dudi thanh phd Geneva.
Bing mdy nay cac nha khoa hoc di tim ra hat Higgs.

Nhung néu chi c6 quark va electron thi Vi tru s& hoan toan bat dong. Mot thé gidi clia cac vién
Lego ma khong c6 gi chuyén dong, bdi vi 1am thé nao mdt hat electron biét dugc 1a c6 mot hat
khéic & gan n6?

O day, mot “téc” céac hat khac xuét hién: Cac hat “si# gid” hay “boson”. Tt quan diém ctia vit Iy
hat co ban, ching 1am nhiém vu truyén luc gitta cac hat. Khi hai electron gip nhau, chiing trao
ddi mot hat boson rit chéng vanh.

Cho t6i nay, cac nha khoa hoc biét bon loai Ivc, mdi luc dudc mang bdi mot loai hat st gid: Hat
photon mang luc dién ti, hat graviton (c6 1&) mang Iuc hip din. Cac hat gluon thi 1a “bé gia”
ctia luc hat nhan giita cac quark, luc nay giit cho hat nhan khong bi tan ra. Va cudi cung, boson
W va Z 1a cac hat 1am thay d&i “danh tinh” clia hat nhan, mang Iuc hat nhan “yéu”.

V6i nhitng vién gach 13 cic hat va cdc luc ndy, cac nha vat Iy c6 thé giai thich hau hét cac hién
tugng xay ra trén Trai dat. Ta c6 thé tinh dugc tai sao mit trdi chiéu sdng, tai sao mot s hat
nhan lai phan rd. Nhung ban vé thiét ké thé gidi vi mo ciia ta c6 vé khong hoan chinh: Khi cic
nha thién viin nhin vao Vi try, vao khong gian giita c4c thién ha, ho thiy diu vét ctia mot thé
gi6i ma hinh nhu dugc 1am bdi nhiing hat khac, & d6 c6 thé c6 cdc Iuc khac hoat dong. Cac nha
khoa hoc goi thé gidi nay 14 “vdt chdt t6i”, nhung dén gid van khong biét khai niém nay thuc
chat la gi.

Mot s6 nha khoa hoc cho rang X17 c6 thé 1a budc dau tién vao thé gidi vo hinh nay. Trén trai
dat, hat sif gid X17 c6 thé hoat dong rat bi mat: N6 chi xuit hién xung quanh cic hat nhan va &
mot dang ndo d6 ching ta con chua hiéu. Nhung trong vii tru bao la, hat “ma qudi” nay c6 thé
déng mot vai trd 16n hon nhiéu. C6 thé hat nay chay di chay lai giita cdc hat ctia vat chit t6i, néu
diing 12 nd ton tai.

Mot dic thii cia nganh vat 1y 1a nhiing van dé ngoan muc nhét lai dudc nghién ciiu & nhitng chd
kin ddo nhét. Di qua c6ng vao ciia Vién Atomki & Debrecen, ban cii ngd 1a dang & bén trong
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Fermionen (Materieteilchen) Bosonen (Austauschteilchen)

Quarks Wechselwirkungs-Bosonen
Leptonen S Higgs-Boson

Strange-
Quark

Elektron-
Neutrino

Myon-
Neutrino

Elektron Tau-
Neutrino

Hinh 3: “M6 hinh chudn” md t tat ca cac hat co ban: Céc hat vat chit (fermion), cac hat trao
ddi (boson), va thém hat Higgs 1a hat mang lai khéi lugng cho tit ca cac hat khdc.

Hinh 4: C4c thién ha trong vii tru dudc bao quanh bdi khi (mau da cam) va céc sdi vat chat tdi
(mau xanh), theo cac md phong trén si€u may tinh.
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mot cong ty san xuat dng sudi hay 1a sing phun son. Mot vai toa nha son trang hinh hop dit
quanh mot bai dau xe, xung quanh la mot vai cay thong to.

Attila Krasznahorkay ra tin ctia dén toi. Ong ngudi to, dang di ning né, mic 4o khoac nhung
va 4o len mau xanh, mit dd 1én vi vita phai voi chay ra don khach. Ong din t6i dén thang mot
trong céc toa nha. Chiing tdi di qua mdt phin xudng bui bim, c6 mui cao su chdy, dén mot gian
nha, noi cudc tim kiém X17 dang dién ra.

O day 6ng, mit bich, bom chan khong béng nhoang dudi anh sdng nhén tao ciia dén halogen.
Nim 2015 Vién Atomki khai truong mot may gia tdc méi bang tién ctia Lién minh Chau Au,
Vién Han 1am khoa hoc Hungary va mot nha may dién nguyén ti trong vung.

Krasznahorkay di doc theo dudng dng chan khong dai 20 mét, qua cac nam cham dung d€ git
céc hat nhan khong ra khéi quy dao, téi goc bén kia clia gian nha. Thiét bi do ctia cic thg sin
X17 & day: Sdu céi “nan hoa” dai bang canh tay 1am bang nhya den, ndi khong biét bao nhiéu
day dién va boc biang bing dinh. “Cdc do dac ciia chiing toi bi phé phdn nhiéu nén chiing toi
quyét dinh thay mdi tdt cd cdc bo phdn ciia mdy”.

Hinh 5: Vién nghién cttu Atomki 6 Debrecen, Hungary dugc thanh 1ap nam 1954. Khoang 100
nha nghién ctiu vé vat Iy nguyén ti va khoa hoc vt liéu 1am viéc tai day.

Ngudc lai, qua khi vin dudc giit nguyén trong ngdi nha bén canh. Di dén phong 1am viéc cia
Krasznahorkay, phong 201 & tang 2, ta phai qua mot thang mdy lic Iu va di trén san 1at vai son
da da vang. Trén tudng hanh lang c6 mot cdi bang ghim nhiéu 4nh cii. Pay 12 4nh chup chuyén
tham cua cyu chu tich vién GSI § Darmstadt, Puc, kia thi 1a cac canh tot mot hoi nghi da xay ra
tir 1au: Céc nha vat Iy nang cdc trén ban trai khin tring, hodc dang cudi ngua & mot trang trai.

Va day, mot ngudi dan dng, dau héi mot nia, toéc mau sing, mic quan trang, than thién nhin vao
ong kinh. Ong & vi tri trung tAm trong nhiéu biic 4nh. Krasznahorkay lai gan mot dnh va chi vao
ban c4o phé ghim canh d6. “Fokke de Boer dd qua doi ndm 2010. Chiing t6i tiép tuc cong viéc
dé tudng nho éng”.

13



Tap chi Epsilon, S6 19, 02/2021

Ngudi dan 6ng Ha Lan, ngudi vao ndm 2000 da thuyét phuc Krasznahorkay tham gia tim hat
“ma qudi”, 1a mOt nhan vat trung tdm cua du an. Chinh vi de Boer, nhiing do dac § Debrecen
khong phai chi d€ chiing té cic nha vat Iy Hungary c6 ki€ém sodt dugc thiét bi cia minh hay
khong. N6 con d€ tra 16i cau hdi: Liéu Krasznahorkay va cong su da thoat dugc khéi phong
cach lam viéc dic thi clia ngudi dong nghiép tit Amsterdam hay chua?

Hinh 6: Cac mau bdo va anh cii trong bang ghim trong phong lam viéc cla Attila Krasznahorkay

Hoi 2: Di thudng nhiéu, giai thich chiang bao nhiéu

Fokke de Boer 12 mot trong nhiing ngudi dau tién quan tim dén nhiing hat méi kiéu nhu X17.
Hon ai khéc, 6ng tuyén truyén cho céc thi nghiém kiém chiing, thiic ddy dong nghiép va bénh
vuc cic két qua thi nghiém trong hang chuc nim trdi. Nhung vé6i thdi gian, dng bi cudc tim
kiém cuén vao dén mic nhin dau ciing ra hat méi — t6i lic khong ai tin 6ng nita, ké ca Attila
Krasznahorkay.

Véi de Boer, gidc md vé mot hat méi bat dau tir giita nhitng nim 1980 v6i nhitng két qud do dac
tir Darmstadt. [3] Liic d6 cac nha khoa hoc ban cac hat nhan vao nhau bang mot mdy gia toc dai
120 m tén 1la UNILAC.

Trong mdi mdt va cham, dong ning dudc chuyén hoa thanh khéi lugng theo cong thiic ndi tiéng
E = mc? cta Einstein. Trong trudng hop cu thé nay, cac hat nhan vd ra va tao ra mot dong céc
hat khac. Dung hai bd phan tich tén 1a EPOS va ORANGE cac nha khoa hoc Darmstadt nghién
citu cac ddng vun dé. Va ho thdy mot di thuong bi hiém: O mot sd ning luong nhit dinh cia
mdy gia téc, cac va cham giita cac hat nhan sinh ra mot s6 lugng hat positron nhiéu mot cic
dang ngac nhién.

Hat positron, phan hat mang dién tich duong ctia electron, khong phai 1a cdi gi la trong thé gidi
vi mo. Khi thién nhién mudén x4 ning luong thira, doi khi né tao ra cip hat electron-positron.
Nhung mot s6 nha khoa hoc cho ring cac két qua do ciing c6 thé giai thich dudc bang mot hat
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co ban mdi chua ai chua biét, hat nay phan ra ra thanh mot electron va mot positron sau khi bay
mot quang ngan.

Phéi n6i ngay 12 khong 16 cé diing 1a c6 mot hat nhu viy dang sau di thudng Darmstadt hay
khong. Nhung trong vong nhiéu nim, “EPOS peaks” 1a mot dé tai 1am cdc chuyén gia trén thé
gidi ban ron. Mot sd nha khoa hoc tin 13 ho dang trén con dudng dén giai Nobel. It ngudi nghi
12 tuong lai s& mang dén mot su thit vong tran tré.

Hinh 7: Fokke de Boer, ngudi Ha Lan (tht ba tir bén phai) mang t6i cho Attila Krasznahorkay y
tudng tim hat X bang mot phd ké ché tao tai Diic (6 phia sau).

De Boer, tudi giiia ti tuan, lic d6 dang tim kiém maot thanh cong thu hiit su chd y. Tung dudc
tung ho nhu mot tai ning xuit ching & thanh phd Amsterdam noi dng sinh ra, vao cubi nhiing
nim 1980 6ng da trai qua hon mudi nim di chuyén tif vién nay sang vién khdc, tit hop dong
ngan han nay dén hgp ddng ngan han khac. O di thuong positron, dng nhin thiy kha ning lam
nén tén tudi. Bi cudn hit, 6ng muong twong ra [4] 12 c6 mot hat gi d6 ding sau di thudng nay,
va tu tin bay té cac suy nghi cia minh & cac hoi thao khoa hoc.

“Fokke Iuén co rdt nhiéu y twéng”. Khi dudc goi dién héi, ddong nghiép ctia 6ng & Amsterdam,
Johan van Klinken, nhé lai. Van Klinken 1am viéc v6i de Boer 35 nim, dong hanh vé6i dng trong
tAt ca cic ching dudng, ting hd 6ng dén phiit cudi cung. Van Klinken néi ring ban 6ng bi mot
cam nhan dic biét vé my hoc thic ddy. Mot trong cac than tudng ctia de Boer 1 Paul Dirac, nha
vat ly dudc giai thudng Nobel ngudi Anh, ngudi da tién doan ra su ton tai ctia hat positron nim
1928. Dirac cho ring cic cong thiic dep gin véi chan 1y hon 1a cac cong thiic x4u.

De Boer mang triét ly ctia Dirac sang nganh vat 1y hat nhan, mot nganh von kha ning né. Chd
ma ngudi khac chi nhin thiy so dd cdc kénh phan ri cdia hat nhan véi mot mé bong bong cic
doan thang, s6 va miii tén, de Boer lai nhin thiy vé dep ctia Tao hoa. “Vé mdit nay ong giong nhu
mot nguoi hoa si”’, van Klinken noi.

Khong chi nhiing s6 liéu ctia Darmstadt da gy 4n tuong cho de Boer, ma ca nhiing két qud ma
cdc nha vt Iy ¢ Cairo [5], Ai Cap nhan dudc trén mdy gia toc & Dubna (Lién X6) ma 6ng dudc
biét tit nim 1984. O day sb lugng positron sinh ra trong va cham hat nhan ciing sai khic so vi
chd doi. Va de Boer biét phai 1am gi d€ 1an theo nhiing diu vét nay.

15



Tap chi Epsilon, S6 19, 02/2021

Hinh 8: Tit nhitng nim 1970 mdy UNILAC & Darmstadt gia téc cac hat nhan trén dudng thang.
Tit lic d6 dén nay cac nha vat Iy ludn ludn hién dai hoa mdy nay.

Y tudng ctia de Boer lién quan dén vat Iy ctia hat nhan nguyén tit. M&i hat nhan c¢6 nhitng mtic
nang lugng khac nhau, nhu cac electron cling ¢6 nhitng quy dao khac nhau trong 16p vd cua
nguyén ti. Nhung hat nhan giai quyét ning lugng thita bang cach khac: N6 hic lic tit bén no
sang bén kia v6i mot tan s6 trong mot danh sach cac tin s6 dao dong khac nhau.

Nhiing tan s6 d6 1a gi thi phai nhiing thi nghiém tinh vi méi tim ra dugc. Mot cach 1a ding
nhitng va cham hat nhan ki€u nhu nhiing va cham trong cic mdy gia tdc, nhung “ém diu” hon.
Céac nha vat Iy chiéu céc hat proton di dugdc gia tdc trong dién trudng vao cc hat nhan diing
yén. Néu céc hat proton c6 dong ning diing & mot gid tri nao d6 thi cac hat nhan khong phan ra
ra ma né nudt proton vio, 16n 1én mot chiit va bat dau “udn éo”.

Khi hat nhan im ang tr3 lai, n6 “khac nhé” ra mot chim tia sang. Hoic, trong nhiing trudng hop
hiém hoi, mot cip electron-positron. Nghién cttu nhiing “sdn phdm bai tiét” nay, cac nha vat Iy
c6 thé tdi thiét cac mic ning luogng clia hat nhan.

Thuc ra day chi la cong viéc hang ngay cta cac nha vat ly hat nhan, da dugdc thuc hién hang
nghin 1an va da dudc nghién ctiu dén tiing ngéc ngach cudi cuing. Nhung de Boer va nhiéu ngudi
khéc nhan ra ring, chi thay d&i mot chuit, cong nghé nay c6 thé dung dé tim hat co ban méi. D6
12 vi mot hat boson mdi sé cho hat nhan mot cach khac dé€ x4 ning lugng thira.

Hat méi sé khong thé 1a hat bén, ma sau khi bay mot quang duding ngin ciing sé phan ra thanh
mot cdp electron-positron. Nhung cdp electron-positron nay khac véi cap electron-positron cé
nguodn gbc tir mot lugng tit clia biic xa hodc do hat nhan phat xa ra truc tiép & mot chi tiét: Chiing
phéi bay ra khoi nhau dudi mot géc 16n hon nhiéu. Néu ta theo ddi chinh xdc dudng bay ctia hat
electron va positron nay, ta c6 thé nhin thiy diu vét cia hat boson.
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ENERGIE

56% 67% 33%

GRUNDZUSTAND

Hinh 9: Khi hat nhan hip thu niing ludng, né rung 1én v6i mot tan sd nhit dinh. Sau mot khoang
thdi gian ngin né tra lai ning luong va véi mot xdc suat nhat dinh chuyén vé mot miic ning
lugng thip hon.

Con tiép ...

[1] https://reportage.spektrum.de/x17

[2] https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.
116.042501

[3] https://inspirehep.net/literature/198158

[4] https://Jjournals.aps.org/prl/abstract/10.1103/PhysRevLett.
61.1274

[5] https://journals.aps.org/prl/abstract/10.1103/PhysRevlett.
52.1971
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THOI GIAN LA GI?

Nguyén Lé Anh

Rét nhiéu ban mudn biét "thdi gian 1a gi". Tra 10i cau hoi nay rat kho, bdi dé 1am viéc 4y chiing
ta phai di ly giai d€ chiing minh cho cac luan diém. Mudn chiing minh luan diém A 14 ding thi
chiing ta phai suy n6 ra tit B ding va phai khang dinh dudc quy tic suy dién B —> A la ding.
Lap luan logich 1a mdt qua trinh theo thoi gian, tic 1a khong c6 thdi gian thi khong c6 su giai
thich "thdi gian 1a gi!!" Nhu thé ban than su ton tai ctia loai vat biét 1ap luan da di dé minh
chiing cho su ton tai ctia thdi gian.

Trude khi di tiép chiing ta can phai hiéu vy chiing ta 12 ai khi dua ra cau hdi "thdi gian 1a gi?".
Chiing ta nén chap nhan, ai rdi ciing sé c6 lic chét va ring thé gidi vin cid nhu vy ngay ca khi
chiing ta da chét di. Piéu nay ham y thé gidi 1a khach quan, khong tiy thudc vao viéc cé hay
khong c6 chung ta.

Tinh khéch quan dugc hiéu 1a cing mot sy kién M, thi hai ngudi X va Y déu quan sat thy.

Vay thdi gian 1a mot thif ton tai khach quan. Hiy hinh dung mot vat chuyén dong, d6 1a su di
chuyén trén quy dao theo thdi gian. Tat cd déu chuyén dong va thdi gian 12 mot chiéu. Pic tinh
mot chiéu ham ¥: ¢6 thdi diém 14 hién tai, c6 khai niém qud khd, va c6 khdi niém tuong lai. Mot
vat dudc coi 12 ton tai néu né gdm cac thanh phan ciu thanh va cling ton tai trong hién tai.

Newton 12 ngudi da khdi quat héa thanh cong quan niém vii tru luan c6 dién, theo d6 vii tru gom
c6 3 phan: khong gian dong nhét va dang huéng cling véi thai gian, luc tic dung, va vat chit.
Newton dua ra cac cong thuic cho phép tinh dudc luc tac dung gitia cac vat véi nhau, va cong
thiic cho phép tinh dugc su chuyén dong ctia mot vat dudi tdc dong cia luc. Trong quan niém
vii tru ludn nhu thé mot thay ddi cla vat nay sé ngay lap tic gy ra luc va tac dong vao tat ca
moi vat khdc trong toan vii tru. Nhu thé toan bd vii tru sé chi can st dung chung mdt chiéc dong
hd. Khi can biét thdi gian xdy ra mot su kién nio dé ching ta chi can tao ra mot tic dong nho,
chiéc dong hd chung sé ngay 14p tiic nhan thiy tic dong nay va né sé thong bao chi sb thdi gian
téi khe“ip moi noi trong vi tru. Nhu vay, cho du trong v tru ludn Newton khong dua ra dudc su
ly gii vé thdi gian 12 gi nhung néu cong nhén c6 1 chiéc dong hd thi c6 thé coi nhu & tit cd moi
diém cua thé gidi déu c6 thé chi ra thoi gian.

Thai gian trong vii tru luAn Newton, tuy khong dudc dinh nghia nhung, ta c6 thé 1am chi n6 néu
c6 duge mot chiée dong ho. Mot chiée dong ho nhu vy duge goi 1a dong hd Vi Tru. Tat ca vii
tru nhin vao n6 d&€ ma c6 thdi gian. Va cau tra 19i thoi gian 12 gi s& 12 "Chi s6 trén chiéc dong hd
Vi Tru". Trong vi tru luin Newton, chi cAn c6 mdt chiéc dong hd chinh x4c, thi bang tinh toan
chiing ta c6 thé biét dudc titng vat sé & chd nao va sé chuyén dong ra sao. Nhu vy trong vil tru
ludn Newton khdng c6 su phan biét hién tai v6i tuong lai. Chiing ta ciing c6 thé di ngudc thoi
gian néu tt ca vii tru chuyén dong ngudc lai.
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Lai n6i vé ban than chiing ta, tiing thanh phan ciu thanh ra chiing ta déu chiu su tuong tac véi
phan vii tru con lai. Néu su tuong tac 13 tifc thdi thi moi hanh vi ctia ching ta sé& chi 1a hé qua
clia tdc dong tif toan thé vi tru. VAy dé€ chiing ta khong con 12 "con rdi" ctia vil tru thi cc tuong
tac vat chit véi nhau khong thé tic thdi. S& c6 mot van tde nao d6 1a 16n nhét khi vat chat di
chuyén. Ching ta goi né 1a van toc clia 4nh sang. Néu di 1a dnh sang thi dii cho ¢6 quan sat tit
hé toa dd nao chiing ta ciing thay d6 13 4nh sang, tic 1a van tdc clia n6 bat bién cho du ching ta
quan sat n6 6 hé toa do nao.

Nhu vy trong vii tru luin Newton chiing ta cAn phai thém vao mot tién dé va dé 12 van tdc anh
sang 12 khong d6i theo moi hudng, tai moi noi. Néu ching ta dit mot chiéc guong trén tran nha
va chiéu mot tia sang 1én d6. Tia sang sé phan xa quay tr6 lai vé diing diém né xuét phat. Vi anh
sang chuyén dong c6 van tdc cho nén phai mit mot khoang thoi gian nhét dinh dé n6 quay tré
lai. Moi viéc van nhu vay khi con tau chuyén dong (thang déu). DPéi v6i ngudi trén ga ho sé thiy
tia sang quay trd lai & vi tri khac v6i ldc n6 phat ra, bdi con tau da di chuyén. Nhu thé tia sang
da di dugc mot doan dudng dai hon. Vi van tdc 1a nhu nhau ma doan dudng di khac nhau nén,
tuy rang ciing mot su kién phan xa trd lai 4nh sang phat ra, khoang thdi gian & dudi ga da dai ra
hon 12 khodng thdi gian trén con tau chuyén dong. Vay 1a trong cdi vii tru ludn Newton c6 thém
su cong nhan van toc dnh sang bat bién, thdi gian s& khong don gian 1a chi sb trén chiéc dong
hd vii tru quy dinh nita. Ngudi ta cho rang chuyén dong c6 gia tdc 1a tdng clia cac chuyén dong
déu nhung tai mdi thdi diém thi c6 van tdc khac nhau. Néu nhu vAy chi s6 trén mot chiéc dong
hd sau khi chuyén dong c6 gia tdc r6i quay trd lai sé nhdé hon chi s6 ctia chinh cai dong ho y
khi khong chuyén dong. Hiéu tng "tré ra" ny da dugc thuc t& kiém tra va hé thdng dinh vi vé
tinh lién tuc phai can chinh theo hiéu Gng nay.

Cho du 1a phic tap hon nhung vii tru luin Newton v6i su cong nhan véan tdc 4nh sang 12 bt bién
van 12 mot mo hinh cho phép du dodn dugc chinh xdc tuong lai vii tru khi c6 duge mot chiée
dong hd chinh x4c. Diéu nay ham ¥ ching ta chi can § mot diém trong vi tru va véi kha ning
tinh toan siéu nhanh sé& biét dudc cac su kién x4y ra trong vii tru thé nao. C4i khong gian 3 chiéu
va 1 chiéu thdi gian, v6i cac quy luat vat Iy tuan thii cda vi tru ludn Newton véi su bat bién cia
van tdc anh sang dudc goi 12 mo hinh vil tru luan tuong dbi tinh.

Ciing nhu m6 hinh vii tru luAn Newton, md hinh mo hinh vi tru luan tuong déi tinh ciing khong
di ly gidi thoi gian 12 gi ma chi 1a chi ra kh4 niing cung cip chi sb thdi gian cho moi su kién
trong vii tru — néu nhu c6 dugc mot chiée dong hd chinh xac.

Chiéc dong ho vil tru & dau? Mubn c¢6 mot chiée ddong hd chiing ta can phai c6 mot chuyén dong
déu. Vi tru luan Newton cho rang khi khong c6 luc tac dung thi vat giit nguyén trang thai ding
yén hoic chuyén dong thing déu. Tuy nhién chic chin khong thé cé mot vat nao khong chiu tic
dung ctia nhitng vat khac nhu vy khong thé c6 mot chuyén dong déu thuc su.

Mot khi da khong thé chi ra duge chuyén dong déu thi ching ta nén chon 14y mot chuyén dong
dé 1am dong ho — véi diéu kién, chuyén dong nay phai khong chiu tac dong nao theo y ctia ching
ta. Mot chiéc dong hd nhu vay dudc goi 1a dong ho dia phuong, né ludn cé. Chiéc dong ho dia
phuong khong chinh x4c va chi c6 thé dung dé€ tham s héa thdi gian cho céc su kién ma khoang
thoi gian xay ra rat nho. Vay y tudng sit dung dong ho dia phuong dua dén nhu cu phai lién két
chiing v6i nhau va dua trén hiéu tng tdng thé ciia tt ci ching ma dua ra hiéu chinh.

Hau nhu tit c cdc loai sinh vat séng trén trdi dat déu st dung chuyén dong ctia mit troi lam
chiéc dong ho do thai gian. D€ thuin tién ngudi ta st dung dong hd qua 1ic dém cic dao dong
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lap lai véi cac diéu kién lac nhu nhau d€ do thsi gian. Do khong thé loai bd hoan toan luc ma
sat, do dan nd nhiét... va theo thdi gian cac khép banh rang bi nhao va thdi gian dua trén nguyén
1y qua lac khong con chinh xéc nita. Ngay nay ngudi ta st dung dong ho dua trén dém xung nhip
dao dong ctia miéng thach anh khi c¢6 dién truong. Xét vé ban chit n6 ciing 1a con lic thudng.
D chinh x4c ctia chiéc ddng hd kiéu nay cao nhung ciing khong thé dat dugc d chinh x4c tuyét
dbi do miéng thach anh chiu céc tdc dong ctia mdi trudng xung quanh. Ngudi ta con dung dong
hd ddng vi phong xa dé do thdi gian, theo nguyén ly cudng do giam dan ty 1¢ ly thita theo thdi
gian. L& di nhién n6 khong thé chinh xdc va trong khudn khé vi tru ludn Newton thi khong thé
c6 cdi gi 1a ngau nhién va vi thé ma ciing khong c6 khai niém phéng xa d€ ma néi t6i chiéc dong
hd dua trén nguyén ly phéng xa.

Néu nhu c6 mot van tdc 16n nhit thi c6 nghia rang tic dong tif diém X nay sang diém Y kia phai
mét mot khoang thdi gian. Néu X va Y cuing quan sat su kién M thi thong tin ma X va Y thong
bdo cho nhau déu bi 1a qua khi. Su ton tai ciia mot vat thé 13 gdm céc ciu thanh cung ton tai
trong hién tai va cling van dong. Vi cdc thanh phan ciu thanh ctia mot vat 1a cuing ton tai trong
hién tai, vdy chiing khong c6 cach nao "thong bao" cho nhau vé su ton tai cia minh, k€& ca luc
hit. Ching & canh nhau 13 vi qu§ dao chuyén dong clia chiing gan nhau. Nhu thé mot vat chi
c6 thé biét dén su tuong tac ctia khoang khong gian gan quanh né va khong c6 bt ké kha ning
biét dén nhiing gi khic. Diéu nay c6 vé giébng nhu khi di tim bién chiing ta bi mdt con séng lao
t6i dap cho sic sua ma khong thé biét n6 1a d6 tir ddu sinh ra. Y tudng nay dudc goi 1a 1y thuyét
truong.

Einstein da hinh dung vii tru nhu mdt khdi déo bang cao su, n6 cé thé nghiéng, bi xoan, bi ép
vao, hay bi kéo dan ra. Theo nhu mo hinh nay thi trong khoang vo cung bé vii tru ¢6 dac tinh
gibng nhu vii tru tuong ddi tinh. DS 1a mot khoang trong khong gian 3 chiéu vé6i 1 chiéu thoi
gian, tuy nhién khong gian khong nhét thiét 13 dong nhit va dang hudng. Van toc dnh sang la
bat bién nhung theo cic huéng khic nhau cé thé khac nhau, phu thudc vao mat do cling nhu
dong chdy cta vat chét vao va ra khéi diém ay.

Einstein da thiét 1ap quy luat bién dang dan hoi cho cuc cao su vil tru Ay, v6i nguyén tic ton
trong su bdo toan vat chit va theo moi huéng mat do vat chit luoén can bé“mg vGi su cong vénh
ctia khong gian. Mat do vat chit cang 16n thi khong gian cang cong, khong gian cang cong cang
khién cho vat chuyén dong va nhu vy mat do vat chat thay déi. Mat do vat chit thay ddi dan
dén do cong ctia khong gian thay ddi theo. Hé sb chuyén ddi gitta do cong ctia khong gian véi
mat do vat chit dugc xadc dinh d€ phu hop véi hang s6 hap dan trong dinh luat van vat hip dan
cua Newton.

Khéc v6i md hinh vii tru luan tuong d6i tinh, Einstein khong di mo ta toan bo vii tru ma chi tap
trung vao viéc tim ra quy luat van dong cho mot mau vii tru. Chiéc dong ho "s6 héa" thsi gian
tai titng diém trong vii tru dudc iy dua theo nguyén 1y chuyén dong tu do ctia mot chit diém.
Toan thé vii tru dudc s6 héa thanh mot da tap 4 chiéu, va da tap Ay phai théa man phuong trinh
vl tru cta Einstein. VAy 12 cau trd 18i cho ciu hoi thdi gian 1a gi duge chuyén thanh mot phic
hop gém 2 phan. Phan thif nhit 12 thdi gian dia phucng, phan thi hai 1 hiéu chinh dong bd cho
tat ca cdc dong ho. Thai gian dia phuong dudc s6 héa theo mot chuyén dong "tu do (khong cé su
can thiép ctia con ngudi)" bat ky. Vi chi ding véi su kién vo cling bé, nén cac chuyén dong tu do
nay khong khac nhau. Su lién két va hiéu chinh thdi gian dia phuong dugc thuc hién thong qua
nguyén ly lién két tuong tac ciia tit ca chiing véi nhau theo phuong trinh Einstein. Nhu chiing
ta da n6i phuong trinh Einstien lién két do cong v6i mat do vat chat trong vi tru. Ching ta ludn
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c6 xu thé cho rang néu nhu khong thé chi ra su khac biét vé mat do vat chit thi mat do vat chat
12 nhu nhau tai moi diém. Néu nhu vy khong gian sé cong nhu nhau tai moi diém. Mot khong
gian nhu thé 12 mot mét ciu. Mit ciu niy nd ra theo thdi gian. Nhu thé ban kinh ctia mit cau 1a
s6 do thoi gian ctia vii tru, va vil tru clia ching ta ¢6 chung mot chiéc dong hd.

Dua vao hé s6 din né vii tru Hubble va phuong trinh Einstein ngudi ta tinh ra tudi vii tru 12 13.7
ty ndm. C6 nhiéu vat chit sinh ra tif dau vu né van ton tai dén ngay nay dudi dang cic thién
thach. Tudi ctia n6 dic trung bdi ty 1& clia cac nguyén t6 khac nhau. Tudi ctia tit ca céc thién
thach khong thé gia qua 13.7 ty nidm, tic tudi vi tru.

Nhu viy thdi gian ddong nhit véi su dan ra ctia vil tru. Anh sdng tit vu nd big bang vin con dang
lang thang trong vii tru. Anh sang la dao dong theo thoi gian. N6 gdm nhiéu chu ky. Mot chu
ky bat dau dao dong & thai diém ¢, thi két thiic & thdi diém ¢ + At. Nhu vay bat ddu mot chu
ky & hién tai thi két thic dao 1a & trong tuong lai. D6 12 hai vii tru c6 ban kinh khéc han nhau.
Do ban kinh vil tru ct ting thém va ting nhanh dan, cho nén khoang céch giita hai mit cau vii
tru 4y xa ra hon. Chu ky 4nh sang dai ra. Ngudi ta néi né bi dich sang mau dd. Vay do dai buée
séng 4nh sang ctia vu nd big bang chinh 1 chiéc dong ho Vii Tru do khoing thdi gian ké tir thoi
diém sinh ra vii tru.

Chiing ta dang di t6i nhiing dong cudi tit vé thdi gian. C4 vil tru c6 chung mot chiéc dong ho
va d6 1a chu ky séng 4nh sang tif vu nd bigbang.
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PI TIM NGUON GOC DAN TOC VIET NAM

Nguyén Lé Anh

GIOI THIEU

Lién tuc trong 6 s6 Epsilon gan diy, chiing tdi luon c¢6 chuyén muc phdm pha lich st
thong qua tu duy 16-gich va phuong phap suy luin khoa hoc. Ching t6i mubn gidi thiéu
v6i doc gia ching ta c6 thé lam dudc nhiing gi véi tu duy toan hoc, thong qua nhiing
nghién cifu miét mai ctia nha toan hoc Nguyén Lé Anh. Trong s nay, chiing tdi tiép tuc
ding nhitng ghi ghép ctia dng, nhiing nd luc khong ngiing nghi cling véi nhitng khdm pha
m&i. Pay ciing 12 18i kéu goi cong dong trong viéc cuing chung tay xiy dung mat tai liéu
lich st cho dan tdc ching ta - dan toc Viét Nam.

Chiéc cdu ndi véi qud khit.

Dan téc dugc xdc dinh qua van héa. Thdt la may mdn chiing ta la dén toc c6 vin hoa ké
thita tiv nhiéu chuc nghin ndm.

Lich sit ddn téc chi la mot géc nhin vao su phdt trién ciia dén toc dy. Bdn thdn déi tuong
ddn toc lién tuc phdt trién va tudn thii theo cdc quy ludt khdch quan nhu quy ludt vé kinh
té chinh tri hoc, vé dia chdt, vé khi hdu, vé vin hoa, vé chiing toc hoc, vé ngon ngit hoc,
vé khdo ¢é hoc,...

Chiing ta phdn biét ra nguoi chép su, nha sit hoc, va nhai sit. Nha st hoc phdi c¢6 dugc
mo hinh phdt trién dan téc dua trén cdc quy ludt khdch quan néi trén va phdi kiém chiing
diing dugc cdc su kién cd sit. Chinh vi vdy lam dwoc mét tai liéu lich sit ddn téc khong hé
don gidn.

T6i hinh dung ddy la cong viéc ciia nhiéu nguoi va nhiéu thé hé. Toi chi la nguoi khoi
mao ma thoi.

Lam viéc vt vd ldm. Nguyén di truy tim tai liéu goc tiéng Hdn ciing rdt vdt vd. Chua ké
la phdi truy tim cdc nghién citu vé dia hinh, vé khdo cé.

Vi tri chinh xdc cia song la diém quyét dinh doi tim cdc tién trinh lich sit nhu séng Ddy,
séng Bach Pdng, Song Hong.... Cd song Thién Phit dd can.

Nguyén xdc dinh vi tri ciia song Hong vao dau Céng Nguyén ciing ton hang tram nghin
dé. May ma bén dia chdt da lam vdi vén ciia Bdc Au.

Tréng Péng nita, phdn tich ngén ngit nita, thit Gen nita. Poc lai sit ciia tdt cd cdc ldn
bang...

Nhiéu viéc, nhiéu nguoi.
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Cung nhau viét ra mot cuon sach vé lich sir dan toc

Dan tdc chung ta.

Khi & nha tang 1€ quan Ba toi, mdi 1an nguéc nhin 1én cao thdy 4nh ba Ia t6i khong tin. Nhung
roi khong phai chi c6 Ba tdi ma Me toi ciing da ra di.

Chiam ba me nhiing ngay cubi cling t6i chot nhan ra su bét luc trudc cai chét. Mic du ca ba va
me toi rat cb gang, nhung khong sao thodt ra dugc. Vay la bang cai chét ba me da day cho toi
hiéu, khong thé chdng lai cdi chét ma chi c6 thé 1am hét tit ca moi viéc can phai lam trude khi
cai diéu khong thé ngin can n6 dén.

Piéu 16n nhit ma tdi da 1am dudc 1a khong d€ nhiing diéu ngang trai c6 trong hién tai lam méat
thoi gian.

The roi dan dan moi tha cu ro ra.

20 nghin nam Vé trude muc nudc bién thap hon hién nay 120m. Toéln b6 vinh Ha Long khi 4y 12
rung ram. Kh1 iy ctia "Ba Lat" noi song Hong chay ra bién & gan quan dao Hoang Sa clia Viét
Nam. O ndl 4y c6 ca mudi, c6 ca nude ngot, c6 cac loai thity hai san, va ¢ cac loai ciy ho sung
va cung cap tinh bot va dudng. Day 13 noi ¢6 khi hau bién va c6 gié mua, ca dong nam va dong
bic. Pay chinh 12 vuon Dia Pang. Ngudi tién st 12 t& tién truc tiép clia chiing ta sinh sdng & dy.

14 nghin niam tiép theo nu6c bién dang cao dan. Ngudi tién st di cu vé phia Bac day Pong Triéu
qua vinh Kham Chau 1én phia Van Nam la Bach Viét. Phan sdng & ven bién Quang Ninh va vé
phia Nam diy Dong Triéu 1a tS tién truc tiép cla chiing ta ngay nay. Trai qua hon 2000 nim,
ngudi Bach Viét & ving Quang Pong va Quang Ty bi Han héa. Mot phan di san vin héa phi
vat thé nhu Au Co va Lac Long Quan... da dudc Nha Tran du nhap va cb gang vat thé héa chiing
G Viét Nam.

Mang Cai
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6 nghin nim vé trudc bién 14n vao tan Hoa Binh. Viing Hoa Binh va Ninh Binh c6 ciu tric nhu
vinh Ha Long, phan bén ngoai c6 nii che chd, phan bén trong 1a cdc con song bién. Xua sdng
Boi, song Budi 1a cac lach bién. Chiing ta nén goi chung dang vin héa bao gdm: vin héa Ha
Long, van h6a Trang An, van héa Boi va Budi la Soi Nhu.

Phan vin héa Soi Nhu & dai dit ven bién Quang Ninh 13 noi giao thoa vin héa véi Bach Viét.
Phan vin héa Soi Nhu & dai dat Boi Budi 1a noi giao thoa vdi nén vin héa da mét.

Nén vin héa da mét iy xuét hién & ving tit Mianmar va Bac Lao. Khoang 80 nghin nim vé
trude, nhanh ngudi tinh khén Homo Sapiens da rdi khoi chau Phi di cu téi ving Trung A. Ho
12 t& tién tryc tiép clia lodi ngudi hién nay. Tuy nhién c¢6 nhanh ngudi Heiligenberg ciing da roi
khdi chau phi tit 60 nghin nim trudc dé, tic 140 nghin nim vé truéc diy. Ngudi Homo Sapiens
lién tuc di cu, ban chat khong chi 1a tim ndi c6 diéu kién séng tot hon ma con 14 d€ chay khoi
dich bénh. Dich bénh méi 1a yéu td chinh tao ra su di cu. Dich bénh thi xuét hién khi mat do
ngudi qua cao, va vi thé ma tde do di cu 1a khong ddi, vao khaongr 300km cho 1000 nim. Ngudi
Homo Sapiens di cu theo hai huéng, huéng 1én phia Bac va huéng vé ving Taxila & phia bic
Pakistant. Taxila 1 ving ¢6 mé mudi va 12 diém bat dau cta con dudng 1én cao nguyén Thanh
Tang. Tt Taxila, doc theo chin cao nguyén Thanh Tang, loai ngudi tiép tuc di cu vé phia Pong.
D6 1a nhanh Nam A. Pay la phan dong bing An Do rong 16n, noi ¢6 nhiéu mé mudi va cé nhiéu
song nhd chay tif cao nguyén Thanh Tang xudng. Khoang 50 nghin nim vé truéc ngudi Nam A
t6i dudc ving Munda. Pay 1a noi tiép gidp gitta An Do va Mianmar. Ngon ngii tiéng Viét clia
chiing ta bat ngudn tit Mén 1a tit ddy. Tit Munda ngusi Nam A chia thanh 3 nhanh. Nhéanh di 1én
cao nguyén Van Nam sau nay thanh mot bd phan ctia Bach Viét. Nhanh di xudng phia Nam ma
sau nay hinh thanh nén Khmer. Va nhénh ra bién Pong, ho 12 td tién cla ching ta.

Khao ¢8 hoc cho thdy ngudi tién st da téi va sinh séng & ving ddi nii Bac Bo tit 30 nghin nim
vé tru6e. Khi nuéc bién xudng thap, bién Dong hep hon ngay nay rat nhiéu. TS tién clia chiing
ta sdng tif cira song Hong, khi 4y chdy ra t6i gin quan dao Hoang Sa clia Viét nam t6i clta song
Ctiu Long. Song Ctiu Long xua chdy vé phia quan d4o Trudng Sa ctia Viét Nam. Céc nha khao
¢6 hoc da khong phat hién thiy dau vét clia ngudi tién s trong khoang thdi gian tir 6000 nim
vé trudc cho t6i 35000 niAm vé trudc & ving bao quanh Viét Nam, bao gom Lo va Van Nam.
Khoang 7000 nim vé trudc cong nghé dic dong xuit hién & ving Letpadaung cach khong xa
viing Munda. Pay 1a mo6 dong 16 thién 16n ndi tiéng & thi trin Salingyi gan thanh ph6 Monywa
ving Sagaing, Myanmar. Tic la tif 7000 nim vé trudc han phai c6 mdt nén vin minh rat 16n &
khu vuc. Su kién o dan ra khi gii khoa hoc tién hanh cat 16p cac nhil da 6 cac hoang dong
trong khu vuc nay. Dua trén d6 day cac 16p da ngudi ta phat hién ra khoang thoi gian tit 6000
nim cho téi 4000 nim vé trudc ndi day 12 hoang mac kho cin khong thé c6 ngudi séng. Su kién
nay phu hop vé6i hé luy véi su bién d6i khi hau toan cau. S6 1a An D6 duong dugc mit troi dot
néng, khién cho 16p khong khi st mit bién bbc 1én cao. Dong khi tit Nam Cuc chdy vé chiém
cho. Do c6 su tidc dong cuia luc Coriolis ma dong khi Nam Cuc bi bé cong. Hién nay dong khi
nay théi tit Nam Cuc t6i ddo Mandagaska rdi tGi Srilanca va théi qua Lao 1én t6i Van Nam. 4000
nim vé trudc dong khi thSi vé phia trung tim ctia Chau Phi. Khi iy sa mac Shahara 12 riing ram
nhiét d6i. Khong con dong khi Ty Nam théi ti An Do duong vao ma Lao va Van Nam la hoang
mac. Nhu thé Shahara ma 13 riing rdm thi Lio va Van Nam 12 hoang mac va ngudc lai. Viét
Nam chiing ta van 12 ndi c¢6 khi hau bién. Nhu thé nén vin minh Letpadaung da bi sa mac hoa.
Nén vin minh nay ciing cong nghé diic Pong da di cu vé phia dong bang Bic Bo ndi c6 khi hau
bién. D6 ¢6 1& 1a nguyén nhan vi sao ha ngudn séng Ma 1a noi vét dudc rat nhiéu do dong tién
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sii. D6 12 nguyén nhan vi sao Tréng Dong Ngoc Lii dudc chinh nhiing ngudi tién sit 12 td tién
ctia chiing ta 1am ra vao dau Cong Nguyén. Vao khoang thdi gian tir 3000 nim trudc diy dong
bang Bac Bo di 12 noi viin minh va c6 cong nghé dé dong phat trién nhat khu vuc.

Thoi gian khong ai c6 nhiéu. Toi khong nghi 12 toi sé kip viét ra cudn sach vé lich st dan toc
d€ cic ban doc. N6 qua 16n va ¢6 qud nhiéu viéc phai lam. Chinh vi thé ma t6i dé nghi c4c ban,
thay vi cdc ban chd dé€ dudc doc mot cudn sach vé lich st dan tdc, thi chiing ta ciing nhau viét
ra né. Chiing ta sé ciing nhau 14t gid tiing trang sti. Nhiéu nghin nim vé sau cha ai con biét dén
cai dng ABC nao la tac gia cia DEF. Danh hao cha la thit quan trong, quan trong la ching ta va
céc thé hé sau nhin ra dudc su that.

T6i muon di tim ngudn goc dan toc Viét Nam.

T6i muén néu luan diém "dan toc 1a dudc xac dinh bdi vin héa". Vin héa phu thudc theo sd
dong. S6 dong chi xuat hién & ving c6 diéu kién sdng rét thuan 1gi. Mot trong nhiing ving d6
1a viing nude 1 ctta song Hong. 20 nghin nim vé truéc muc nudc bién ha thip hon ngay nay
120m. Ngusi tién st sébng & ven bién ving dong bang Ha Long. 14 nghin nim tiép theo nudc
bién dang cao khién cho ngudi tién st di cu 1én chd cao hon. 6000 nim vé trudc muc nudc bién
gilt nguyén, dong bang Bic B9 1a vinh bién nong. Cu dan Ha Long di cu vé phia bic vong cung
Pong Triéu la cac dan toc Bach Viét. Cu dan Ha Long di cu vé viing dong bing song Hong 1a t&
tién truc tiép clia chiing ta. Trong sudt 6000 nim qua phii sa ctia cdc con song di bdi vinh bién
nong, viii dong bang cii dudi 16p dit vai chuc mét. Cu dan di ra viing dat méi 1a ngudi Kinh, cu
dan & lai 1a cdc ving ven ndi 12 ngudi Mudng. Theo thdi gian c6 nhiéu dong ngudi di cu vao
viing ddng biang Bac Bo, nhung ho 1a cic dong ngudi di cu nho 1€, c6 cling hé gen va bi dong
héa vin héa. Chinh vi thé ma ching 12 mot dan tdc thdng nhét thita huéng vin héa tir 20 nghin
nam.

Toi con can phai tra 18i dude cu dan Ha Long dén ti dau.

Téi cho ring di c6 mot dot di cu tir Trung Pong doc theo chin cao nguyén Thanh Tang t6i viing
Bac Viét Nam. Khao ¢6 cho thiy khoang 50 nghin nim vé truéc dong di cu nay da t6i dudc
ving Munda nga ba An b0, Mianmar, Butan. Pudng di trong vung nui da la di gitta cac day nui
va nhu thé ma khong thé thay ddi. Ngay nay ching 1a cic dai 16 chinh va thudng 1a chay doc
theo cac con song. C6 3 dong di cu chinh. Dong thi nhit di cu 1én viing niii Van Nam, dong thd
hai di cu xudng phia Nam vé phia Mianmar, Thai Lan vd Campuchia, dong thi ba di cu vé phia
dong t6i Viét Nam. Tét ca cac con dudng di cu tit Munda vé phia Pong déu dan t6i Hoa Binh.

Chiing ta tinh dudc d6 dai tit ca cdc con dudng ma ngudi tién st da di cu téi dugc Hoa Binh
déu khong qua 3 nghin km, tiic 12 mét khoang 10 nghin nim dé di cu tu nhién. Nhu thé vé mit
nguyén tac 40 nghin nim vé trudc ngudi tién st c6 thé da téi duge ving Hoa Binh.

Cic di chi khéo ¢8 ciing cho thdy khoang tit 40 nghin cho téi 30 nghin nim ngudi tién st da
xuét hién & viing Hoa Binh.
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20 nghin nim vé tru6c ctia Ba Lat ctia song Hong & gan quan d4ao Hoang Sa ctia Viét Nam, cach
ddi Thung viing Hoa Binh khoang 450km. Véi téc d6 di cu tu nhién 300km cho 1000 nim thi
ngudi tién st da t6i ving Hoa Binh khoang 21 nghin nim vé true. Piéu nay tuong dbi phii hop
v6i cac chiing cti khéo cd.

Dé thiy dudc diéu nay chiing ta vé biéu d6 ddong miic céc di chi khao cd theo thdi gian dé xic
dinh vi tri dong ngudi tién st da t6i dugc Hoa Binh va nhan thiy rat ¢ thé ndi C6t Ca 1a t3 tién
cua nguoi Viét.

Nhu vay khoang 21 nghin nim vé tru6c ngudi tién st 1a td tién truc tiép clia ching ta da dén
viing ndi Hoa Binh, sau d6 theo song M3, song Boi, song Budi, song Hong... ra t6i tin bién
bong

Péng gép quan trong nhit trong su hiéu biét nay 12 thudc vé anh Viét Nguyén chii nhan vién bao
tang Tién St. Anh 12 ngudi da tim thiy va x4c dinh dudc tudi clia xuong ngudi tién sit trong di
chi X6m Trai. B6 xuong dudc nhii da phi 1én nén di dugc bio vé tdt. N6 da dugc xic dinh chinh
xéc tudi 17 nghin nim vé trudc. Tang vin héa & dudi khd day, tuong ting t6i 21 nghin nim.

Anh Viét' con cho rang chinh dinh nii Cét Ca 12 noi lién quan t6i Mo DE Pt Bé Nudc. Vay 1a
chiing ta da truy tim dugc ngudn gbc td tién. Tuy nhién khong thé tuyét di hoa.

I'TS. Nguyén Vin Viét, gidm déc Trung tdm Tién sit Dong Nam A, chi thich ctia Epsilon
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Dong ngudi di cu t6i khu vic Hoa Binh 21 nghin nim vé truéc han khong phéi dan toc Mudng.
Dan toc Kinh ciing khong phai 1a mot nhanh ctia dan toc Mudng. Ngudi tién st Ha Long di cu
khi nudc bién dang thi cling 12 mot cudc it lui dan 1én chd cao. Qua trinh nay dién ra trong sudt
14 nghin nim. Khi muc nu6c bién giit nguyén nhu vay tir 6000 nim veé truéc, cu dan Ha Long
sinh sébng & viing ndi tao ra bién thé vin hoa. Ho 1a dan toc Mudng. Cu dan sdng & ving dat
méi do phii sa sdng Hong boi 1a thudc dan toc Kinh. Ngay ca khi nue dang cao, viung dat Hai
Duong van 1a mot cdi gd cao. Ngon ngit cia dan tdc Mudng va Kinh rat gan nhau, bdi ching c6
chung ngudn gdc tir Munda va mdi chi phan tach c6 6 nghin nim. Hai ngdn ngif nay xa hon vdi
Khmer, va cdc dan tdc & ving Van Nam bdi su phan tach da dién ra tif 50 nghin nim vé trudc &
ving Munda.

Vin hoa 1a su tuong tic ctia sd dong va mang tinh giao thoa dong hod. Theo ddi Mo Mudng
chiing ta nhan thiy né dudc sinh ra vao thdi chuyén giao tit Mau hé sang Phu hé. D4u vét MAu
hé van con & dan tdc Viét va Muong vao thdi Ba Trung. Vidy Mo Mudng c6 1& da xuit hién
khong s6m hon 2000 trudc day. Toan bdo Mo 1a thé hién su ly gidi nguyén nhan. Day 13 nhanh
vin ho4 thién vé phuong Tay. Rat c6 thé né 1a két qua ciia giao thoa vin hod phic tap. Céc su
kién trong Mo Mudng lién quan t6i sin ban hai lugm & khu vuc ritng ciy 16n va song sudi. Rét
c6 thé Mo Mudng lién quan t6i khu vuc Hoa Binh.

Vin hoa gdc ctia cu dan Ha Long 1a thé dang vin ho4 bién c6 niii ddo chan séng. N6 dudc tam
goi la van hod Soi Nhu.

Do mdi trudng sinh séng thay d6i ma dan toc Kinh va Muong ciing khong phai 14 cdc dan toc
luu gitt dudc nhiéu nét clia vin hod Ha Long.

Tém tat Mo Mudng "Dé dat dé nudc":
1- M& dau: Giéi thiéu canh vii try hdn mang, md mit.

2- MGt tran lut to xay ra. Nudc rut. Gng Thu Tha, ba Thu Thién tao ra c6 cdy mudn vat. Do la
Dé dat.

3- Sau tran lut, trdi lai han. Ong P6dng Péu phai cau mua. D6 1a Bé nudc.

4- Mua xudng, trong vii tru moc ra mot cdy si um tum. Nhitng con sau hdc sau ha duc cay lam
cho cay bi nga.

5- Cay si, mdi canh roi xubng tao ra mot mudng. C6 1919 canh thanh ra 1919 mudng. Nhu vay
la Bé Muong.

6- Ciing tlf cdy si sinh ra mu Da Dan. Mu sinh ra hai con 1a Cun Buém Bac va Cun Buém Bo,
két duyén vdi hai nang tién, sinh ra mudi con. Con tt 12 tréng chim Tang mai chim Tét dé ra
triing Chiéng. Nho chim Tao Trao 4p, tring nd thanh ngudi trong d6 c6 miy anh em Dit Dang,
Ta C4i, Cun Can, Va Hai Kip... va ca chu chuong mudng nudc. Vay 1a Dé Ngudi.

7- Ong Cudng Minh Vang Ram ciing nang A Sim Trdi diic ra 9 mit troi va 12 mit tring. Nhiéu
mit trdi néng qua mudn vat khong chiu dudc. Ho nha Ngao dung tén ban rung ci. Phai nho
Tréng ga Ai mai vit Em di goi mit trdi cho mit tring 1én. Ong Thu Tha ba Thu Thién méi
truyén 1am ra nim thing.
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8- Mudng Nudc mdi Dit Dang ra cAm dau cai quan dan ching. Dit Dang nhan 15i, nhung bi ma
ém d6n n6 chin ngd khong ra dugc.

9- Mudng Nudc lai mdi em Dit Dang 12 Lang Ta Cdi ra. Ta Cai ciing that bai.
10- Ngudi em tht ba 1a Lang Cun Can dugc mdi va dudc yén 6n cam dau ban mudng.

11- Ba c6 ngudi cam dau thi phai c6 nha cho 6ng ta 8. Chi Bu Dit di sin, bat dudc con rua. Rua
bay cach cho muong lam nha.

12- PBi c6 nha, phai c6 1da d€ nu dn. Viéng Ku Linh dudc cli 1én xif sé ctia Than Lita va Ta
Ciam Cot. Nhung than cho mang ca géi nudc dem vé, nia dudng nudc va, lira tat. Tun Mun,
Mun Mong di thay, bi mat hoc dudc cach lam ra Ida.

13- Boi séng con chat vat. Ba Rip ba Rudi chuyén di dao cii mai 1am luong thuc. Nhd chuot
bay meo, mudng sai nang "Dit C4i Danh lanh con khon cdi khéo" 1én chd nang Tién Tién M4i
Lia xin 40 giéng Ida na, 30 gidng lda rdy vé gieo trong.

14- Thiang Pap thang Pom di chin trau, tim dén nha 6ng Lang Khdm Dam hoc dudc cach lam
ruou.

15- Nang Dit C4i Danh lai di 1én trdi xin giéng lon mu Hiing, xin gidng ga 6 mu La.

16- Trau va hd tif tru6e von & chung v6i nhau. Vi cé xich mich, trau tuyét giao v6i hé, tu nguyén
& cay rudng véi Lang Cun Can.

17- Cudc sbng vat chat da day di. Lang Cun Can thiy em gdi 12 Va Hai Kip dep, lay 1am vo,
di trdi va ngudi déu khong thuan. Cun Can 1am theo y minh sinh con déu thanh ma quai, cudi
cung phai dua em bd vao ruing sau.

18- Mudng nudc di hdi vo cho Lang Cun Can. Hdi dudc con than nudc, than dat, con trdi va ca
trong mudng. Sinh dudc mot loat con 1a Cun Toi, Cun Tang, Cun Khuong va Toéng In.

19- Lang Cun Can chia dét cho cic con. Toéng In dugc phan nhiéu nhung tiéu hoang phi phai di
xin cdc anh. Sau y lai lién két véi Cun Toi, Cun Tang tranh gianh véi Cun Khuong. Cun Khuong
bd tron 1én nha 6ng ngoai trén trdi. Troi 1am ra lut 16i d€ tra thu cho chdu. C4c anh phai bat giét
Todng In, Cun Khuong méi chiu trd vé. Vé nha, Cun Khuong ra 1énh giét ludn céc chau la con
Toong In.

20- Pan kién bay cho nha lang c6 cdy Chu 1a ngudn gdc nén giau nén c6 vi d6 1a cay Chu P4,
14 Chu Ddng, bong thau qua thiéc. Lang sai Tim Tach di tim. Tim Tach nhd stic ctia dudi uoi,
ciip noong va chim vang anh tim dudc ciy & ddi Lai Li Lai Lang. Nhung cay chu chi cho anh
hai qua vang va bat thé giit kin dia diém. Lang Cun Can lita cho Tdm Tach ubng rugu say, anh
n6i hét nhitng diéu bi mat.

21- Lang dem quén di chit cdy chu. Chit mii khong dd, cubi ciing phai giét Tam Tach 14y mau
bdi vao riu, tro xuong Tim Tach ric 1én 16i di mdi chiit nga va kéo dudc chu vé.

22- Lang lam nha chu nguy nga 1ong 13y, nhung quang cénh van diu hiu. Nhan nang Song Dén
c6 sac dep, Lang Cun Can quyén rii ma khong dudc, lién bat ngudi yéu cta nang 1a Khan Pong
phéi di tim rua vang cho Lang, néu khong thi Lang sé cudp ngudi yéu. Khan Pong kiém dugc
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rua vang. Nhd dé6 ma nha chu trd nén huy hoang ndo nhiét. Lang Cun Can cho t& chic tiéc
mung.

23- Con ctia Tim Tach 1a thang Tim con Tach thiy viéc thi vao xin dn bi xua dudi. Chiing tifc
gian dem Itfa va rom budc vao dudi meo, tha vao nha chu. Nha Chu chdy sach, Lang tim dudi
bat. Thang Tim con Tach trén vao gbc cdy si. Nha Lang chit cdy si, mau hai dida chay bién
thanh nhiéu thii dit ma ghé gém nhit 1a con Moong Ld.

24- Nha Lang t6 chac sin moong. Moong 16 bi dudi chay vao chét chet & niii Khing Khin. Dan
Mudng x¢é thit chia nhau. K& trudc ngudi sau bat truée mau sic  da moong 10 d€ dét théu vai,
tly theo phan dudc nhan. Dan Lao, Thadi dén truéc nén vai ho théu dep, dan Mudng ciy gan dén
cham nhan phan da xau nén vai Mudng sau nay kém mau sic.

25- Thit Moong L6 roi rét, ché dn phai phat dién, viit xdc ché xudng song, cd va qua in phai
cling hoa dién. Nha Lang phai di san ca dién, qua dién.

26- Toéng In chét héa thanh ma rudng, khong ai cai quén, lién kéo ma dén d4nh nha Lang,
Toéng In bi thua trén xubng nudc.

27- Toéng In lai nhd bon ¢4 ngao, ba ba, réng ran 1én danh bon Cun Khuong d€ tra thu. Nhung
cubi cing van bi Cun Khuong tiéu diét.

28- Moi viéc déu yén 6n. Lang Cun Khuong trd thanh vua. Mudng nuéc lién lo xdng 4o, lo kiéu
ngai va dén vua vé Pong chi tam quan ké chg.
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TOAN HOC TRONG HON NHAN

Nguyén Hung Son

Théng 2, 2021

TOM TAT

Khi nao 1 thdi diém t6t nhit d€ dua ra quyét dinh hon nhan véi ngusi minh yéu? Liéu
ngudi yéu hién tai ctia ban c6 phai 12 ngudi ban sé danh phan ddi con lai ctia minh khong?
Phai chia tay bao nhiéu mbi tinh méi tao dudc mdi quan hé 6n dinh? C6 1& nhiéu ngudi
dang hoic sé dit nhiing cau hoi nhu vay. That kho tin ring todn hoc va thuit toan ciing
c6 thé gidp chiing ta trong nhitng suy nghi lang man va nhiing tinh hudng khé xt ctia
trdi tim. TAt ca phu thudc vio viéc xdc dinh thoi diém ban nén ngling tim kiém va dua ra
quyét dinh, va d6 12 vin dé chiing ta c6 thé 1ap dudc md hinh toan hoc.

Hinh 1: Minh hoa ctia Zohar Lazar cho tap chi TIME

Trong chuyén muc Trd choi toan hoc ctia Martin Gardner trén tap chi Scientific American s
thang 2 nim 1960, xuit hién mot bai todn ma ngay nay gidi todn hoc goi né 12 bai todn tuyén
chon thu ky, hodc ngin gon 12 bdi todn thu ky. Bai todn nay dudc phat biéu nhu sau:

Gidm déc mot cong ty ddng thong bdo tuyén dung vi tri thu ky gidm doc. Co N iing
vién vigt qua duoc vong so khdo va sé dugc gidm doc truc tiép phdng vén. Sau khi
phdng vin méi iing vién, nha tuyén dung cé hai lua chon: hodc nhdn iing vién do
vao lam thu ky va két thiic viéc tim kiém, hodc tir chdi va moi iing vién tiép theo.
Gid sit rang do nhu cdu ciia thi truong lao dong nén khi di quyét dinh thi khong
thé’thay doi duoc nita. Vday néu mudn chon duoc iing vién cé ndng luc tot nhdt cho
cong viéc thi khi nao la thoi diém téi wu dé'két thiic qud trinh tuyén dung?
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Theo truc gidc, chiing ta thiy rang khong nén dua ra quyét dinh qua sém (c6 nhiéu kha ning la
chiing ta chua gip dudc ting vién t6t nhat), hodc tri hodn qud lau (Gng vién tot nhét c6 thé bi
tif chdi mot cach voi vang tif tuée d6).Cau tra 15i cho bai todn nay 1a thdi diém 1gi nhat d€ tim
kiém ting vién phit hop la sau khi da phdng vin khoang 0,368 ting vién. Dau tién ching ta hay
tim hi€u tif dau c6 con s nay?

Gia st cdc ting vién dudc siap xép vao phong van 1 cach ngiu nhién theo thif ty tir 1 dén N. Ban
doc c6 thé thiy rang chién lugc tdi uu cho bai toan thu ky 14 chia qua trinh tuyén dung thanh hai
giai doan:

+ Giai doan 1 1a tim hiéu ning luc chung cia c4c ting vién: chiing ta sé loai 7 ing vién dau
tién va coi qua trinh phong van r ting vién d6 nhu mot qua trinh tich liy thong tin. Tat
nhién1 <r < N.

+ O giai doan 2 chiing ta sé chon ting vién dau tién c6 ning luc t6t hon tat ca cdc dng vién

& nhém 7 ting vién dau tién.
Giai doan 1: bd qua 3 (rng vién
1 2 3 4 5 b 7 8 9 10
Diém s caonhit=7 ('ng vién dau tién co diém s& cao hon: g vién s5 7

Hinh 2: Vi du cta thuit to4n tuyén dung thu ky v6i N = 10 va k = 3.

A . L3 A 3 A A 2+ 1N ~ N .z . 9 9 2 1A r
Hinh 2 cho ta thay Minh hoa cua thuat toan trén. Cau hoi la hay tim gia tri cua r (hodc ti 1€ N
khi N — 00) sao cho x4c suit chon dudc ng vién gidi nhit 1a cao nhit.
Chiing ta thiy ring s6 dng vién con lai & giai doan 2 1a N — r. Chiing ta hdy gia st rang tng

vién gidi nhét xép & vi tri thit n + 1. RO rang néu n + 1 < r thi ta khong thé chon dudc ting vién
gidi nhat. Hinh vé dudi diy minh hoa trudng hop khin + 1 > 7.
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DE chon dugc ting vién thd n + 1 thi diéu kién sau diy phéi thda man: Ging vién gidi nhit trong
nhém {1,...,7} ciing la dng vién gidi nhét trong nhém {1, ...,n}. Diéu kién nay dam bao dé
qua trinh phdng van kéo dai dén ting vién thd n + 1 va tat nhién ting vién gidi nhit nay sé dugc
A 2 2 « X A N ~ T , ~ , PN , A -, A
chon, va xac suat dé xay ra diéu kién nay la —. Chung ta sé ky hi€u xac suat chon dudc ting vién
n

gidi nhat khi tng vién nay dugc xép  vitrin + 11a P(S | n+1). Taco

0, nfun+1<r

P(SIn+1)=qr

— neun-—+1>r

n
Gia st rang xac sudt dé ting vién gidi nhét c6 thé dudc sap xép & mdi vi tri 1a nhu nhau va bang
¥ St dung cong thic tinh x4c suit toan phan ta c6 thé tinh x4c suét chon dudc ng vién gidi

nhét 1a:

N
1 1 /r r r
P(S) = Z N-P(S‘n—i—l):N<;+r+1—|—"'+m)
n+1=1

Ta thy ring cic gia tri ctia P(S) 12 mot chudi s6 phu thudc vao chi s6 r. Khi N 1a s6 khong
qua Ion, ching ta c6 thé tinh gid tri cda P(S) lan lugt véi r = 1,2,..., N — 1 va tim r sao cho
P(S) 1a 16n nhit. O Hinh 3 ta thdy khi N = 11, xdc sudt P(S) dat gia tri 16n nhat khi r = 4,
connéu N = 30 thi P(S) c6 gid tri 16n nhét khi r = 11.

Xa&c suat P(S) khi N=11 XAac suat PIS) khi N=30
0.40 ® L] . . etts L
0.35 . .
0.35 . . . .
L] .
030 . 0.30 . vl
. .
035 il 0.25 - .
— — .
@ 020 e .
o » o
01s 015 *
. . .
0.10 < 0.10 -
005 *
005 1 .
0.00 L] 0.00 L ]
2 4 B B 10 o 5 10 15 20 25
Gidtriclar Gia trichar

Hinh 3: Xdc suét chon dudc tng vién giéi nhat P(S) v6i N = 11 (hinh bén trai) va N = 30
(hinh bén phai)

Khi N 1a s6 tuong ddi 16n, xdc suét P(S) c6 thé tinh xap xi nhu sau:

1 /r r r 1y

N
r 1 T r
’“N/T =5 ()

v6i In 1a ky hiéu logarit tu nhién. Néu dit = = £ thi bai todn tuyén chon thu ly dugc dua vé bai
toan tim gid tri 16n nhat cda ham s6 f(z) = —z In(x) véix € x € (0,1].
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D€ tim gi4 tri 16n nhét ctia ham s6 trén ta can tinh dao ham:
fl(x) = (-2 -In(x)) =—1-In(z) —x-27' = —In(x) — 1

Ta thiy rang f'(x) = 0 khi va chi khi In(z) = —1, tdc la + = e~'. Hon nita f'(z) > 0 v6i
z € (0,e7l) va f'(x) < 0véix € (e7!,1). Tu d6 suy ra ham f(z) dat gia tri 16n nhit khi
r=c ! = % ~ 0, 368.

0.35 — y=xin(x)

030 1
025 4
020 1
015 4
010 4

005 4

000 T T T T ¥
00 0z 04 06 0g 10

Hinh 4: D6 thi ham s6 y = —z In(2)

Céc phép tinh trén cho thiy d€ x4c suit tuyén dung dudc thu ky gidi nhit, & giai doan 1, giam
dbc cong ty can phai phéng vén 0, 368 sb luong cdc ting vién. Va lic d6 xéc suit tuyén chon
dugc ing vién gidi nhit sé 1a —e~!-In(e!) = e! tifc 1a ciing bang khoang 0, 368. Mot s6 phan
s6 c6 gia tri gan e~ ! Ia: 34T Ehoz“lc u

st e TSI 1927 N 30
C6 rat nhiéu phién ban khac nhau ctia bai toan thu ky. Vi du két qua sé khac néu chiing ta c6
thé lién hé lai v6i nhitng dng vién da bi tit chdi lic ban dau hodc néu ching ta hai 1ong véi ting
vién gidi nhét hodc gan nhu gidi nhit. Pidu ding chii y 12 bai toan nay ciing c6 thé dudc xem
xét & khia canh thdi gian chit khong chi 1a dinh lugng. Vi du: néu viéc tuyén dung cho vi tri
thu ky dién ra ding mot thang va chiing ta khong biét sé nhan dudc bao nhiéu CV, nhém thi
nghiém t6i uu sé 12 0, 368 - 30 ~ 11 ngay dau tién, ma khong phu thudc vao sd luong cic cudc
phong van. Sau dé, ching ta nén tuyén dung ting vién dau tién gidi hon nhiing ngudi tif nhém
thi nghiém.

Ciing nho sy don gian cia mo hinh va 16i giai o rang, bai toan thu ky dugdc su dung rong rai
trong nhiéu tinh hudng trong khoa hoc ciing nhu trong cudc sdng hang ngay. Toan hoc gdi y
rang ta nén tudn theo quy tac 0, 368 khi mudn thué mot cin ho & mot thanh phd la, ndi chiing
ta khong nam dudc gia cta thi trudng bat dong san. Néu chiing ta dang tim kiém mot cin ho
d€ thué, thi nén dit ra mot gi6i han, vi du: ¢6 11 ciin ho tiém ning thu vi, thi 4 ciin hd dau tién
(4/11 = 0.364) nén dudc coi 1a budc kiém tra ban dau ctia thi trudng bat dong san. Tuong tu
vAn dé vé hen ho hoidc hon nhan ciing c¢6 thé dua vé bai todn thu ky. Cac trang web hen ho doi
khi gidng nhu mot cudc phong vén xin viée. Ching ta thudng cd ging chon dbi tudng “hdp
nhit” hodc “t6t nhat” trong s6 cic thanh vién cua trang web hen ho. Quy trinh phai tuong tu:
x4c dinh s6 luong cudc hen ho ma ta ¢ thé quan tAm, coi khoang 37% sb cudc hen dau tién 1a
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giai doan thu thap thong tin va chon ngudi dau tién t6t hon cic dng vién tif nhém thir nghiém
lam ngudi yéu.

Déi véi nhitng quyét dinh nghiém tic hon, chang han nhu két hon va dn dinh cudc sdng, chiing
ta cling c¢6 thé dp dung bai toan thu ky. Luu ¥ rang ching ta thudng khong thé udc tinh cé bao
nhiéu ddi tac tiém ning ma ching ta sé gip trong cudc ddi. Trong trudng hop nay, tét hon 1a nén
xét yéu t6 thdi gian. Vi 1y do sinh hoc va phép ly, thdi di€ém nén 1ap gia dinh cho nit 12 tir 18 dén
35 tudi. Nhu vay chiing ta c6 tdng cong 35 — 18 = 17 nim dé thu thap thong tin va quyét dinh
on dinh cudc séng. Ti nhitng suy luan nhu & trén, chiing ta da biét rang 0, 368 - 17 nim dau tién
clia 6 ndm chi nén danh cho viéc thu thap dit liéu. Vao thoi diém khoing 18 + 6 = 24 tudi, sé
dén Iiic chiing ta can sin sang dé€ dua ra quyét dinh cudi cung.

Bai toan thu ky ciing da dudc cac chuyén gia tam ly hoc khao sat trén cac tinh nguyén vién. Ho
mudn kiém tra xem néu xit sy 1 cach truc gidc, con ngudi c6 dua ra quyét dinh dya theo quy tic
0, 368hay khong. Két qua khao sat cho thiy con ngudi chiing ta thuong thiéu kién nhan va dua
ra quyét dinh qua nhanh, chi sau khi quan sat khoang 31% s6 kh4 niing c6 thé. Vi du: khi chiing
ta dang tim mot quan ca phé trong mot chuyén du lich. Lua chon qua s6m mot tach cappuccino
c6 thé khién chiing ta tra tién dat hon, trong khi mot quan ca phé ré hon nam ngay gan dé. Néu
trd gia dat cho mot ly ca phé khong phai 1a mot bi kich, thi quyét dinh ban nha hoic hon nhan
dugc dua ra qua s6m c6 thé c6 hau qua ning né.

Xin ban doc Iuu y ring céac y kién & trén chi 1a nhitng cau chuyén thi vi ctia ting dung toan hoc
trong cudc sébng. Mo hinh trinh bay & trén da dudc don gian héa rit nhiéu va khong xét rat nhiéu
yéu td va cac tinh hubng dic biét clia cudc sébng con ngudi. Va cudi cling xin nhic lai v6i cic
ban doc cau néi ndi tiéng clia dai vin hao Mark Twain: “C6 3 loai déi tra: déi tra, dbi trd ddng
nguyén ria va xdc suit thong ké”. Tt nhién y & day khong phai néi vé mon khoa hoc x4c suét
théng ké 1 dbi trd ma mudn néi rang ngudi ta thudng vo tinh, hodc cb tinh sit dung cac mo hinh
théng ké dé dua ra cac két luan khong chinh x4c.

Ban doc c6 thé tim hiéu thém vé cic thuit todn khic cling nhu cic tng dung trong quyén sich
cua Brian Christian va Tom Griffiths [2].

[1] Gardner, M.: Scientific American (February/March 1960)

[2] Brian Christian, Tom Griffiths. Algorithms to Live By: The Computer Science of Human
Decisions. 2016
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POI1 NET VE
KY THI OLYMPIC HINH HOC IRAN

Téng Hitu Nhan
Bic si Bénh vién Trung Vuong, Thanh phé H6 Chi Minh

TOM TAT

Olympic Hinh hoc Iran (IGO - Iranian Geometry Olympiad) 1a mét ky thi thudng nién
do Iran tS chiic, danh cho céc ban hoc sinh yéu thich Hinh hoc, dén nim 2020 di 1a 1an
thi 7 ky thi dién ra. Bai viét xin gi6i thiéu dén doc gia so luge vé IGO va mdt sb diu 4n
cua ky thi tai Viét Nam.

1. Téng quan vé IGO

Ky thi IGO do Iran t5 chiic vao khoing cubi thang 8 hing nim véi muc dich tao mdt sin choi
olympic todn riéng biét cho phan mén Hinh hoc, bao gdm: Hinh hoc phang, Hinh hoc khong
gian va Hinh hoc t6 hop.

Ky thi dugc t& chic khong gi6i han trén quy mo toan thé gi6i véi khoang gan 60 nuéc tham gia.

Trang web chinh thic cia IGO: https://igo-official.ir/.

Logo chinh thiic ciia IGO,
vdi su lién tudng dady sdng tao ba chit cdi I,G,0 iing vdi tdm néi tiép, trong tdm va tdm ngoaqi tiép
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Ky thi dugc chia ra 1am 4 cp do:

o Elemetary: danh cho hoc sinh khdi 7-8.

o Intermediate: danh cho hoc sinh khéi 9-10.

o Advanced: danh cho hoc sinh khéi 11-12.

o Free: danh cho thi sinh da tot nghiép THPT.
Dé thi bao gdm 5 bai toan ty luan, thi sinh 1am trong thi gian 270 phiit (riéng khbi Elementary
l1a 240 phut). Thong thudng cac bai toan tu 1 dén 5 dudc sap x&p theo do kho tang dan. Céac bai

s6 5 mdi khéi thudng 1a cac bai cuc ky kho, hinh vé phiic tap, doi hdi cac thi sinh phai that su
xuét sic, va di tinh té thi méi vudt qua dudc.

The 7th Iranian
\ Geometry Olympia

[ October 30th 2020

igo-official.ir m intemational.igo@gmail.com

Poster IGO 2020, vdi thiét ké khdu trang khéi da dién doc ddo mang thong diép vé dai dich COVID-19

Trudc ngay thi chinh thiic, cic nudc tham gia sé gii cic bai toan dé nghi, BTC Iran chon va gii
lai dé thi chinh thiic, kém ddp 4n va biéu diém. Tay theo tinh hinh cu thé, mdi nudc sé c6 cach td
chiic thi phii hop va gii danh sach két qué top cic thi sinh mdi khéi. Dya trén d6, BTC Iran sé
cong bd giai thudng chinh thiic, gdm: Gold, Silver va Bronze Ruler (tuong ting véi giai Nhit,
Nhi va Ba).
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Ky niém chuong danh cho gidi Gold, Silver va Bronze Ruler

2. 1GO tai Viét Nam

IGO 1an dau tién dién ra vao nim 2014, va chinh thic dén Viét Nam vao niam 2018, véi Trudng
Ban t6 chic & Viét Nam la TS. Tran Nam Dung (PH KHTN, TpHCM).

O Viét Nam, IGO dugc t6 chiic dudi hinh thiic cac Hoi dong thi. M&i Hoi ddng thi sé ¢6 1 Gido
vién phu trach, dam nhan cac cong viéc: 1ap danh sach thi sinh, dang ky v6i BTC IGO Viét
Nam, t3 chuc coi thi va ndp bai thi.

Tir s6 lugng khiém ton khoang 200 thi sinh & 1an thi dau tién, trdi qua 4 1an thi, ky thi dén nay
da phat trién vugt bic véi gin 900 thi sinh dén tir 40 Hoi dong thi, trai dai tir Bic xubng Nam,
tit Lao Cai dén tan Ca Mau. Diéu nay phan nao phan anh chit lugng chuyén mén cao ctia ky thi
va niém yéu thich Hinh hoc ctia hoc sinh Viét Nam.

Trai qua 3 1an thi, cdc thi sinh Viét Nam da gianh tdng cong 52 Ruler, cu thé:

o IGO 2018: 5 Vang, 10 Bac, 1 Déng
o IGO 2019: 4 Vang, 12 Bac, 5 Dong
o IGO0 2020: 9 Vang, 6 Bac

Ngoai cdc giai thudng chinh thic, d€ khuyén khich thi sinh, BTC IGO Viét Nam con trao thém
céc gidi thudng riéng, gdbm: Aluminium / Iron Compass va Honorable Mention.
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VIETNAM

Contestant 1 | Nguyen Le Bao Chau 8 8 8 8 0 32 Gold Ruler
Contestant 2 |Hoang Xuan Bach 8 g 8 8 0 32 Gold Ruler
Contestant 3 |Pham Ngoc Khanh 8 8 8 J 1 30 Silver Ruler
Contestant4 | Vo Trong Khai 4 8 8 3 1 29 Silver Ruler
Contestant 5 |Nguven Quang MNhat g 7 4 g 1 28 Silver Ruler
Intermediate Level - Number of participants :
Contestant 1 | Pham Duy Nguyen Lam g 8 8 8 1 33 Gold Ruler
Contestant 2 | Nguyen Tran Minh Nhat g g 8 8 0 32 Gold Ruler
Contestant 3 | Pham Viet Hung g 8 8 0 g 32 Gold Ruler
Contestantd | Nguven Ba Hieu g g g 2 0 26 Silver Ruler
Contestant 1  |Le Xuan Hoang 8 8 3 7 0 26 Gold Ruler
Contestant 2 |INguyen Duc Sang 8 8 3 g 0 24 Gold Ruler
Contestant 3 | Nguyen Quang Tri g 8 ] B 0 22 Gold Ruler
Contestant4  |Le Minh Viet Anh 8 ] 0 8 0 21 Silver Ruler
Free Level - Number of participants : 6
Contestant 1 | Ha Huy Khoi 8 3 0 4 3 25 Gold Ruler
Contestant?  |Phan Quang Tri 8 g 0 2 0 13 Silver Ruler

Két qud ciia Viét Nam tai IGO 2020

Bén canh Certificate cho thi sinh tham gia tu phia Iran, BTC IGO Viét Nam da sang tao thém
nhiéu phan thudng thu vi khic. Duéi day la 4nh cic thanh vién BTC IGO Viét Nam dang phan
phdi qua ting gii vé cho cdc Hoi ddng thi, ban doc c6 thé thy trong d6 hinh anh vé cic phan
qua nay nhu: 4o 1GO, tap IGO, but IGO, ...

Ban 16 chitc IGO 2019
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Ban t6 chitc IGO 2020

Ngay tif 1an dau tién tham du IGO, Viét Nam da tham gia gti bai dé nghi va thudng 1a nudc
c6 s6 lugng bai dé nghi cao nhét (khoang 12-15 bai mbi nim). Diéu dic biét 1 cdc bai toan dé
nghi ctia Viét Nam khong chi dén tir cac chuyén gia Hinh hoc nhu: thay Tran Quang Hung, thay
Nguyén Vin Linh, thady Nguyén Lé Phudc, thay Lé Phic L, ... ma con tif cic ban sinh vién tré
dam mé hinh hoc: Tran Quan, Téng Hitu Nhan, ... Mr. Hesam Rajabzadeh - Trudng Ban t& chiic
IGO ctia Iran - danh gid rit cao cac bai toan dé nghi clia Viét Nam vé tinh méi mé, dep mét va
doc dao.

Két qua 1a tir 2018 dén nay, nim nao thi Viét Nam ta ciing c¢6 bai dudc chon vao dé thi chinh
thiic. Dudi day xin gidi thiéu lai cdc bai toan nay dé ban doc thi sic:

Bai toan 1. (IGO 2018, Lé Viét An) Cho 11t gidc ABCD ndi tiép. Puong tron qua A, B tiép xiic
CD tai E; duong tron qua C, D tiép xiic AB tai F. Goi G, H lan luot la giao diém AE, DF
va BE,CF. Chitng minh rdng tam noi tiép cdc tam gidc AGF, BHF, CHE, DGE cing ndm
trén mot duong tron.

Bai toan 2. (IGO 2019, Tran Qudn) Cho tam gidc ABC khéng cdn néi tiép duong tron (0O),
6 trung tuyén AM va N la trung diém cung BC. Puong thing qua B, C, song song AM cdt
lai duong tron (O) tai X,Y. Puong tron qua X,Y, tiép xiic BC tai Z. Trung tuyén AM va
duong thing qua N, song song AM cdt lai dwong tron (ZMN) tai K. Goi (O4) la duong tron
qua X, tiép xiic BC tai B; (0,) la duong tron qua Y, tiép xiic BC tai C. Chitng minh rang
duong tron (K, K P) tiép xiic cdc duong tron (0), (01), (0,).

Bai toan 3. (IGO 2020, Nguyén Vin Linh) Cho tam gidic ABC. Puong tron bdt ky tam J
di qua B, C, cdt canh AC, AB ldn luot tai E, F. Goi X la diém sao cho AXBF ~ AJCE
(X, C cung phia sovdi AB); goi Y la diém sao cho AYCE ~ AJBF (Y, B cung phia so AC).
Chiing minh rdng duong thing XY luén di qua truc tdm ciia AABC.
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Tham gia vao Ban t§ chic IGO Viét Nam tif nhitng ngay dau tién, va tham du hau hét cic cong
viéc: ra bai dé nghi, chAm thi va IGO 2020 12 Phé Ban t& chic, tic gia xin phép dua ra mot sd
nhan xét cia minh vé dé thi IGO.

Da tir 14u, trén cdc dién dan Todn hoc thé gidi déu rit hao hic chd dgi cdc bai Hinh tir dé thi
MO va TST ctia Trung Quéc, Nga, Viét Nam va Iran, va topic vé cic bai Hinh nay déu rt s6i
ndi. Piéu nay cho thay Hinh hoc ctia Iran phat trién rét tot, va c6 thé d6 1a 1y do cho IGO ra dvi,
nhung d€ ddnh gid khach quan thi dé thi IGO chi diing & mtc tuong déi 6n. Vi sao ?

Ly do la nhiéu bai todn IGO thién qua ning vé tinh todn, thiéu khong gian cho hoc sinh cam
nhan, phat hién céc tinh chit tit hinh vé d€ tir d6 gidi quyét bai toan. Thém vao d6, mic do khé
dé gitta cc bai chénh nhau qué xa, bai 3 va bai 4 mdi khdi c6 do 1éch 16n khién thi sinh dé bi
choang ngop khi budc vao bai 4, 5.

Nhung bén canh d6, nhiéu bai toan ctia IGO ciing rat dep va thud vi. P& ban doc hinh dung rd
hon, trong phan nay sé gidi thiéu lai mot s6 bai todn ma chon loc tir dé thi IGO. Ching toi sé
chon méi nim 1 bai, bat dau tif nim 2018 - nim dau tién Viét Nam ta tham gia IGO.

Bai toan 4. (IGO 2018, Nikolai Beluhov) Cho tit gidic ABCD ngoai tiép cé hai duong chéo
AC, BD khéng vuéng goc nhau. Phdn gidc cdc goc tao bdi hai duong chéo AC, BD cdt cdc
doan AB, BC,CD, DA tai K, L, M, N. Chiing minh rang néu ti gidic KLM N ndi tiép thi tic
gidc ABCD ludng tiép.
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Loi gidi. Y tudng ctia bai todn qué rd rang 1a ta can ching minh KLM N 1a tif gidc tiép diém.
Goi P = AC N BD. Do ABCD ngoai tiép vd AC, BD khong vuong géc nhau nén KL, M N

khong song song nhauma KL, MN, AC dong quy tai Q. Tuong tu thi KN, LM, BD dong quy
tai R.

Goi K'L’M’N’ 1a ti giac tiép diém ctia ABCD. St dung dinh Iy Briachon va dinh 1y Menelaus,
ta chiing minh dudc cdc canh ddi clia ti gidac K'L’'M’N’ cling cit nhau tai P, Q, R. Suy ra
K' = K,va KLMN chinh 1a t gi4c tiép diém.

Cudi cung, do KM, LN la phan giic ctia Z(AC, BD) nén bing bién d6i géc, ta dugc ABCD
ndi tiép, suy ra ABCD ludng tiép. O

Nhan xét.

(1) Pay 12 bai sb 4 ctia khéi Advanced trong dé thi IGO 2018. C6 10/ 134 thi sinh 1am tron ven
hoic gan tron ven bai nay (6 t6i 8 diém). Hau hét 15i gidi cling nhu d4p an chinh thiic déu hudng
vé viéc chiing minh KLM N 1a ti gidc tiép diém. Cong cu dudc cac thi sinh st dung kh4 da
dang: Pascal, dbi cuc, Briachon, Desargue, ... va nhin chung viéc xi ly kha dep va gon gang.

(2) Bai toan dudc dé nghi bdi Nikolai Beluhov (Bulgaria), nén sin tién xin gidi thiéu mot bai
todn lién quan dén bai IGO 2018 trén, trich tu Cudc thi todn mua dong Bulgaria 1996.

Bai toan. Cho tit gidc ABCD ngoai tiép (I). Cdc duong thing qua A, B, C, D va ldn lugt
vuong goc 1A, IB, IC, ID tao thanh tii gidc K'L'M’'N'. Chiing minh ti gidac K'L'M'N’
noi tiép va K'M’ cdt L' N’ tai I.

Téng hop lai, ta thiy khi ABCD 1a t gidc ludng tiép (ndi tiép (0), ngoai tiép (1)) thi KLM N
va K'L'M’N’ déu noi tiép va c6 hai dudng chéo vudng géc. Hon nifa, ton tai phép vi tu tim J
nam trén OI bién KLMN thanh K'L'M'N’.

Bai toan 5. (IGO 2019, Dominik Burek) Cho hai duong tron (0,), (05) cdt nhau tai hai diém
phdn biét X, Y va co tiép tuyén chung AB. Tiép tuyén tai X ciia (01), (0,) cdt duong thdng
0,0, tai K, L. Puong thing BL, AK lan lugt cdt lai duong tron(0,), (0y) tai M, N. Chiing
minh ring cdc duong thing AM, BN, O, 0, dong quy.
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Loi gidi. Co ban gom 2 y sau:

(1) Chitng minh AM N B néi tiép (P, AB/2).

Goi P 1a trung diém AB thi P thuoc truc dang phuong XY cta (0,), (0,).

Xét (0;). Do tinh dbi xiing nén K'Y 1a tiép tuyén ctia (0;), hay XY la dudng dbi cuc cta K.
Theo dinh ly LaHire, K thudc dudng ddi cuc ciia P. Ma PA 1a tiép tuyén ctia (O;) nén AK la
dudng d6i cuc cia P, suy ra PN la tiép tuyén ctia (O;).

Tuong ty thi PM 1a tiép tuyén ctia (O,). Suy ra AM NB noi tiép (P, AB/2).

(2) Chitng minh AM, BN, O, 0, déng quy.

Do AMNB ndi tiép (P, AB/2) nén ZAMB = ZANB = 90°. Do d6, néu BN, AM 1lan luct
catlai (0y), (0,) tai A’, B’ thi AA’, BB’ 1an lugt 1a dudng kinh ctia (0,), (05).

Theo tinh chit tiép tuyén, ta duoc AA’ | BB’ (cung L AB) nén theo bd dé hinh thang, ta dudc
AM, BN, O, O, ddng quy. O

Nhan xét.

(1) bay 1a bai s6 3 ctia khdi Advanced trong dé thi IGO 2019. C6 76 / 223 thi sinh 1am tron ven
hoiic gan tron ven bai nay (i 6 t6i 8 diém). Trong d6, chi c6 hai hudng chinh gidi quyét y (1) 1a
cuc — dbi cuc (gidng ddp an chinh thic) hoic diéu hoa. Y (2) thi tuy c6 mot sb cach dién giai
khdc (1ap ty s6, J’ trung J), nhung ban chét van 12 bd dé hinh thang.

(2) Ti bai todn trén, tac gia da téng quat thanh bd dé sau.

B& dé 1. (Toéng Hiru Nhan) Cho hai dudng tron (0;), (0,). Piém P thudc truc ddng phucng
d va nim ngoai hai dudng tron trén. K& tiép tuyén PA;, PA, lan luct tGi hai dudng tron
(01),(0,). Khi @6, duong thang A, A, di qua tim vi tu (trong hoic ngoai) ctia hai dudng
tron (01), (02)
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Chiing minh b6 dé. Khong mit tinh tdng quat, gid st I = A; A, N 010, nam trong doan
010,. Do P thudc truc d'fmg phuong d cua (0;), (O,) néntadatr = PA; = PA,.

Goi A = 0,4, N 0,A,. Do PA;, PA, lan luct 1a tiép tuyén cta (O;), (02) nén AA;, AA, 1a
tiép tuyén ctia (P,r), suyra AA; = AA,.

Tir do, stt dung dinh ly Menelaus cho 3 di€ém I, Ay, A, trong AAO; O,, ta dugc
10, A,0, A;A 1 10, 0,4,

: : =1l=—= .
10, A,A A,0; 10, 0,4,

Suy ra / la tam vi tu trong cda (O,), (0,). ]

Bai IGO 2019 trén 1a trudng hop riéng khi diém P 1a trung diém doan tiép tuyén chung ngoai.
(3) Mot sb bai toan lién quan.

Bai toadn. Cho hai duong tron (0y), (0,) 6 tiép tuyén chung ngoai Ay A», tiép tuyén chung
trong By B,. Chitng minh rang cdc duong thcfng A1 As, By B,, 0,0, dong quy.

Bai toan. (International Zhautykov Olympiad 2008) Cho hai duong tron (O,), (0,) co
tiép tuyén chung ngoai AyA,. Goi P la trung diém A;A,, ké tiép tuyén thit hai PBy tdi
(01) va PB, t6i (0,). Goi M la giao diém ciia Ay By, A>B,, duong thang PM cdt 0,0,
tai N. Chiing minh riing bon diém M, N, By, B, déng vién.

(4) Bai IGO 2019 trén do Dominik Burek (Ba Lan) dé nghi. Xin gi6i thiéu mot bai toan khac,
ciing do 6ng nay dé nghi cho cudc thi todn 3 nuéc Ba Lan — CH Séc — Slovakia t§ chiic vao
thang 6 cung nam.

Bai toan. (Czech-Slovak-Poland Match 2019) Cho tam gidic ANABC c¢é goc /A = 60°,
cdc trung tuyén AM, BN, CP va cdc duong cao AD, BE,CF dong quy tai truc tam H.
Goi X, Y, Z, T ldn lugt la trung diém cdc doan DM, EN, FP va AH. Chitng minh rﬁng
bon diem X, Y, Z, T dong vién.
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|

Bai todn 6. (IGO 2020, Mahdi Etesamifard) Cho tit gidc loi ABCD ngoai tiép duong tron
(I) c6 AD, BC cdt nhau tai E va AB,CD cdt nhau tai F. Goi K, L, M, N la tiép diém ciia
(1) vdi cdc canh AD, DC,CB, BA. Puong thing KM cdt AB, CD ldan luot tai X, Y ; duong
thing LN cdt AD, BC lan lugt tai Z, T. Chiing minh rdng dwong tron (XFY') tiép xiic duong
tron duong kinh E I khi va chi khi dwong tron (TE Z) tiép xiic duong tron duong kinh F1.

Loi gidi. Co ban gom 2 y chinh sau:

(1) Chéing minh (FXY) va (ET) tiép xic tai diém Miquel W ctia KLMN.

Tacé IF L NL tai trung diém F’ ctia NL. Gid st EN, EL catlai (/) tai N’, L' thi NKN'M,
LKL'M 1a cic t gidc diéu hdanén NL, N'L’', KM dong quy tai P vi NL', LN’, KM dong
quy tai Q.

Do X thudc dudng dbi cuc KM cla E va XN 1a tiép tuyén nén EN 1a dudng ddi cuc ctia X,
suyra IX L EN tai trung di€m X' cia NN’. Tuong ty /Y | EL tai trung diém Y’ ctia LL'.

Goi W 1a diém Miquel cia KLMN thi IP L. EF = W € (EI). Néu W tring E, F thi bai
toan dua vé trudng hop don gian, xin danh cho ban doc.

Xét W #£ E, F, nghich dao qua (7), ta dugc

2

77 (FXY)< (F'X'Y'), (EI)< KM, W < P

Goi J la trung diém PQ thi J, X', Y’ cing nam trén dudng thang Gauss cia NN'LL'.PQ. Ta
c6 (PQ,KM) = —1,chi yring X'Y’'MK noi tiép (ET), nén st dung phuong tich va hé thiic
Newton, ta dudc

JX' -JY' =JK-JM = JP?,
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do d6 (F'X'Y") tiép xtic KM thi tiép diém phai 1a P, hay (FXY) tiép xtic (ET) tai W.

(2) Chitng minh A BCD luong tam.

Do AWPQ vudng tai W nén JW? = JP? = JK - JM, hay JW la tiép tuyén chung ctia
(FXY) va (EI). Tu dé, st dung géc ndi tiép, ta dudc

WY, WY')y= (WY, WJ)+(WJ,WY') = (FL, FW)+(EW, EL) = (FL,EL) (mod 7),

nénY,Y’, W, L € (LY). Ma do phép nghich ddo nén WY Y'P noi tiép, do d6 P € (LY). Suy
ra KM 1 NL,hay ABCD luong tam. O]

Nhan xét. Day 1a bai sb 4 ctia khdi Advanced trong dé thi IGO 2020, mdt bai toan dep nhung
thuc su rat khé. Loi gidi chinh thifc cia BTC Iran cho bai nay dai gan 6 trang A4, v6i nhiing tinh
toan bang dinh ly Casey hét stic phiic tap. Trén day chiing toi di trinh bay tém lugc ctia mot 15i
giai thuan tiy bang hinh hoc.

Chi c6 4/ 222 thi sinh khéi Advanced 1am dudc tron ven hodc gan tron ven bai toan nay (tif 6
dén 8 diém), 4 thi sinh nay ciing 12 top 4 khdi Advanced. Trong d6 chi c6 duy nhit ban Lé Xuén
Hoang (THPT chuyén KHTHN - Ha Ngi), thi sinh diém cao nhét khdi Advanced va 1a Gold
Ruler, phat hién va danh gid dudc trudng hop di€ém W trung E hoic F, khi d6 ti gidc ABCD
khong can phii 1a td gidc ludng tam.

[1] IGO Official Website: https://igo—official.ir/.

[2] Group FB IGO Viét Nam: https://www. facebook.com/groups/igovietnam
[3] Hoang Qudc Khénh, Khdm phd ving dung cuc va déi cuc, Dién dan toan hoc VMF.

[4] Tong Hitu Nhan, Tif gidc Pedal, Ky yéu Gip gd Toan hoc 2016.

[5] Téng Hitu Nhan, Tiép diém va tam vi tu hai duong tron, Ky yéu Gip gd Toan hoc 2020.
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VE MOT BAI TOAN TIEP XUC HAY

Nguyén Duy Phudc
(Trudng THPT Chuyén Qubc Hoc - Hué)

Tém tit. Trong bai viét ndy, téc gia xin gidi thiéu mot bai todn tiép xic dep va nhiing mé rong
cua no cung véi chiing minh hinh hoc.

Bai toan 1. Cho tam gidc ABC ndi tiép dudng tron (O). P 1a mot diém bat ki trén dudng tron
(O) va d 1a duong thang Steiner ting v6i P dbi v6i tam gidc ABC. PA, PB, PC lan lugt cit
dudng thang d tai D, E, F. Chiing minh rang dudng tron ngoai tiép tam gidc tao bdi cac dudng
thang qua D vudng géc véi OA, qua E vudng goc véi OB, qua F vudng goc véi OC tiép xiic
vGi duong tron (O).

Loi gidi. Trudc hét, xin phat biéu va chiing minh bs dé sau

B8 dé 1. Cho tam gidc ABC néi tiép duong tron (O), H la diém bdt ki trong mit phdng. P la
mot diém bdt ki trén duong tron (O). Mot duong thing bdt ki qua H ldn lugt cidt PA, PB, PC
tai D, E, F. Chitng minh rang duong tron ngodi tiép cdc tam gidaic AHD, BHE, CHF va (O)
dong quy.




Tap chi Epsilon, S6 19, 02/2021

Chiing minh. Goi K 1a giao di€m thu hai ctia dudng tron (AH D) va (O), Q 1a giao diém thi
hai ctia K H va (O). Ta c6 bién ddi géc c6 hudng

(DH,DA) = (KH, KA)(modr) (vi T thudc dudng tron ngoai tiép tam gidc ADH)
= (KQ, KA)(modm) (vibadiém K, H, Q) thing hang)
= (PQ, PA)(modr) (vi bdn diém A, K, Q, P dong vién)

Suyrad = DH || PQ. Ti dé, tiép tuc bién ddi géc c6 hudng, ta dugc

(FH,FC) = (PQ, PC)(modr) Vi F,Hedvad| PQ)
= (KQ, KC)(modr) (vi bdn diém K, Q, P, C dong vién)
= (KH, KC)(modm) (vi ba diém K, H, () thang hang)

Vi vay, bén diém F, H,C, K cing nim trén mot dudng tron hay K € (CHF). Ching minh
tuong tu, ta dugc K € (BHE).
Vay dudng tron ngoai tiép cla cac tam gidc AHD, BHE,CHF va (O) dong quy tai K. [

Quay trd lai bai toan.

Goi H la truc tdm cta tam giac ABC. Khi d6, d& thdy H thudc duong thang d.

Gia st ba diém X, Y, Z 1a giao diém ciia ba duong thang qua D, F, F theo thi tu vudng géc véi
OA, OB, OC nhu hinh vé.

Ap dung bd dé 1, ta c6 bén dudng tron (ADH), (BEH), (CFH) va (O) déng quy. Goi T 1a
diém dong quy. St dung géc dinh huéng:

(TE,TF) = (TE,TH) + (TH,TF)(modr)
= (BE,BH) + (CH,CF)(modr)  (MT € (BHE)vaT € (CHF))
= (BP,BH)+ (CH,CP)(modn)
= (BP,BC) + (BC,BH) + (CH,CB) + (CB,CP)(modnr)
= (PB,PC) + (HC, HB)(modr)
= (AB, AC) + (AB, AC)(modr) (vi H 1a truc tam cta tam giac ABC va P € (0))
= (OB, 0C)(modr)

Mat khac, vi XY L OC, XZ 1 OBnén (XE,XF) = (0B,0C) (modr).

Do d6 (TE,TF) = (XE, XF) (modr) hay bon diém T, E, X, F dong vién. Chiing minh tuong
tu, ta c6 bdn diém T, D, Z, E dong vién.

Nhu vay, 7" 1a diém Miquel cta t gidc toan phan X ZDF.EY . Suy ra T nam trén dudng tron
ngoai tiép tam gidc XY Z.

Taco (YZ,YT)+ (CT,CB) = (YD,YT) + (CT,CB) = (FD,FT) + (CT,CB) =
(FH,FT)+ (CT,CB) = (CH,CT)+ (CT,CB) = (CH,CB) (modn).
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Tuy nhién, ta c6 bién d6i goc dinh huéng sau:

(TZ,TB) = (TZ,TD) + (T'D,TB)(modr)
= (EZ,ED) + (TD,TH) + (TH,TB)(modr) (i T € (ZED))
= (EZ,ED) + (TD,TH) + (EH, EB)(modr) ~ (T € (BHE))
= (EZ,EB) + (AD, AH)(modr) Wi T € (ADH))
— (BO, BP) + g + (AD, AH)(modr) Wi EZ L OB)
= (AB, AP) + (AD, AH)(modr)
= (AB, AH)(modm)
= (CH,CB)(modnr) (vi H la tryc tdm cua tam giac ABC)

Suyra (TZ,TB)=(YZ,YT) + (CT,CB) (modnr).

Tu day, ké tiép tuyén T clia dudng tron (O). Khi d6 (TZ,Tx) = (TZ,TB) + (TB,Tx)
= (YZ,YT)+ (CT,CB) + (CB,CT) = (YZ,YT) (modr) nén Tz ciing 1a tiép tuyén cla
duong tron (XY 7).

Vay duong tron (O) tiép xtic véi (XY Z) tai T O

Nhan xét. Qua chiing minh trén, ta nhan thiy gia thiét d 1a dudng thang Steiner 1a khong cin
thiét (thuc chit 1a d€ gidu yéu t6 truc tam H). Nhu vdy, c6 thé thay d thanh mot dudng thing bat
ki di qua tryc tdm cua tam giac ABC.
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O bai toan 1, khi cho AH, BH, C H lan lugt cit lai (O) tai A’, B, C' thitacé kétqua B'C’ | Y Z
(do cting vudng goc véi OA), tuong tu C'A’ || ZX, A’B’ || XY. Vi vay, ta c6 thé mé rong bai
toan theo hudng sau (bai toan mé rong la cua tac gia Tran Quang Hung (GV THPT chuyén
KHTN))

Bai toan 2. Cho tam gidc ABC ndi tiép dudng tron (O), P la diém bét ki thuoc (0), Q la
diém bit ki trong mit phang. Gia st d 12 mot dudng thang qua ) va lan lugt cat PA, PB, PC tai
D,E,F.QA,QB,QC theo thi tu cit lai (O) tai cdc diém thi hai 1a A;, B;, C;. Chiing minh
rang dudng tron ngoai tiép tam gidc tao bdi cac dudng thang qua D, E, F' 1an ludt song song vdi
BlCl, ClAl, AlBl tlép xuc véi (O)

Ay

Loi gidi. Gia st ba diém A, By, Cs 1a giao diém ctia ba dudng thang qua D, E, F theo thi tu
song song véi B,C1, Cy Ay, Ay By nhu hinh vé.
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Ap dung bd dé 1, ta c6 bdn dudng tron (AQD), (BQE), (CQF) va (O) ddng quy. Goi diém
dong quy 1a S. St dung géc dinh hudng

(SE,SF) = (SE, SQ) + (SQ, SF)(modr)
BE,BQ) + (CQ,CF)(modr)  (viS € (BQE)vaS € (CQF))
BP, BB,) + (CCy, CP)(modn)

(
= (
(
(C1P,C1B,) + (B,Cy, ByP)(modr) (Vi B,C, By, Cy, P € (O))
= (
= (
=(4

PCy, PBy)(modm)
A Cl, AlBl)(mOdﬂ') (Vi b6n dlém Al, Bl, Cl, P d@ng Vién)
E A2 )(mOdW) (Vi AQOQ || Alcl va AQBQ || AlBl)

Suy ra bén diém S, E, F, A, ddng vién. Chiing minh tuong tu, ta c6 bon diém S, D, F, B, dong
vién. Do d6 S 1a diém Miquel clia tid gidc toan phan A,C,DF.ByE. Nén S thudc dudng tron
ngoai tiép tam gidc Ay ByCs.

Tiép theo ta sé ching minh ba diém S, Cy, C;, thiang hang. That vy, sit dung géc dinh huéng

(SCy, SB) = (SCy, SE) + (SE, SB)(modr)
= (DCy, DE) + (QE, QB)(modm) (viS € (DCyE)vaS € (BQE))
= (DCy, QB)(modm)
= (B1C4, B1B)(modm) (Vi BoCs || B1CY)
(

= (SCy, SB)(modr) (vi bbdn diém S, C,, B, B; dong vién)

Do d6, ba diém S, Cy, C, thang hang. Chiing minh tuong tu, ba diém S, By, B, thing hang. Két
hdp véi BQOQ H 3101
Vay dudng tron (A ByCy) = (SBoCy) tiép xtic véi (SB,Cy) = (O). O

Tiép theo, quan st bai toan 1, ta nhan thiy H, O 1a hai diém lién hop dang gidc trong tam gidc
ABC. Nhu viy, ta ciing c6 thé md rong bai toan bang cach thay d6i H, O thanh hai diém lién
hop dang gidc theo huéng nhu sau

Bai toan 3. Cho tam gidc ABC ndi tiép dudng tron (O); P, Q 1a hai diém lién hop dang gic
trong tam gidgc ABC' sao cho ba diém P, (, O thang hang. R 1a diém bét ki trén (O). Gi st mot
dudng thang qua P 1an ludt cit RA, RB, RC tai D, E, F'. Chting minh ring dudng tron ngoai
tiép tam gidc tao bdi cac duvng thang qua D, F, F lan ludt vudng goc véi QA, QB, QC tiép xic
véi (O).

Loi gidi. Trudc hét, xin phat biéu va chiing minh bg dé sau

B& dé 2. Cho tam gidc ABC néi tiép duong tron (O) va P, Q la hai diém lién hop ddng gidc
trong tam gidc ABC sao cho ba diém P,Q, O thdng hang. BP, C'P lan luot cdt (O) tai diém
thit hai la M, N. D, E ldn lugt la hinh chiéu cia P lén AB, AC. Chiing minh rang M N || DE.

Chitng minh. (Loi gidi tham khdo tir [1] ciia ban oneplusone trén dién dan AoPS)
Goi L, L' 1an luct 1a giao diém thi hai ctia AP, AQ véi (O). Ké duvng kinh L'L" clia dudng tron
(O). Khi d6, dé thidy LL" | BC. Dinh nghia tuong tu cho cac diém M’', M" N’ N".
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Goi X, 1a giao diém ctia M L' va M'L. Pinh nghia tuong tu cho cic diém X,, X,.

Ap dung dinh 1y Pascal cho sau diém M’'LAL'M B thi ba diém P, Q, X, ciing nam trén dudng
thang . Tuong tu, ta c6 X,, X, cling nam trén [.

Chii y O ciing ndm trén [ nén dp dung dinh ly Pascal cho sau diém M'LL"L'MM", ta c6
LL", MM" | ddong quy. Chiing minh tuong tu cho NN”. Suy ra LL”, MM", NN" dong quy
tai .

Goi F 1a chan dudng vudng goc ha tit P xubng BC. Ta c6

/FDE =/FDP+ /EDP =/FBP+ /FAP = ZCNM + Z/CNL = ZMNL.

Tuong ty ZDEF = Z/NML. Do d6 ADEF ~ ANML. Mit khdc, ZDPE = /NRM va
/EPF = /MRL.

Vivay ADEF U{P} ~ ANML U{R}.

Do NR || DP, MR || PE, LR || PF nén DEF U {P} la 4nh vi tu cia NML U {R}.

Vay MN || DE. 0

Quay trd lai bai toan.

Gia st ba diém X, Y, Z 1a giao diém ctia ba duong thang qua D, E, F' theo thit tv vudng géc véi
QRA,QB,QC nhu hinh veé.

Goi Ay, By, C) 1an lugt la giao diém thi hai ctia AP, BP,C'P véi duong tron (O); M, N lan
lugt 12 hinh chiéu vudng géc ha tir P xudng C'A, AB.

Ap dung b8 dé 2, ta cé6 M N || B;C,. Mit khic, ta c6 két qua quen thuéc MN L QA. Suy ra
B,C; L QA.Do d6 B;C || YZ. Chiing minh tuong tu, ta c6 C1 A, | ZX, A1 By || XY.

Dén day, 4p dung bai todn 2 cho tam gidc ABC véi hai diém P, R suy ra (XY Z) tiép xic
(0). O
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Nhén xét. Y tudng chitng minh bai todn 3 1a dua vé md hinh bai toan 2 thong qua bd dé 2. Nhu
viy, viéc chiing minh bai todn 2 da mang tinh tdng quat. Cudi cling 13 bai todn téng quét cia anh
Phan Quang Tri.

Bai toan 4. Cho tam gidac ABC va diém K bt ki ndm trén dudng tron (O) ngoai tiép tam gidc
ABC'. P, @ 1a hai diém lién hop dang giac ddi véi tam gidac ABC. Mot dudng thang bat ki di qua
Plan ludt cat KA, KB, KC lan ludt tai A’, B’, C'. Chiing minh rang géc giita dudng tron ngoai
tiép clia tam gidc tao bdi cac dudng thang qua A’, B, C’ 1an ludt vudng goc véi QA, QB, QC va
dudng tron (O) bang vdi géc gitta dudng tron Pedal ctia P dbi v6i tam gidac ABC va dudng tron
Fuler cua tam giac ABC.

Li giai bai toan nay xin danh cho ban doc. Chiing ta tiép tuc di dén mot s6 bai toan c6 cAu hinh
kha tuong tu véi cac bai toan trén.

Bai toan 5 (InMC thang 8/2020). Cho tam gidc ABC ndi tiép dudng tron (O). P 1a diém bét
ki ndm trong mét phang va khong thuoc (O), @ nam trén (O). Goi D, F, I 1an lugt 12 hinh chiéu
ciia P 1én BC,C A, AB. Tiép tuyén tai P clia dudng tron ngoai tiép tam gidac PBC lan ludt cit
QB,QC tai Y, Z. Puong thang qua Y, Z 1an ludt song song véi DF, DFE cét nhau tai X. Chiing
minh ring (O) tiép xiic v6i (XY 7).
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X

Loi gidi. Goi T 1a giao diém thi hai ctia dudng tron ngoai tiép tam gidc PBY va dudng tron
ngoai tiép tam giac PCZ.

Ta c6 (TB,TC) = (TB,TP) + (TP,TC) = (YB,YP) + (ZP,ZC) = (YQ,YZ) +
(ZY,ZQ) = (QY,QZ) = (AB, AC) (modr).

Suy ra bén diém A, B, C, T dong vién. St dung géc dinh hudng

= (TY,TP) + (TP,TZ) = (BY, BP) + (CP,CZ)
= (BQ,BP)+ (CP,CQ)

— (BQ, BC) + (BC, BP) + (CP.CB) + (CB,CQ)

= (QB,QC) + (PC,PB) = (AB, AC) + (PC, PB)(modr)

(TY,TZ)

Vi PE L CA, PF 1 ABnén (AB, AC) = (AF, AE) = (PF, PE) (modr).

Do d6 (TY,TZ) = (AB,AC) + (PC,PB) = (PF,PE) + (PC,PB) = (PF,PB) +
(PB, PE) + (PC, PB) = (DF,DB) + (PC, PE) = (DF,DB) + (DC, DE) = (DF, DE)
(modr).

Vi XY || DF, XZ || DE nén (DF,DE) = (XY, XZ) (modr). Suy ra (TY,TZ) =
(DF,DE) = (XY, XZ) (modr). Vi vay bon diém XY, Z, T dong vién.

Do Y Z tiép xiic v6i (PBC) tai P nén ta c6

(TY,TB) = (PY, PB) = (CP,CB) = (CP,CT) + (CT,CB)
=(ZP,ZT)+ (CT,CB) = (ZY,ZT) + (CT,CB)(modr)

Tu d6 néu ké tiép tuyén Tz ctia dudng tron (O) thi (Tz,TY) = (Tz,TB) + (TB,TY) =
(CT,CB) + (ZT,ZY) + (CB,CT) = (ZT,ZY) (modr). Nén Tz ciing 1a tiép tuyén cla
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duong tron (XY 7).
Vay dudng tron (O) tiép xiic véi (XY 7Z). O

Nhan xét. Bai toin dugc tac gia thu dudgc sau khi nghich dao va bién ddi tir bai toan sau: Cho
tam gidc ABC néi tiép duong tron (O); E, F lan lugt nam trén C A, AB. P la diém bat ki trén
EF. Mot dwong tron di qua P va tiép xiic véi BC lan lugt cit (BPF), (CPE) tai cdc diém thit
haila X,Y. Goi Z la giao diém ciia BX va CY. Chiing minh rang (O) tiép xiic véi (XY 7).
Két qua thu dudc kha thi vi khi né 1a mot hé qua tir bai toan 3, khi ta dic biét héa dudng thang
di qua P thanh tiép tuyén tai P ctia (PBC).

Ban doc hay thu stic v6i bai toan trude khi nghich dao xem nhu bai tap.

Cudi cung 12 bai toan dugc tham khio tir tac gia Leé Viét An (GV Thuc hanh su pham TPHCM).

Bai toan 6. Cho tam gidgc ABC ndi tiép duong tron (O) va P 1a mot diém trén (O). Goi sp la
duong thang Steiner cia P dbi véi tam gidc ABC. Ké OM vudng goc véi sp tai M. Q 1a diém
déi xiing v6i P qua M. Pudng thang qua @ va vudng goc véi BC, C A, AB lan lugt cit sp tai
D, E, F. Chiing minh ring dudng tron ngoai tiép tam gidc tao bdi cic dudng thang qua D, E, F
va vudng goc véi AD, BE, CF tiép xic véi (O).

X

Loi gidi. (Dua theo y tudng cua Telv Cohl) Gia st tam giac XY Z la tam giac dudc tao bdi cac
dudng thang qua D, E, F va 1an lugt vudng goéc v6i AD, BE, C'F nhu hinh vé.
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Goi R 1a diém dbi xting véi Q qua sp. Khi d6, vi @ 1a diém dbi xing véi P qua M va OM L sp
nén R niam trén (O) va PR || sp.
Goi H la tryc tdm cta tam gidgc ABC, H, 1a giao diém thi hai cia AH va (O). Dé thay H € sp
va H, 1a diém d6i xiing véi H qua BC. St dung géc dinh hudng

(RP,RD) = (DF, DR)(modm) (vi PR || sp)
= (DQ, DF)(modr) (vi R dbi xing véi Q qua sp)
= (HA, HF)(modr) (Vi AH || @D L BC)
= (H,P, H,A)(modr)
= (

RP, RA)(modr) (vi bbn di€ém A, H,, P, R dong vién)

Suy ra ba diém A, D, R thiang hang. Chiing minh tuong tu, ta c6 ba diém B, E, R thang hang; ba
diém C, F, R thang hang.

Vi R nidm trén cic dudng tron (X EF), (YFD), (ZDE) nén R 1a diém Miquel cla ti gidc toan
phan XEDY.FZ.Dodé R € (XY Z).

Ké tiép tuyén Rz cla dudng tron (XY Z). Ta ¢6 (RA, Rx) = (RD,RZ) + (RZ, Rz) =
(ED,EZ)+(YZ,YR) = (CA, sp)+ (sp,CR) = (CA, CR) (modr). Vi vay Rz la tiép tuyén
tai R cta (O). Vay (XY Z) tiép xic vé6i (O) tai R. O

Nhan xét. Day 1a bai toan hay va dep. Ban doc c6 thé tham khio mot s6 md rong ctia né & [2].

Cic bai toan vé dudng tron tiép xtic ludn dep va giy 4n tugng cho ngudi doc. Thong qua bai viét
ndy, ngoai viéc gidi thiéu dén ban doc mdt s6 bai toan vé chii dé tiép xiic, tac gia hi vong ban
doc c6 thé 1y d6 1am cam hiing d€ sdng tao ra nhiing bai toan cho riéng minh thong qua nhiing
phuong phép thong dung nhu diung phép nghich ddo, tdng quat hda, dic biét hoa,... Pay con la
mot trong nhitng phucng phap dé€ hoc tét phan mon hinh hoc va nhitng phan moén khac trong
toan hoc.

[1] AoPS, topic: Intermadiately property of McCay Cubic,
https://artofproblemsolving.com/community/c6h533078p3050627

[2] AoPS, topic: Tangent 4,
https://artofproblemsolving.com/community/c6h1140203p5350419

55



psilon
Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S6 19, 02/2021

MOT UNG DUNG CUA TAM GIAC FUHRMANN

Tran Quang Hung, Ha Noi

TOM TAT

Bai viét nay ng dung tam gidc Fuhrmann vao gidi mot két qua hinh hoc dep do chinh tac
gia tim ra.

Néu tam gidgc ABC ndi tiép dudng tron (O). Cac phan gidc goc ZA, /B, ZC citlai (O) tai A,
B', C'. Goi F,, Fy, F, 1an luct 1a dbi xting ctia A’, B', C" theo thit tw qua cdc dudng thang BC,
C' A, AB thi tam giac F, F, F, goi la tam giac Fuhrmann cua tam giac ABC xem [1]. Trong [1]
ciing liét k& nhiéu tinh chit quan trong ctia tam giac Fuhrmann, day 12 cac két qua dep c6 nhiéu
ting dung. Tuy nhién trong [ 1] chua dé cap dén diém Lemoine ctia tam gidc Fuhrmann. Trong
bai viét ndy, tac gia sé st dung diém Lemoine ctia Fuhrmann dé gidi mot dinh ly kha thd vi ma
chinh tic gia bai viét nay dé xuét.

Trong qu4 trinh tim hi€u vé tim dudng tron Euler clia cdc tam gidc tao bdi tAm ndi tiép va cic
dinh clia tam gidc gbc. Tac gia bai viét da tim ra dinh ly sau

Pinh Iy 1. Cho tam gidc ABC ¢6 tAm dudng tron ndi tiép 1a I. Goi N,, N,, N, 1a tam dudng
tron Euler clia cac tam gidc IBC, IC A, IAB. Goi L* 1a diém Lemoine ctia tam giac N, N, N...
Goi Ge va Sch 1a di€ém Gergonne va di€ém Schiffer cia tam gidgc ABC'. Khi d6 ba diém L*, Ge,
Sch thang hang.
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Chii y. Néu dudng tron ndi tiép (I) tiép xiic vé6i ba canh tam gidc ABC tai D, E, F thi AD,
BE, C'F ddng quy tai diém Gergonne Ge ciia tam gidac ABC. Cac duvng thang Euler ctia cac
tam giac I BC, IC A, I AB dong quy tai diém Schiffer Sch ctia tam giac ABC.

Pinh ly 1 sé dudc ching minh & phan tiép theo. O trong ching minh nay, tic gia sé st dung
mot sd bién d6i trén tAm ty cu. Cach ky hiéu tAm ty cu dudc tic gid tham khao trong [2]. Tuy
nhién viéc 4p dung cach ky hiéu nay vao thuc hanh gidi toan hinh hoc so cip 1a phuong phap ma
tac gid da tu viét ra va 1an dau tién thuc hanh giang day ciing nhu gidi thiéu véi cac gido vién
chuyén todn cua Viét Nam & ba Lat vao nam 2012, xem [4]. Tac gia ciing da giang day phuong
phdp bién d6i nay cho céac khéa hoc sinh chuyén toan KHTN tif nim 2011 dén nim 2016.

Céc dit liéu trong phan nay nhu toa do ty cu clia cac dinh tam gidc Fuhrmann, ty 1¢ canh ctia
tam giac Fuhrmann chung t6i tham khdo [1]. Con dit liéu vé toa do ty cu ciia diém Gergonne va
di€m Schiffer ching t6i tham khéo [3].

Chitng minh Pinh Iy 1. Theo tinh chit quen thudc ctia tim dudng tron Euler thi N, N, N, chinh
12 vi tu clia tam gidc Fuhrmann F, [}, F, v6i tam [ ty s6 % Tir d6 di€ém Lemoine L* clia tam gic
N,N,N, la trung diém ctia /L trong d6 L la diém Lemoine cta F,F},F,. Toa dO ty cu clia cdc
dinh tam giac Fuhrmann la
F, = (a®,—a® + & + be, —a® + b° + bc)
= (—62 + A 4 ac, b, a® — b+ ac) ,
F.= (V= +abja® — ¢ +ab,c?) .

Céc canh tam giac Fuhrmann c¢6 ty 1€ nhu sau

(for fos ) ~ (Valp = @), v/l = 1), Velp =)

Tir 46 diém Lemoine L ctia tam gidc Fuhrmann c6 toa dd ty cu thuan nhit 1a

_ [ Ft f Ryt f2-F.
24 2+ 12

_ —a’ 4+ b3 + ¢ — b*c — *b — 2abe
“ \(a+b+e)(a®+b2+c2—2ab—2bc—2ca)’ )

L

Tam ndi tiép I cta tam gidc ABC c6 toa dd ty cu thuan nhit 12

[ a b c
S \a+b+catbtcatbtc)’
Viy trung di€ém L* ctia I L c6 toa do ty cu la

_I+1L
2

L* (b + &+ a(b® + ) — (2a> + be) (b + ¢) — dabe, ... ,...).
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Dbiém Gergonne ¢ toa do ty cu

e 1 1 1
¢ b+c—a'c+a—-ba+b—c

va di€m Schiffler c6 toa do ty cu la

a b c
h .
S¢ (—b3 — A+ (a2 +bc)(b+c) —c —a®+ (b? + ca)(c+a) —a® — b + (¢ + ab)(a + b)>

T d6 dé thay,
Ge
det | Sch | =0
L*
hay L*, Ge, Sch thang hang. Ching tdi két thic chiing minh. O

Bai to4an nay 1a mot bai todn c6 phat biéu kha thach thiic véi cdc hoc sinh gidi toan hinh hoc so
clp, tuy nhién viéc st dung hé toa do ty cu da gidp cho viéc giai bai todn trén tré nén nhanh
chéng. Day 1a mot két qua dep, c6 y nghia, khi ma cac bai toan lién quan dén diém Lemoine
clia tam gidc Fuhrmann con kh4 han ché, nhu chiing t6i da dé cap, diém Lemoine clia tam gidc
Fuhrmann khong dudc liét ké trong [1].

Trong thdi gian gan diy c6 mdt trao luu xody quanh khai thiac mdt bai todn hinh hoc cu thé. Do
vily bai viét mé6i nay toi thit xin gidi thiéu mot két qua dep va méi (v6i nhiing céi da biét trong
hinh hoc so cap) chit khong bat nguodn tif bai toan cu thé nao.

O bai viét dau tién trong nim méi, tic gia ciing c6 nhiéu suy nghi, trin tré vé nhiing bai toan
hinh hoc so cip, dic biét xuat hién & Viét Nam gan day. Tuy nhién nhitng suy nghi bon bé d6
nhanh chéng dugc thé chd bdi nhiing bai todn hinh hoc dep ma mot ngudi hoc trd cii clia tic
gia khéa K48 chuyén KHTN da gitp tdc gia bién tap. Ngudi da ludn dong hanh, gitip dd tic gia
mot cadch Am thim va miét mai nhat trong nhiing nim tac gia day khéa K48 & chuyén KHTN.
Dic biét trong nim d6, chuyén dé bién ddi tam ty cu da dudc tac gia st dung mot cach sau sic
nhat va 3 mot tam méi. Sau d6 trd di, tac gid hau nhu da khong day chuyén dé nay cho cac hoc
sinh chuyén toan vi nhitng gi dep nhit, tic gia di glii gam vao nim cudi cung d6. TAc gia xin
cam on em Nguyén Ngoc Chi Lan, nguti hoc tro cii cin min va am tham, ngudi da gitip tac
gia nhiét tinh trong nhiing ndm tac gia miét mai tim nhiing bai todn méi § thai diém do.

[1] Weisstein, Eric W. "Fuhrmann Triangle." From MathWorld—A Wolfram Web Resource.
https://mathworld.wolfram.com/FuhrmannTriangle.html.
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[2] P. Yiu, Introduction to the Geometry of the Triangle, Florida Atlantic University Lec-
ture Notes, 2001; with corrections, 2013, available at http://math. fau.edu/Yiu/
Geometry.html.

[3] C. Kimberling, Encyclopedia of Triangle Centers, http://faculty.evansville.
edu/ck6/encyclopedia/ETC.html.

[4] Bo gido duc, Tai liéu boi dudng gido vién chuyén Todn THPT, trudng he, Pa Lat nim
2012.
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CAU CHUYEN XUNG QUANH
MOT SO TONG VO HAN

Tran Nam Diing
Trudng Pai hoc KHTN PHQG Thanh phé H6 Chi Minh

Ta bat dau tir bai toan sau

Bai toan 1. Ky hiéu ¢(n) la sé cdc sé nguyén duong nhé hon hay bdng n va nguyén té ciing
nhau véi n. Chitng minh rdng ta cé ddng thitc

-

3
Il
—

SEPSE
*| =
[8|i08

3
Il
—

=4>-| —_

Thoat nhin ta khong c6 dinh huéng gi d€ chiing minh dang thic ky la nay. V& phai khong xuét
hién ham ¢ con vé trdi lai c6. Lam thé nao dé xi 1y?

Lsi giai 1. (Nguyén Mac Nam Trung) St dung dong nhit thiic

DPEP \k=0 pEP

trong d6 tich dudc tinh trén tip hop P tat ca cic sd nguyén t6. Pong nhit thiic nay dudc suy ra
tit dinh 1y co ban ctia s6 hoc va su kién quen thudc

Chu y 12 khi ta khai trién tich

s& dudc cac s6 hang c6 dang

va nhu thé s& thu dugc tdng
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Ap dung didu nay, ta c6

o0

Zln% 00 ®© 1 00 © 1
n= 4

S 09 s - T (S S - [ [+ 25w ()
Z nL‘* peEP i=0p peP \i=0 i=0 pEP i=1p p

1

3
I

Bay gid lai st dung y tuéng ctia Euler va khai trién tich

=1 1
0+ (-3))
peEP i=1 p p
ta s& dudc cac sd hang c6 dang

o1 1 * o pki 1
[T (1-5) =T (1-5) = 57

i=1

voin = p¥t... pks. va nhu thé

Phép chitng minh két thiic. [

Loi giai 2. (Lé Phuc L) bat f(n) = nl4, thi f(n) 1a hAm nhan tinh va diéu can ching minh c6

thé viét lai thanh
o0 o0 o0
Z f(n) Z o(n) f(n) = Z" - f().
RO rang “hé s6” cia f(n) & vé& phaila n. Ta xét hé s6 ctia f(n) & vé trdi, tic 12 trong tich

M+ @+ fO) + )M f(D) +92) f(2) +¢(3)fB3) +--)

C6 dinh s6 nguyén duong n nao d6, néu nhu d khong 1a u6e cia n thi rd rémg v6i moi k nguyén
duong thi n # kd nén f(n) # f(k)f(d) Suy ra hé sb ctia f(n) trong vé trai dudc déng gép
bdi cac f(d) mad |n. Lai xét mot uSc sd d cian, ta cd

f@(5) = r.

nén s6 hang chita f(n) clia vé trdi chinh la

Y. r@-¢(5)f(5) = rmYe@.

dln d|n

Cudi cling, ta chiing minh thém dang thiic

Y ed) =n,

d|n
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nita thi bai toan két thic.

That vay {1, 2, ..., n} sé dudc phan hoach thanh cic tap con c6 udc chung 16n nhét v6i n diing
bang d véi d | n, va mbi nhém nhu thé ¢6 s6 phan tit bang ¢ (4) , nén suy ra

n
n=3"0(5)=2e@.
d|n d|n
Bai toan két thuc. OJ

c9e L.

vao dinh nghia ctia ¢(n). Ldl giai nay du’Qc rut tir 16i giai mot bai toan cua cudc thi AMTS (chc
thi tim kiém tai niing toan hoc My).

Lai giai 3. Vi g(n) 1a sb cac s6 nguyén ducng nhd hon hay bang n va nguyén t6 ciing nhau véi
n nén
o
>0
chinh 14 tong cla si4 qua tat ca cac cip (r,s) véir < sva(r,s) = 1.Con
|
2

chinh 12 t6ng cla }%4 qua tit ca cic cip (a,n) mal < a < n.

Mbi cip (a,n) ma 1 < a < n déu biéu dién dugc duy nhit dudi dang (kr, ks) v6ir < s, va
(r,s) = 1 va k nguyén duong. Do d6

LED D ITES B I

n=1 n=1la=1 k=1 (r,s)

21 1
Dl

k=1 (r,s)

21 1
(S (2
k=1 (r,s)

Tit d6 suy ra dang thiic cin chitng minh. [

Sau khi gidi quyét xong bai toan, tu dung ta dit cau hoi. Téng

c6 thé tinh qua dudc hai tong

n=
Vay hai téng nay c6 tinh dugc khong? St dung Maple, ta sé rat ngac nhién khi biét dudc 1a



Tap chi Epsilon, S6 19, 02/2021

con
=1
25
thi khong c6 dap s cu thé ma chi cho ddp s6 1a £(3). Thuc ra, néu ta dung 1énh evalf (%) thi

sé cho ta két qua 1.202056903. Nhung ta biét rang, v6i dan toan 1.202056903 khong thé “dep”
bing ’9’—;.

Tiép theo ta sé chiing minh dang thic dep dé nay

Dé chiing minh dang thiic nay, ta sé ding dén mot cong thifc hdi cao cip mot chiit, goi 1a cong
thic Taylor. Cdi nay c6 thé néi 1a két qua so cip nhit trong cao cip (6 chuong trinh mot s6 nuéc
nhu Singapore, AP Calculus, ... thi nim & bac phd thong). Cu thé thi néu ham s& f(x) kha vi
v6 han 1an tai 0 thi ta sé c6 cong thiic

" (n)
1= 10+ L SO OO ey

V6i ham f(x) = sin x, ta c6 dudc khai trién sau

Bay gio ta sé st dung ly luan rat doc ddo cta Euler sau day.
Vi 88X ¢4 nghiém 1a 7, 27, +37, ... va c6 hé sb tu do bang 1 nén ta c6

D0 DR )

Chuy la

sinx D

R TR T
nén so sanh hé s6 ctia x? & hai vé, ta thu ducc

1 1 1

6 w2 4x2 9m2

Tu do suy ra

WK
3| —
Il
0\|:‘N

Bing cach so sanh hé sb ctia x* & hai vé, ta thu dudc

Y=t
m2n2 120

m<n
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T d6 ma
1 1 1 7t 7t 7t
g 4 (g 2) — m2n? 36 60 90

Ching minh hoan tat.

Bing céach lam tiép nhu thé, ta c6 thé tinh dudc cic tng tiép theo, vi du nhu
o0 1 B
2 =

Mot cich tong quat chiing ta tim dudc

® 1 _ = ¥ By (27)%
g 2(2k)! ’

v6i Byg 12 s6 Bernoulli thi 2k.
Céc tdng
o0
>
nk’
n=1
v6i k nguyén duong chinh 1a truong hgp dac biét cia ham ¢ mang tén Euler-Riemann
o0
1
¢(s) =

ns
n=1

mot ham bién s6 phic. Chudi nay hdi tu néu Re(s) > 1 nhung nhitng diém thi vi nhit lai nim
& mién Re(s) < 1. Chdng han {(—1) = —5 (Ramanujan), £(0) = —1, {(=2) = 0.

Gia thiét Riemann, mot trong nhiing gia thuyét ndi tiéng nhét duong dai néi ring moi khong
diém khong tam thudng ctia ham ¢ déu nam trén dudng thang Re(s) = 1

Cong thiic ma chung ta da su dung & loi gidi 1 dugc goi la cong thic tich Euler

(=Y 2 =T(==)
n=1 D

1—p—s

trong d6 tich tinh trén tp hop tit ca cdc sd nguyén td.
Dudi day ta sé nghién ctiu mot chut vé ¢ (1), tiic 1a téng

>

n=1

Elr—t

Su kién tdng nay phan ky thi rd rdi, va ¢6 thé chitng minh rit so cip nhd vao danh gia sau

1 N 1 N 1 n 1
n+1 n+2 2n " 2n 2
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thuong 1€ ta dat

v6i moi n. Suy ra Spr > 14 % v6i moi k, suy ra chudi phan ky. O day nhu

"1
Sn=D) 7
. ;k

1
2

1a tong riéng cia chudi.

Ta c6 thé danh gia k§ hon vé tdng nay bang cach ap dung dinh ly Lagrange cho ham f(x) = Inx
trén doan [n, n + 1]. Ta sé co

In(n + 1) —In(n) = é cen,n+1).
Tur d6 suy ra
ﬁ <In(n +1)—In(n) < %
Cho n chay tir 1 dén N rdi cong tai, ta c6
Svy1—1<In(N +1) < Sy.
T d6 suy ra Sy > In(N + 1), suy ra chudi phan ky.
Ciing tif bat dang thiic trén, ta suy ra (véi N > 1)
0<Sy—InN <1,

hon nta

1
SN_lnN_(SN+1_1n(N+1))=1n(N—|—1)—1nN—N+1 >0

Tu day day Sy —In N giam va bi chan dudi bdi 0. Do d6 day c6 gidi han, gidi han nay dugdc goi
12 hing s6 Euler-Mascheroni va ky hiéu 1a # hoic C. Ta chiing minh dugc C 1a s6 vo ty va tinh
dugc gan ding C ~ 0.577215664901532 (thém nita ciing dugc nhung khong can thiét).

Nhu vy ta c6 cong thic Sy =In N + C + O(1), trong d6 O(1) ky hiéu dai dugc vd cung nhod
so véi 1 khi n dan dén vo cung.

St dung cong thiic nay va cong thic tich Euler cho s = 1, ta s& ching minh dugc mot két qua
dep dé 1a tong nghich ddo ciia cdc s6 nguyén t6 la phdn ky.

Bai todn 2 (Viét Nam TST 1998). Cho s6 nguyén duong m > 3. Gid sit py, pa, ..., pi la tdt
cd cdc s6 nguyén to khong vuot qud m. Chitng minh rdng

oo
Z (— + —2) > In(Inm).
im NP P

L5i gidi. Xét tich

i 11
[T(t+=+=+)
pi D

i=1 ! Pi
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Khi khai trién tich nay ra, ta sé dugc cdc phan s6 ¢6 dang ——— Vdi o; 1a cac s6 nguyén khong
27T

am. Vi py, pa,..., px la tit ca cic sb nguyén td khong vudt qua m nén trong cdc phan sb c6
dang néi trén c6 tt ca cc phan s6 dang % voi k < m. Tudotacod

]ﬁ[(1+i+—+ ) Xz:

i=1 pi p,

Léy logarit tu nhién ctia hai vé, chi y rang

va

ta co

Zln (1 + o 1_ 1) > In(Inm).

i=1 !

D& két thic phép chiing minh, ta chi can chi ra

1 1 1
In <-4 —, Vx>2.
x—1 x x2

Xét ham so

Taco 1 2 1 2
— X
)= -

x3  x—1 x  (x—1)x3

Viy f/(x) < 0v6imoi x > 2, nén f la ham giam trén (2, +00). Do d6
f(x)> lim f(x) =0,
X—>00
v6i moi x > 2. O
Vi 10i giai bai toan trén, ban chét ta da chiing minh dudc céc dinh 1y sau:

Dinh Iy 1. Ta co
1

Z — =In(lnx) + O(1).
D

M(-5) =0 ()

66
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Quay lai v6i ham ¢(n). O trén ta da sit dung hai cong thic lién quan dén ¢(n), d6 1a cong thiic
tinh ¢(n) va cong thiic
> o) =n.

d|n

Cong thiic thit hai (day 12 két qua dudc tim ra bdi Gauss) da dudc chiing minh bang mot phuong
phép rt dep & trén, ta ban thém & day vé cong thic tinh ¢(n) va mot s6 hé qua clia no.

o(n) =nl_[(l—%).

pln

Cach truyén théng dé€ ching minh cdng thiic nay 1 chiitng minh ¢ 12 hAm nhan tinh s6 hoc, tiic
1a p(mn) = @(m)p(n) v6i moi m, n nguyén td cing nhau. Sau dé6 thi st dung mot cong thiic
kha hién nhién: ¢(pk) = p* — p*¥~1 vé6i p 1a s6 nguyén td va k 1a sb nguyén duong. Dén day
chi can st dung dinh 1y co ban ctia s6 hoc nita 12 xong.

B6 qua céc chiing minh nay, thay vao dé néu ra mot cach ching minh t6 hop cho né. Goi
Dis P2, ..., pr 1a cdc uéc nguyén tb cta n, goi A(i) 12 tip cc s6 nguyén duong nhoé hon hay
bang n va chia hét cho p; khi dé thi

pn)=n-— .

k
A
i=1

St dung cong thiic bao ham va loai tru, ta c6

k k
4| =D 14i=D 14 A1+ D7 140 Ay 0 A+
i=1 i=1

i<j i<j<t

Nhung 10 rang
n n
[Ail = —, [A4i N A4;] =

i PiDj

nén tu day ta suy ra

k k

n n n 1

(p(n)zn—g ——|—E — E +.o=n (1——).
i— Pi  PiPj o, PiPiPr 1 Pi

i<j i

Cong thuc da dugc ching minh.

Diéu thii vi 12 cong thifc nay lai gan nhu Ia tuong duong véi hé thiic

> o) =n.

d|n
Ta sé giai thich rd & phan sau day.

Cho f 1a mot ham s6 hoc, tiic 1a ham xdc dinh trén tap hop cac sb nguyén duong (va nhan gia
tri trong C). Khi d6 ta c6 thé dinh nghia ham tng theo céac udc cia f nhu sau

F(n)=Y_f(d).

d|n
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Vidunéu f(n) = 1 thita dudc F(n) = t(n) - sb cac ude sb cta n, con néu f(n) = n thita
ducc F(n) = o(n) - tong cic udc sb ctia n.

V6i hai ham sb f va g, ta dinh nghia tich Dirichlet cia hai hAm f va g nhu sau

frgm =Y fd)-g(3).

d|n

Ta cling xét mdt s0 ham so hoc déc biét nhu sau:

e Ham ((n) 12 ham bang 1 v6i moi n nguyén duong.
e Ham /(n) 1a ham bang 1 v6in = 1 va biang 0 v6i moin > 1.
e Ham j(n), goi 1a ham Mobius, 1a ham bang 1 néu n = 1, bang 0 néu n cé mot udc chinh
phuong (> 1) va bang (—1)" néu n 1a tich ctia r sb nguyén t6 phan biét.
Y nghia ciia cic ham dic biét nay nhu sau:

fxl=1xf=F, Ixf=fxI=Ff

Nhu vay phép tong theo cic wdc chinh 1a phép nhan Dirichlet v6i 1. Con I chinh 12 phan ti don
vi d6i v6i phép nhan Dirichlet. Ta c6 thé ching minh d& dang ring tich Diriclet ¢6 tinh giao
hodn, tinh két hop va tinh phan phdi d6i véi phép cong. Bay gid ta quan tAm dén su ton tai phan
tl nghich ddo ctia ham s theo tich Dirichlet, tiic 1a haim s6 g sao cho f * g = I.

Trudc hét ta sé chitng minh p 14 nghich do cta 1. D€ chitng minh diéu ndy, ta can chitng minh

Z,u(d)zO, n>1.

dln
That vay, néu n > 1 ¢6 céc uéc nguyén td phan biét 12 py, p,, ..., pi thi trong tong
> @),
dl|n

da sb céc s6 hang sé bang 0 ngoai trit (1) va pu(d) véi d 1a tich ctia mot hay vai thita sé p;.

T d6
Yud)y=1-k+C-Cl+--=(1-D"=0.
d|n

Phép chiing minh hoan tit. Nhu vy p * 1 = /. By gi0 ta sé dung tinh chit nay dé€ suy ra mot
cong thic rat quan trong

Dinh Iy 3 (Cong thiic nghich ddo Mobius). Néu F = 1% f thi f = w * F, ndi cdch khdc néu

Fa) =Y /(@ i fn) =Y ud)F ()

d|n d|n

Diéu nguoc lai cing diing, ticlanéu f = u* Fthi F =1 % f.
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Chiing minh. Vi F =1 % f nén nhan hai vé cho p, ta dudc
pxF=pxlxf)y=@*x)=*f=1Ixf=F
Phép chiing minh hoan tét. O

Bay gio ta di tim nghich d4o ca ham sb f d6i vdi tich Dirichlet. Cho f 1a ham s6 hoc véi
f(1) # 0. Khi d6 xét ham s6 g dudc x4c dinh (bﬁng truy hoi) nhu sau

1
=, =—— ) d
g(1) 70 gn) = f(l)d| f( )g( ).

Pate = f xg. Véin = 1thie(l1) = f(1)-g(1) =1.Véin > 1taco

e =Y fdg(5) = fhgm+ Y £(5)e@
d|n

d|n,d<n

> (G s@+ Y f(5)e@ =0

d|n,d<n d|n,d<n

Cudi cung, ta s& ching minh tinh chét dugc dé cap & phan din nhap cho muc nay bang ngdn
nglt cong thic nghich dao Mobius.

Trén ngdn ngit tich Dirichlet, tinh chit nay dudc viét dudi dang ¢ * 1 = N, trong d6 N 1a ham sb
x4c dinh bdi N(n) = n v6i moi N. Theo cdng thiic nghich dio Mobius, diéu nay tuong duong
v6i @ = pu * N. Xét i * N 1a téng

S (3).
d|n

Trong tdng nay (d) sé bang 0 khi d ¢ u6e chinh phuong, do dé néu n c6 cac udc nguyén td
12 p1, pa,..., pr thi u(d) chikhiac 0 khi d = 1 hoidc d 13 uSc ctia mot s6 s p; tit d6 thi

Zu(d)N(§)=n—Z—+Z 3

d|n i<j i<j<t

- = ().

pbiDj PiDj Pt

Vay % N = ¢ vata c6 diéu phai ching minh.

Bay gid ta quay lai v6i miy dang thic ky la 1a ¢(—1) = —%, ¢(0) = —%, £(=2) = 0. Viét
du6i dang ham ¢ thi khong d€ y, nhung viét lai dudi dang tSng thi that ky la

1 1 2 2 2
1—|—2+3+-~-:—E, 1+1+1—|—~--:—§, “+24+3+..-=0.
Ta 1ap luan nhu sau. bat
A=1—-14+1—-14+1—1+---
B=1-2+3—-44+5—-6+4---
C=1424+3+44+54+6+---
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Ta co
A=1-(1-14+1-141-14--)=1-A.

Suyra A = % Tiép theo

A+B=1-1+41-141—1+4--41-243—-44+5-6+---
=(1+D)—-(14+2)+1+43—-(1+4+14+5—(1+6)+---
=2-3+44-54+6-7+---=1—B.

1 Ae N ,
Suy ra B = 7. Cuoi cung ta co

C—B=1+4+243+4+54+6+--—(1—-243—-44+5-6+---)
=(1-D4+Q2+2)+B=3)+@G+4H+(5E=5 +(6+6)+---
=4(1+243+--) =4C.

Suyra3C = —-B =—-1 SuyraC =-1

- 7 12°

Tiép theo, dit
D=1+1+1+1+--

thi
D—-A=1+1+141+—(U—-141-1+4-)=20+14+1+1+---)=2D.

SuyraD = —A = —%.

Pay chinh la cic bién d6i ma Ramanujan da st dung dé tim ra cdc tdng ma thuc ra khong ... ton
tai (chudi tuong ting khong hoi tu). Nhung cic con sd nay déu c6 nhiing y nghia nhét dinh.

Luu y rang, bang cach bién ddi khac di, ta c6 thé thu dudc céc gia tri khac cho cac téng néi trén,
hay n6i manh hon 13 gan nhu muén chiing bang miy ciing dudc.

Xem nhé, vi du
B=1-24+3-445-6+---=(1-2)+C3-4)+GB-6)+---
=—1—1—1—1—---:—D:%.
Con néu xét

1
B=1—|—(—2—|—3)+(—4+5)—|—(—6+7)+...:1+1+1+1+1+---:D:—§,
Bay gio xét
E=12-22432—-424+52—-62+---
F=12+22+32+42+52+62+---

Thi ta c6
E=-3-7-11----=—-4(14+24+3+---)+1+1+1+=-4C + D.
VaF —E=(22+22)+(42+42)+---=8F.Suyra F = —%,
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Ta c6 thé “diéu chinh” cach tinh d€ E = 0 va suy ra F = 0. N6i chung 1a ta dia gidn véi cac
tdng vO han mot chit.

Thuc ra thi nhitng dang thic nhu ¢(—1) = —%, £(0) = —1, {(—2) = 0 déu c6 nhiing ngudn
gbc sau xa va chiit ché ctia n6 dudi géc dd ham bién sb phiic (chud y, mot ham bién phiic thi
khong don tri, vi du In(1) khong phai chi bang 0 ma bang (2k + 1)’% v6i k 12 s6 nguyén va i 1a
don vi 40 (i? = —1).

Tuy nhién, do cAu chuyén ctia ching ta chi xoay quanh nhiing vin dé so cip hoic khdi dau cia
cao cAp nén chiing ta sé khong di qui xa nhu vay.

Quay tr lai v6i hiang sb Euler-Mascheroni véi dinh nghia 1a

1 1
C = lim (1—|———|—...+——lnn).
2 n

n—>o0
Ngoai trit cong thiic mang tinh dinh nghia nay, C con xuét hién con c6 nhiéu cong thic tinh

dué6i dang chudi c6 téc do hoi tu manh hon, cho phép ching ta tinh C gan ding nhanh hon ma
khong phai tinh qua nhiéu s6 hang. Trong d6 c6 hai cong thic c6 dang rat gidng nhau nhu sau

cC=)> (—1)’"% (A.M.Gliksman),

C = ( —In2— Z g(zzmm—:rll))’ véi E(r) = Zﬁ (Otto Dunkel).
i=1

Ta chiing minh dang thitc dau tién. Pang thiic thit hai dudc chiing minh tuong tu. St dung cong
thic khai trién Taylor

2 3 4
In(1 = x— 4 4.
n(l +x)=x > + 3 "7 +

Chox =1, 1 5 % % ...,,llréicénglaivétheové,tadu’(jc

1 1
ln(1+1)+ln(1+§)+---+ln(1+—)
n

RELEPISPILE B R +1 LY L
2 n) 2 22 3 23 n3

Chi y 1a

1 1
Inl+1)+In(l4+=<-)+--+1In =Inn,
2 n—1

nén tu day ta suy ra

i (e ) = L L +1 S PRI
— oo ——nn—n — — —— — oo — )
2 n n 2 22 3 23 n3

Chuyén déng thic trén qua gidi han, ta dudc diéu phai chiing minh.
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Pang thiic thi hai dudc chiing minh dua vao dang thiic
i ! =2(1 —1In2)
— Qi + 1) N ’

va khai trién

1 1 1 > 1
In 1+—):ln(1+ )—ln(l— )=2 .
( n 2n + 1 2n + 1 = 2k —1)(2n + 1)2k—1

Hai dang thic trén, tuy nhién khong c6 nhiéu y nghia vé tinh toan, vi thi nhat con phai thong
qua tinh gid tri cac ham ¢ va £, va quan trong hon téc do hoi tu thip. Ta c6 mot cong thic dep
hon cho C, ciing dudi dang chudi, ciing ¢c6 ham ¢, nhung c6 tdc do hoi tu nhanh hon dang ké

m §(m)

2m=1m’

4 00
C=In— —1 Euler).
nﬂ+n;( ) (Euler)

Chitng minh cong thic ndy, dudc trinh bay dudi day, dudc 14y tit bai viét ctia Jonathan Sondow
nam 2005, Double Integrals for Euler’s Constant and % and Analog of Hadjicostas Formula.

c=5(L-m(*Eh)

Ap dung cong thiic khai trién /n(1 4 x) cho x = 1, ta cé

> 1
> (=D"'= =m2.
n=1 n

Mait khéc, theo cong thiic tich Wallis thi

Theo dinh nghia ta c6

X (n+1 _n
ol n 27
Tu d6 ma
ad 1
H(—l)n_lln(n+ ):ln—
n=1 n
Suy ra
o0
1 4
Z( l)n_l( —ln(n+ )):ln2—1n—=ln—
— n 2 T
Tu do

Mot 1an nita lai st dung khai trién

2m + 1 [ — L1
ln( 2m ):%_’;(_1) n(2m)"’
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Chom =1,2,3,...10i cong lai, ta c6

> (1 2m+ 1 Z - ,,g()
Z(%_ln(m )) ZZ—>n<z>—Z<->nznZ Z( D'

Tu do6 suy ra

ln——ZZ( % §() Z(_) 2(’:1)1

Va d6 chinh 1a diéu phai chiing minh.

Bay gid lai ndy sinh ra cong thiic tich Wallis. Sao lai ¢6 diéu ky la nhu vy dudc nhi ? Tich ctia
céc phan sb

Mot cach gon hon, ta cé

Wallis da tim dudc cong thiic nay bang cach nao ? Héa ra 1a 6ng da tim dudc né mot cach tinh
c0, trong khi gidi mot bai todn tich phan. Cu thé 1a tich phan

4
L ()
I, = /sm xdx.
0

Ta dé dang tinh dugc Iy = 7, [, = 2, I, = 5. D€ tinh I, mot cich tong qudt, ta sé si dung
phuong phap tich phan tiing phan dé tim cong thiic truy hoi.

Pit u = sin"'x, dv = sinxdx thi du = (n — 1)sin" 2x cos xdx, v = — cos x, khi dé
b4

I, = —sin""'x cos x|T — /(n — 1)sin" 2xcos?xdx

=m-1) / sin" ?x(1 —sin’x)dx = (n — 1) (Ip—» — I,).

Tudosuyral, = ”n;lln_z, Vn > 2. Tir d6 ta dé dang tim dudc

2n—1 2n -3 1 2n 2n —2 2

I, — . Io. I — 2z I.
2n o -2 2 °° T o0yl 2n—1 3 °

Chia hai d'fmg thuc trén vé theo vé, ta ducc
Dng1 li[ 4k* \ I ll[ 4k% '\ 2
Ly oAk —1] 1 N o Ak =1 I
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2n I 1 1
_ 2n+1 < 2n+1 < 1 nén lim 2n+1
2n + 1 12n—1 IZn IZn

cho n dan dén vo cuing, ta thu dugc diéu phai chiing minh.

Chu y ring = 1, do d6 trong dang thic trén,

Trong tap chi AMM, s6 thang 12 nim 2007, c6 ding phép chinh minh so cip ctia Johan Wastlund
cho cong thic tich Wallis nhu sau Ta xét day s6

35 2n-1
s,): s;=1l,s,==--—+oo—, Vn>=2.
() 2 51 "T 24 2m-2
Tich riéng ctia tich Wallis v6i s6 thita s6 12 s6 18 ¢6 thé viét dudi dang

_22.42...2n-2)%-2n _ 2n

0 =—, (1)
" 1-32...2n = 1)2 52
trong khi d6 tich riéng dé véi sb thira s6 12 s6 chén s& c6 dang
22.42...2n —2)? 2n —1
en = = (2)

1-32...2n—=32-2n—1)  s2
Ta quy u6c e; = 1. Rorang lae, < e,4+1 va 0, > 0,41. So sanh (1) va (2), tasuyrae, < 0,.
Tur do ta phai co

1 <ep<ez<---<03<0y <0,

vi )
2i 2i — 1
— = 0i 2 Oy, >— =€ < ey, I<i<n
Ta suy ra
2i —1 , 20
<SPS 3)

Sé tién 10i néu quy udc so = 0, chi y rang theo dinh nghia thi (3) diing cho ca trudng hop i = 0.
bita, = sy41—sp, thiag =1 va

(2n—|—l ) Sn 1 3 2n—1
Ap = Sp+1 — Sp = Sy —1) = .

2n 2n 2 4 2n
) L 2i +1 2i +1 , . o
Su dung cac hé thuc a; 1 = mai, Aj41 = maj, ta chiing minh dugc hé thuc
J+1 i+ 1
aja; = ———aidjy1 + ——ai+14;. 4
itj i+j+llj+l i+j—{—1l+1] ()

Néu ta bit dau tlf a2 va ap dung lién tiép (4), ta thu dugc hé thic

1 =aopan + arap—1 + -+ + anao. 5
Tiép theo 1a mot thiét ké hinh hoc doc ddo, ta chia géc phan tu thi nhit ctia mit phang toa do
thanh cac hinh chit nhit bang cach vé cac dudng thang x = s, va y = s,,.

Goi R; ; 1a hinh chit nhat v6i goc dudi bén trdi (s;,s;) va goc trén bén phai (s;41,5;j+1). Dién
tich ctia R; ; bﬁng a;aj. Nhu vay dﬁng thuc (5) kh?lng dinh 12 tong dién tich cdc hinh chit nhat
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35/‘16 . :..........é ....... é ...... é ..... é " w
Ro 3
15/8  frrvremeenneiannnnn _ L ._ ...... ..... ,
Ry Ry
3/2 frereereeerieeim e D
Ry, Ry, Ry,
I T L T S
Roo Rio R0 Rso
0 - REETEEE
0 I

R;; mai + j = nbing 1. Ta gon P, 1a mién da gidc tao bdi tit c4 cdc hinh chit nhat R; ; v6i
i + j < n, thé thi dién tich ctia P, bang n.

Cac di€ém gdc bén ngoai clia P, 1a cac di€ém (s;,s;) v6ii + j =n + 1val <i,j < n.Theo
dinh ly Pythagore, khoang céch tit céc di€m d6 dén gbc toa do bang /s? 4 s3. Theo (3), cdc

2(1 i 2 1
khoang cach nay bi chan trén bdi 20+7) = M
v On V On

Tuong tu, cic di€m gdc bén trong ctia P, 1a céc diém (s;,s;) voii + j =nva0 <i,j < n.

2(i—|—j—1):\/2(n—1)

€n €n

Khoéng céch ti cac di€m d6 dén gbc toa dd bi chin dudi béi \/

A N N . . A AN s 1.2 . 2(n—1
Nhu vay P, chita mot phan tu dudng tron c6 tam tai goc toa dd va c6 ban kinh g va
€n

2(n+1)

chifa trong mot phan tu dudng tron cé tam tai gc toa do va cé ban kinh | ———=.
On

Vi dién tich ctia mot phan tu dudng tron ban kinh r bang in r2, trong khi d6 dién tich ctia P,
bang n nén ta cé

n—1 1 —1 1
(n=Dm )n<n<—(n+ ) = (iD= )n<en<on<—(n+ )n.
2e, 20, 2n 2n

Tu day ro rang la khi n dan dén vo cung thi cé e, va 0, déu dan den 7.
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O trén, ta da lam viéc véi cic tong vd han nhu 1a v6i cic tong hitu han, tit 6 ma ra dudc nhiéu
két qua ky qudi nhu

1
5
Trong muc nay, ta sé chi ra ring ngay ca véi nhiing tdng hoi tu thi viéc hodn ddi vi tri cac sb
hang ciing c6 thé 1am thay ddi gia tri cta tong, thAm chi thay ddi tinh hoi tu.

l—1+1—141—1+---=

Vi du ta da biét
11 1
A=l-sd-—-d.=In2.
237" n

Thé nhung néu gom lai thanh téng c6 dang
O S AU U AN AU U B AT
B 32 57 4 9 11 6
ta sé dudc mot két qua khac. That vay, tong riéng thi n clia tong trén sé bang
R
4k —3 4k —1 2k
k=1
_(; 1 n 1 1 I 1 1 4 1 1 n 1 T 1
N 2 3 4 4n—3 4n—2 4n—1 4n 2(n + 1) 4n )’

DAu ngoic thit nhit bang tdng riéng thit 4n clia tong A ban dau, nén dan dén In 2con diu ngoic
tht hai sé dan dén 1(In2n — Inn) = 1 In2 khi n din dén vo cing. Do d6 B = 21n2.

Néu ta lai gom 3 s6 hang duong roi méi 14y mot sé hang am thanh tdng C:

C 1+1+1 1 N 1+1+1 14_ 1+1—r1 1 N
N 3 5 2 79 11 4 13 15 17 6

thi ta s& tinh duge C = In2 + 5 In3.

Tham chi ta c6 thé gom dé€ mdi diu ngoic déu c6 gid tri 16n hon 1 nhu sau

D= 1+1+1 ! + 1+1+ -+1 ! + 1-+ + ! ! +
- 3 5 2 79 79 4 81 839 6

va két qua 12 dugc mot day phan ky.

Diéu thi vi 1a v6i day s6

thi su gom s6 hang nhu thé khong din dén su thay ddi tdng. Cu thé 1a téng

_ 1 1 1 1 1
F = 1—|—§—§ + §+ﬁ_ﬂ +---

x Y 2
van bang 7.
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VAn dé nam & chd nao? Tai sao véi tdng A thi c6 su thay ddi, con véi tong E thi khong? Cau tra
161 xin danh cho ban doc.

Toi két thiic phan nay bang mot bai todn ma thay D6 B4 Khang di ra cho doi tuyén IMO 1983
trong dot tip huin vao mua hé nim 1983.

Bai toadn 3. Cho chudi sé ay + a, + as + - -+ hoi tu nhung khong hoi tu tuyét déi. Chitng minh
rang véi moi sé thice s cho trude, luon luén tim duoc mot song dnh ¢ : N* — N* sao cho chudi
Ag(1) + do@) + dp@) + -+ hoi tuva cd tong la s.

Cubi ciing 12 mot s6 két qua lién quan dén nhitng van dé néu trén dudc néu ra ma khong chiing
minh, xem nhu céc bai tdp danh cho ban doc

@ 3 [2] ot = 20D,
k=1

1 (d) n
()Z(d) o)

(c) Z k = ln(,o(n).

2
1<k<n, (k,n)=1

(d) (Menon, 1965) > (k —1,n) = p(n)t(n).
1<k<n, (k,n)=1

(e) o(n) = Z(p(d)r(n/d), noéi cach khac o0 = ¢ * 7.
dln

() Y u(d)r(n/d) = 1.n6i cdch khdc o+ T = 1.
dl|n

(2) Zu(d)a(n/d) = n, n6i cach khac u x o = N.
dl|n

(h) Ham sb hoc f ducc goi 1a nhan tinh sé hoc néu 7 (1) = 1va f(mn) = f(m)- f(n), véi
moi m, n nguyén té ciing nhau. Tich Diriclet ctia hai hAm nhan tinh s6 hoc 12 mot ham
nhan tinh s6 hoc. Trudng hop riéng, néu f 12 ham nhan tinh s6 hoc thi ham tdng theo cic
udc clia né, tiic 1a F(n) = Y. f(d) ciing 12 ham nhan tinh s6 hoc.

d|n

() Cho f la mot ham nhén tinh s6 hoc van = p{' p3?--- pr* 1a phén tich cla n ra thita s6
nguyén t6. Khi d6

Yo wd) f(d) = (1= f(p)(1 = f(p2)--- (1= f(pr)).

d|n
(j) Véi |x| < 1 thi
1 2
Z ()X = Y 5, Z ()" = x( +x7) (Liuoville).
l—x"  (1-x) 1 4 x” —x2)?
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(k) Véi |x| < 1 thi

(n) (Chudi Dirichlet va tich Dirichlet) Cho ham s6 hoc f, khi d6 Chudi Dirichlet ctia f 1a
ham s6
S (n)
F(s) = Z .
Giita chudi Dirichlet va tich Dirichlet dugc dinh nghia & phan 4 c6 mdi quan hé sau : Néu

cac ham f va g c6 céc chudi Dirichlet tuong ting 1a F(s), G(s) thi tich Dirichlet f * g
c6 chudi Dirichlet 1a F(s) - G(s).

(0) Néus > 1, thi

o0 o0
(n) 1 7(n)
O TR L mEw
n=1 n=1
vanéus > 2, thi

>0 -1,

n=1
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Tap chi online ctia cong dong

Tap chi Epsilon, S6 19, 02/2021 nhing ngudi yéu todn

MOT VAI DANH GIA TREN DAY SO

Nguyén Hoang Vinh
Truong THPT Chuyén Luong Thé Vinh, Dong Nai

O chuyén dé nay, tdi trinh bay mot sd cach dé danh gia cac s6 hang ciia mot diy sb thong qua
viéc so sanh véi cac dai luong khac. Pay 1a co s& d€ sit dung dinh 1y kep hodic md rong cac két
qua vé gi6i han.
Bai toan 1. Xét day sé (x,) cho bdi cong thiic

n

x1=1Lxpy=14+4—, Vn=1,2,3,...
Xn

Trudc tién, ta thif tinh todn mot vai s6 hang tit ddy sb nay

A B C
1 1
2 1.414214
2 1.732051
2.5 2
2.6 2.236068
2.923077  2.44549
3.052632 2.645751
3.2931032 2.828427
3.429319 3
3.624427 3.182278
3.759056 3.316625
3.926260 3.464102
4.056339 3.605551
4,20486 3.741657
4.32948 3.872983
4,464619 4
4.583732 4.123106
4,708768 4.242641
4.822656 4.353899
4,939738 4.472136
5.048798 4.582570
3.1559406 4.690416
5.264057 4.795832
5.369254 4.898979

L e e e O R I

MMMMMI—*I—*I—*I—*GI—*I—*I—*I—*I—'
O I L= IR =T = B B s E T R S R L™ ]
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O cot A 1a gid tri ctia n, cot B 1a gid tri cia x,, va cot C 1a gid tri ctia /7. Diéu nay cho phép

quy nap dé du dodn
Vi< xp < VL

Ta c6 thé chiing minh quy nap két qu4 trén. Chi y danh gid

n n n
X =14+—<n+1, x =14+—>14+ —.
n+1 x vn n+1 x NS
Xét bat dang thiic
1+ > /n+1,

n
vn+1
Sn+n+1>vVn2+n+vn+1,
Sn?+3n+1+2dn+2nn>n*>+2n+142n(n+1).
Hién nhién ding, vay ta chiitng minh dudc /7 < x, < «/n + 1. Tt day thu dugc két qua

Két qua 1.1. Chitng minh
Xn

Ji

lim =1.

Méu chdt 1a du dodn su so sdnh véi dai luong +/n. Tat nhién su uéc lugng niy ngoai cic kinh
nghiém tif viéc tinh todn, ta con thé dit lugng so sanh nay la

Vn <Xy < Zyp, VYn=12,3,...

Khi do, trong qua trinh quy nap, ta dua vé két qua

n n
1+_>Yn+1, 1+_<Zn+19
Zn Yn

va ta cb gang thi tif cac day don gidn nhit 1a y, = n® va diy (z,,) du trén day (y,) .

Tiép tuc tinh todn, cot thif tu 1a gid tri j‘/—’% va cot thi nidm 1a x,, — /7.
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50 7.551043 7.071068 1.067878688 0.479974805
51 7.621602 7.141428 1.067237769 0.480173718
100 10.4863 10 1.04863015 0.486301497
101 10.53625 10.04988 1.048396129 0.48637508
102 10.58595 10.0995 1.048165498 0.48644768
200 14.63269 14.14214 1.034687455 0.490554697
201 14.66803 14.17745 1.034602823 0.490579685
202 14.70327 14.21267 1.034518811 0.45060448
358 19.41394 18.92089 1.026058619 0.493052207
359 19.44036 18.9473 1.026022836 0.493062355
360 19.46674 18.97367 1.0259872 0.493072459
713 27.19721 26.70206 1.018543371 0.495146208
714 27.21593 26.72078 1.018530513 0.495149727

Tt cac két qua nay va cic sb liéu véi n 16n hon cho phép ta du dodn

lim (x, — v/n) = =.
Viéc chitng minh nay khong hé don gian nhu két qua 1.1 Yéu cau & ddy la can danh gid chiit ché
hon va nhiing tinh toan kho gidp ich dudc.

Ta thi xét bién d6i

Xn41°Xn = Xp + 1.
Chi y riang, bang danh gid trén cho ta nhin xét 1a day ting, viéc chiing minh day ting ta chua
xét dén. Nhung c6 thé d€ dung danh gia

X2 < Xpp1 Xn =Xp+n<n+n+1,

=x,<\n+n+1, Vn=1,2,3,...

va
x3>xn_1-xn=x,,_1+n—1>«/n—1+n—1,

:>xn>\/n+Vn—1—1, Vn=1,2,3,...

Day 1a gdi y trong viéc chiin diy di cho. Ta sé chiing minh quy nap céc két qua nay duéi day

1) Ching minh

1+ " > \/n + /n.
n+n+1
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2) Ching minh

n
1+ <\Vn+2++n+1, Vn=1,23,...
Vn—14+vn—1

Tir d6 dua dén két qua sau:

Két qua 1.2. Chiing minh rdng

lim (x, — v/n) = .

TAt nhién, bai todn sé& chua hoan chinh néu khong chiing minh dudc day 1a day ting du két qua

cua danh gia
\/n+\/n—1—1<xn<\/n+\/ﬁ+l,

c6 thé chiing minh quy nap.

Xét phuong trinh

1
x2:x+n:>x:§(\/4n—l—|—l),

nén néu chiing minh dudc danh gia
xn<%(\/W+1), Vn=123..
thi ¢ nghia 12 suy ra két qua
Xn+1 >%(m+1),

hay
1
xn2§(«/4n—3—|—1>, V=123 ...

hay suy ra can ching minh két qua
1 1
5(\/4;1—3+1) < X <§(\/4n—|—1+1), Vn=1023..

Két qua nay chiing minh bang quy nap. Chd y, tit

1
xn<§(«/4n+1+1),
tadaco .
Kbl > («/471 Fi+ 1).
Bay gio

n 2n
Xpt1 =1+ —<

(U —
Xn Vin—=3+1
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va can chiing minh
2n 1
1—|——<—(«/4n—|—5—|—1),
Vin-3+1 2

va danh gia nay dudc chiing minh la dung.
Mat khac
x2<x+n©%(—«/m+l) <x<%(x/4ni+1+l),
va 6 thé suy ra ddy 1a day ting do x,, - Xp41 = X, + 1 > X72.
Két qua 1.3. Ddy sé dd cho la mét ddy ting.

Bai toan 2. Cho ddy sé (uy) xdc dinh béi
nou
M1:1, Mn+1:—+—n.
U, n

Tuong ty y trén, ta tinh mot vai gid tri trudc. Viéc quan sat cac két qua vé x,, goi y dén dbi chiéu
gid tri /n dong thoi tinh 4. Ta c6 thé dy doan

"
. Xn
Xp > A/n, lim N = 1.

B E D E

n x[n] can (n) x[n]/(can n)
1 1 1 1
2 2 141421 1.414213562
3 2 1.73205 1.154700538
4 2.166666667 2 1.083333333
5 2.387820513 2.23607 1.067865797
6 2571523834 2.44949 1.049820209
7 2.7618342 2.64575 1.043875208
8 2929095255 2.82843 1.035591559
9 3.097355698 3 1.032451899
10 3.249855007 3.16228 1.027694389
11 3.402045855 3.31662 1.02575542
12 3.542625437 3.4641 1.022667875
13 3.682537094 3.60555 1.021352024
14 3.813446979 3.74166 1.019186576
15 3.943608331 3.87298 1.018235293
16 4.066530387 4 1.016632597
17 4188716231 4.12311 1.015912909
18 4304917794 424264 1.014678855
19 4420476612  4.3589 1.014115415
20 4.530881708 4.47214 1.01313595
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O day, 16i khong trinh bay chi tiét cdc bude ddu ciia quy nap vi cé thé'kiém tra qua bdng sé liéu
gui kem.

Viéc chiing minh quy nap x,, > +/n kéo theo viéc phai tim cach chén trén cho gia tri x,, bdi mot
ham s6 theo n. Khong khé d€ nghi viéc ching minh n + 1 > x2 > n, dén day, tién hanh quy
nap ta sé& gip budc cudi & trudng hop

1) Ching minh

2 2 2
5 X;, n n+1
X 1= + — + = +2,
et 2 n? n+1 n?
va can chiing minh
n? n+1
+ +2>2n+1.
n—+1 n?
2) Ching minh
2 2 2
, N Xy n n+1
x”+1_;+n_2+2<7+ 2 +2<n+2.

n

Ta can diéu chinh céc budc quy nap lai. Panh gid & 2) chua chit do ta ghép ca hai diu danh gia
clia x,, vao. Viéc nay c6 thé diéu chinh bing cach xét ham s6

f@="+2 xe|[vavu+i],
thi ham sb nay nghich bién v6i n > 4. Diéu nay cho phép danh gia
= ) < (F (V) =n+ o +2 1)
va tat nhién van chua di d€ suy ra x2,; <n + 2.
Néu quan st 2) va danh gid (1), ta c6 thé diéu chinh dé (1) ding thong qua dinh gia
n+2> x,f >n.

Nhung khi 4y, d4nh gia nay lai 1am cho 1) sai. Nghia 12 phéi thém vao x,, < n + 14? mot lugng
pht hop d€ vita khong anh hudng dén 1) va vita cho 2) ding hoic ngudc lai.

Ta xét thu |
Xppy = (f (xn)* < (f («/ﬁ))z =n+ . + 2,

thi chi can stia lai danh gid tré thanh
’ 1
12 dugc. Hay khéc di, ta can chiing minh
n<x§<n+l—l——, Vn > 2.
n

Khi d6, & bu6e cubi clia quy nap, ta can chiing minh hai két qué (v6i phuong phap dung ham sb
nhu da ké trén dé 1am chit danh gia)
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1) Ching minh

W2 = (f )’ < (f (V) =n+2+ l "

K= (f () > (f (\/ +1+ nlj))

n? n+1+ 1

:n—i—l—i—ﬁ n?

2) Chiing minh

n—1 1
+2=n+1+—1>n+1.
n_

Viy, b6 sung cac budc con lai cia phuong phap quy nap toan hoc, ta dua dén két qua

1
n<x§<n+l—|——1, Vn > 2.
n p—
Két qua 1.4. Chitng minh
. Xn
lim =1
vn
Két qua nay huéng ta dén van dé danh gia chit hon
1 , 1
n—+ <x,<n+l1+——, Vn=3.
n—2 n—1

Vay quay lai 1), ta c6 danh gia

2
1 n? n+ -
2 _ 2 _ n—2
s = (f ()" < (f (\/n+—n_2)) “ar LT Twe R

Va can chifng minh

1
l’l2 n—+-—
+ n—2
n+ -1 n2
n—2

1
+2<n+2+—, Vn=>4,
n

va ddnh gid nay c6 thé chiing minh 12 ding. Két qua nay din dén

Két qua 1.5. Chiing minh rdng

n
1
lim (lez — En (n + 1)) = 400

i=3

O day, toi tinh thém gid tri /71 (x, — /1) & cot cudi
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398 19.96249917 19.9499 1.000629668  19.97504741 19.95 0.250608
399 19.98754045 19.975 1.000628591  20.00006281 19.97505 0.250808
400 20.01253023 20 1.000626512  20.02504697 20.00006 0.250605
401 20.03750894 20.025 1.000625446 20.05 20.02505 0.250804
402 20.06243653 20.0499 1.000623387  20.07492201  20.05 0.250602
1023 31.99219733 31.9844 1.000244687  32.00001529 31.98439 0.250314
1024 32.00781987 32 1.000244371  32.01563645 32.00002 0.250236
1025 32.02343968 32.0156 1.000244209 32.03125 32.01564 0.250314

Diéu nay cho phép du dodn

1
lim\/ﬁ(xn—\/ﬁ)zz,
va so vGi danh gia tim dudc 6 phan trén thi
1 1 1
Vi (yfn+ = =V | < V(o= Vi) < Va (s 1 — = Vi) <
n— n—

Hay cho phép du doan mot két qua chit hon 1a

1 1
Vit 5 < X <y nt+ S+
n+2+ X n+2+

v6i n @i 16n. Phan danh gia nay xin danh cho ban doc.
Bai toan 3. Ta xét mot ddy rdt quen thudc da xudt hién trong khd nhiéu ki thi
X1 = 2
(Xn)

n
Xpt+1 = Xp + —
n

Mot két qua thudng thiy nhét 1a
Két qua 1.6. Chitng minh ring

1
n<x,<n+-, V¥Yn=1,2 3,...
n
Panh gid trén c6 thé ching minh dé dang qua quy nap, luu y miu chdt 13 ki thuat xét ham nhu
da néi & bai todn 2 méi 6 thé chitng minh dugc van dé. Panh gia
a4
X +1 n ’
la chua dua chat va thay vao do la

n n
Xn+1>f(n)=n+; voi f(x)=x—|—;,
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dong bién trén [n, +00) sé gitip gidi quyét bai toan.
Mt khdc, thit xét mot dai luong y, dé& xay dung mot két qua chit hon 1a
Xp2n+y,, Vn=1,23 ...,

diéu nay kéo theo can danh gia

n
f(n+Yn):n+Yn+n+ Z N+ Ynti,

Yn

214+ Y1 © Yn—Ynt1 2 Vn )

Yn n—+ Yn
O day, ta thii chon y, = f (n) v6i f (n) 1a ham nghich bién, c6 thé xét két qua don gian nhit Ia

= + .
In "

va (2) cho ta
1 1 1

S >
2 m+1* nd+ 1
banh gia nay dugc chiing minh la ding.

Vn > 1.

Két qua 1.7. Tinh
lim /7 (x, —n).

O day, ta tinh 20 gid tri dau

C D E F
n x[n] n+l/n 1+1/(2n)
2 2 1.5
2.5 2.5 2.25
3.3 3.33333 3.1o667
4.20909 4.25 4.125
5.15941 5.2 5.1
©.12852 6.16667 6.08333
7.10755 7.14286 7.07143
8.00242 8.125 8&.0625
9.081 9.11111 9.05556
10.0721 10.1 10.05
11.0649 11.0909 11.0455
12.0591 12.0833 12.0417
13.0542 13.0769 13.0385
14.05 14.0714 14.0357
15.0464 15.0667 15.0333
16.0434 16.0625 16.0313
17.0407 17.0588 17.0294
18.0383 18.0556 18.0278
19.0362 19.0526 19.0263
20.0343 20.05 20.025

(L= v - L I = T O BN - S S S I N I

R e N el il = i
D W ~ R wWN =D
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Mot két qua dang quan tim 1a

1
Xp>n+—, n=1,2,...,20,
2n
nhung két qua téng quét khé c6 thé chiing minh quy nap vi né sé 1am cho danh gid & (2) 1a sai
khi cho y, = % Va dic biét, thay d6i gid tri x; = 1.5 thi ddnh gi4 nay khong con diing. Nghia
12 mot danh gia phu thudc vao gia tri dau cda x;.

bat
Xp=N+Yn = Ynt1=Yn— 1+ :
n—+ yn
Xét ham s "
fx)=x—-1+ ., nezr,
X +n
vii

O =1-2
n

nén dung két qua vé bit dang thiic tiép tuyén, ta chiing minh

f@)>(l—l)x
n

n 1
S x—14 2(1——))6,
X +n n

X X

n X +n

= 0.

Va bét dang thic nay ding v6i moi x > 0. Diéu nay suy ra

n—1
Vn+1 = Vo, VYn=1,2,3,...,
n
hay suy ra
1 1
Yn41 2 —y2=7—, Vn>1
2n
= >n+ ! Vn > 1
Xn2=>n , n .
" 2(n—1)

Tir day suy ra diéu can ching minh.

Két qua 1.8. Chiing minh rdng

n
) 1
lim (Z X; — En (n + 1)) = +o00.
i=1

Két qua 1.9. Chiing mnh rdng ddy sé u, = n (x, —n) cé gidi han hitu han la L va L > %
Ta thdy rang, cic ddnh gia trén sinh ra da phan tif tinh toan cac s6 hang dau va du doan mang
tinh u6c luong thong qua su xult hién ctia n trong diy sd. Phan tiép theo, toi thit lién két day sd
v6i ham s6 va cac cong cu ddnh gid trén do.
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Bai toan 4. Ddy s6 (u,) xdc dinh bdi

ur =1, upy1 = Ju, +n, Vn=1,2,3,...

Két qua 1.10. Tinh

va lim (u, — +/n) .

Dé chiing minh y dau, ta cin quy nap

Vn—lgung\/n—l—\/ﬁ, vn=1,2,3,...

Chi can ching minh quy nap vé phai, hai chiing minh

\/n—i-\/n—i-«/ﬁg\/n—i-l—l-\/n—i—l,

n+/n<1+vn+1,
& n < 2n+ 14 2.

Diéu nay ding v6i moi gid tri n nguyén duong. Tir day cho ta
Un

Ji

Y sau, thit xem xét phuong phap nay. Xét ham s6

f)=Vx+n= f(0)=n,

lim

= 1.

va

1 1

N f”(0)=—4

11(0) = g

St dung khai trién Maclaurin, ta c6

2<f(x)\\/_—|—7 x, Vx>0.

- X
2[ Cdnyn
Tur day cho phép danh gia

1 u, 1 22 <
— —_— \ u
2 «/_ 4”\/_ n mee

Un __

dong thoi chd y lim = 1, diéu nay suy ra

, Vn>1,

lim (u,, — \/ﬁ) = —.

R rang, ddnh gid nay kha hitu hiéu trong viéc tinh gi6i han cia mot ddy sinh ra tir ddy ban dau
va cach st dung dinh ly kep khong phiic tap nhu & trén.
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Bai toan 5. Cho ddy s6 (x,) xdc dinh bdi

x1 =1, Xp41 = sinXx,.

Khong khé dé chi ra lim x,, = 0 va dong thdi ding khai trién Maclaurin cho phép danh gia

x3 x> x°
X——<sinx<x——+—, Vx>0.
6 6 24

Diéu nay suy ra
Xp— Xpy1 1

Im —— = -
x3 6

va két qua nay kho c6 thé suy ra tir dinh 1y kep.
Hon nifa, ta c6 thé tim mot ludng (y,) phu hop d€ lim x,, y, = L # 0. Tu d4anh gia

. Xn — Xp41 1
lim — = -

3 9
X; 6
va két qui
. Xn+1
lim 2= =1,
Xn
cho ta y tuéng xét
1 _ i _ (Xn+1 — Xn) (Xn+1 + Xn)
2 2 2.2 ’
xn+1 Xn xnxn+l
suy ra
. 1 1 . Xn —Xn+1 Xn + Xn+1 Xn 1
lim | — - = lim 3 . . = —.
Xy X X;) Xn+1 Xn+1 3

Ap dung dinh 1y Stol ta c6
1 1 1
im ppe 3 im/n - x NG

Qua céc bai todn trén, phan tich cdch tim nhiing danh gia hop ly trén mot diy s, ta rit ra mot
s6 kinh nghiém qua viéc chin hoic uéc lugng mot cach hop ly nhiing dai luong phu hop.
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UNG DUNG TINH CHIA HET CUA 0
TRONG GIAI PHUONG TRINH HAM

Nguyén Tat Thu
Truong THPT Chuyén Luong Thé Vinh, Pong Nai

Trong bai viét nay, ching t6i gidi thiéu ing dung chia hét ctia s6 0 trong viéc gidi mot sd bai
phuong trinh ham lién quan dén chia hét.

Ta biét, v6i hai s nguyéna, bmaa # Ovaa :bthi|a| > |b|. Dodd, néua b mai|a| < |b] thi
ta cé a = 0. Tir day, ta suy ra dudc: Néu sé nguyén a chia hét cho vé han sé nguyén thi a = 0.
Tinh chit nay kh4 don gian, nhung né 1a cong cu khd manh khi 4p dung vao cic bai todn gii
phuong trinh ham lién quan dén chia hét.

Y tudng ctia phuong phap nay nhu sau: Khi ta cdn tim mot ham f: 7 — 7 théa man tinh chdt
chia hét nao do va ta dw dodn duogc ddp sé cia bai todn la ham g(n), ta tim cdch chitng minh
vdi s6 nguyén n cé dinh thi f(n) — g(n) chia hét cho vé han sé nguyén.

D€ thuc hién y tudng nay, ta thudng di x4c dinh gia tri cia ham £ trén mot tap vo han nao do,
ta thudng chon 12 tap cic sd nguyén t.

Ta xét cac vi du sau:

Vidu 1. Tim tdt cd cdc ham f: ZT — Z* sao cho véi moi m, n € N, ta co

flm) + f(n) [ m+n. 6]

Li gidi. Ki hiéu P(a,b) 1a phép thé m = a, n = b vao (1), khi dé

P(1,1),tacé
2f(1)|2= f(1)=1.

P(p —1,1) v6i p 1a sd nguyén td, ta c6
fp=D+1llp=flp-D+l=p=flp-H=p-1L

P(p—1,p),tacd
p—1+f(p[2p-1 2

P(p, p),taco
2f(p) | 2p = f(p) | p. 3)
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T (2) va (3), tacé f(p) = p. Xét n 1a sb nguyén duong bat ki va p 1a s6 nguyén tb, khi d6

fm)+p=fm)+ f(p)|n+p.
Suy ra
f)y+pln+p)—(f(n)+p)=n—f(n).V pnguyénto.
Diéu nay dan téi f(n) =n, Vn € Z™.
Thi lai ta thdy nghiém ham nay théa. Do d6, ddy 1a nghiém ham can tim. ]

Nhan xét. Trong 10i giai trén, ta di tinh gia tri cia hAm f tai cic diém sd nguyén t6. Do
f(m) 4+ f(n) | m + n, nén ta chon m, n sao cho m + n la sb nguyén t dé st dung tinh chét
s6 nguyén t chi c6 hai uéc nguyén duong 1a 1 va chinh né. Khi x4c dinh dudc f(p) = p véi
moi p 1a sb nguyén td, két hop véi viéc du doan dudc f(n) = n la nghiém ham cia bai todn,
ta thay m hoic n 12 s6 nguyén t6 va st dung tinh chia hét d€ tao ra dai luong f(n) — n chia hét
cho v6 han s6 nguyén. Tir d6, dan téi f(n) = n. Quy trinh nay dudc 4p dung tuong tu cho cic
vi du tiép theo.

Vi du 2 (Indonesian MO 2020). Tim tdt cd cdc ham f: Zt — Z7 théa man

n*+ f(m) f(n): f(n) +m, “4)

véi moi s6 nguyén duong m, n.

Loi giai. Ki hiéu tuong tu nhu trén, khi dé

P(1,1),taco
SO+ D>+ 1= D)+ D) =1 +2,
suy ra
f(H+1]2= f(1)=1.
P(p, p), p 12 sd nguyén td, ta c6

f()+p | p*+ f(p)* = (f(p) + p)(f(p)— p) +2p°.

Suy ra
f(p)+pl2p*>= f(p) €{p, p>—p.2p"— p}.
P(p,1)taco

L+ f() 1P+ f(p) =1+ f(p)+p*=1= 1+ f(p)| p> - L
Néu f(p) =2p%>—pthil+ f(p) =1+4+2p%>—p > p?>—1,suyravdli.
Néu f(p) = p*—pthil+ f(p)=p*—p+1>p>—1,¥p>2.
Suyra f(p) = p.,Vp >2. Honnita f(2) =22—-2=2,néntacé f(p) = p, Vp nguyén tb.
Xét m 12 s6 nguyén duong bat, ki. P(p, m), tacé

p+m| p>+ pfm)=pp+m)+ p(f(m)—m) = p+m| f(m)—m, ¥ p nguyén tb.

Suyra f(m)—m = 0, hay f(m) = m, YVm € Z*. Thi lai ta thiy ham f(m) = m thda phuong
trinh ham da cho.

Vay f(m) = m, Ym € Z* 1a nghiém ham can tim. O

92



Tap chi Epsilon, S6 19, 02/2021

Vidu 3 (MO SL 2019, N4). Tim tdt cd cdc ham f : Zi=g — Zg sao cho

a+ f(b)|a*+bf(a), ©)
véi moi s6 nguyén dwong a va b théa a + b > C vdi C la mét hdng so.
Loi giai. P(1,n)tacd

1+ f(n) | 14+nfQ).

Ki hiéu S 1a tip cac sd nguyén duong n sao cho 1 4+ nf (1) 1a s6 nguyén t6. Do (1, £(1)) = 1,
nén S 1a tap vo han. Khi do, ta co

14+ f(n) =1 +nf(1) = f(n) =nf(l), Vn € S.
Véi a 1a s6 nguyén duong cb dinh, P(a,n) véin € S tacé
a+ fin)=a+nfQ)|a*+nf(a),
suy ra
a+nf(l)| f(1) (a* +nf(@) — f(a)(@+nf(1) = f(Da®—af(a), ¥n € S.
Suyra f(1)a2 —af(a) =0, hay f(a) = f(1)a véimoia € Z+.

Cach 2: V6i b € Z* van 1a s6 nguyén duong sao cho nb — f(b) > C.Khids, P(nb— f(b),b)
ta co
nb | (nb— f(b))*> +bf(nb— f(b)) = b | f(b)*.
Do dé, p | f(p)*hay p | f(p) = f(p) =k(p)- p. Honnita P(1,b) véib > C tacé
1+ f) la+bf(1) = f(b) <bf(1).

Suy ra k(p) < f(1) v6i p 1a sb nguyén t6 16n tuy y. Do do, ton tai vo han sb nguyén tb
p l6n thy y sao cho k(p) = k € Zt. Pat S = {p | k(p) = k}, tacé S Ia tp vO han.
P(a,p), pe S, ag Staco

a+kp|a®+ pfla)—a(a+kp) = p(f(a)—ka).
Ma (a + kp, p) = 1, néntacod

a+kp| fa)—ka,VpeS.

Suyra f(a) = ka, Ya ¢ S. Tu d6, tacé f(a) = ka, Ya € Z* vé6i k 1 s6 nguyén duong. [
Vi du 4. Tim tdt cd cdc ham f: % — Z* théa man

nl+ fm)!| f(n)!+ f(m),

véimoim, n € Z7.

93



Tap chi Epsilon, S6 19, 02/2021

Loi gidi. Chom =n = 1,tacd

L+ /M M+ f1) =1+ fMD!] f(1) -1
Mal+ f()!>|f(1)—1|,nén f(1) =1.Chom = 1, tacd

n+ 1] fm)!+1= f(n)! >n'= f(n) >n.
Cho (m,n) = (1, p — 1) v6i p 1a s6 nguyén t6, ta c6

plp=D'+1]f(p-DI+1= f(p-D<p= fp-D=p-1
Chon = p—1,taco
(p =D+ fm)! ] (p— DI+ f(m)),
hay
(p— DI+ fm)! ] f(m) — f(m)!
v6i moi s6 nguyén tb p, dan t6i f(m!) = f(m)!. Do d6 ta c6 thé viét lai dé bai nhu sau
n!l+ fm)!| fm)!'+ f(n)! = n!+ f(m)!| f(n)!—n!

v6i moi s6 nguyén duong m. Suy ra f(n)! = n! = f(n) = n. ]

Vi du 5 (IMO Shortlist 2016). Tim tdt cd cdc ham f: N* — N* théa mdan véi moi m, n € N*
ta co

0# f(m)+ f(n) —mn [ mf(m) + nf(n).
Lsi gidi. P(1,1) tacé
2fM =112/ =2fD)-1[2f(H)-2fDH -1 =1= f(1) =1
P(p.1) véi p > 71asdnguyéntd, tacéd f(p) +1—p| pf(p) + 1. Suyra
f@)+1=plpf(p)+1=p(f(p)+1-p)=p>—p+1.
Suyrap?—p+1=k(f(p)+1— p). Honnita p>? — p + 112518, néntacé k 18
e Néuk =1,tacé f(p) = p>

e Néuk > 1,tacé k > 3, hay

1
f(p) < 3(P*+2p-2).
P(p, p) véi p > 71as6 nguyén tb, ta c6

2f(p)—p*> 1 2pf(p).
Suy ra
2f(p)—p*12pf(p)—p(2f(p)— p*) = p°.
Mait khéc, v6i p > 7tacod
2
—p><2f(p)—p*>< §(p2+2p—2) —p*> < —p.

Ma 2f(p) — p? 1a mot uSc ciia p3, suy ra vo li. Do do, tacéd f(p) = p>.,. ¥Vp =7, p
nguyén to.
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Xét n 12 s6 nguyén duong bat ki, cho m = p tacé

f(p)+ f(n) = pn | pf(p) +nf(n)—n(f(p)+ f(n)— pn) = pf(p) —nf(p) + pn®.
Ma f(p) = p? nén

p>—=pn+ fn)| p(p®—pn+n?).
Xét p 1a s6 nguyén t6 16n tiy y, khi d6 (£ (n), p) = 1, nén (p, p>—pn+ f(n)) = 1. Suyra
p*—pn+ f() | (p* = pn+n®) = (p* = pn + f(n)) = n* — f(n).
Vin? — f(n) chia hét cho p? — pn + f(n) v6i moi s6 nguyén t6 p 16n tily ¥, nén
n>— f(n) =0= f(n) =n’
Thi lai ta thdy ham f(n) = n? thda bai toan. O
Vi du 6 (Balkan MO 2017). Tim tdt cd cdc ham f: 2" — 7% théa man
n+ f(m)| f(n) +nf(m),

véimoim, n € Z*.
Loi giai. Tir gia thiét ta c6
n+ fm) | fn) +nf(m)—nn+ fm) = f(n) —n* Ym,n e Z".
P(1,1),tacé
L+ M2/ =1+ D) [2/1)=2(f/1) +1) = -2.
Suy ra f(1) = 1. Xét p la s6 nguyén t6, khi d6 P(p, p) ta c6
p+ ) (p+1Df(p).

Néu p ff(p) thitacé (p + f(p). f(p)) = 1.Doddé p + f(p) | p+ 1. hay f(p) = 1. Suy
ra v6i moi so nguyén to p thi hoac f(p) = 1, hoac p | f(p).

PDitA={peP: f(p)=1}vaB ={peP:p| f(p)} Vitip cic sd nguyén t6 12 v han,
nén trong hai tip A va B c6 it nhit mot tap c6 vo han phan ti.

e Néu A la tap vo han, khi d6 véi sd nguyén duong m, P(p,m) véi p € A tacé
pH+fm)| p*=1= p+ fm)| p* = 1—(p* = f(m)*) = f(m)*—1,¥p € A.
Vi Alatap vo han,néntacé f(m) =1, Vm € Z™.
e Néu B 1a tap vo han, khi d6 véi n 1 sé nguyén duong, P(n, p) véi p € B tacé
n+ f(p)| f(n)—n

Vipe B,nénp| f(p)dodd f(p)léntuyy. Tirdétacéd f(n)—n? = Ohay f(n) = n>.
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Thi lai ta thdy hai ham f(n) = 1 va f(n) = n? thda bai toan. O

Vi du 7 (Canada MO 2008). Tim tdt cd cdc ham f: Z+ — 77 théa

fm?P=n(mod f(p)).

vOi moi sO0 nguyén dwuong n va moi SO nguyén to p.

Loi giai. Chon = p, tacod

p=0 (mod f(p)),

suyra f(p) = phodc f(p) =1.bat A ={p € P: f(p) = p}.

Vay

e Néu A la tap vo han, khi d6 ta c6

n=f(n)?=fn) (modp), VpeA.

Suyra f(n) = n.
Néu A =, khi d6 f(p) = 1, Vp € P. Ta thiy cdc ham nay thda bai toan.

Néu A # va A hitu han. Goi ¢ 1a phan tii 16n nhit ctia tip A. Néu ¢ > 3, thi véi moi sd
nguyén tb p > ¢, ta cé
p=(f(p)?=1 (modgq).

Giita hai s6 ¢ va 2¢ 1udn ton tai mot s6 nguyén tép va p = 1 (mod ¢). Diéu nay vo Ii.
Dodé g = 2,hay A = {2}. Tiic 1a £(2) = 2 va f(p) = 1 v6i moi sd nguyén td p > 3.
Khi d6, ta co

n= f(n)*> (mod?2),

suy ra f(n) va n cung tinh chén I¢.

o f(n)=n,VneZ".

e f(p)=p,VpeP.

o f(2)=2, f(p)=1,Yp P, p>=3va f(n) véin ciung tinh chin 1 v6i n 1a hop sd.

Thi lai ta thdy cdc nghiém nay déu thda man yéu cau bai toan. O

Vidu 8 (IMO Shortlist 2012, N3). Cho n la s6 nguyén duong Ié. Tim tdt cd cdc ham f: 7. — 7.
thoa man

fx) = fO) [ x" =",

voimoi x, y € 7.
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L&i gidi. Tathdy, néu f 13 ham théa yéu cu bai todn thi f + ¢ ciing thda yéu cau bai toan. Do
do, ta c6 thé gia st £(0) = 0. Xét p 1a mot sd nguyén td, P(p,0) ta cé

f(p) | p" = f(p)==£p?, 0<d < p.

Do f thoa bai toan thi — f ciing thoa bai toan, nén ta chi xét f(p) = p?. Néud = 0thi f la
ham hing, do d6 f(x) — f(y) =0, Vx, y € Z.Dodéd > 0 vad 1.

Taviétn =md +r, 0 <r <d.Khidé P(p,y)tacod
pl—f P =y =p - p" =y =p ()" ="
Suy ra
Pi= SO P )" =y =P ()" = S = p [ ="
ma d > r, nén véi sd nguyén td p di 16n, ta c6

pr—fO) > 1p fO)" =" = p — f()"—y"=0,Vy €L

Suyrar =0va
SOy =y" =" = fx) = y7
Vay f(x) = £x¢ + ¢ 1a ham can tim véi d 13 uéc nguyén duong cia 7. ]

Vi du 9 (BMO 2020). Tim tdt cd cdc ham f: Z+ — Z% sao cho véi moi sé nguyén duong n,
ta luén co

i) Z f(k) la s6 chinh phuong.
k=1

ii) f(n) chia hét n3.

L&i giai. Taching minh f(n) = n? bang phucng phap quy nap. V6in = 1, ta cé

fHIP=1=f1)=1
Giast f(i) =i3v6imoii € [1,k — 1], k > 2. Ta chiing minh f(k) = k3. Tacé

S+ fQ 4+ flk) = P4+ (k=1 + f(k) = (C})* + f(k) = m?,

v6i m > C2 la s6 nguyén duong. Ta viét m = C7 + £ v6i £ < k 1a s6 nguyén duong nao dé6. Ta
c

Flk) =m? = (C2)" = tk(k — 1) + £) = L(K> —k + ©).
Do f(k) | k3, néntacé
Lk> —k +0) | KL= kl(> —k + £) = kK> — k£?,

hay
k* —k + €| k*—k¢L.

Tuy nhién, ta luén c6
k* —k + £ > k* — k¢,

nénsuyrak? —kf =0,hay/ = k. Suyra f(k) = k3. Vay f(n) = n>1a ham can tim. O
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Qua cic vi du trén, ta thiy viéc st dung tinh chia hét ctia s6 0 gitip chiing ta giai quyét bai toan
mot cach tu nhién va don gian. Sau day 1a mot s6 bai tap ciing dudc giai quyét theo cach trén.

Bai 1 (IMO Shortlist 2013, N1). Tim tAt ¢4 cdc ham f: ZT — Z* thda man
m? + f(n) | mf(m) +n, m,neZ’.
Bai 2 (APMO 2019). Tim tit ca cic ham f: Z* — Z* thda man
f(a)+b|a*+ f(a)f(b), Ya, beZ™.

Bai 3 (INMO 2018). Tim tit ca cic ham f: Z* — ZT théa man dong thoi

@) f(m-n)= f(m)- f(n).
(i) m+n| f(m)+ f(n).

Véi moim, n € Z+.
Bai 4. Cho k € N*, tim tat cd cac ham f : N* — N* sao cho v6i Vm, n tacé

fm)+ f() | (m +n)*.
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XUNG QUANH BAI TOAN PHUONG TRINH HAM
TRONG PE THI VMO 2020 - 2021

Vo Qudc Ba Can

Trong dé thi VMO 2020 — 2021, ngay thd nhét, c6 bai toan phuong trinh ham sau.

Bai toan 1. Tim tdt cd cdc ham sé f - R — R théa man

f@)fy) = flay = 1) +xf(y) + yf(z), Va,yeR (1)
Loi giai cia chung toi cho bai toan nay nhu sau.
Loi giai. Pata = f(1). Thay y = 1 vao phuong trinh (1), ta dugc

(a—1)f(x)=f(x —1)+ax, VzeR. (2)

Néua = 1thitacd f(z — 1) = —z v6i moi s6 thuc z, tif d6 f(z) = —x — 1 v6i moi s6 thuc z.
Tuy nhién, khi thi lai, ham nay khong théa man cdc yéu ciu bai todn. Do d6 a # 1.

Tir phuong trinh (2), ta d& dang tinh duge f(2) = 2% va f(3) = (a?ff)Q. Thay z = y = 2 vao
phuong trinh (1), ta dugc (f(2))° = f(3) + 4f(2), hay

3¢ \*  3a® +12a
a—1) (a—12 a—1

Giai phuong trinh trén, ta dugc @ = 0 hoac a = 2.

e Trudng hop 1: @ = 2. Khi d6, phuong trinh (2) c6 thé dugc viét lai thanh
flz)=f(x —1) 42z, VxeR.
T d6 £(0) = 0. Ngoai ra, phuong trinh (1) c6 thé dugc viét lai thanh

f@)f(y) = fley) =22y +2f(y) +yf(x), Vz,yeR (3)

Thay y = % + 1 v6i x # 0 vao phuong trinh trén, ta dugc

(@) [f (é)ju;m} :f(x+1)—2$—2+x{f(é)+%+2] +<§+1) f(2),
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hay
1

X

f(x)f( )+% (x):2x+2+a:f(%), Vo £ 0.

Thay y = 1 v6i  # 0 vao phuong trinh (3), ta dugc

f(z) (i) =af (i) + éf(as), Va # 0.

Két hop vé6i két qua trén, ta dudc 2 f(x) = 2z + 2 v6i moi sb thuc = # 0. Tu do

f(z) = 22 + z v6i moi s6 thuc x # (g)C Ma f(0) = Onén tacé f(z) = 22 + z v6i moi sd
thuc . Ham nay thda man cac yéu cau bai toan.
Trudng hop 2: a = 0. Khi d6, phuong trinh (2) ¢6 thé dudc viét lai thanh
flz)=—=f(x—1), VreR.
T d6 £(0) = 0 va f(—1) = 0. Ngoai ra, phuong trinh (1) c6 thé dudc viét lai thanh
f@)f(y) = —fley) +2f(y) +yf(z), Vo, yeR (4)

Thay y% + 1 v6i x # 0 vao phuong trinh trén, ta dugc

1@ (3) ==ttt =ar (3) + (5 +1) 1),

X

—f@)f G) — af G) 4 G +2) f@), Ve 0.

Thay y = 1 v6i  # 0 vao phuong trinh (4), ta dugc

hay

f(@)f (%) =af G) + éf(w), Va 0.

Két hop hai két qua trén lai, ta ducc (% + 2) f(x) = 0 v6i moi s6 thuc z # 0. Tur d6
f(z) = 0 véi moi s6 thyc x ¢ {0, —1}. Ma f(0) = f(—1) = Onén tacé f(x) = 0 véi
moi s6 thuc 2. Ham ndy théa man cic yéu cau bai toan.

Tém lai, c6 hai ham s6 thda man yéu cau la f(z) = 0 va f(x) = 2% + 2. O

C6 thé thiy y tudng chinh ciia 18i giai 1a thiét 1ap mot mbi quan hé “kiéu truy hoi” gitia f(x — 1)
va f(z) dé tt d6 tinh dugc gid tri ciia ham sb tai moi diém nguyén theo mot tham sd nao do
(chang han, trong bai todn nay ta tinh theo a = f(1)). Sau d6, bing phép thé thich hop, ta tim
dudc gia tri ctia tham s va thiét 1ap dudc nhitng hé thic quan trong gitp ich cho viéc giai bai

St dung y tudng nay, ta c6 thé giai dudc nhiéu bai todn phuong trinh ham hay va khé trong cic
dé thi Olympic Toan. Ching ta hiy cling xem xét cac bai todn sau.
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Bai toan 2 (IMO Shortlist, 2005). Tim tdt cd cdc ham sé f : R — R théa man

flx+y) + f(x)fly) = flzy) + 22y +1, Vo, yeR (1)

Loi gidi. Pata = f(1). Thay y = 1 phuong trinh (1), ta dugc
flz+1)=(1—-a)f(z)+2x+1, VreR. (2)
T day, ta d& dang tinh dudc f(2) = —a® 4 a + 3. Mit khéc, bing cich thay x = y = 2 vao
phuong trinh (1), ta lai ¢6 (f(2 )2 =9.Dod6 (—a?+a+3)2=9 haya € {-2,0, 1, 3}.
e Trudng hop 1: a = 1. HE thiic (2) ¢6 thé dugc viét lai thanh flx+1) = 2z + 1 v6i moi
s0 thuc z. T d6 f(x) = 2(x — 1) = 2z — 1 v6i moi sO thuc z. Thi lai, ta thay thda man.
e Trudng hop 2: a = 0. Hé thiic (2) c6 thé dugc viét lai thanh
flex+1)= f(z)+22x+1, VreR (2
Thay y bdi y + 1 vao phuong trinh (1) rdi sit dung hé thiic (2'), ta dugc
flat+y)+2@+y)+1+ f(2) [f(y)+2y+1] = flazy+a)+2(zy+a)+1, Vo, yeR
Ddi chiéu két qua nay véi chinh phuong trinh (1), ta dugc
flay+2)=Q2y+1)f(z)+ f(zy) +2y+1, Vz,yeR.

Thay y = 1 v6i  # 0 vao phuong trinh trén va st dung hé thic (2'), ta dugc

(%—1—1) f(:t)+§+1:f(x—|—1):f(x)—|—2x+1,

tr d6 f(x) = 2% — 1 v6i moi x # 0. Mit khc, tir (2'), ta cling dé thiy f(0) = —1 = 02—1
nén f(z) = 2% — 1 v6i moi s6 thuc z. Thit lai, ta thay thda man.

e Trudng hop 3: @ = —2. Hé thic (2) c6 thé dugc viét lai thanh
fle+1)=3f(x)+2x+1, VreR (2")
Thay y bdi y + 1 vao phuong trinh (1) ri st dung hé thic (2”), ta dudc
3f(z+y)+2(z+y)+1+f(2) [3f(y)+2y+1] = f(zy+a)+2(zy+z)+1, Vz,y€R.
Ddi chiéu két qua nay véi chinh phuong trinh (1), ta dugc
flzy+2z) =2y + 1) f(z) + 3f(zy) + 4oy + 2y + 3, Va,yeR.

Thay y = 1 véi z & {0, 1} vao phuong trinh trén va st dung hé thic (2”), ta dugc

2 2
(;—i—l) f(x)—l—;—l—l:f(x—l—l):3f($)+23:—|-1,
trdé f(zr) = —x — 1 v6i moi s6 thyc = ¢ {0, 1}. Mit khéc, ti (2”), dé thay f(0) = —1 =
—0 — 1. Ngoaira, ta ciing ¢6 f(1) = —2 = —1 — 1 nén f(z) = —z — 1 v6i moi sd thuc

. Thit 1ai, ta thdy ham nay théa min cac yéu cu bai todn.
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e Trudng hop 4: a = 3. Heé thiic (2) c6 thé dugc viét lai thanh
fle+1)=-2f(x)+22x+1, VreR (2"
Thay y bdi y + 1 vao phuong trinh (1) ri st dung hé thic (2”), ta dudc
=2 f(x+y)+2(z+y)+1+f () [-2f (y)+2y+1] = f(zy+x)+2(zy+ax)+], Vz,y€R.
Dbi chiéu két qua nay vdi chinh phuong trinh (1), ta dugc
fley+2x) =2y +1)f(z) — 2f(xy) — 6zy + 2y — 2, Vz,yeR.

Thay y = X v6i z & {0, —2} vao phuong trinh trén, ta dugc
2 2
<;+1) f(x)+;—14:f(x+1) =—-2f(x) + 2z +1,

tirdo f(z) = 2522 v6i moi s6 thuc = ¢ {0, —2} . Suy ra f(—1) = 15. Mt khc, tir

(2", ta dé€ dang tinh dugc f(0) = —1 va f(—1) = 0 # 15, mau thun.
Vay cdc ham s6 théa man yéu cau la f(z) =2 — 1, f(z) = 2> — 1va f(z) = -2 — 1. O

Bai toan 3. Tim tdt cd cdc ham sé f : R — R théa mdn
flay) = f(@)f(y) = fle+y)+ 1, Vo, yeR (1)

Loi gidi. Bata = f(1). Thay y = 1 vao phuong trinh (1), ta dugc
flz+1)=(a—1)f(x)+1, VzeR. (2)

T do, ta tinh duge f(2) = a®> —a + 1 va f(4) = a* — 3a® + 4a® — 2a + 1. Mt khac, ti
(1), talai c6 2f(4) = (f(z))2 + 1nén 2(a* — 3a® + 4a®> — 2a + 1) = (a®> —a + 1)? + 1, hay
a(a—2)(a—1)2=0.Suyraa € {0, 1, 2}.

e Trudng hop 1: a = 1. Heé thiic (2) c6 thé dugc viét lai thanh f(z + 1) = 1 v6i moi sd
thuc 2. T d6, ta ¢6 f(x) = 1 v6i moi s6 thuc . Ham nay thda man céac yéu cau bai toan.

e Trudng hop 2: a = 0. Hé thiic (2) c6 thé dugc viét lai thanh
flz+1)+ f(x)=1, VxeR. (2)

Tu dé, taco f(0) =1va f(x +2) =1— f(x + 1) = f(z) v6i moi sb thuc z. Thay y = 2
vao phuong trinh (1), tadude f(2z) = f(z)f(2)— f(x+2)+1 = f(z)— f(z+2)+1 =1
v6i moi s6 thuc . Suy ra f(x) = 1 v6i moi s thuc z, mau thudn vi f(1) = 0.

e Trudng hop 3: a = 2. Hé thiic (2) c¢6 thé dugc viét lai thanh

flz+1)= f(zx)+1, VxeR. (2")
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Thay y bdi y + 1 vao phuong trinh (1) va st dung hé thic (2”), ta dugc

fley+z) = f(o)[fly) +1] = f(x+y), Vz,yeR

Dbi chiéu két qua nay vdi chinh phuong trinh (1), ta dugc

f(x+ay) = f(x) + f(zy) =1, Vo, y€eR.

Thay y bdi £ v6i x # 0 vao phuong trinh trén, ta dudc

fle+y) =fl)+fly) -1, Ve#0,yek

Mt khdc, tir (2”), ta dé dang suy ra f(0) = 1 nén f(0 +y) = f(0) + f(y) — 1. Do d6, ta
co
flx+y)=flx)+ fly) =1, Vo, yeR.

Dit g(z) = f(z) — 1 thi tir két qua trén, ta d& dang suy ra g 1a ham cong tinh trén R. Ngoai
ra, tif phuong trinh (1), ta cling c6

g(zy) = [g9(2)+1] [g(y)+1] —g(z+y) =1 = g(2)g(y)+9(x)+g(y) —g(z+y) = g(x)g(y)-
Suy ra g cing la ham nhéan tinh trén R. Ham g vura cdng tinh viia nhan tinh trén R va
g(1) = 1 nén g(x) = x v6i moi s6 thuc x. Do d6 f(z) = x + 1 véi moi s6 thuc z. Thi lai,
ta thiy ham nay thda man cic yéu cau bai toan.

Vay céc ham s6 théa man yéu cau la f(z) = 1va f(z) = 2 + 1. O

Bai toan 4 (Bulgaria, 2005). Tim tdt cd cdc ham sé f : R* — R* théa mdn

f(zy)
f(x)

vdi moi s6 thue ., y # 0 sao cho x* +y # 0. (O ddy R* duoc ky hiéu la tdp cdc s6 thue khdc 0.)

F@?+y) = (f(x)" + (1)

Loi giai. Pata = f(1). Thay x = 1 vao phuong trinh (1), ta dugc
1
1) =27+ Vg {0 -1 &)

Tit ddy, ta d& dang tinh dugc f(2) = a® + 1 va f(5) = CFretaa®+l My khic, thay = = 2 va
y = 1 vao phuong trinh (1), talai cé f(5) = (f(?))2 + 1. Do d6

ad+at+ad+a®+1 B

" (a®+1)* +1,

hay
(a® —1)(a*+a+1)>=0.

Suy ra a = 1. Hé thic (2) c¢6 thé dugc viét lai thanh
fy+)=fly)+1, vyg{o -1} (2
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Thay y bsi y+1 v6iy & {0, —1, —a?, —x*>—1} vao phuong trinh (1) va st dung hé thic (2'), ta
duoc
flzy + )

)+ 1= (f@) + =

Ddi chiéu véi chinh phuong trinh (1), ta dugc
flay + ) = flzy) + f(x), Vo, yeR,y g {0, ~1, —2® —2® —1}.
Thay y béi £ vao phuong trinh trén, ta dugc
fla+y) = f(z)+ fly), Yo,y eR' yg{0, —z, —2°, —2° —x}. (3)

Tir day, dé dang suy ra ham f cong tinh trén R*. Mit khdc, thay y = 1 (xét x > 0) vao phuong
trinh (1) va st dung hé thic (2'), ta dudgc f(2?) +1 = f(z2+1) = (f(a:))2 + 1. Suy ra
f(z?) = (f(az:))2 > 0 v6i moi sb thuc > 0. Néi riéng, ta c6 f(z) > 0 v6i moi s6 thuc z > 0.
Do d6, véimoi x >y > 0,tacd f(x) = f(x —y+y) = f(x —y) + f(y) > f(y). Suy ra ham
f cong tinh va ting ngit trén RT. Tu d6, két hop véi f(1) = 1, ta dudc f(z) = z v6i moi sb thuc
x > 0.

Bay gio, trong (3), ta ¢cd dinh x € R* vichony > 0 di16nsao choy + 2 > 0 vay #
{—23, —23 — 2}, ta dé dang tinh dugc f(z) = f(z+y) — f(y) = (r +y) —y = x. Do do
f(z) = x véi moi x € R*. Thi lai, ta thly ham nay théa man cac yéu cau bai toan. O

Trong mot sb tinh hubng, dé ting tinh hiéu qua, thay vi di tim mdi quan hé gitta f(x + 1) va
f(z), ta cé thé di tim mbi quan hé gitta f(x + ¢) va f(x) v6i c 1a hidng sb thuc nao dé.
Bai toan 5. Tim tdt cd cdc ham sé f : N* — N* théa man

@+ fy) =y + (f(2))°, Ve, ye N (1)

Loi gidi. Bata = f(1). Tit phuong trinh (1), ta duge
f(fly)+1)=y+a* VyeN.
Thay y béi f(y) + 1 vao phuong trinh trén, ta dugc
fly+a®+1)=f(y)+a*+1, VyeN-
Tir d6, bang quy nap, ta chiing minh dudc
f(y+n(a2—|—1)) = f(y) +n(a®*+1), Yy, necN- (2)
Bay gio, thay = bdi z + a + 1 vao (1) va sit dung két qua (2) & trén, ta dugc
f@+a®+ 17+ f(y) =y + (f2) +a>+ 1), Vo, ye N,
Mt khéc, cling theo két qua (2), ta c6

fl(@+a®+1)°+ f(y) = f(2®+ fly) +22(a* + 1) + (a® + 1)?)
= f(2*+ f(y)) +22(a® + 1) + (a® + 1)?
=y + (f(2))" +2(a® + 1) + (a> + 1)
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Do do , )
(f(x)" +22(@®+1)+ (@®+1)° = (f(z) +a® +1)", VoeN.

Tur day, ta dé dang suy ra f(x) =  v6i moi s6 nguyén duong . Thi lai, ta thdy ham s6 nay thda
man c4c yéu cau bai todn. O

Bai toan 6. Tim tdt cd cdc ham sé f : RT — RT théa man
2
flaf(x) + f(y) = (f(=)" +y (1)

vdi moi s6 thuc x, y > 0. (é day R dugc ky hiéu la tdp cdc sé thuc duong.)
Loi gidi. Pata = f(1). Tir gid thiét, ta c6

f(fy) +a) =y+a®, Vy>0 (2)
va
f(zf(z)+a) = f*(z)+1, Vz>0. (3)
Tt (2), dé thdy f don anh va f c6 thé nhan moi gid tri trén (a2, +00). Két hgp (2) va (3), ta c6
f(fP()+14a)=f(f(zf(x)+a) +a) =af(z) +a+d®, Vz>0.
T day, két hop véi (2) va (1), ta dudc
FU(FP@) +a+1)+ fly) —a—a®) = f(2) + f(f(y) +a) —a®

Do f%(z) + a + 1 ¢6 th€ nhan moi gid tri trén (a* + a + 1, +00) va f(y) + a ¢6 thé nhan moi
gia tri trén (a® + a, +00) nén tif phuong trinh trén, ta c6

f(f@)+y—2a—a®)=a+ fly)—1—a—a (4)
v6imoi z, y > a* + a + 1. Trong (2), thay y bdi f(y) + a, ta dugc
fly+a+d®)=fly)+a+d®, Vy>0.
Tir d6, bang quy nap, ta chiing minh dudc
fly+n(a+a®) = fly) +nla+a®), Vy>0,neN"

C6 dinh x > a* + a + 1 va y > 0. RS rang ton tai sd nguyén duong n,; sao cho n(a + a?) >
a* + a+ 1. Bay giv, thay y bSi f(y + (m1 + 1)(a+a%) +a= f(y) + (m + 1)(a+d*) +a
vao phuong trinh (4) va st dung két qua (2), ta dudc

f(f@)+ fy) +nila+a®) =z+y+mn(a+d®)+a*—1,

hay
f(f@)+ fy) =z+y+d°—1, Ve>a'+a+1,y>0.

Tiép tuc, cd dinh z, y > 0 va thay 2 bdi = + n;(a + a?) vao phuong trinh trén, ta dugc
F(f@) + fy) +mila+a®) =2 +y+mla+a®)+a® -1,
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hay
F(f@)+fy) =a+y+a*—1, Va,y>0.
T+y

Thay (z, y) boi (%52 ) vao phuong trinh trén va déi chiéu, ta suy ra ham f thoa méan phuong

T2 72
trinh ham Jensen. ta dugc

f<x;y> CEY0)

Va, y > 0. (5)
Phuong trinh (5) dugc goi 1a phuong trinh ham Jensen. V6i mién f : RT — R* thi nghiém cla
phuong trinh ham nay c6 dang f(z) = ma + b véi m, b1a cac hing s thuc khong 4m thda min

m + b > 0. Mot trong céc phuong phéap thong dung dé giai phuong trinh nay 1a thém bién.

V6i moi s6 thuc ., y, 2 > 0, ta co

5 = =

; <x+y+z) @ fly+e) )+ LB o) 4 f(2y) + f(22)
- 2 2 4

Bing cach dao vi tri ctia z va y, ta thu dugc

f2z) —2f(z) = f(2y) —2f(y), Vz,y>0.

Tt d6 suy ra ton tai hiang sb b sao cho f(2z) — 2f(x) = —b v6i moi sb thuc # > 0. Phuong
trinh (5) ¢6 thé dudc viét lai thanh

flx+y)+o=f(x)+ fly), Ve, y>0.

bit g(z) = f(z) — b. Khi d6, dé thdy ham g cong tinh tf RT vao (—b, +0o0). Vi g cong tinh nén
bing quy nap, ta dé dang ching minh dudc

g(nz) =ng(z), Vr>0,neN".

Do g(nz) > —bnéntac g(z) > —2 v6i moi s thuc z > 0 va v6i moi s6 nguyén duong n. Cho
n — 400, ta duge g(z) > 0 véi moi s thuc z > 0. Tit d6, véi moi sb thuc x >y > 0, taco

g(r) =g(x —y+y) =gz —y)+g9y) = gy)

Suy ra ham ¢ khong giam va cong tinh tit Rt vao [0, +00) (ta vita chiing minh g(x) > 0 véi moi
x> 0 & trén). Va vi thé, ta c6 g(z) = ma v6i moi sb thuc = > 0, trong d6 m 13 hing s6 thuc
khong am (do g khong gidm), hay f(z) = ma + b v6i moi s thuc x > 0. Vi f(z) > 0 véi moi
x>0nénmx +b>0v6imoixz >0, tictaphaicob>0vam+b > 0.

Bay gio, thay két qua nay trd lai phuong trinh (1) va dong nhit hé s6, ta dugc f(x) = = v6i moi
2 > 0. Him nay thda min cic yéu cau bai toan. [

Bai toan 7. Tim tdt cd cdc ham sé f : RT — RT théa man
fla+ flay) = fx) + 2 f(y) (1)

vdi moi s thue x, y > 0. (O ddy R duoc ky hiéu la tap cdc sé thic duong.)
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Loi gidi. Pata = f(1). Thay x = 1 vao phuong trinh (1), ta dugc

f(fw)+1) =f(y) +a, Vy>0. (2)

Néi riéng, ta c6 f(1 + a) = 2a. Thay z = 1 + a va thay y béi 7%~ vao phuong trinh (1), ta dugc

f(1+a+f(y)) =2a+ (14a)f (1—}—%)’ Yy > 0.

Mit khac, theo (2), ta lai ¢6
fl+ra+fy)=fA+f(1+f(y)) =a+f(1+f(y)=2a+ f(y).
Do d6

) =(1+a)f (%) w0

Thay i = 1 + a vao phuong trinh trén, ta dugc 2a = a(1 + a). Tt d6 @ = 1 va nhu thé ta c6
fo) =21 (%), wy>o. (3)
Phuong trinh (2) c6 thé dugc viét lai thanh
F(fy)+1)=fly)+1, vy>0.
Tir dy, bang quy nap, ta d& dang ching minh dugc f(n) = n va

f(fly)+n)=fly)+n, Yy>0,neN". (4)

Lan lugt thay y b6i £ va 2 vao phuong trinh (1) v6i chd y 6 két qué (3), ta dugc

f(:c+1):f(:c)+xf<1), Ve > 0

T
va .
flx+2) = f(x)+2zf (;) , Yz >0.
T do6 suy ra

Fa+2)— flz+1) = af @) Ve > 0.

Thay x bdi f () vao phuong trinh trén va st dung két qua (4), ta suy ra

f(ﬁ):ﬁ, Vz > 0.

Thay x béi vao phuong trinh va st dung chinh két qua nay, ta dugc

L
f(=@)

f(f(@)) = f(z), Va>0. ()
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Bay gid, ta sé ching minh him f don 4nh. That vy, gia st ton tai hai sb thuc u > v > 0 sao cho
f(u) = f(v). Thay y bdi % va £ vao phuong trinh (1) roi dbi chiéu céc két qué v6i nhau, ta dugc

1)) v

Tir d6 suy ra f(z) = f(ka) v6i moi s0 thuc z > 0, trong d6 k = * > 1. Thay y bdi £ vao
phuong trinh (1) va st dung két qua nay, ta dugc

flx+ fly) = flx) +xf (%) = f(kx) +xf (%)

Thay © = % vao phuong trinh trén, ta dugc % f <%> = 0, mau thuan. Vay f don anh.

Tu day, két hop véi két qua (5), ta suy ra f(x) = x v6i moi s6 thuc x > 0. Th lai, ta thdy ham
nay théa man cc yéu cau bai todn. [

Bai toan 8 (VMO, 2017). Tim tdt cd cdc ham sé f : R — R thda man hé thiic
fefy) = f(2) = 2f(x) + 2y (1)

Vi moi s6 thie ., .

L&i gidi. Thay = 1 vao phuong trinh (1), ta dugc

f(fly) = fF(1) =y +2f(1), VyeR. (2)

Tt day c6 thé thAy ham f 12 mot song dnh. Do d6, ton tai duy nhit s6 thuc a d€ f(a) = 0. Thay
x = a vao phuong trinh (1), ta dugc

flaf(y)) =ay, VyeR (3)
Trong phuong trinh (3), cho y = 0, ta duge f(af(0)) =0 = f(a). Tkt d6, do f don dnh nén ta
c6af(0) =a.Suyraa = 0hoac f(0) = 1.

Xét trudng hop a = 0, tic f(0) = 0. Thay y = 0 vao phuong trinh (1), ta dude f(—f(z)) =
2f(x). Do f toan anh nén ta c6 f(x) = —2z v6i moi x € R. Tuy nhién, khi thi lai, ham nay
khong thda man phuong trinh (1). Do dé a # 0, suy ra f(0) = 1.

Thay = = 0 vao phuong trinh (1), ta dugc f(—1) = 2. Thay y = a vao (3), ta dugc a® = f(0) =
I,suyraa = 1(do f(—1) = 2), tiic f(1) = 0. T d6, phuong trinh (2) c6 thé viét lai dusi dang

f(fw) =y, YyeR. (2)

Bay gio, 1an ludt thay y béi f(y) va thay z bdi f(z) vao phuong trinh (1), két hop véi (2), ta
thu dudc cac két qua sau

flzy — f(z)) =2f(x) +2f(y), Vr,yeR (3)

F(f@)fly) —2) =2z +yf(x), Yo, yecR (4)
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Thay x = —1 vao hai phuong trinh (3) va (4), ta dugc

flcy=2)=4-fly)= fly—2)+ f(-y) =4 VyeR (5)
b F@Rfy)+1)=—24+2y= f(2y—2)=2f(y) +1, VyeR (6)
Thay y = 0 vao phuong trinh (3), ta dudc
F(fz)—2) =22 = fx) —2 = f(22), VzeR (7)
Thay y = 1 vao phuong trinh (1), ta dudc
f(=f(@) =2f(x) +z = f(-z) =2z + f(z), VzeR (8)

Két hgp hai két qua (5) va (8), ta dugc
4—flr—2)=2z+ f(x)= f(z)+ f(x —2) =4 -2z, VzeR. (9)
Két hgp hai két qua (6) va (7), ta dugc
f2z)=f(zx)—x=2f(z+1)+1=2f(x) +x=f(z—1), VezelR
Thay két qua nay vao phuong trinh (9), ta dugc
4-2z=f(z)+2f(x—1)+ax—1=flz)+2[2f(z) +z] + 2 —1=5f(z) + 3z — 1.

Tu d6 suy ra f(x) = —x + 1 v6i z € R. Th lai, ta thAy ham nay théa man cic yéu cau bai
toan. [

Bai toan 9. Tim tdt cd cdc ham sé f : R — R théa mdn

1 1

Fatan+ 1) = |f@)+ 5| [f0+ 3], vover 0

Loi giai. Gid st f(—1) # —3. Khi do, thay y = —1 vao phuong trinh (1), ta dugc

1 1
F-0) = [0+ 5] [en 5] veer @)
Suy ra f 1a ham hing, tic f(z) = c v6i moi sd thuc z, trong d6 ¢ 1a hing s6 thuc. Tuy nhién,
khi thi lai, ham nay khong théa man yéu cau bai todn. Do d6 f(—1) = —3. Tt (2), ta suy ra
F(-1)=o

Thay y = —1 va = 0 vao phuong trinh (1), ta duge f(0) = 1 [f(0) + 1] . Tw d6 f(0) = 4.
Thay y = 0 vao phuong trinh (1), ta dudc

f(:c+%)=f(x)+%, vz € R. 3)
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Gié sit ton tai sO thuc a # —3 sao cho f(a) = 0. T (3), tasuy ra f (a — 3) = —3. Thay

y = a — 3 vao phuong trinh (1), ta dugc

f((a—i—%)x—%)zo, Ve € R.

Vi (a + %) xr — % 12 ham bac nhéit theo 2 nén c6 thé nhan moi gid tri trén R. Do do, tit két qué
trén, ta suy ra f(z) = 0 v6i moi z € R, mu thudn vi f(—1) = —3. Do d6, f(x) = 0 khi va chi
khi x = —%.
Bay gid, thay x = —1 vao phuong trinh (1), ta dugc

flfy)—y—1] =0, VyeR.

Két hop véi két qua trén, ta du?(}\c fly) = y+ % v6i moi y € R. Thi lai, ta thAy ham sb
f(x) = x + } thoa man cdc yéu cau bai toan. O

Bai toan 10. Tim tdt cd cdc ham sé f : R — R théa man

f@)f(yf(z) —2) =2 f(y) = 2f(z), Va,y€eR. (1)

Loi gidi. RO rang f(z) = 0 1a mdt nghiém cta phuong trinh da cho. Xét truong hgp f(z) Z 0.
Thay © = 3y = /2 vao phucng trinh (1), ta dugc

r(v2) £(var (v2) -2) =o. (2)
Gia st ton tai s6 thuc a # 0 sao cho f(a) = 0. Thay * = a vao phuong trinh (1), ta dugc

a’f(y) = 0 v6i moi sb thuc y. Ta d6 f(y) = 0 v6i moi sb thuc y, mau thuin. Do do, ta phéi c6
f(z) # 0 v6i moi sb thuc x # 0. Kéthop véi (2), tasuy ra f(0) = 0 va f (V2) = V2.

Bay gid, thay z = /2 vao phuong trinh (1), ta dudc
f(Vay—2) =v2iy) -2, WyeRr (3)
Thay y = /2 vao phuong trinh (1) va st dung két qua trén, ta dudc
f@)f(f(x)) =2 Va,yeR. (4)
Thay « bdi v/2f(2) — 2 vao phuong trinh trén va sit dung két qua (3), ta dudc
Var() - 2] [Var(f@) -2 = (Var - 2)2, Vr € R,

Két hop véi (4), ta dugc
f(z)+ f(f(ac)) =2zx, VzrelR. (5)

Tu (4) va (5), tasuy ra f(z) = f(f(z)) = z v6i moi s6 thuc z. Thit lai, ta thdy ham b f(z) =
thda man cic yéu cau bai toan.

Vay cdc ham s6 théa man yéu cau la f(x) = 0 va f(z) = z. O
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Bai toan 11 (Iran, 2010). Tim tdt cd cdc ham s6 f : Rsg — Rsq thda man

o+ 2 =20 @)+ 1) 0

vdi moi s6 thue khéng am x, y. (O ddy Rsq duoc ky hiéu la tdp cdc sé thuc khong am.)

Loi gidi. Trude hét, ta sé chiing minh ham f don anh. That vay, gid s ton tai hai s6 khong am a,
b véia > bsao cho f(a) = f(b). Khi do, tu (1), ta c

P ) =20 s+ 1 (10)

va

P ) =2 10+ 170,

f<y+%f<“)) =f<y+b+—g(a))+2(a—b), Yy > 0.

Suy ra

Tu day, ta c6
fly+ec)=fly) +4c
b+f(a)

v6i moi y > % trong d6 ¢ = %52 > 0. Va nhu thé, bang quy nap, ta ching minh dugc

fly +nc) = f(y) +dnc
b+f(a)

v6i moi y > —5* vamoi n € N. Bay gio, thay x bdi 2 + 2¢ vao (1) vaxétz, y > %@, ta
duoc
x+ f(x
f <y+#+56) =2z — f(z) —4c+ f(f(v)),
hay
x4+ f(x
f (y—l— %) +20c = 2x — f(x) —4c+f(f(y)).
Dbi chiéu vé6i phuong trinh (1), ta duge 20c = —4c, mau thudn. Vay ham f don anh.
bit d = f(0). Thay x = d va y = 0 vao phuong trinh (1), ta dugc
d+ f(d
f(L10) 0
Thay 2 = 0 vao phuong trinh (1), ta dugc
d
fly+35) =) —d vy=0 (2)
Do d6, phuong trinh (1) c6 thé dudgc viét lai thanh
+ d
f(erij’(x)) :2x—f(ac)+d+f(y+§), Va,y > 0.
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Thay x = g va y = 0 vao phuong trinh nay, ta dugc
d d
a4 f a
f (27(2)) = 2d. (3)

Tir (1) va (3), v6i chd ¥ f 1a ham don dnh, ta suy ra ¢ + f(d) = ¢ + f (%) . Mit khic, tit (2), ta
cing ¢6 f () = f(d) —d. Do dé6 £ + f(d) = f(d) — d, hay d = 0.

Vi d = 0 nén phuong trinh (2) ¢ th€ dugc viét lai thanh f(y) = f(f(y)) véi moiy > 0. Do f
don anh nén tir day, ta suy ra f(y) = y véi moi y > 0. Th lai, ta thAy ham s6 f(z) = x thoa
min c4c yéu cu cia bai toan. O

Bai toan 12 (IMO Shortlist, 2012). Tim tdt cd cdc ham s6 f : R — R théa man f(—1) # 0 va

f(l+ay) — flz+y) = f(2)fly), Yr,yeR (1)

Loi gidi. bat f(—1) = m. Thay = y = 1 vao phuong trinh (1), ta dugc f(1) = 0. Thay
y = —1 vathay = bdi z + 1 vao phuong trinh (1), ta dugc

f(—z) = f(z) +mf(x +1), VaxeR. (2)
Bay gio, thay 3 bdi —y vao phuong trinh (1) va st dung két qua trén, ta dugc

f(l—ay) = f(x)f(—y) + flx —y) = f(@) f(y) + mf(z)f(y+ 1)+ f(x —y)
= f@)f(y) +mf(l+x+2y) —mf(l+z+y)+ flz—y),

hay
fA—ay) = f@)fy) +mf(l+z+y)=mf(l+z+ay)+ flz—y), Vs, yeR (3)
Ddo vi tri clia = va y trong (3) roi ddi chiéu két qua thu dudgc véi (3), ta dudc
mf(l+x+azy)+ flz—y)=mf(l+y+azy) + fly—x), Vr,yeR
Tur day, két hop véi két qua (2), ta dudgc
m[f(l+z+ay) = fA+y+ay)] =fly—2)— fle—y) =mflz -y +1),

hay
fl+z+zy)=f1+y+ay)+ flr—y+1), Ve, yeR.

Thay y bdi y — 1 vao phuong trinh trén, ta dudc
f+ay)=fly—r+ay)+flz—y+2), VYor,yeR (4)

Chu y rang véi moi sd thuc a > 0 va v6i moi s6 thuc b, luon ton tai hai sé thuc z, y sao cho
xy = avazx —y = b. Do do, tit phuong trinh (4), ta suy ra

FA+b)=f(b—a)+ fla+2), Va>0beR. (5)
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Tir (2), biang cach cho z =1, ta dugc f(2) = 1. Tit d6, biang cach thay a =0 vao phuong trinh (5), ta
dudc
Fo+1)=f)+1, Wb>0. (6)

Bay gid, trong phuong trinh (5), xét a > 0 va st dung két qua trén, ta dugc
1+ f(b)=f(1+b)=fb—a)+ fla+2)=f(b—a)+ fla+1)+1=f(b—a)+ f(a)+2,

hay
f(b)=f(b—a)+ f(a)+1, Va,b>=0.

Tur d6 suy ra
9(b) = g(b—a) +g(a), Va,b>0, (7)

trong d6 g(z) = f(x) + 1. Thay b bdi b + a vao phuong trinh (7), ta suy ra ham g cong tinh trén
[0, +00). Bay gio, xét z, y > 0, tit phuong trinh (1), ta co

L+g(ry) —glz+y) =1+ flzy) — flx+y) = (L +zy) — f(z+y) = f(x)f(y)
= [g(z) — 1] [9(y) — 1] = g9(2)g(y) — g(z) — g(y) + 1
=g(x)g(y) —g(x +y) + 1.

T d6 suy ra g(xy) = g(x)g(y) v6i moi z, y > 0. Nhu vdy, ham ¢ vita cong tinh vita cdng tinh
trén mién [0, +o0). Két hop véi g(1) = f(1) + 1 = 1, ta dugc g(z) = = v6i moi sb thyc z > 0.
Tur day, két hop véi (7), ta dudc g(b — a) = b — a véi moi s6 thuc a, b > 0. Vi biéu thic b — a ¢
thé nhan moi gid tri trén R nén ti day, ta suy ra g(z) = x v6i moi 6 thuc x. Tu d6 f(x) =z — 1
v6i moi s thuc . Thit ai, ta thdy ham nay théa man cac yéu cu bai toan. O

Bai toan 1 (KHTN, 2013). Tim tdt cd cdc ham sé f : R — R théa man
fa+y)+ f(@0)fy) = f@) + fy) + flzy) + 22y, Ve, y €R.
Bai toan 2 (MEMO, 2010). Tim tdt cd cdc ham s6 f : R — R théa man
flet+y) + f(@)fly) = flay) + g+ Df(@) + (@ +Df(@Y), zyeR
Bai toan 3 (KHTN, 2010). Tim tdt cd cdc ham sé f : RT — R théa man

3 _ )2 f(zy)
flz +y)_<f( )) + f(z)

vdi moi s6 thue x, iy > 0. (O day RT duoc ky hiéu la tdp cdc s6 thic duong.)

Bai toan 4. Tim tdt cd cdc ham sé f : RT — RT théa man
2
f@*+ ) =y+ (f(2))

vdi moi s thue x, y > 0. (O ddy R duoc ky hiéu la tap cdc sé thic duong.)
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Bai toan 5. Tim tdt cd cdc ham sé f : RT — RT théa man
F(@ +y+ f) =29+ (f(2))°
vdi moi s6 thuc x, y > 0. (0 day R* duoc ky hiéu la tdp cdc s6 thuc duong.)
Bai toan 6. Tim tdt cd cdc ham sé f : R — R théa man
f@)f(yf(x) = 1) =2*f(y) - f(z), Va,yeR.
Bai toan 7 (IMO Shortlist, 2009). Tim tdt cd cdc ham sé f : R — R théa man
flaf(z+y)) = fyf(2)) +2° Vo, yeR.
Bai toan 8 (IMO, 2015). Tim tdt cd cdc ham s6 f : R — R théa man

flz+ flz+y) + flay) =z + f(z+y) +yf(z), Vo, yeR
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SANG TAO QUA CAC PANG THUC VECTOR

Dau Thanh Ky
(GV THPT Huynh Thuc Khang, Nghé An)

TOM TAT

Trong qua trinh day hoc, néu gido vién thudng xuyén quan tim dén viéc huéng dan hoc
sinh cach hoc, cdch khai thic sich gido khoa va khuyén khich cdc em dé xuit bai todn
mdi, day hoc nhu vdy chic chin sé gép phan bdi dudng ning luc tu hoc, hing thi, kha
ning tu tim toi kién thic cho hoc sinh va dic biét Ia phat trién dudc tu duy hoc sinh. Noi
dung sang kién kinh nghiém dé cap dén viéc khai thac va sang tao cdc bai todn mdi tir
khdi niém va bai tap todn trong sach gido khoa, sach bai tap thong qua vi du cu thé. Tong
quan vé dé tai gom : Thi nhét 13 khai thac khai niém tich v6 huéng. Khai niém tich vo
huéng c6 nhiéu ing dung, di cé mot s bai viét lién quan trén bdo todn hoc va tudi tré
nhu: “Ung dung tich vo huéng vao viéc giai mot sb bai todn dai s&” ciia tic gia Pham Bao
hay “Ung dung tich v6 hudng d€ gidi mot sb dang toan” clia tac gia Tran Tudn Diép, DS
Manh Mo6n. V& vén dé khai thac va sang tao bai todn bat dang thic, cuc tri tif khai niém
tich v huéng chua dugc tac gia nao nghién ciu. Thit hai, 12 huéng khai thac bai 73 trang
64, SBT hinh hoc 11 nang cao.

Xét tinh hudng khai niém tich vd huéng (Sach gido khoa hinh hoc 10).

Trudc tién xin nhac lai khdi niém tich vo hudng ctia hai vector.
S TN A A Lirea s = T L. o
avabla mot so0, ki hiéu la a.b, dudc xac dinh béi

cos (7, ?) .

Tich v6 hudng cua hai vector

T = |7|-|7

N — - . , £ 5
Tu )cos ( a,b )‘ < 1 tarut ra dudc cac ket qua sau
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Bai todn 1. 1. Cho n diém A As... A, va n sé duong oy, s, ..., 0,.0 la diém thod mdn

n _> _> 2 2 2
> a;0A; = 0 khi do vdi moi diém M ta cé bat dang thiic

i=1 i=1 i=1

Ddu bdng xdy ra khi va chi khi M triing vdi O.

n
. 0 . % g . =g
2. Cho n diém A, As... A, va n so duong oy, s, ..., «,.0 la diém thod man el = 0

=1
khi d6 véi moi diém M ta cé bdt ddng thiic

i=1 =1

—_— < N
(trong dé ¢! cing hudng véi O A; va |E>| =1, i=1,2,... ) Dau bang xdy ra khi va chi khi
M= 0.

Chuing minh. 1) Ta co

2

WOAMA, > 04 MAYi =T =Y 00AMA; 2 Y 0,04 MA,
=1

=1

n n N y N n H n n
&Y a0AMA > Y 0,04, (MO n OAi) = MO 0A+Y 0,042 =Y 0,042
=1 i=1 =1 =1 i=1
Ap dung bit dang thiic Cauchy ta cé

=1 =1 i=1 =1 i=1
n n
=Y @ MA} > 0;0AMA,
=1 =1

Tir hai diéu trén, ta suy ra diéu phai ching minh.

2) Tacod

Z o, MA; = Z
=1 =1 =1 =1

MA OA — MOZ Qi O—AZJan:aiOAi

=1

Bai toan dudc giai quyét. O
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A~ 2 A *A .2 <A n —> s A ’ N , P A
Trong hé qua 1, xuat hién gia thiet > o;OA; = 0 do d6 dé sang tao bai toan mdi ta ket hgp
i=1
véi cac dang thifc vector

—
Bai toan 2. G la trong tdm tam gidc ABC ta co GA + C@ + @ = 6> nén ta co
MA* + MB*+ MC? > MA.GA+ MB.GB+ MC.GC > GA® + GB*> + GC?

Vi GA = 2m,, GB = 2m,, GC = 2m,.nén

4
GA* + GB*+ GC? = — (m2+mj + m?) =

9 (a2 + b+ 02)

Wl

Suy ra véi moi diém M ta c6

1
Mg MA+my.MB +m.MC > 3 (a2 + b+ 62)

3(MA®> + MB* + MC?) > a® +b* + ¢

3(MA® + MB? + MC?) > 2(mg.MA +my. MB + m.MC)

bac biét hoa:

e Vi M =0Otacd
OA?+0OB*>+0C? > OA.GA+ OB.GB + OC.GC > GA? + GB? + GC*.

Mit khéc ta c6 OA = OB = OC = R, tacé R(GA+ GB + GC) < 3R? hay m, +
my +m. < 2R, suy ra

1 . 1 i 1 S 2

m, my, m. R

R(GA+GB+ GC) > GA* + GB* + GC?
hay

3R* > GA? + GB? + GC? hay m2 + m} + m

o N

<ER? IR*>a® + 1?42
e V6i M = Itaco
IAGA+IB.GB+ IC.GC > GA*> + GB* + GC”.

sin

Mitkhic [A = —r, [B = '3, IC' = —" dodé tac6
2 2 2

My me M a’? + b? + 2
— —F t—— 2 .
sing  sing  siny 2r
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Bai toan 3. Cho tam gidc ABC ngoai tiép dwong tron tam I, goi el i=1,2,3lavéc to don
vi twong iing cung hudng vdi vector IA, 1B, IC. Chitng minh rang

A B
cos—e_1>—|—cos—e_2>4—cos—e_3>:6>
2 2 2
cosé_> cosE cosQ A 2 P
Suyra —2 1A+ H;I@—i— ICQI?:ﬁTathudu?chétdangthuc
A B C
cosa.(MA—[A)+cos§.(MB—IB)+cos§.(MC’—IC’)20
Mat khac
A B C b
COSE.IA—i—cos?.[B—i—cosE.IC’:AE—{—BF—{—C’Dz%

(Véi D, E, F 1a c4c tiép diém ctia dudng tron ndi tiép tam gidc ABC vé6i cac canh BC, C A, AB).

Do dé A B C b
cos E'MA + cos E'MB 4 cos E.MC > atote

v6i moi di€ém M. Tong quat

Bai toan 4. Cho da gidc 16i A1 As...An(n > 3) ngoai tiép duong tron tam J. Chitng minh rdang
véi diém M bt ky thi

ZCOS?. (mA; — JA;) >0

i=1

(Dé cua tdc gid dd duoc dang trén bdo TH & TT, bai T8/389 thdng 11/2009)

Bai toan 5. Cho tam gidc ABC vuéng tai A cé I la trung diém cia duong cao AH. Chiing
minh rang R R
TA + 16 + 210 = 0

Ta thu dugc bét dang thiic
a? TA(MA—TA)+b*IB(MB —IB) +.1C (MC —IC) >0
Hay
(MA—TA).IAsin?A. + (MB — IB) .IBsin’B + (MC — IC) .ICsin*C > 0
v6i moi diém M.
Gia thiét thém tam gidc can canh z thi JA = Y22 [ B = Y102 5 dugc bai todn:
Bai toan 6. Cho tam gidc ABC vuodng cdn tai A. Xdc dinh diém M sao cho
2V2M A + V10 (M B + MC)

dat gid tri nhé nhat.
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Bai toan 7. Cho tam gidc ABC vdi cdc canh AB = ¢, BC = a,CA = b. Xét T la diém bt ky
nam trong tam gidc,ddt Stpc==Sq; STac=5Sy; STAp=S.. Chitng minh rdang

—
S. TA+S, TB+S.TC=10 .
Khi T trung véi :

) —

* [ la tdm dudng tron ndi tiep tam giac ABC ta c6 alA + b[? + c]? = 6> nén ta co
aM A% + DM B? +cMC? > aMA.IA+bMB.IB + cMC.IC > al A* + bI B% + cIC?
Mt khéac al A? + bI B? + cIC? = abc nén cho M = O ta c6

aOA* +bOB? + cOC? > aOA.IA +bOB.IB + cOC.IC > abc.

Két hop véi cong thiic

r r r abe
IA=——, IB=——=, IC=——, S=— =pr.
Siné sing sin% 4R pr
Ta co
(a+b+c)R>alA+bIB+cIC
< (sinA+sinB+sinC)R > sin A JA+sin BB +sinC.IC
& (sinA+sin B+sinC)R > sin A.JA+sin B.IB +sinC.IC
sinA+sinB +sinC 2r
A B C 2 E
COs 5 + CoS 5 + Ccos 5
Ta cling c6
abe a b c
alA+bIB+clIC > — & alA+bIB+cIC > 4S & —+—5+—¢ = 4p.
R sing  sing  sing

+ O 1a tAm dudng tron ngoai tiép tam gidac ABC ta c6
—
sin2A.0A + sin QB.@ + sin QC.O? = ﬁ

V6i ABC' 1a tam giac nhon thi sin2A > 0,sin 2B > 0,sin 2C > 0. Tacé

sin2A.MA.OA + sin 2B.M B.OB + sin 2C.MC.OC > sin 2A.0A? + sin 2B.0OB? + sin 2C.0C?
& sin2A.MA +sin2B.MB +sin2C.MC > R (sin2A + sin 2B + sin 2C')

Ap dung dinh 1y ham s sin, cosin va dang thifc
sin2A + sin 2B + sin 2C' = 4sin Asin Bsin C

ta dudc bai toan
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Bai toan 8. Cho tam gidc ABC nhon , noi tiép dwong tron bdn kinh bang 1 va BC' =
a, AC = b, AB = ¢, véi moi M ndm trong mdit phdng tam gidc thi

a’ (b2 42— &2) MA + b (02 +a®— b2) MB + ¢ (a2 + b — 02) MC > abv*c?
(Bai 185, trang 49, Tuyén tdp 200 bai thi vé dich todn)

e H la tryc tdm tam giac ta co
—
tan A.HA + tan B.ﬁg + tan C’.ﬁg = ﬁ
nén
tan A.M A? + tan B.M B? + tan C.M C?
>tanAMAHA+tanBMB.HB +tanC.MC.HC
> HA®> + HB* + HC?.
Miit khic, néu tam gidc ABC nhon, goi A’, B’, C" 1an lugt 1a chan dudng caoha tit A, B, C.
Xét tam giac HA'C vuodng tai A’ ta co
CA CA"  AC.cosC

HC = =

= =2 t HC =
simCHA' sinB sin B FeosC = tanC HC = ¢

tuong tutaco tan A.HA = a, tan B.HB = b Suy ra

tanA.M A%+tan B.M B*+tan C.MC? > a.MA+b.M B.+cMC > HA*+HB*+HC?.

Bai toan 9. Cho tam gidc ABC vdi cdc canh AB=c, BC=a, CA=b. T la diém bdt ky nam trong
tam gidc. Goi D, E, F ldn luot la hinh chiéu T 1én canh BC,CA, AB. B¢t Stpc==S5a; Stac=5Ss; STAB=S..

Chitng minh rang
452

2 2 2
h1+h2+h32m.

Goi x, v, z 1an luct 1a khoang cach ti 7' 1én BC, C A, AB. Ta dic biét héa bai todn nhu sau

 Tam giac ABC déu ta dugc yzﬁ + zx.ﬁ + :L‘y.ﬁ = 6> nén

yzMD?* + zaME?* + 22MF? > y2zMD.TD + 2aME.TE + zyMF.TF
> y2TD? + 22TE? 4+ xyTF?
hay
MD?* ME?* MF?
+ +

T Y z

>MD+ ME+MF >x+y+ 2.
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o T trung véi trong tAm G ctia A ABC, ta dudc két qua aQ.Cﬁ—FbQ.Cﬁ%—CQ.Cﬁ:ﬁ
a*MD? + *ME®? + *MF? > a*MD.GD + VY "ME.GE + MF.GF
> a’GD* + VGE? + *GF?
Miit khic 3GD = hy, 3GE = hy, 3GF = h, do d6

(aMD)*+(bME)*+(cM

= (jon) + (3) (% )

hay (aMD)* + (bME)? + (cMF)? 38 vaa.MD +bME + C.MF > 28

( *he M D+b*hy M E+c*h.MF)

o T tring v6i O tAm dudng tron ngoai tiép A ABC thi
tanA.O?+tanB.O?+tanC’.O?:_>

nén ta co
tanA.M D? + tan B.M E? + tan C.M F?
> tanA.MD.OD + tanB.ME.OF + tanC.MF.OF
> tanA.OD? + tanB.OE? + tanC.OF*
Suy ra

tanA.M D? + tan B.ME* + tan C.MF? > R? (tanA + tanB + tanC)
va
tanA.MD + tanB.ME + tanC.MF > R (tanA + tanB + tanC) .
Mat khac
tanA + tanB + tanC = tanA.tanB.tanC
nén néu tam gidc ABC nhon thi
M D? ME? MF? 9
+ + >R
tan B.tanC  tanC.tan A tan A.tan B

va
MD ME MF

>R
tan B. tan C' + tanC.tan A + tan A.tan B —

v6i moi diém M.
o T tring v6i I tAm dudng tron nodi tiép tam giac ABC ta c6
am + bfﬁ + c]vl? = 6)
nén
aMD?* +bME?*+cMF? > aMD.ID+bME.IE+cMF.IF > alD?+ bl E* 4 cI F2
Mit khic ID = IE = IF = r nén
aMD? +bME* + ¢cMF? > r(aMD +bME + cMF)

va
aMD? + bME? + ¢cMF? > 3r2.
aMD +bMFE + cMF > 3r.
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Tir cac két qua trén ta c6 thé dé xuét bai ton cuc tri sau

Bai toan 10. Cho tam gidc ABC vdi cdc canh AB = ¢, BC = a,CA = b, xét M la diém bdt ki
trong tam gidc. Tim gid tri nhé nhdt ciia

MA® + MB*+ MC?

mgMA +myMB + m.MC

aM A* + bM B? + ¢cMC*?

aMAIA+bMB.IB+cMC.IC

sin 2A.M A? + sin 2B.M B* + sin 2C.M C*?

sin2A.MA 4+ sin2B.MB + sin2C.MC.

Thém gi4 thiét tam giac ABC nhon thi ta dudc bai todn sau

Bai toan 11.
G = tanA.M A? + tan B.M B? + tan C.M C?
H=aMA+bMB.+cMC

Ta cting c6 bai toan sau

Bai toan 12. Vi D, E, F lan luot la hinh chiéu M 1én canh BC,CA, AB va z,y, z lan luot la
khodng cdch tuT lén BC,C A, AB
MD? ME? MF?
T + Y + Z
L=MD+ME+ MF
M =a*MD? + *ME? + *MF?
N = tanA.M D*+tanB.M E*+tanC .M F?
P=tanAMD +tanB.MFE + tanC.MF
Q = aMD?*+ bME? + cMF?
I =aMD+bME +cMF

K =

Thém gia thiét tam gidc ABC nhon thi ta dugc

Bai todn 13.
M D? M E? M F?
R= + -
tan B.tan(C'  tanC.tanA tanA.tan B
MD ME MF

B tan B. tan C' + tan C. tan A + tan A.tan B

—
Bai toan 14. Vi G la trong tdm tit dién ABCD ta co GA + G@ + (ﬁ + @ = ﬁ Ta thu
dugc bdt ddng thiic

MA?> + MB?>+ MC?+ MD?> MA.GA+ MB.GB + MC.GC + MD.GD
> GA%2 4+ GB? + GC? + GD?
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Véi tii dién ABC'D gan déu v6i a, b, ¢ 1a d6 dai cac cip canh d6i dién thi trong tAm G trung véi
tAm mit cau ngoai tiép tf dién. Khi d6 ta c6

V2@ T2+ 3)
1

GA=GB=GC=GD=R=

Do dé

2 2 b2 2
MA? + MB?+ MC? + MD? > V2(a® + 07 + )

(MA+MB+ MC + MD)

va

MA+ MB+ MC + MD > /2 (a% 4 b2 + c2).
Ta dudc bai toan

Bai toan 15. Cho tit dién gan déu ABCD co téng binh phwong cdc canh bang 16. Chiing minh
rang vdi moi diém M ta co

MA? + MB*>+ MC?+ MD?> MA+ MB+ MC+ MD > 4

Bai toan 16. Cho tit dién ABCD, O la mét diém bdt ky trong tit dién. Dt Vy = Vopep: Ve =
Voaco, Ve = Voapp; Vo = Voapp. Chiing minh rdng

Vo .OA + V.08 + VC.07 LV, 0D =0

Ta thu dudc cic bt dang thiic

VA.OA(MA = OA)+V5.0B (MB — OB) +Ve.0C (MC — OC) +Vp.OD (MD — OD) > 0
VAMA(MA — OA)+Vy.MB (MB — OB) +Vo.MC (MC — OC) +Vp.MD (MD — OD) > 0

Bai toan 17. Cho tit dién ABCD c6 O la mét diém bdt ky trong tit dién. Goi Ay, By, Cy, Dy
lan lugt la hinh chiéu ciia O lén mdt phing (BCD); (ACD); (ABD); (ABC). Pdt S, =
Spop; S = Sacp; So = Sapp; Sp = Sapc Va = Vosep; Ve = Voaco; Ve = Voasp; Vo =
Voapp Chitng minh rang

82

2
BOBl n SCO(J1 55D - 1.

[ p—
PAOAT + °DOD; =
2O + oD,

Ta thu dudc cic bt dang thiic

5 OA(MA - OA)+SB OB (MB — OB)+SC OC (MC — oc>+SD OD(MD —OD) >
Va Vs Vo D

54 MA(MA - OA)+S—MB(MB OB)+S— MC (MC — OC)+S—MD(MD OD) >
Va Vi Ve Vb
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n
A 2 A I 2 < A - . Rz . . A ~ N 2
Trong hé qua xuat hién gia thiét > a;ef = 0 nén dé sang tao bai toan ta xuat phat tu dang
i=1
thic trén.

Tir dang thiic . .
@%—ﬁ#—CA: 0 < cej + aes +beg = 0

4. < . N .. 4 — . . X A .
véi e_f, e_2>, &4 1a céc vector don vi cung hudéng véi zﬁ, B? ,C'A. Khi d6 ta dé xuat dugc bai
toan

Bai toan 18. Cho tam gidc ABC ¢é O la diém bdt ky trong tam gidc. Qua O ké duong thing
song song vdi AB, BC, CA cdt BC,CA, AB tai Al, B1,C1. Chitng minh rang véi moi diém M
ta co

CMA1 + (lMBl + bMCl Z COA1 + (lOBl + bOCl
Tong quat

Bai toan 19. Cho O la diém bdt ky nam da gidc 16i A1 As...Apy(n > 3). Qua O ké cdc duong
thing song song voi A;A; i1, 1 = 1,n (xem Ai+1=Al) tuong ting cdt cdc canh A; 1 Aq» tai Bi.
Chiing minh rang

> AjAi (MB;— OB;) > 0.
=1

(G la trong tam tam giac ABC khi va chi khi
GA+GEB+GC =T & meel +mye +mee} = 0

v6i €1, &, & 1a cic vector don vi cing hudng véi GA, GB, GC. Ta duge bai todn

Bai toan ?0. Cho tam gidc ABC vdi G la trong tam. Qua diém O bdt ky ndm trong tam gidc ké

duong thang song song voi GA, GB, GC twong ung cat C A, AB, BC tai cdc diém Al, B1,C1.

Chitng minh rdng :

mg (MAl - OAl) -+ my (MBl — OBl) + me (MCl - 001) 2 0.
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Cho da gidc 161 A1 Ay... A, (n > 3),€!, i = 1,n la cac vector don vi huéng ra ngoai da gidc va
tuong ung vudng goc v6i A; A1 (xem A, = A;). Ching minh ring
%
A Asel + AsAses + ...+ A Ave, = 0.
Ta dugc bai toan
B3i to4n 21. Cho da gidc I6i A1 As... A, (n > 3), e, i = 1,n, O la diém bdt ky ndm trong da
gidc. Goi B; la hinh chiéu diém O lén A; A, Chitng minh rang véi moi diém M ta coé

> AjAiy (MB;— OB;) > 0
i=1

Cho tam giac ABC va cic diém A’, B’, C’ 1an lugt thudc cac canh BC, C'A, AB va thod man

AB:AC=BC:BA=CA:C'B=k

thi AA'+ BB'+ CC' = 6> Ta thu dudc bai toan

Bai toan 22. Cho tam gidc ABC, cdc diém A', B', C" ldan lugt thudc cdc canh BC,CA, AB va
thod man

AB:AC=BC:BA=C'A:C'B=k
vdi k la sé thuc duong cho trudc. Qua diém O bdt ky ndm trong tam gidc ké cdc dwong thdng
song song vdi AA', BB', CC" twong iing cit BC,CA, AB tai Ay, By, Cy Chitng minh rang vdi
moi diém M ta co

AA/ (mAl—OAl) —FBBI (mBl—OBl) +CCI (mC’l—OC’l) 2 0.

Bai todn 23. Vi D,E,F ldn luot la tiép diém ciia canh BC,CA,AB vdi duong tron néi tiép tam
gidc ABC thi aAD + bBE + cCF = 0.

Ta dudc bai toan

Bai todn 24. Cho D, E, F lan luogt la tiép diém cua canh BC, CA, AB vdi dudng tron ndi tam
gidc ABC, Qua diém O bdt ky ndm trong tam gidc ké cdc dwong thing song song vdi AD,
BE, CF tuong ung cdt BC, CA, AB tai A, B, C’. Chung minh rc?ng véi moi diém M ta co
a.AD (MA'—OA+b.BE (MB'—OB+c.CF (MG-0OC") >0
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Cho N la diém bét ki nam trong tam gidc ABC. DétﬁV\C’ = q, ONA = B, ANB = Y,
= o0 e 1a cé N p Pt ‘g ‘8 ., . Y
1, €3, e3 la cac vector don vi cung huéng v6i NA, N B, NC'. Chiing minh rang

Sanz.6_1> + Sln,é’.e_g> + sm’ye_3> =0.
Ta dé xuét dudc bai toan

Bai toan 25. Cho tam gidc ABC; va N la diém trong tam gidc, dct BNC = a, CNA =
B, ANB = ~. Chitng minh rang véi moi diém M ta cé

MAsina+ MBsin+ MCsiny > NAsina+ NBsin f + NC'sin 7.
bac biét hoa
« Khi BNC = 120°, CNA = 90°, ANB = 150° ta dugc bai todn Cho tam gidc ABC
nhon. Tim diém M sao cho M A 4+ 2M B + /3MC dat gia tri nho nhét.
e ChoM =G, N=1taco
GAsin BIC + GBsin CTA+ GCsin AIB > I Asin BIC + IBsin CIA + IC sin AIB

Mait khac
=y ) B C (T A A
smBIC’—sm(W—E—E) = sin <§+5) —COSE

Tuong tu sin C'1TA = cos g, sin AI B = cos % va

A B C b
cos E'IA+ cos E'IB + cos 5.[0 =AE+ BF +CD = %;
2 2 2
G 3ma, G me, GC 3mC

Ta dudc bai toan
Bai toan 26. Cho tam gidc ABC. Chitng minh rdng
A B

a o Y c == b .
Mq CO8 o + My CO8 o + M CO8 o > 4(a+ +¢)

« Cho M = O, N = I tadugc OAcos 4 + OBcosZ + OC cos § > 242+, két hgp dinh
ly sin ta co

A B C
COSE —|—COS§ +Cos§ >sinA+sinB +sinC.

e« Cho M = H, N = I vakéthop v6i tanA.HA = a, tanB.HB = b, tanC.HC = ckhi
tam giac ABC nhon. Ta dugc

acos% acos% acos% a+b+c
+ + >
tanA tanA tanA 2

hay

cos A cos 5 + cos B cos E -+ cos C cos E Z sin A+ SH; +sin .
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Bai toan 27. Xeét tam gidc ABC' c6 cdc goc nhé hon 120°, khi do ton tai diém T sao cho
ATB = BTC = CTA = 120° (T duoc goi la diém Toricelli) liic do
%
Gdtetes=0
—
Vi e_f, e_g, €5 la cdc vector don vi cung hudng voi T A, ﬁ, ﬁ Suy ra

MA+MB+MC>TA+TB+TC.

Ta dugc bai toan tong quat

Bai toan 28. Cho tam gidc ABC. Tim diém M sao cho M A+ M B+ MC dat gid tri nhé nhat.
Huéng dan.

e Néu A < 120°, B < 120°, C' < 120°. Khi d6 diém M = T.

+ Néu A > 120° thi| 42 + 42| < 1.V6i diém M bitky ta 6

MBAB  MC.AC

MA+MB+MC=MA+

AB AC
— MA+ MA ﬁJﬁﬁ +/@2+@2
N AB  AC AB AC

Khi d6 M = A. Tuong tu dbi vé6i cac géc B, C.

. A %
Bai todn 29. Xét da gide déu AyAy...A, cd tam 1a O khi do G+ +..+e = 0 v
el i=1,2,..la cdc vector don vi cung huong voi OA;, i = 1,2.... Suy ra véi moi diém M thi

Ta dudc bai toan: Cho da gidc déu A; As... A,,. Tim diém M sao cho tdng m A, +M Ay+...+MA,,
nho nhét.
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Tir dang thiic
- = —
AB+BC+CD+DA=T10 < ael +bé} + cei +de, = 0
Ta thu dudc bai toan sau

Bai toan 30. Cho O la diém bdt ky nam trong tit dién ABCD véi AB = a, BC = b,CD =
¢, DA = d. Qua O ké duong thing song song vdi cdc duong thang AB, BC, CD, DA tuong iing
cdt mdt phang (BCD), (ACD), (ABD),(ABC) tai A, B',C", D'. Chitng minh rdng vdi moi
diém M thi

aMA +bMB' +cMC'"+dMD' > aOA +bOB" + cOC' +dOD'.

Xét ti dién ABC'D véi G 1a trong tdm khi va chi khi
— — —
GA+GB+GC+GD =10 < mye} + myes +mees +mye; = 0
Tuong tu ta c6 bai toan
Bai toan 31. Cho G la trong tdam tit dién ABCD. Qua M la diém bdt ky trong tit dién ké duong
théng song song vdi cdc duong thing GA, GB, GC, GD tuong iing cdt mdt phdng (ABC), (BCD),
(CDA), (DAB) tai A’, B’, C’, D’.Chitng minh rdang vdi moi diém M thi
meMA +myMB +m.MC"+mgMD' > m,0A +mOB" +m.0C" + ms0D'

(trong do mg, My, Me, Mg tuong vung la dé dai cdc duong trong tuyén xudt phdt tic dinh
A, B,C,D.)

Két hop dinh 1y “con nhim” trong khéng gian Cho t dién A; A, A3 Ay, a?, 1=1,2,3,41acac
vector don vi hudng ra ngoai va vudng goéc vdi mit phang déi dién véi dinh Ai va S; 1a dién tich
cac mit dbi dién véi dinh Ai khi d6
%
Syei+Syes+Sses+Saes=0.
Véi O 1a diém bit ky nam trong tif dién, theo dinh 1y “con nhim”, ta c6

%
Syet+S,e5+Sse5+S ep= 0

s, . T4 1N , . N 2, ) —_> . o1 P . N ~ .« A 2
vOi ?3, ¢ = 1;4 1a cac vector don vi cung huéng v6i OB;, ©« = 1;4 vé6i Bi 1a hinh chiéu cua
diém O 1én mit phang dbi dién véi dinh Ai. Suy ra v6i moi di€ém M thi

SlMBl + SQMBQ + SgMBg + S4MB4 > Sl.OBl + SQ.OBQ + Sg.OBg + S4.OB4.

Mit khiac S;.0B; + S5.0By + S5.0B5 + S,.0B, = 3V , v6i V 1a thé tich ti dién. Ta dugc bai
toan sau
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Bai toan 32. Cho O la diém ndm trong tit dién Ay Ay A3 Ay 6 thé'tich la V va B; la hinh chiéu
ciia diém O lén mdt phdng déi dién véi dinh Ai Goi S; la dién tich cdc mdt déi dién véi dinh Ai.
Chitng minh rang
SlMBl + SQMBQ + SgMBg + S4MB4 Z 3V.
Xét H 1a tryc tAm va nam trong td dién A; Ay A3 A4, theo dinh ly “con nhim”, ta c6
S1E+S28+S3 8 +Si e =0
e =S T, N ) e T . —
V6i e;, 1 = 1;4 1a cac vector don vi cung huéng v6i HA;, i = 1;4 Suy ra
SIMA; + SoMAy + SsMAs + SiMAy > S1.HA, + So.HAy + S3.HA3 + Sy . HA,.
Mat khac
Si.HA; + Sy HAy + S HAs + Sy HA; = Z Sy (hi = d;) = 4.3V = 3V = 9V.
(trong d6 h; 1a chidu cao cia ti dién Wng v6i dinh A;, d; 1a khoang cach tit H t6i mit phang dbi

dién v6i dinh A;, V' 1a th€ tich ti dién). Ta dugc bai toan

Bai toan 33. Goi H la truc tdm va nam trong tit dién Ay AsAsAy. Xeét S; la dién tich cdc mdit
doi dién vdi dinh A;. Xdc dinh vi tri diém M sao cho

S1MAy + SoMAy + SsMAs + S4M A,
dat gid tri nho nhdt. (Tap chi TH & TT )

Két hop hai bai todn trén ta ducc.

Bai toan 34. Goi H la truc tdm va nam trong it dién A; AyAsAy. Xét H; la chéan cdc duong
cao ha tir dinh A;. Goi S; la dién tich cdc mdt doi dién vdi dinh A;. Xdc dinh vi tri diém M sao

cho
4 4
(Z SZ-MAZ) (Z SiMHz)
=1 i=1
dat gid tri nhé nhdt.
Xét i dién ABCD ¢6 diém O thoa man AOB = COD, AOC BOD A0D = BOC.

Trén céc tia OA, OB, OC, OD lan luct dit cac vector don vi e OA’ & = = OB, & =
at

-
(ﬁ, e;s = OD' khi d6 tit dién A'B'C’'D’ 1a ti¢ dién gan déu nhan O 1am tAm m
tiép va O ciing 1a trong tim ctia né. Do d6

cau ngoai

G +ete;+es=

=1

Ta cé bai toan sau

Bai toan 35. Cho tit dién ABC'D ¢6 diém O théa man AOB = COD, AOC = BOD, AOD =
BOC. Chitng minh rdng véi moi M trong khong gian, ta cé

MA+MB+ MC+MD >0OA+ OB+ 0OC+0OD.
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Trudc hét, ta xét bai toan sau

Bai toan 36. Cho hinh chép S.-ABCD c¢6 ddy la hinh binh hanh.mdt mdt phdng (P) lan lugt
cdt cdc canh SA, SB, SC,SD tai A, B',C", D'. Chitng minh rdang

SA  SC _ SB 5D
SA' T 8C T SB'T SD”

(Bai 73 trang 64 SBT hinh hoc 11 ndng cao)

Sit dung dinh Ii thales. Goi O 1a tam hinh binh hanh, O’ 1a giao di€m ctia SO v6i mit phang (P).
Qua B, D lan lugt dung dudng thiang song song véi B’D’ ciat SO’ tai E, F. Theo dinh 1y Thales

ta co
SB SE_SO—OE‘ SD_SF_SO+OF

SB SO SO ' SD SO SO
Mit khic OF = OF (do A OBE =A ODF (g.c.g)) nén

SB_%SD__2SO
SB'  SD'  “SO

SA SC _ oS0 2

54 SC _SB 5D
SA T 5C T SB SD

]

— = — — —
Sbi’_dyngphwdngphdp vector. Pat SA = xSA",SA = xSA, S? =ySB', k@ =2z58C", SA =
tSA" (x,y,z,t1acdc s616n hon 1). Tacé

SA+5C =SB +5D

H > \
= 2SA + 25C" = ySB' +tSD

v

H > \
sA=Yspg tsp _ Zs0
X X

T

Vi A, B',C', D' ddng phiang nén

+

=lsrtz=y+t

SHESS

8|+
SRR

SA , SC _ SB , SD
hay &5 + 56 = 55 + 50 H
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Sit dung phuong phdp thé'tich. Nhan xét ring

VSA/B’C/ . SA,.SB/.SC,
Voage  SA.SB.SC

trong d6 A’, B, C’ 1an lugt 1a giao diém ctia mit phang (P) bét ky cit cac canh SA, SB, SC
clia tf dién SABC. Van dung két qué d6 thi

VA’B’C’ + VA’C’D’ - VA’B’D’ + VB’C’D’

o VA’B’C’ VA’C’D’ VA’B’D’ VB’C’D’

Vsapcp  Vsapep  Vsapecp  Vsasep
Vsarper Vsacror Vsarmp Vsporp

Vsasc Vsacp Vsasp Vssep

do VSABC = VSACD = VSABD = VSBCD = %VSABCD- Dén dﬁy ta blén doi tiép theo c()ng thuc
6 trén
SA'.SB'.SC’ n SA'.SC".SD' B SA'.SB'.SD’ n SA'.SC".SD'
SA.SB.SC SA.SC.SD ~ SA.SB.SD SA.SC.SD
SA SC SB SD

“sa s T sp T sp
]
Sit dung phwong phdp dién tich. Ta c6 bién d6i sau
Sspror + Ssorpr = Ssppr
Sspror Ssorpr _ Sspp
Ssgp  Sssp SsBD
Sspror Ssorpr _ Sspp
SsBo Ssop SsBD
. SB.S0' S0.SD'_SB.SD'
SB.SO SO.SD  SB.SD
_ SB 8D _ 50
SB'  SD' “SO"
Tuong ti 24 + 55 = 259 Do d6
SA  SC _SB 8D
SA SC' SB'  SD'
]

Sit dung phép chiéu song song. Goi A;, By, C;, D; tuong ting 1a hinh chiéu cta cac diém A,
B, C, D theo phuong (A’B’C’D’) 1én dudng thang SO Ap dung tinh chit phép chiéu ta c6

VAR U N DR DS D S I
SA? T SC?) = SA T SC T SB' SD' =T\ SBSD”
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Mt khac €41 = 24 — 1 (Do ABCD 14 hinh binh hanh) Tt d6 ta ¢6

0Cq oCc —
SA  SC SA, SC,  SA +5C, 250
sa s Tso Tso T so T SO0
Tuong tu
SB_SD _SBi  SBi_250
sp T SD TS0 T so T SO
Do d6

1 . 1 1/t N 1 \?
SA? T sc? = 2\sp " SD' )
u

(Xem thém Bai viét “Hay trd vé véi khong gian mot chiéu” tac gia Nguyén Vin Loc, Tuyén chon
theo chuyén dé todn hoc va tudi tré quyén 1).

A o ke TR 15 i 2 SA |, SC |, SB , SD SO/
Nhan xét. Tu 16i gidi 1 tasuy ra g3 + 55 + o5 + o = 455 (%)

K¢ tuong tu cach 1 (6 day O khong con la trung diém ctia BD). Theo dinh ly Thales ta c6
SB SE SO-OFE SD SF SO+OF

SB' SO SO ' SD SO SO
va
Oor _ BO
OF DO’
Mat khac

BO BB"  Sapc
DO DD"  Saipc
(trong d6 B”, D" 1a hinh chiéu ctia B, D 1én AC). Suy ra 9£ = 45c pay
g OF

~ Sapc

OFE.Sapc = OF.Sapc.

Tu do, ta co s S
SADC@ + Sasc S
SO - OF SO + OF
e gor e g0
_g SO
= DABCD oy
Tuong tu ta co
SA SC SO

SBCD@ + SABDW = SABCD-SO,-

Do d6 ta c6 bai toan mé rong sau
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Bai toan 37. Cho hinh chép S.ABC'D cé ddy la tit gidc 16i.mdt mdt phéng (P) ldn luot cdt cdc
canh SA, SB, SC, SD tai A', B', C', D'. Chitng minh rdng
SA SC SB SD

SBC’D@ + SABD@ = SADC@ + SABC@-

Mot cau héi dudc dit ra 1a “’liéu c6 thé thay céac dién tich clia cong thic trén bdi cac dai luong
khac khong? Tuong tu qud trinh suy luan d€ tim ra hé thic mé rong hon, ta c6

OF _ Vsanc
OF  Vsapc
ta dudc y
S SC SB SD
VSBCD@ + VSABD@ = VSADC@ + VSABCﬁ
OFE _hy _hy
OF  hy K
trong do

* hi, hstuong tng 1a khoang cach tit A, C dén BD va hy, h, tuong ting 1a khoing cich tir
B, D dn AC,

s hy, hstuong tng la khoang cich tit A, C dén (SBD);

* h,, h, tuong ting la khoang cach tit B, D dén (SAC).

Ta dudc
hs SA hy SC hy SB hy SD

oot SA It 7 SCT Mt 7 SB | h+ haSD

hy SA h, SC h, SB hy, SD

WA, SA W+ hSC W+ h.SB W+, SD

<, 12 »n OE _ Sapo _ Vsapo
Tir dang thic g = G422 = 2452 a duge

Spoc SA n Sapo SC Saop SB . Sapo SD
Sapc SA” " SapcSD' Sapp SB' Sapp SD’

va
Vsgoc SA  Vsapo SC Vsaop SB  Vsapo SD

Vsapc SA"  Vsapc SD' Vsapp SB'  Vsapp SD'’

Tir 16 giai 1 dé dang dé xuit bai toan md rong sau
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Bai toan 38. Cho da gidc déu A, A,... Ay, (n > 2) ndm trong mdt phdng (P). S la mot diém ndm
ngoai mdt (P).Mdt phdng (/) cdt cdc canh SA1, SA2, ..., SA2n lan lugt tai By, By, Bs, ..., Boy.
Chitng minh rang

SA;  SA,.1  SAy  SA, SA, SA,,

SB, " SB,., SB, SB.. " SB,  SB

Ta trd lai bai todn xuat phat, diém O 1a tAm cda hinh binh hanh ABCD.Theo tu duy bién chiing
néu ta nhin duéi g6c do khac xem O la trong tam cua hé b6n diém A,B,C,D. Khi d6 ta cé thé dé
xuét bai toan mé rong clia (**) nhu sau.

Bai toan 39. Cho da gidc 16i A1 Ay As... A, (n > 2) (truong hop n=2 suy bién thanh doan thing)
ndm trong mdt phéng (P). S la mot diém nam ngodi mdt (P).Mdt phing () cdt cdc canh SAI,
SA2, ..., SAn, SGn ldn luot tai cdc diém B, By, Bs, ..., B, G’n. Trong do Gn la trong tdm cua
da gidc
A1A2A3...An (n Z 2)
~ 7

T s .
(Tiic la thoa manG, A1 + G, As + ... + G, A, ) Chiing minh rang :

A, S4y | SA,_ SG,
SB,  SBy, 8B, "'SG.

Chitng minh. Goi G,, 12 trong tim da gidcA; A;As... A, (n > 2), khi d6 G,,, G,_1, A, thing

hang va thoa man
AGp=(n—1)G,Gp_.

That vay,

G, la trong tdm da giac A Az As... A, (n > 2) khi va chi khi

GA+G Ayt .. +GA =10

% \ \ >
54 AnGn = (TL — 1) G.Gn_1 + <Gn_1A1 + Gn—lAQ + ...+ Gn—lAn—1>

~ AnGn = (n — 1) GnGn—l-

Trd lai bai toan, ta sé chiing minh bang quy nap.
V6in = 2 thi
SA;  SAy  _SGy

B Ykt
SB, " SB, “5G,

(dting theo cach 1 clia bai todn xuét phat).

Gia st dang thic ding v6i n = k ta ching minh né ding v6i n = k + 1. Theo gia thiét quy nap

ta co
SA;  SA, S Ay B k:SGk

SB, 5B, " SB. "sa
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suy ra
54, n 54, L SAk _, SGr | SAkn
SB;  SBs SBri1 SG,  SBii1
Qua Ay, 1, Gy, ké dudng thing song song v6i By, G, cat SGyyy 1an lugt tai £, F. Theo dinh 1y
Thales ta c6
SAgp1r  SE SGy SF SA;  SA; SAkiq SE SF

— 7 3 T = 7 = + ++ - 7 +k 7
SBun  SG,.,' SG,  SG,.,  SB, ' SB, SBin  SGh., ' SG.,

Mat khac theo nhan xét trén thi

SE _ EGry _ AeGra
SF G F  CinGh

= k.

Do d6
SAL n S5A; L SAkta _ SGit1 - EG n kSGk—H - FGiia
SB, " 5B, SBya SGT, SG,
_ SGri1 _/k?FGk-l—l n kSGk+1 - FGia — (k1) Sfo-i—l
SGhy SGr.y SG
Theo nguyén 1y quy nap suy ra diéu can chiing minh. O

bac biét héa véin = 3 tacd
Bai toan 40. Cho hinh chop S.ABC. Mt phdng (P) lan luot cdt cdc canh SA, SB, SC, SG
tai A, B',C", G trong do G la trong tdm tam gidc ABC Chiing minh rdang

SA SB SC SG

sa tsm T 5o T Psar

Véi S.ABC'D 1a hinh chép déu canh bén bang a ta c6
1 1 1 1
sx 5o T 5p T SD
Ap dung bat dang thiic AM-GM, Cauchy-Schwarz ta c6

) 1+1 >1+1_1+1>2 1 1
SA?  SC?) = SA T SC' SB' SD — SB' SD'"

Suy ra
\/SB’.SD’+\/SB’.SD’>2 L1 11 ? SB.SD' SB.SD' _
SA sc’ — T 8A% SC? T2\ SB' SD') T SA”? sc? T
V6i B’, D' 1a trung diém cta SB, SD thi
SA+SC_4©1+1_4
SA" - SC SA"  SC' a’

Két hop v6i cac bit dang thic dai s6
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8 |~

+ 1> ﬁ véi z, 1 12 cac s6 duong.

1
Y

a+b c+b 4 51,1 2
L i o 24V01a,b,c>0vaa—|—c— -

Ta dudc cac bai toan

Bai todn 41. Cho hinh chép déu S.ABCD canh bén bdng a. Goi B', D' ldn luot la trung diém
ciia SB, SD. Mt phing (P) di qua B’, D’ va lan luot cdt cdc canh SA, SC tai A’, C".Tim gid tri
nhé nhdt ciia cdc biéu thiic sau

1. P=SA"+5C".

__ 25A’+a 25C"+a
2. Q T 4SA'—a + 4S5C"—a

V6i G' 1a trong tim tif dién SABC khi d6 £ = 4 nén

SA n SB n SC
SA SB SC'

=4.

Ap dung bit dang thiic AM-GM, ta c6

SA+SB+SC’_4>33/SASBSC_33_:V,>2_7V
SA SB' SC' T SA'SB' SC' Vv’ ~ 64

Mé.t khac dét V = VSABC, V/ = VSA/B/C/ ta co

AA” BB CC'
Vaaper +Veapo + Veapeo = Vsaper <SA' + SB’ T SC’>

SA . SB . SC
SA"  SB' SC'

= Vsapcr < - 3) = Vsapcr

Ta dat ra bai toan
Bai toan 42. Cho hinh chép S.ABC c6 thé'tich la V. Mt phdng (P) di dong luén di qua trong
tdm G cua hinh chop ldn luot cdt cdc canh SA, SB, SC, SG tai A', B',C",G'. Tim gid tri nhé
nhdt ciia

1. Thé'tich hinh chép Vsagicr.

2. Tim GTNN cua blél)bt thitc P = VAA’B’C’ + VBA’B’C’ + VCA/BIC/.
(Bai T10/301 tap chi TH & TT ndam 2002)

V6i SA=a,5B =0,SC = cthitaco

a+ b n c _ 4
SA SB' SC
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Ap dung bit dang Cauchy-Schwarz, ta c6

1 1 1\?
16 = <a.\/am+b\/353, +cﬁ50/)

1 1 1
< («a® + b* 2 .
— (aa + 5 + e ) ( A’2 ﬁSBQ ’YSC’Z)

Va dp dung bat ding thic (a + b + ¢)* > 3 (ab + be + ca) ta cé

16 — a+ b+c 2>3 ab . be . ca
S \s4A Sp T SC) T SA'.SB"  SB'.SC"  SC'.SA")°
Tir d6 ta dit ra bai toan
Bai toan 43. Cho hinh chdp S.ABC vdi SA = a,SB = b, SC = c. Mdt phdng (P) di déng luén
di qua trong tam G ciia hinh chop lan luot cdt cdc canh SA, SB, SC, SG tai A, B',C", G".

1
ﬁSB’2 + ySC’?

1. Tim gid tri nhé nhdt ciia biéu thic SA,2 + véi o, 3, yla sé thuc duong.

2. Tim gid tri l6n nhdt ciia S Afl.l; 7t 3 Bf’_cSC, + sorea
Nhan xét. Truong hop khi o = 3 = v = 1 & ciu a ta dudc bai todn T10 s 278 tap chi toan hoc
tudi tré, khi a = b = ¢ & cAu b ta dugc bai toan T10 sb 288 tap chi todn hoc tudi tré.

Ta co
1 1 1

20 +y+ 2 +x—i—2y+z + r+y+2z
v6i z,y,  1a s6 duong thda méan déng thic L + s+ 1 =4 Vadicbiéthéachoa=b=c=1
ta c6 bai toan
B3i todn 44. Cho hinh chép S.ABC véi SA = SB = SC = 1. Mgt phéng (P) di déng luén di
qua trong tdm G ciia hinh chép ldan luot cdt cdc canh SA, SB,SC, SG tai A', B',C",G'. Tim
gid tri l6n nhdt ciia

1 1 1
28A"+ SB' + SC’ * SA +25B"+ SC’ * SA' + SB +25C"

Véi cac bat dang thiic

\/y2+2x2+\/22—|—2y2 Va2 + 222 > V3
CU Z

zZX

Vi 2, y, 2 1a s6 duong thda man dang thiic X by + =1.

(x+1)(?/+1)(z+1) > 64
véi x,y, 2 12 s6 duong thda man dang thiic 1 + + = 1. Ta dugc bai toan
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Bai toan 45. Cho hinh chdp S.ABC viéi SA = SB = SC = 4. Mdt phing (P) di dong luén di
qua trong tdam G ciia hinh chdp ldn luot cdt cdc canh SA, SB, SC, SG tai A, B',C'. Tim gid tri
nhé nhdt ciia biéu thitc

I (SA' +1)(SB'+1) (SC" +1) > 64.

5 V/SB2425A2 | \/SCI212SB? | /SA?+25C"2
© T SASH SC7.SB SAT.SC

Cho A’ = A va ¢’ 1a trung diém ctia SC ta dugc

Bai toan 46. Cho hinh chop S.ABC'D cé6 ddy la hinh binh hanh. Goi C' la trung diém ciia SC.
Mt phing (P) qua AC' va cdt canh SB, SD ldn luot tai B', D'. Chitng minh rdng

SB+SD_3
SB' SD' 7

(B¢ dé thi dai hoc 1996)

Cho A’ = A va B’, C' 1an ludt 12 trung diém ctia SB, SC. Ta c6 bai todn

Bai toan 47. Cho hinh chop S.ABCD c6 ddy la hinh binh hanh. Mot mdt phdng (P) qua
A, M, N cdtcanh SD tai K, trong dé M, N tuwong iing la trung diém ciia SB, SC'. Tinh %, %
(vdi O la tdm hinh binh hanh, O' = SO N (P))

Cho A’ = A va B’ 1a diém nam trén canh SB théa man SB = 3SB’. Ta cé bai toan

Bai todn 48. Cho hinh chép S.ABC D c6 ddy la hinh binh hanh. Xét mot mdt phdng (P) qua
A, M cdt canh SC, SD tuong iing tai tai N, K, trong dé M diém nam trén canh SB théa mdn

g SC SD

Cho mit phang di qua trong tam G' va trung diém C’ ctia SC ta dugc bai todn

Bai toan 49. Cho hinh chép S.ABC. Mt phing (P) di qua trung diém C" ciia SC' va trong

tam G cia tit dién cdt SA, SB lan lugt tai A', B'. Chitng minh rdng % + % =2

Tu G’ 1a trong tam ti dién SABC v6i SA =a,SB =b,SC = cthitacd

a b c

sa s tso Tt

Ngudc lai néu mit phang (P) tao ra hé thic trén thi c6 dic diém gi? Tra 18i cau héi nay ta c6
bai toan sau day
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Bai toan 50. Cho tit dién SABC véi SA = a,SB = b, SC = c. Cdc diém A', B',C' thay dji
lan lwot ndm trén cdc canh SA, SB, SC théa man

a b c

_y
sa T sp T 5o

Chitng minh rdng mdt phdng (P) xdc dinh béi ba diém A', B', C" di qua diém c6 dinh. Xdc dinh
diém do.

Hudng ddn gidi. Goi G 1a trong tam tam giac ABC, dit G’ = SG N (P). Khi do, ta ¢
SA SB SC SG

sa Tsm T so T 5o

két hop véi gia thiét suy ra

5 SG Lo SG 4

SG' SG" 3
Vi S, G cb dinh nén G’ c¢b dinh do d6 mit phang (P) di qua diém G’ va né chinh 1a trong tim
it dién. [

Mot cach tuong tu, ta c6 cac bai toan sau

1. Cho i dién SABC. Céac diém A’, B’, G’ thay d&i 1an lugt nam trén cac canh SA, SB, SG
thoa man 54 4 58350 = k(k; > 1) . Chiing minh ring mit phang (P) xéc dinh béi
ba diém A’, B’ G’ di qua diém c0 dinh, trong d6 G 1a trong tdm tam giac ABC.

2. Cho hinh chép S.ABCD c6 ddy la hinh binh hanh. Goi A, B’, C’ 1a céc di€ém thay d6i
nam tréon caccanh SA, SB, SC th(:)a man 5—2‘, + gg, — gg,? = k (k > 1). Chiing minh rang
mat phang (P) xac dinh bdi ba diém A’, B', C’ di qua di€ém co dinh.

Nhu vay néu gido vién quan tam viéc khai thai thac khdi niém, bai tap trong sich gido khoa
va sich bai tip va cai dit hop ly trong qud trinh gidng day clia minh thi sé gép phan ddi méi
phuong phap day, giup hoc sinh *“ ddc 1ap, chi dong va sang tao” trong hoc tap.

Hudng mé rong dé tai 1a viéc khai thac va sang tao bai todn méi ti dinh ly, quy tac, phuong
phéap va con nhiéu khdi niém, bai tip toan c6 tiém ning phat trién nita. PE tai ndy da dudc ban
than tdc gid va cac dong nghiép cuing don vi thi diém trén cdc em c6 hoc luc tir kh4 tré 1én. Két
qua thu dugc rit kha quan, cdc em hoc tip mot cach say mé hiing thd. Mot s6 em da dat ducc
nhiing thanh tich t&t qua nhiing dot thi hoc sinh gidi vita qua. DU di c4n than va chuyén tim
nghién cifu, nhung vi thdi gian hoan thién séng kién c6 han nén khong tranh khdi sai s6t. Rét
mong dong nghiép quan tdm va déng gép y kién dé dé tai dudc tdt hon va ting dung trong thuc
tién day hoc dat hiéu qua cao nhit.
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[1] Vin Nhu Cuong, Nguyén Mong Hy, Sach gido khoa, sach bai tip (co ban va nang cao).

[2] Nguyén Minh Ha (chd bién), Nguyén Xuan Binh, Bai tip ning cao va mot sd chuyén dé
hinh hoc 10.

[3] Tap chi toan hoc va tudi tré.
[4] Tuyén tap 200 bai thi vo dich todn (Hinh hoc khong gian).

[5] Pao Tam, Hinh hoc so cép.
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VE MOT BAT DPANG THUC CUA
VASILE CIRTOAJE

Lé Phuc Lu
(PH Khoa hoc tu nhién TPHCM)

TOM TAT

Gido su Vasile Cirtoaje, ngusi Romania ndi tiéng thé gi6i vi cac bat dang thiic hay va
dep. Nhiéu bit ding thifc ciia dng rit kho, doi hdi nhitng cach xi 1y k§ thuat, hodc cac
danh gi4 tinh té. Dudi day, ta sé cung xem xét cdch chiing minh ctia mot trong céc bat
déang thic nhu thé clia 6ng va ting dung vao gii mot sb bai toan khac. Bai viét nay dudc
chinh stfa bd sung tif bai giang doi tuyén TPHCM nim 2015, huéng t6i ky thi VMO 2016.

1. Bai toan va cac van deé lién quan

Trude hét, ta xét bai todn phu sau, thuan tiy bién ddi dai sb.
Bai toan 1. Choa = 2% — 2y +yz,b = y?> — yz + 22, c = 22 — za + wy. Riit gon biéu thiic

T =ab+ bc+ ca.

Loi gidi. Ptk = xy* + yz? + z2* — zyz. Tacd

ab= (2> —zy +y2)(y° —yz + 2z) = [z(z — y) + y2] [y* + 2(z — y)]
= (z —y) (e’ +y2? + 20 —ayz) + v’z = (x —yk + 2
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Tuong tu, ta cling c6 cac phan tich

be= (y — 2)k + 2%z
ca = (z —x)k + 2y

Tu day suy ra

T=@—y+y—z+z—o)k+2°y+9°2+ 250 =23y + 2 + 2.

Tiép theo 14 ndi dung ctia bai todn, dudc sang tic vao nim 1992.
Bai toan 2. Cho x,vy, z la cdc s6 thue bdt ky. Chitng minh rdng
(22 + 12 + 227 > 3(a%y + P2 + 2°n)

(bdt ddng thite Vasile Cirtoaje).

Loi giai. Tacdé
(a+b+c)’>3(ab+bec+ca) e (a—b)°+ (b—c)+(c—a)’>0

nén bat dang thiic nay hién nhién diing.

Thay a = 22 — zy + yz,b = y* — yz + 2z, ¢ = 2° — zx + 2y VAo, ta dugc
a+b+c=a*+y*+ 22
va
ab+ bc+ ca = 23y + P2 + 2.

Do do, ta c6 ngay
(@ +y? + 227 > 3(aPy + v*2 + 2°a).
O]
Nhan xét. C6 nhiéu cach chiing minh khéc cho bai ton nay, chang han phan tich truc tiép thanh
tong binh phuong (rat khoé va chi ¢ thé thuc hién bang cac cong cu nhu Maple, MatLab) hoic

ding ham s6. Cach chitng minh & trén 1a cach gon dep nhit cho bai toan. Pang thiic xay ra tai 2
diém va sé& dugc gidi thiéu tai bai toan tiép theo. Bai todn téng quat clia bai toan trén 1a:

Cho p, ¢, va a, b, ¢ 1a cc sb thuc, trong d6 3(1 + ) > p? + pq + p?. Chiing minh ring

Za4+2a2b2+(p+q—r—1)acha2p2a3b+q2ab3.

Chu y ring diu Y~ & dy c6 nghia 1a 1y hodn vi theo cic bién a, b, ¢ hodc z,y, z trong dé bai.
Trong trudng hop dic biét 1a 3(1 4 r) = p? + pq + ¢, ngudi ta c6 thé chi ra dugc bét dang thiic
trén 1a diing vi né viét dugc thanh

Z (2@2 — b —c —pab+ (p+ q)bc — qca)2 > 0.

142



Tap chi Epsilon, S6 19, 02/2021

Bai toan 3. Cho z,y, z la cdc sé thuc khdc 0 théa mdn hé phuong trinh
2 _ 2 2
rr-xytyz=y —yzt+zr =2z"—zx +xy.

Ddat'T = % Chitng minh rang T = 27 hodc T = 49.
Loi gidi. Pita =z +y+2,b=2y+yz +z2x,c =ayzvax® —ay +yz = y*> —yz + 20 =
2% — zw + xy = k?. Suy ra 3k* = 2% + y* + 22 hay a®> — 2b = 3k* . Ta cling ¢
at — 23y + 2%yz = k2
gt — P 4 s = k2P
2= B+ ay? = k22
Suy ra
ot oyt 42t — (Y P+ 2B) +ayz(a +y 4 2) = 3K

Theo bt dang thiic Vasile thi didu kién (*) cho ta

3@y +yPr+ %) = (P + P + z2)2 = ok*

A

nén
vt oyt 42t Fayz(e +y + 2) = 6k
& @+ 2+ 22 = 2P + 2+ 220 4+ ayz(z + y + 2) = 6k
S 9k — 2 ((zy + yz + zx)? — 2ayz(z 4y + z2)) +ayz(z +y + z) = 6k*
& —2b° + bea = 3k*
Mat khéc, ta cling c6
Pyz — o’z + 220 = Kyz
Y rx — xy2® + 22 = ke

Pay — v*yz + 22y* = Koy

Suy ra
227 P2+ 22 = B (oy + yz + 22) & b2 — 2ca = bk?

Ta co hé

a® — 2b = 3k°

2b° — Bea = 3k* .

b — 2ca = bk?
Tu dazmg thic tha 2 va 3, ta co

b= 3k

b? = 5bk? — 6k* < .
b = 2k?

Ta xét 2 trudng hop sau
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1. Néu b = 3k? thi ta tinh dudc a® = 9%? va ca = 3k*. Do dé6:
3 4 4

o @ 8k o
c ac 3k

(Theo dinh 1y Viete thi «, y, z 12 nghiém ctia phuong trinh (A + k) = 0nén z = y = 2).

2. Néu b = 2k? thi ta tinh dudc a® = 7k? va ca = k*. Do dé6:

a® ot 49k
T=—=—-= = 49.
¢ ac k*
Theo dinh 1y Viete thi z, y, z 12 nghiém ctia phuong trinh A% + /7kA? 4 2k2\ + % =0,
phuong trinh nay c6 3 nghiém la
4k s 4k 27 4k 4
A= —sin?T 2, = Zin2Zl a, = il
YA SRV S B
L]

Nhan xét. Tu day ta ciing thiy rang bt dang thic Vasile ban dau c¢6 2 diémroilaz =y = 2
hodc (x,y,2) = (tsin“%r, tsin227“, tsin2§) ,t € R va cac hoan vi.

Tiép theo, ta xét mdt sb bai toan ing dung ctia bat dang thic & bai toan 2.

Bai todn 4. Cho x,y,z > 0 théa mdn x* + y? + 2? = 3. Chiing minh rdng

x? y? 22 3

> —.
w2y2+1+y222+1+22x2+1_2

Loi giai. Tacdé

22 _ 22(2%? + 1) — a'y? L oy . wly? L @
r2y? +1 r2y? + 1 22y?+1 - 2xy 2
Tuong tu, ta cling c6
Y222+ 1 2 2222+ 1 2

Cong cac bit dang thifc nay lai, ta dudc
2 2 2
T z
Y > 2%+ y2 + 22—

By + 3z + 23z
x2y2+1+y2z2+1+22x2+1_ '

2

Ta can ching minh

3 3 3, 3
R g y+y2z+z T §@x3y+y3z+z3x§3
bat ding thic ndy tuong duong véi 3(z3y + yPz + 23z) < (22 + y* + 22)%, dung. O
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Bai toan 5. Cho cdc s6 a,b, c > 0, chitng minh rdng

1 N 1 . 1
az+ab bV 4+bc A+ ca

3
> —
2
néu cé mét trong hai diéu sau ddy

(a) abc = 1.

b) a+b+c=3.

Loi gidi.

2

St —Y h—2 =2 3 _a? y z* 3 4
(a) Data—x,b—y,c—Z,tadUaveyzﬂz+22+xy+m2+yzZQ.Taco

22 Y2 22 4 y4 !
2 T T3 = 228, 228, T 228
Yy t+xz Aty xf+yz Ty +x°z Yyt +ylr  zrxt + 20y

2
(2 +y* + 2%)

T x?y? 4?22+ 220 4 x2S+ zad

Ta can chting minh

2(x% + 92 + 22)2 > 3 (2% + y*2° + 2%0” + xy® + y2® + 22”)
& 22t +yt 4 2Y) + (0% + P2+ 222 > 3yt 2t + 2a?)

Theo bét déng thiic Vasile Cirtoaje thi 3(zy® + y23 + 22%) < (22 + y* + 22)° nén

2(x4+y4+z4)+x2y2+y222+z2a¢2 > (x2+y2—|—22)2
S @y -+ () 20

bét dang thiic cubi ding nén ta c6 dpcm. Pang thic xdy rakhia = b = ¢ = 1.

(b) Taco
1 1 1 2 3 :
a2+&b+b2+bc+c2—|—ca_a+b+b+c+c+a
2
I
2(a+b+c) G a b c
Ta cling c6
1+ 1 1 1 + 1 + 1 S 18 B
Va \/5 \ﬁ a+1 b+1 c¢+1) " a+btc+3
Suy ra

1 n 1 n 1 >3
a?+ab bV +bc c24ca T 2
Diéng thiic xdy rakhia = b = ¢ = 1.
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]

Nhan xét. Bt ding thiic & cau b chi 1a 1 dang phat biéu khac ctia ciu a va ¢é phan yéu hon, cé
1 cach khdc 1a dung phan chiing dé suy ra dudgc b tif a.

Ngoai ra, bat dang thiic
3(wy® +y2 + 20%) < (2% 4+ 97 + 22)2
khong thuc su gidng v6i dang gbc. Tuy nhién, ta chi can thay (x,y,2) — (Y, X, Z) thi
(X2 + Y24+ 2%)° >3 (XY +Y*Z + 2°X) .

bat dang thiic v6i bién (XY, Z) ding nén né ciing diing véi bién (z, v, z) ban dau. Dudi day la
mot bai todn tuong tu cua cung tac gia.

Cho a, b, ¢ > 0, chiing minh ring
2 2
a b c -1

ab—|—202+bc—|—2a2+ca+2b2 -

2

Tiép theo 1a mot sb tinh hudng khé xt 1y hon.

Bai todn 6. Cho a,b,c > 0va abc = 1. Chitng minh rdng

a+ b+ c>1
b+8  \Ve+s a+8

Loi gidi. Theo bat dang thiic AM-GM thi

Vb+8 =

(3\/b+—8> < bt;l??

W

> 54 Ty can ching minh

IJ-%S—IH—N‘
va Vb N Ve o
b+17 ¢+ 17  a+ 17 —

do do

| =

y 2 2 .
Dita = %,b=%,c= % th

Va y 1 Y’ B y'
b+17_xz—§+17_x22~|—17xy2_$y22—|—17$y3'

<

Tuong tu, ta co
\/B 24 \/E 3:4

cr17 yriz + 17yz3" a + 17 B 2y?x + 17za3
Theo bét dang thiic Cauchy-Schwarz thi

x? N yt N 24 S (22 + 9% + 22)2
2y?w + 17203 zy22 + 1Txy?  yr2z + 17Ty23 = ayz(v +y + 2) + 17(zy3 + y23 + 223)
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Ta can c6 ,
6(z” +y° +2°)" > ayz(z +y+ 2) + 17(zy’ + yz° + z2%).

Ta c6 bét ddng thic quen thudc 1a: 1 (2% + y* + 2%)* > zyz(z + y + 2), nén ta dua vé

(22 + y* + 22)2 > 3(xy® +y2® + za?).
Vay bt dang thiic da cho la ding. Pang thic xdy rakhia =b=c = 1. O
Bai toan 7. Cho cdc s6 thiee duong a, b, c cé a® + b* + ¢? = 3, chitng minh rang

a’ b3 I

- -
a+b  b+cd  c+ad

3
> —.
-2

Loi gidi. Thay a® + b? 4 ¢ = 3 vao, ta viét bit dang thifc da cho lai thanh

3 215
a 9 3 a“b 3
— ->0& < —,
Z<a+b5 a>+2— > F S5
Tacé a + b° > 2v/ab?, ta dua vé chiing minh

> ab*Vab < 3.

Lai ¢6 2v/ab < a + b nén ta tiép tuc dua vé

Za2b2 + Zab?’ < 6.

Vi Y a?h? < 1(a® + 8% + ¢®)° = 3 va theo bit déng thic Vasile Cirtoaje thi - ab® < 3, ta ¢6
dpcm. [

Bai toan 8. Cho a, b, c la cdc s6 duwong théa man a + b+ ¢ = 3, chitng minh rdng

a . b . c <3
3a+b2 3b+c2 3c+az 2

Loi gidi. Tacé —%5 =1 S tuong tu véi cac dang thiic khéc, ta viét lai bat dang thiic

3a+b2 3 3(3a+b?)
da cho thanh
a? b? c

3¢+ a? * 3a + b? * 3b+ 2
Theo bét dang thiic Cauchy-Schwarz thi

2

3
> —.
-2

3c+a2 = Y a2(3c+a?)  Yat+Y. ad ab?
B (a2 + 0% + &)’ N G +2)?
Y at+ Y a4 abed a+ Y ab® T (a2 + 02+ )+ Y ab?

Z a2 - (a2+b2—|—02)2 (a2+b2+02)2

Dén day, ta dua vé bét dang thiic Vasile Cirtoaje. U
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Bai toan 9. Cho a, b, c la cdc s6 thiee khdng am théa mdn a® + b* + ¢ = 3, chiing minh rang

a*b+bc+cfa+9>4(a+b+ o).

Loi gidi. Nhan hai vé cho a + b+ ¢ > 0, ta dudc
(a+b+c)) a®b+9(a+b+c)>4(a+b+c)
Tu cac danh gia
3) a’h’ > (ab+be+ca)’ va () a?) > 3) ab’,

ta c6 dudc

(Z a) <Z a2b> = (Z a2> (Z ab> + z:aQb2 — Zab?’

>33 ab+ %(Zab)z 3.
Ta dua vé ching minh

3Zab—|—%(Zab>2—3—l—92a24<2a>2.

Détp:a+b+cth‘1ab—|—bc—|—ca:%,taviétlai

3(p? — 2 —3)°
(p 3)+(p )
2 9
& (p—3)*(p* +6p—9) >0,

dingdop=a+b+c> Va2 +b+c=+3. O

Bai toan 10. Cho a,b,c > 0 théa man a® + b® + ® = 3, chitng minh rdng

— 34 9p > 4p?

Loi gidi. Theo bat dang thiic Holder thi

<a5 b c5>3> (a® + 0° + c%)* 81

a%b3 4+ b9¢3 + 9g3 o a%bh3 4+ b9¢3 + a3’

Tt

Ta dua vé chitng minh
a®b® + b°c® + Pa® < 3 < 3(aV’ + 07 + Pa’) < (a® + 00 + 06)2.

Pitx = a®,y = b%, 2 = ¢, ta dua vé bit dang thifc Vasile Cirtoaje. O

Dé két thic phan nay, ta xét hai bai toan c6 dung dén cac yéu tb gidi tich va cac phép thé dic
biét rat ky thuat.

Bai toan 11.
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(@) Chom > n > 0va a,b,c la cdc sé thuc dwong théa man o™+ + b+ 4 ¢mn = 3,
chiing minh rdng
a™ v "
e — >3
bn crooan

(b) Cho a,b,c > 0, chitng minh rdng

1 1 1
ZE+ZCL+62323(L+6'

Loi gidi.

(a) Pt (™, ot i) 5 (222 22 var,y,z > 0,k = 22 thi 0 < k < 1. Khi do,

m+n
ta c6 22 + 3? + 2% = 3 va can ching minh
>k 2k L2—k 2 2 2
2 T 2
= T2 3 & S Y n T = =3
y z x (zy)”  (yz)"  (22)

Theo bat dang thiic Jensen cho ham 16i f(t) = %, tacé

x2 y2 2’2 LEQ + y2 + 2,2 3k+1
(zy) (y2) (z2) (IQ-wngyf-QyiJr;?-zw) (x3y + y22z + 237)
44y +z

Cudi cung, ta c6 23y + 1%z + 232 < 3 nén c6 ngay danh gid can chiing minh.
(b) Ta sé gidi bai todn tong quat 1a f(t) > 0,Vt > 0 vé6i
t4a t2a+26 t3a+b
H=>S"" —3
f(®) 4a + a+b 3a+0b
(bai toan la truong hgp dac biét khi ¢t = 1). Taco

tf,(t) _ Zt4a + 22t2a+2b _ 3Zt3a+b.

Ditz =ty =1,z =t¢thiz,y,z > 0 vatacanchi f/(t) > 0,Vt > 0 hay

ot oyt 2t 20y P ) > 32y + e + 2R).

Day chinh 1a bat dang thic Vasile Cirtoaje.
O

Ngoai ra ¢6 mot bai todn rat khé clia tiac gia Pham Kim Hung, HCV IMO 2004, ciing c6 thé
giai bang bit dang thiic Vasile Cirtoaje (va c¢6 18 chi ¢ cach nay méi lam ddi xing héa bai toan
dudgc). Mai ban doc thu suc!

Cho a, b, c > 0 théa min a + b + ¢ = 3, chiing minh ring

a n b n c
b24+c c2+a a?+b

3
> —.
-2

Cudi cung, ta xét mot so bai toan khac ctia cung tac gia Vasile Cirtoaje.

149



Tap chi Epsilon, S6 19, 02/2021

Bai todn 12. Cho a,b,c > 0, chitng minh rang

4a \2 4b 1\ 2 de \?
NI NV (PRI O R BRI Y
a+b b+ c c+a

b—c
b+c?

Loi gidi. Dtz = =2y =
Khi d6

z=athitaco -1 <z,y,z<lvar+y+z+azyz=0.

20 1, 2y 2 oo
= _— —_— 2
a+b "bte VTV cta
nén ta viét bit dang thifc da cho lai thanh

(20 +3)° + (2 +3)° + (22 +3)* > 27
s+ y+2+3@+y+2) >0
st +y* + 22 > 3ayz.

Theo bét dang thiic AM-GM thi

v Y+ 22 > 3/ a2y222 > 3|wyz| > 3ayz
do —1 < zyz < 1, dang thiic xdy rakhiz =y =2 =0haya = b = c. ]

Bai todn 13. Vdin > 3, xét n s thuc thba mdn a; < ay < --- < a,, a1 +as + -+ a, = 0.
Chitng minh rang
ai +ay+ -+ a + naya, <0.

Hoéi ddu bang xdy ra khi nao?
Loi gidi. Xétsbi € {2,3,...,n— 1}, tadéu co

(a; —ay)(a; —a,) <0< a? < a;(a; + a,) — ara,.
Tu day, ta dua vé chiing minh

a?+a2+ (a1 +ay)(ag +ay+ -+ +a,_1) — (n—2)ara, + naya, <0
sa?+a—(a+ an)2 + 2a1a, < 0.

Tuy nhién, danh gid cudi lai 1a dang thic nén ta c¢6 dpcm. Pang thifc xay ra khi tat ca cac sd
béng 0. O

Bai toan 14. Cho a, b, c la cdc s6 thuc khong dm théa man a® + b> + ¢ = 3. Chiing minh rang

a N b n c <1
b+2 ¢+2 a+2 "
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Loi gidi. Bét dang thiic da cho viét lai thanh

D ala+2)(c+2) < (a+2)(b+2)(c+2)
& ab® 4 b + ca® + 2(a® + b* + 2) < abe + 8
< ab?® + b + ca® < abe + 2.

Gia st b nam giita a, c thitacé (b —a)(b — c) < 0nén b? 4 ac < b(a + ¢). Suy ra
ab® + bc* + ca® = a(b* + ca) + bc* < ab(a + ¢) + bc* = b(a® + ¢*) + abe
nén ta dua vé chiing minh b(a? + ¢?) < 2. Tuy nhién, bt ding thiic nay ding vi
2—bla®+A)=2-bB3—-0)=(b-1>*b+2)>0.
Ping thiic xay rakhi a = b = ¢ = 1 hoic (a, b, c) = (0, 1,/2) va cc hodn vi. ]
Bai toan 15. Cho cdc s thuc a, b, ¢ co tong la 3. Chitng minh rdng

3(a’ + b + ¢*) 4+ 33 > 14(a® + b* + 7).
Loi gidi. Gia st ring ¢ = min{a, b, ¢} thi a + b > 2. Ta sé chi ra ring

3(a! + bY) — 14(a® + %) > g(a )t = T(a+b)’
hay
3(a — b)*(7a* + 10ab + 7b*) > 56(a — b)°.
Chii y ring
3(7a® 4+ 10ab + 7b*) > 18(a + b)> = 72 > 56

nén danh gid trén ding. Ta dua vé

g(a +b)* = T(a+b)” +33 > 14

N 2(3—0)4+c4 LT3 -0 433> 1402
& (e—1)°Be+1)2 > 0.

Dénh gia cudi diing nén bit dang thiic da cho dugc chitng minh. Pang thiic x4y ra khi va chi khi

(a,b,c) = (1,1,1), (—3, 2, 3) cang céc hodn vi. O

Cac bai toan sau ban doc tu thir stc.

Bai toan 16 (2005). Cho a, b, ¢ la cdc s6 thuc khéng dm va ab + be + ca > 0, chitng minh rdng

4 48b 4
\/1+ 8“+\/1+i+ P
b+c c+a a+b
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Bai toan 17 (2007). Cho a,b, c la cdc s6 thuc théa man

a b ¢
242425
b ¢ a ’
chitng minh rdang
a n c_ 17
a ¢ b~ 4

Bai toan 18 (2009). Cho a,b, ¢ la dé dai cdc canh cia tam gidc. Chiing minh rdang

a? b? c?

4a? + 5be + 4b2 + 5ea + 4¢2 + Hab

1
> —.
-3

Bai todn 19 (2011). Cho a,b,c > 0, ddt

E:(a+l—\/§> (b+%—\/§) <c+1—\/§),

a c

F:<a+%—\/§) (b+%—\/§) <c+é—\/§>.

Chitng minh rang £ > F.
Bai toan 20 (2013). Cho a,b, c la cdc s6 duong, chiing minh rdng

1 N 1 N 1 - 3
1+3a 1430 143c 3+abc

[1] Vasile Cirtoaje, Discrete Inequality, bo sach Art of problem solving 2015.
[2] Lé Khanh Sy, Bt dang thiic AM-GM, 2018.
[3] Pham Kim Hung, Sang tao bat dfmg thuc, 2005.

[4] V6 Qubc Ba Can, Bét dang thic hién dai.
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CAc VAN Dt CO D1EN VA HIEN DAI

Tran Nam Diing

Trong sb nay, chuyén muc sé gidi thiéu chudi bai toan vé s dai sé6 dudc dé xuét trong vong thi
Hoi nghi mua heé ctia cudc thi toan gitta cdc thanh phd (Tournament of the Towns - ITOT).

DAy 1a vong thi khé nhit, hip din nhit va ciing b ich nhét ctia ITOT. Thi sinh tham dy sé
dudc chia thanh cdc doi va giai khoang 5, 6 chudi cdc bai todn trong vong gan 1 tuan. Thi sinh
viia 1am viéc véi nhau, vira sinh hoat, trao d6i mot cach tu do (trong d6 c6 thé tra ciu tai liéu,
Internet,...). Cac chudi bai toan c6 thé xuét phat tif nhitng van dé rit don gian, nhung sau d6 sé
dudc dan dat dén cac van dé hién dai va thach thic. Céac kién thic bd sung sé dudc 16ng vao
trong dé bai. Pic biét, sé c6 han mot budi dé cac thanh vién Ban giam khao gidi thiéu dé bai
cho céc thi sinh, tra 18i cdc thac mac. Budi gidi thiéu dé bai nay c6 khi kéo dai cad mot budi,
tham chi mot ngay.

N6i chung vong thi Hoi nghi mia heé ctia ITOT da nang viéc gidi toan 1én mot tam mdi. Day
khong chi 1a mot bai todn riéng 1é ma mot thi sinh c6 thé gidi trong 1, 2 gid, ma l1a chudi bai todn
ma nhiéu ngudi phéi 1am trong nhiéu ngay. Noi dung ciing khong phai 12 mot két qua don 1é ma
thuong 1a cd mot ly thuyét, mot 16p céc bai toan. Du ddy van chi 1a cic két qua da biét dugc cac
thi sinh chiing minh lai nhung di c6 nhiéu yéu t6 nghién citu khoa hoc & day, chi khong chi 1a
giai toan. Va trén thuc té, d c6 nhiéu két qua méi, cach tiép cin méi dudc céc thi sinh dé xuit,
vudt ca mong dgi cua Ban giam khao.

Vong thi Hoi nghi muia heé 1an thit 32 (dudc tinh cho nim 2020) 12 mot vong thi dic biét. N6 dién
ra vio ... miia Dong (tir 26/1 dén 3/2/2021) va duéi hinh thiic online. V6i cach thiic td chiic rat
tu do nhu da ndi & trén, viéc chuyén sang online thuc té khong tao ra bat cit mot khé khin vé
mit t& chic nao.

Dudi dy 1a mot trong 5 chudi bai toan (du 4n) dugc dé xuét trong Hoi nghi nim nay.
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S6 Dai S6 Duéi Géc Nhin Dai S6 Tuyén Tinh

I.Vorobiev, S.Dorichenko, A.Zilina, A. Kanel-Belov, A. Kannunikov, B.Frenkin

Trong hinh hoc ching ta di quen cong cdc véc-td va nhan ching véi cac vo hudng (s6). Ngon
ngit hinh hoc nay sé rét hitu ich khong chi trong cic tinh hubéng hinh hoc. Trong dy 4n nay,
chiing ta s& xem céc s6 dai s6, cac s6 1a nghiém da thiic v6i hé s6 hitu ty, 12 cdc véc-to. Ban than
céc s6 hitu ty sé déng vai trd v hudng.

Ta néi céc s6 phiic x1, .. ., x, doc 1ap tuyén tinh trén Q néu dang thifc a1 x; + -+ + apx, = 0,
trong dé ay,...,a, € Qchicé thé xdy rakhi a; = --- = a, = 0 (hdy so sanh diéu nay véi cic

véc-td khong dong thang trong khong gian 3 chiéu, hinh 1).

T + a3 + a3 =0= a1 =as = a3 =0

v3

Hinh 1:

Néi chung, géc nhin 1én cic sd dai sd nhu 12 cic véc-to rit tu nhién va hiéu qua, né cho phép 4p
dung cac y tudng hinh hoc vao cac van dé dai so.

Du 4n nay dudc xdy dung nhu thé nao? Chiing ta sé bat dau tif cac bai todn olympic vé cin thiic
dé khai vi. Mot s6 bai todn c6 thé gidi bang cac phuong phap & trudng phd thong, mot sd khac
can dén cic y tudng va phuong phap méi — nhitng y niém dau tién vé s6 dai s6 va trudng cac
s6, dudc trinh bay & phan 2. Ban sé dudc hoc ngdn ngit va cong cu can thiét va thuan Igi dé giai
quyét mot 16p rong cac bai toan. Pay 1a phan mé dau cla du 4n.

O phan 3, chiing t6i sé phat biéu dinh 1y co ban ctia dy dn va dé xuit ching minh né theo mot
ké hoach dudc dan ra, sit dung cic kién thiic da dudc cung cap. Cudi cling, chiing toi sé dua ra
bai toan nghién cifu, phat trién va mé rong dinh ly.

Ban cin phai biét trudc diéu gi? Céc su kién ciin ban vé s6 phiic va da thifc. Piéu quan trong
nhét 1 biét khai ciin s6 phiic va biét chia da thiic. Néu ban khong quen véi s6 phiic thi chic 1a
ban sé vira siic véi cdc bai toan vé cin bac hai.

Nén tang cta ly thuyét s6 dai s6 dugc hinh thanh trong cong trinh ctia Carl Gauss “Nghién ciiu
s6 hoc” (1801), dong mot vai trod to 16n trong 1y thuyét s6 va tao nhiing nén tang (cung vdi cic
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cong trinh clia Lagrange) cho cdc phat minh cta Evariste Galois, ngudi da tim ra tiéu chuan giai
dudc bang can thiic ctia phuong trinh dai sb (1830) va dit nén mong cho cac chuyén nganh hién
dai ctia dai s6 nhu ly thuyét nhém va trudng. Ly thuyét Galois va ly thuyét trudng cac s6 dai s6
dugc hé thdng héa va hoan chinh trong nita sau ctia thé ky 19 va nifa dau cla thé ky XX bing
cac dong gép cua Kummer, Kronecker, Hilbert,...

Néu nhu c6 bai todn nao giy khé cho ban, hdly quay trd lai véi né sau khi ban doc phan 2.

Bai 1. Ching minh tinh v6 ty ctia cic sb sau

a) /1001,

b) v2+ 3+ V6.

) V2 + /3.

d) V2+ 3+ 54+ VT + V11
e) V32

17 55 7
3 2020! 77
f |2+ 20 VT

Néu nhu ban tham chi con khong biét 1am thé nao véi cac sd kinh di & vi du cudi cung, thi y
tudng goi y dau tién 1a: Hiy chiing minh ménh d& manh hon vé doc 1ap tuyén tinh. Vi du, 6 muc
b)néua + b2+ c3+dV6 =0v6ia, b, c,d €eQthia=b=c=d =0.

Bai 2. Tim da thifc v6i hé sb hitu ty c6 bac nhoé nhét nhan céc s sau 1am nghiém

a) V4.

b) V2 + V3.

c) 2+ 4.

d) V8 + V9.

e) V6 + /10 + V/15.

nH V1+v2+ V1-2.
9) V71+5V2+ V7-5V2.

21
X

h) cos

2

1) cos 5F.
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: 2
J) cos 5.

k) cos 2%, v6i moi n nguyén duong.

Néu nhu ban tim dudgc cic da thiic, nhung khong chic 1a né c6 tdi ti€u hay khong, thi ciing ci
viét da thic nay ra. Trong tit ca c4c bai, trii ¢, d, j, k, hdy viét da thic & dang thong thudng.
D€ gidi cac bai j va k, sé tot hon néu ra chuyén sang mit phang phic.

Z“_Ll?; , trong d6 a, b 12 cc sb nguyén la cin clia don vi?

Bai 3. S6 nao trong cic sb c6 dang
Con day 1a mot sb bai toan lién quan dén vo ty bac hai. Trong cic bai todn niy c6 chifa dung
mot y tuéng quan trong

Bai 4. Ton tai hay khong céc s6 hitu ty a, b, ¢, d sao cho

@ +bv2) +(c+dv2) =7+5v2?

Bai 5. Tim 1000 chit s6 dau tién sau ddu phay trong cac viét thap phan ctia s6 (6 + +/ 37)

Bai 6. Nhan 2100 biéu thiic ¢ dang

+/14+ V2 £+ V99 + V100,

v6i nhau (véi tat ca cac cach chon diu). Ching minh ring tich thu dugc:

a) la mot so nguyén.

b) 12 binh phuong ctia mot sd nguyén.

Tinh doc 1ap tuyén tinh ctia 1 va +/2 (trén Q) don gian nghia 1a /2 v ty. Su kién nay da dugc
ngudi Hy Lap c6 biét dén. Ta ting s cic ciin thic Ién.

Theo doi chiing minh sau

Bai 7. Chiing minh ring 1, /2, +/3, +/6 doc 1ap tuyén tinh trén Q.

Néua +bv2+c/3+dvV6=0v6a. b, c, d e@.Tatéchﬁra
a+bvV2+ (c+dv2)v/3=0.

Néu ¢ + d+/2 = 0 thi suy raa + b+/2 = 0 va do tinh doc 1ap tuyén tinh trén Q cta 1 va v/2
suyrac =d =0,a =b=0.

Néu ¢ + d+/2 # 0 thi
a-+ b2
c+dV2
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30

\/E 10 v 15

V2 3 V2 3

1 1
Hinh 2:
trong do
ac —2bd bc —ad
A:cz—2d2€Q’ B:c2—2d2€@'

Hay tiép tuc 14p luan trén dé€ di dén mau thuén.

Qua vi du vira xét & trén ta thiy dudc mot s6 y tudng. Ching ta da dua viéc chiing minh tinh
doc 1ap tuyén tinh ciia cic s6 1, /2, /3, +/6 dén viéc ching minh ring /3 “khdc dang” dbi
véi tap hop Q + Q2 = {a + b~/2 | a, b € Q} (néi mot cach chinh xéc 1a +/3 khong thudc tip
hop nay), ciing giéng nhu +/2 khac dang d6i véi Q. Thém vao d6, didu quan trong 1a trong tip
hop Q 4+ Q+/2 ta khong chi c6 thé cong, trit, nhan ma con c6 thé chia (chi khong chia cho 0),
nhu 12 & trong Q, bang k§ thuat khi cin & mau s6 quen thudc.

Tap hop s6, chita 0 va 1 va déng ddi v6i bdn phép tinh s6 hoc, dudc goi 1a trudng sb. Tinh tir
“s6” ta s& bd b6t. Nhu thé K 1a trudng néu 0, 1 € K vavéimoia,b € Kthia £ b, ab € K va
5 € K véi b # 0. Dé thiy ring Q 1a mot trudng, hon nita 12 “nhé nhdt” — moi trudng (s6) déu
chia nd. Neu K C L la cac truong thi ta ndi K la trudng con trong L.

Ta né6i hé cc sd X, ..., x, € C ddc 1ap tuyén tinh trén truong K, néu dang thic
a1 x1+---+apyx, =0, ay,...,a, €K,
chicéthéxayranéua; = --- = a, = 0. Vidu cic s6 1 va +/2 doc 1ap tuyén tinh trén Q, nhung

phu thudc tuyén tinh trén R.
Céc tinh chit co ban ctia doc 14p tuyén tinh.

Bai 8. Cho K 1a mdt trudng. Chitng minh rang:

a) Hé chifa 0 hodc chifa hai s6 ty 1& v6i nhau trén K, phu thudc tuyén tinh trén K.

b) Hé con ctia mot hé doc 1ap tuyén tinh ciing doc 1ap tuyén tinh (trén cung trudng do).
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¢) Hé 1, x doc lap tuyén tinh trén K khi va chi khi x ¢ K

d) Cachésbay,...,a, € K trong cach viét ciia s a,x, + - -+ + a,x, sé dudc xac dinh mot
cach duy nhat khi va chi khi xy, ..., x,, doc 14p tuyén tinh.

Gan thém vio trudng K cic sb6 ay, . . ., a, c6 nghia 1a 1dy trudng nhé nhét (theo nghia bao ham)
chita K va céc sb nay.

Bai 9. Gén thém cin bac hai. Goi K 1a mot trudng conciaR, 0 < d € K vav/d ¢ K (vidu
K = Qvad = 2). Chting minh riang
K(Vd) ={a+bvVd|a beK}.

trong d6 céc sb a, b trong céch viét ciia a + b~/d xdc dinh mot cich duy nhét.
Bai 10. Chiing minh ring O(v/2 + +/3) = 0(+/2, V/3).

- > v 2, X A 1
Bai 11. Khu can 8 mau so Yy L

Bai 12.  a) Chitng minh ring cich s6 & dinh & hinh 1ap phuong 2b (tic 1a cic s6 1, v/2, /3,
V5, V6, V10, /15, /30) doc 1ap tuyén tinh trén Q.

b) B& sung thém +/7, hiy vé siéu hinh 1ap phuong va chiing minh ménh d tuong tu muc a).

Va bay gid, ¢ thé phat bi€u dinh ly tdng quét vé cin bac hai clia cic sb nguyén t6 va chiing
minh n6 bang quy nap? Néi riéng, tu dinh ly nay suy ra IGi giai ctua bai toan 2 d).

Tinh phu thudc tuyén tinh trén trudng K cia céc iy thiia 1, o, @2, ..., a" c¢6 nghia la gi? Ton
tai hay khong cic sb ¢, c1, ...,c, € K, khong dong thdi bing 0 sao cho

co+cia+ -+ c,a” =0.

N6i cach khic o 12 nghiém ctia mot da thiic khac 0 ¢6 hé s6 thuoc K. S& « nhu vay dudc goi 1a
s6 dai s trén K. Trong tt ca cédc da thiic nhu vay chi c6 duy nhit mot da thifc c¢6 bac nhé nhit
va c6 hé sb cao nhét bang 1 (tai sao?). Pa thiic nhu vy goi 1a da thiic t6i tidu clia s6 o trén K
va thudng dugc ky hidu 1a uX (x). Vidu uf(x) = x2 + 1, u&(x) = x —i. Bac deg uX (x) ctia
da thic nay thudng dudc goi 1a bac clia s6 « trén K va ky hiéu 1a deg g (o). Nghiém clia da thiic
X (x) duge goi 1a céc 6 lién hop véi « trén K

Trong trudng hdp K = Q ta sé néi don gian 1a cac s6 dai sb.
Bai 13. Gia st s6 o € C dai s6 trén trudng K € C. Chiing minh ring
a) degg()la s6 nguyén duong n nhé nhit sao cho 1, a, o, ...,a" phu thudc tuyén tinh
trén K.

b) Da thic uX(x) bit kha quy trén K (tic 1a khong thé phan tich dugc thanh tinh ctia céc da
thiic v6i bac nho hon).

¢) Moi da thiic thudc K [x] c6 nghiém 1a @ déu chia hét cho X (x).
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d) Pa thiic bat khd quy trén K c6 nghiém 1a o va c¢6 hé s6 cao nhit bing 1 biang uX (x).

Tiéu chuin bat kha quy trén Q duéi day c6 thé st dung ma khong can chitng minh.
Dinh ly 1 (Tiéu chu3n Eisenstein). Néu cdc hé sé cia da thiic apx™ + -+ + a1x + ag € Z[x]
vai mot s6 nguyén té p nao do théa mdn cdc diéu kién:

e a, khong chia hét cho D,

® d,_1,...,ay, ag chia hét cho p,

® a( khong chia hét cho p2,

thi da thiic nay bdt khd quy trén Q.
Bai 14. Hay hoan tt 15i giai bai toan 2 e).
.2 2, 5 5 2y B A ~, i ~ ~ 2, A o R 2 ~ A M 2, A s
a) Giastt v/3 = +/2 + a véi a 1a s6 hitu ty. Hay tim da thiic t6i tiéu ctia cdc s6 nam & vé tréi
va vé phai.

b) Giai phuong trinh trong tip hop céc s6 nguyén duong /m + 3/n = 2020.

Bay gio ta sé md rong bai toan 9.
Dinh ly 2 (Vé khit c3n & mau sé). Gid st o la s6 dai so trén truong K va co béc n. Khi do moi
56 trong truong K (a) déu cé thé'viét dudi dang

—1
co+ 1@+ -+ ey,

trong do ¢y, ¢y, ..., Ch—1 € K.
Bai 15.  a) Hay kht ciin 6 mau sb cta phan s6
1
Vit 243

Hudng ddn: O day viéc nhan cac luong lién hop 12 khong kha thi. Hay tim cac da thic
u(x), v(x) € Q[x] sao cho u(x)(x? + x + 3) + v(x)(x> —2) = 1. D& 1am diéu nay c6
thé dung budc ngudc lai ctia thuat toan Euclide ho#ic dung phuong phap hé sb bat dinh.

b) Ching minh dinh ly 2.
Theo dinh 1y co ban ctia dai s6, moi da thic trén C c6 bac n > 0 ¢6 n nghiém néu tinh ca boi.

Theo dinh 1y du6i day, da thic 41X (x) khong c6 nghiém bdi va nhu vay, méi sb dai s6 bac n ¢6
ding n lién hop (k€ cé chinh no).

Dinh Iy 3. Pa thitc bdt khd quy trén mét truong con ciia C, khéng coé nghiém boi phiic.
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Bai 16. Hay phan tich nhi thific x* — 2 ra thanh cac thita s6 bat kha quy va chia cdc nghiém cta
n6 thanh cac 16p lién hop trén mdi trudng sb sau

Q C Q(v2) C Q(V2) C Q(V2,i).

Céc cin ctia don vi c6 mot vai trd quan trong. Nhu ta da biét, nghiém phic ctia phuong trinh
x" =1 c6 dang
n—1

1,8n,82,...,8n ,

trong d6 &, = cos 2% + j sin 2% -* (day la trudng hop rleng cua cong thiic Moivre). Ta chia ching
ra thanh cac nhom l1en hop tren truong Q. P& 1am diéu nay can phan tich nhi thiic x” — 1 thanh
céc thira s6 bat kha quy trén Q : Nghiém ctia mdi nhan ti bt kha quy sé tao thanh 16p céc sd
dai s6 lién hop. Ta thit thuc hién diéu nay véi cac gid tri n nhd. Trén hinh 3, céc thita s6 bat kha
quy va nghi€m cta ching dudc t6 bdi cung mot mau

P —1=(z—=1)x P—1=(z=-1)(z+1)x
(@t a2t a2tz +1) x(Z2+z4+1) -z +1)

Pol=(z=-1)2+r4+1) zt-l=(r=1x+1)(=2+1)

Hinh 3:

O day ta can giai thich tinh bat kha quy ctia x* 4 x3 + x2 4 x + 1. Ta c6 mot két qua tdng quat
nhu sau

Bai 17. Ching minh rang v6i moi sd nguyén té p da thiic
O, =xP 4 xP2 4. 41,
bat kha quy trén Q.
I-{u’a’ng ddn: Sﬁ?\dung tiéu chuén Eisenstein. Suy nghi xem 1am sao 4p dung, bdi vi tat ca cac hé
so cia @, (x) bang 1.
Bai 18. Hay phan tich nhi thiic x'2 — 1 thanh cic thita s6 bat kha quy trén Q va vé hinh vé tuong

ty hinh 3.

Goi ¢ 1a ciin don vi. Cip ctia n6 1a s6 nguyén duong n nhd nhit sao cho ¢” = 1. Cin don vi
clp dudc goi 1a cin nguyén thity bac n. D& dang chiing minh dudc rang néu &, 1a cin nguyén
thlly bac 7 thi tht ca cdc cin nguyén thly bac n sé c6 dang X véi k nguyén td cing nhau véi n.
S6 cdc s6 gitta cac sd 1, 2,..., n, nguyén td cung nhau véi n, dudc ky hiéu 12 ¢(n), ham sb ¢
dudc goi la Phi-ham Euler.
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Dinh Iy 4. Cdn bdc n ciia don vi lién hop trén Q khi va chi khi chiing c6 cing cdp. Noi riéng,
degg(en) = @(n) vdimoin € N.

Dinh ly nay tuong duong véi tinh bt kha quy trén Q cia c4i goi 12 da thiic chia dudng tron

e, = ] G-ep

1<k<n,(k,n)=1

Bai todn 17 chi 1a trudng hop riéng don gian. Trong trudng hop tong quat, ngay ca su kién cac
hé s6 ctia @, (x) hitu ty ciing khong that hién nhién. Chiing minh dinh ly 4 & dang tdng quat c6
th€ chiing minh & hdi nghi. Nhung trong moi trudng hgp ching ta ¢6 thé sit dung no.

V6i dinh 1y 4, ta ¢6 thé gidi nhanh chong bai toan 3.

Bay gio ta s€ thu gidi bai 2 ¢). Ta di tim 37, 35(x) (khi khong néi gi thi ta hiéu ring trén
trudng Q). Y tudng chinh la & chd /2 1a nghiém cla da thic 37, 3/5(x* 4 x), ma nhu vy,
chia hét cho jt 35(x) = x* —2. Vanhu thé 37, 3/5(x* 4 x) con c6 thém nghi¢m nita la J2e

va /262, trong d6 € = &3. Suy ra cdc sb
Ja+ V2, s + V26, Ve + V26,
lién hop. Tiép theo, chiing déu khac nhau (tai sao?). Bay gid chi con cin chitng minh 1a da thiic
(x — V4 — J2)(x — V4% — V2e)(x — Ve — J26?),
c6 hé s6 hitu ty, va d6 sé chinh 1a u 37z y3(x). Hay ching t6 diéu nay.
Tong quat cua 1ap luan nay chinh la dinh 1y sau ddy, mot trong nhiing dinh ly chinh ctia du 4n

Dinh Iy 5. Neua = ay,...,a, la tdt cd cdc lién hop ciia sé o trén truong K, thi véi moi da
thitc f(x) € K|[x] s6 f(a) dai s6 trén K va cdc lién hop cia né sé la f(ay),..., f(a,), va
trong danh sdch nay cé thé'cé su tring ldp, khi dé méi phan tit sé ldp lai vdi sé lan nhu nhau.

Bai 19. Chung minh dinh ly 5

a) Trong trudng hop o 13 nghiém cta nhi thic bat kha quy.

b) Trong trudng hop tdng quat (d€ nghién ciiu tinh doc 1ap tuyén tinh ctia cdc cin thiic ta chi
can muc a), sé& dé chiing minh hon. Trong muc b) ¢6 thé st dung dinh 1y co ban vé da thiic
ddi xidng).

Ké hoach chiing minh nhu sau

1) PE chiing minh f(cr) dai s6 va cac lién hdp clia né nam trong cac s6 f(ay), ..., f (o),
hay xét da thuc

P(x) = (x = fan) - (x = flom)),
va ching minh F(x) € K[x].
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2) PéE chiing minh ring tat ca cac s6 f(x1),..., f(a,) lién hop trén K, hay xét da thiic
I £ @) (%)

F(x)

3) Chitng minh tit ca cdc nghiém ctia F(x) c6 bac giébng nhau bang cach xét .
1 £ (@) (X)

Bai 20. Tim tAt c4 cdc sd nguyén duong n sao cho s cos 27” :
a) Hou ty.

b) C6 thé bidu dién dudc dudi dang a + v/b véia, b € Q, tic la degg(cos ZZ) < 2.

Hay suy nghi cach giai bai toan 2 i) bang dinh ly 4 va dinh ly 5. Bai toan nay 1a bai toan chia
khoéa dé€ chiing minh phan “chi khi” ctia dinh ly Gauss-Wantzel: Pa gidc déu n canh dung duoc
bdng thudc va com-pa khi va chi khi ¢(n) la lily thita cia 2, ticc la néu n la tich cia lity thita
ctia 2 vdi cdc s6 nguyén té Fermat. S6 Fermat 1a cdc sb c6 dang 22° + 1. Ta ¢6 5 s6 Fermat ddu
tién nguyén to: 3, 5, 17, 257, 65537.

Bai 21. Hay dung bang thudc va com-pa céc da gidc déu:

a) 5 canh.
b) 17 canh.

Bai 22. Hay thiét ké giai thuat va viét chuong trinh trén mdy tinh dé dung mot da gidc déu c6 p
canh vdi:

a) p=17.
b) p = 257.
c) p = 65537.

Gauss da dung da gidc déu 17 canh va chiing minh rang véi moi sb nguyén t6 Fermat, da gidc
déu p canh c6 thé dung dudc. Trudng hdp nay (muc a)) khong chi ¢6 gia tri don 1é ma con 1a
mot nic thang quan trong va vi thé ching toi dé nghi cac ban vira lam bang tay, vita 1am bang
chuong trinh trén may tinh.

Pa gidc déu 257 canh dugc dung bdi Richelot vao thé ky XIX, trong thé ky XXI, cac tinh todn
t6t hon 12 nén giao cho mdy tinh. Chuong trinh danh cho p = 257 sé dugc ddnh gid béi mot
bing khen riéng. Chuong trinh danh cho p = 65537 s& 1a mot két qua méi va c6 thé giii ding
tap chi khoa hoc.

Bai 23. Bing cach dung thudc, com-pa va trisector (dung cu cho phép chia ba mot goc) hay
dung nghiém cua céac da thuc:
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a) 8x3 —6x + 1.
b) 512x° — 1152x7 + 864x° —240x3 + 18x + 1.

Diéu nay lién quan dén da gidc déu 9 canh va 27 canh.

Bai 24. Tim tit ca cac s6 nguyén t p sao cho ton tai duy nhita € {1, ..., p — 1} thoa man diéu
kién p |a® —3a + 1.

Bai 25. St dung thudc, com-pa va trisector hdy dung da gidc déu:

a) 7 canh.

b) 13 canh.

“MOot nghién ctiu sinh 1am gido su huéng din cla anh ta ngan dén ndi 6ng néi v6i anh “Hay
di ma tim cdch dung da gidc déu 65537 canh”. Anh ndy di that va sau 20 nim trd lai v6i cach
dung tuong tng” (J. Littlewood, “Thap cdm todn hoc”). Con béan thdo cua I.G. Germes, dugc
viét nim 1894 sau hon 10 nim nghién cifu chifa phép dung da gidc déu 65537 canh, dudc luu
gitt § thu vién Pai hoc Goettingen va gdbm hon 200 trang. Nhung bay gid, v6i su gitip dd cia
mdy tinh thi k&t qua nay c6 thé thu dudc véi thdi gian it hon ddng ké.

/0i

k :

Dinh Iy 6. Cho N, ky,...,ky € N*, N > 1, Q1,...,0n € Q, trong do ¢ Q vai

J
moi i # j. Khi do ddng thiic

ar Y01+ --+ay“X/Ony =0, ay,...,ay €Q,

chi cé thé' xdy ravdia, = ---=ay = 0.

No6i riéng, véi Q1 = 1 ta thu dudc tdng /05 + -+ + “X/On vo ty, béi vi dang thitc
ar V1+ %/0y+--+ "oy =0,
khong thé xay ra véi batky a, € Q.

Tinh vo ty ctia mot cin thiic 13 mot cau héi don gian, thuan tiy sd hoc din dén tinh duy nhét
trong khai trién ra thita s6 nguyén té.

B& dé 1. Vi moi sb nguyén duong k va sb hitu ty O tacé: 4/0 € Q khi va chi khi bac clia céc
udc nguyén tb clia tif s6 va mau sb trong cach viét tdi gian clia Q déu 1a boi ciia k.

Bai 26. Ching minh b dé 1.

Bai 27. Dung dinh ly 6 va b3 dé 1 hdy suy ra tinh vo ty ctia cac s6 & bai toan 1.
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Khong mét tinh tdng quat, trong dinh 1y 6 c6 thé gid st tit ca cac Q; 1a sb nguyén duong va tit
ca cac k; bang nhau va ching minh dinh ly tuong ducng sau.

Dinh Iy 7. Cho cdc s6 nguyén dwong k, nva py, ..., pp la cdc sé nguyén té phdn biétr; = */p;.
Khi do hé {r{‘ cerllo< L, < k} gom k™ sé doc ldp tuyén tinh trén Q.

Sé tién 10i minh hoa hé nay dudi dang dan n chiéu, xem vi du & hinh 2 va hinh 4

¥9 18 v 36

Hinh 4:
Bai 28. Hay tu dinh ly 6 suy ra dinh ly 7 va ngudc lai.

Bai 29. Nhu trong bai toan 12, dua dinh Iy 7 véi k = 2 vé ménh dé sau va hiy ching minh né6

Von £ QW/P1s - N Pn-)-
Chiing t6i khuyén cdc ban st dung budc chuyén sang cic s6 lién hop. Diéu nay sé gitip hiéu
trudng hop k > 2 dé dang hon.

Bai 30. Chitng minh ring dinh ly 7 tuong duong véi dinh ly 7’ : V6i cac ky hiéu cta dinh 1y 7,

cac liiy thita 1, r,,, ..., r*=1 doc lap tuyén tinh trén truong Q(rq, ..., rp_1).

> 'n

Bai 31. Cho K la trudng con cia R, r* € K var,...,r*"' ¢ K. Hay chiing minh ring nhi
thifc x* — r bat kha quy trén K va cac liy thira 1, r, ..., r*¥~! doc 1ap tuyén tinh trén K.

Nhu vay, dinh 1y 7" dugc dua vé dinh 1y 7” : Trong cdc ky hiéu nhu § dinh 1y 7, 7 ¢ Q(ry, ..., 7,)
véimoil € {1,...,k—1}.

Gia st diéu ngugc lai. Khi do, theo gia thiét quy nap, mdi sb thudc trudng Q(ry, ..., r,_) biéu
dién dugc mot cach duy nhit duéi dang tdng clia cic tich c6 dang ar{1 fe r,ll”_‘l1 ,trongdéa € Q

vamoil; € {0,..., k —1}.

Bai 32. Hay suy ra mau thuan trong trudng hop téng chi c6 mot sb hang.
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Trong trudng hop tdng c6 it nhit hai sb hang thi thay ddi thi tu cdc cin thic 7, ..., r,_; néu
can, ta c6 thé gia st
I k—1
r,=Aog+Airn + .+ Agar,Z, Ao Ak € QUrya L Ta2), (D
trong do gitia cac sO Ao, ..., Ax—; co it nhat hai sb khac 0.

Bai 33.  a) Chiing minh ring Ay = 0.

b) Gia sl 4; 1a hé sd diu tién khéc 0 trong (1). Hay di dén mau thun bing cdch ching minh
ring A ; = 0 (hdy nghi cach d€ dua bai todn vé myc trudc). Diéu nay hoan tit phép ching
minh dinh ly 7.

Bai 34. Dinh ly 7 c6 con ding khong néu dudi mdi r;(j = 1,...,n) ta hi€u mdt gia tri phiic
nao dé cua £/p; ?

D& hiéu sau hon vé s dai sb va giai quyét dugc cac bai todn khé hon, ching ta sé 1am quen véi
khdi niém khong gian véc-to, chiéu clia n6 va hoc ky thuit mé rong trudng (tit ca déu danh cho
céc tap hop s6).

Tap hop V' C C, chiia trudng K dudc goi 12 khdng gian véc-to trén K va cac phan tii ctia n6 dudc
goi 12 véc-to, néu V déng dbi v6i phép nhan véi cac sb tit K va phép cong ticlaa + b, ka € V
véimoia, b € V vak € K. Vi du moi trudng déu 1a khdng gian véc-to trén moi trudng con
cua no.

Gia st rang khong gian V C C, trén trudng K chia cic sd ey, . .., e,, sao cho moi a € V déu
biéu dién dugc dudi dang

a =kiey + -+ knpen, 2
v6i cac hé sb kq, ..., k, € K dudc xac dinh mot cach duy nhét. Khi dé hé ey, .. ., e, dudc goi

12 co s& ctia khong gian V trén K, va dang thifc (2) dudc goi khai trién clia s6 « theo cd s nay.

Bai 35. Chiing minh rang co sé ctia khong gian c6 thé dudc dinh nghia nhu hé t6i dai theo nghia
bao ham céc véc-to doc 1ap tuyén tinh.

Néi cach khéc, hé e, ..., e, 1a co sé trong V trén K khi va chi khi né doc 1ap tuyén tinh trén
K,conhéey,...,e,,a phuthudc tuyén tinh trén K véimoi o € V.

Khong gian c6 co s6 hitu han dudc goi 1a khong gian hitu han chiéu, vA mé rong trudng cé co 6
hitu han dugc goi 1a md rong hitu han. S6 phan ti clia co s& trong khong gian V' trén K dudc goi
1a chiéu ctia n6 va ky hiéu 1a dimg V. Tinh hop ly ctia dinh nghia nay, néi cach khéc, su khong
phu thudc ctia chiéu vao cich chon co s dudc suy ra tif b dé sau.

BS dé 2 (Bé dé co ban vé phu thubc tuyén tinh). Néu nhu cic sd fi, ..., fin 6 thé biéu dién
tuyén tinh trén K qua cic véc-td ey, ..., e, vam > n thicicsbd fi,..., fn phu thudc tuyén tinh
trén K.
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Cho U C V la céc khong gian véc-to hitu han chiéu trén truong K. Khong kho dé kiém tra ring
moi co s6 trong U ¢6 thé dudc bd sung thanh co s6 trong V. Nhu vay dimgU < dimgV va
dimgU =dimg < U = V.

Néu nhu K 12 trudng con clia trudng L, thi ta sé néi vé md rong trudng % Hién nhién 1a trong
truong hop nay, L 13 khong gian véc-to trén K. Chiéu ctia mé rong hitu han % con dugc goi la
bac cia nd va ky hiéu la [L : K].

Bai 36. Cho L/K 1a md rong hitu han. Ching minh rang [L : K] = 2 & L = K(a) v6i mot
s o € L\K sao cho o? € K.

Bai 37. Chitng minh rang cic sd 1, @, ..., " ! tao thanh cd s& ctia md rong K()/ K néu va
chi néu « dai s6 trén K va c6 bac n. Nhu vay néu « dai s6 trén K thi degy (o) = [K(a) : K].
Mot cong cu hitu ich trong ly thuyét mé rong hitu han 1a dinh ly sau day (hdy chiing minh né)
Dinh Iy 8 (Bac clia thap). Néu K € P C L la cdc md rong hitu han thi

dimg L = dimg P - dimp L.

Hay so sdnh véi tinh chét cta logarit: log,c = log,b - log,c.
Hay quay trd lai v6i bai toan diém tam 1 ¢).

Bai 38. Hay tim tat c4 cdc trudng con ciia cic trudng sau:

a) Q( V1024).

b) Q(V3).

c) Q(es).

d) Q(es).
Bai 39. Pite = ;7. Tir dinh 1y 2 va bai toan (17) suy rarang deg(e) = 16. Tim titca o € Q(e)
sao cho deg(x) = 2, 4, 8.
Huodng dén: Hay st dung dinh Iy 5 va xét co s8 &, 3, &3, ..., &3 trong Q(e) trén Q (ching
minh ring day 13 co s&). Cach sap thi tu nay thudc vé Gauss.

Bai 40. Tim tat ca céc lién hop trén Q cua céic so:

a) v6+ /10 + V/15.
b) 2+ /3.

c) Giast Uy = {@ € Q(e) |k|deg(x)}, k = 1,2, 4,8, 16. Noiriéng Uy = Q va Uy =
Q(«). Chitng minh rang U; C U, C Uy C Ug C Uy chudi cdc md rong trudng bac hai.
Bing cich nhu vy ta c6 thé dung dugc da gidc déu 17 canh bing thudc va com-pa (két
qua cua Gauss).

166



Tap chi Epsilon, S6 19, 02/2021

Bai 41. Ta c6 thé dung dudc cdc n gidc déu nao bang thudc, com-pa va trisector? Cac trudng
hop riéng: n = 7, 13, 19, 37.

Bai 42. Xay dung thuit toan tim bac ctia mdi s6 dai s6 tif md rong trudng Q(4/p1, ..., 5/pn)
V6i p1,..., pn 12 cdc sb nguyén t6 phan biét. Cac trudng hop dic biét: k& = 2, hoic k 1a sd
nguyén to.
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10 CA1 PAU TIEN CUA MOT LAN D1 THI IMO

Nguyén Tién Diing
Toulouse, Phap

G101 THIEU

Nhiing cdi gi x4y dén trong ddi 1an dau thi thuong gy xic dong manh tao ky niém khé
quén. Lan di thi IMO 1985 ctia tdi c6 rat nhiéu cdi dau tién d6 dbi véi toi, hay tham chi
12 nhitng cdi chi xdy ra duy nhAt mot 1an, nén cling c6 nhiéu ky niém.

Trudc d6, toi chua hé biét gidy 1a cai gi, chi di dép thoi. Pén lic dugc vao doi tuyén, ngudi ta
dua bon t6i dén mot kho quan 4o gidy dép ctia Bo Tai Chinh (?) d€ cho muon mdi dita mot doi
gidy va mot bd com-1é. Py ciing 13 bd com-1é diu tién trong ddi toi, bang vai mau xanh nhat
da ci, tiéc 12 toi khong c6 tim anh nao & day chit néu 1én dnh bay gid nhin thi chic trong budn
cudi 1am, va hom 1én nhan gidi thudng thi né da bi dit bét ctic & tay 4o nita. Hdi d6 c6 mot ban
gbc Viét nhung di thi cho doan Canada, thiy doan ctia ho dn mic rat chinh t&, may dong phuc
com-lé sang trong ma ciing thiy hoi ghen ti. Con gidy thi & kho ctia bo tai chinh khong c6 doi
nao di vira chan. Khé cdi 14 ban chan t6i hoi bi to so véi trung binh ctia Viét Nam. Thé 13 b6 me
t6i phai tu thué ngudi dong mot ddi gidy bang cac tong. Bay gid ma ai néi chuyén di gidy cic
tong thi chic ngudi ta sé bao la dua v duyén, nhung ding 12 tdi c6 mot doi gidy bang gidy cac
tong that. Toi khong biét gidy céc tong hdi dé cé phd bién khong, nhung chac chan 1a gia dinh
khong c6 dii tién dé dong gidy da. Doi gidy cac tong d6 c6 thanh tich 1a di dudc it hom thi né
son nuéc son 19 ra cac tong bén ngoai va bén trong thi ciia vao da. Két qua 1a chan t6i ¢ chd bi
sung vi trong phan 16n thdi gian di thi IMO.

Lan di thi IMO ciing 1 1an di may bay dau tién trong doi toi. Bon tdi bay tit Ha Noi qua Moskva
biang mdy bay ctia Nga (TU hay IL?), & d6 vai hom roi di tau hoa sang Phan Lan. Pudc di may
bay 1an dau hdo hifc 1am vi chua biét cam gidc n6 ra sao, liic né bay 1én bay xudng rét chi 1a hoi
hop. Mdy bay thsi d6 phai diing lai may tram, & Calcutta An P06 rdi thém 1 — 2 1an nita dé€ nghi
ngoi va tiép té chi khong bay lién dugec mot mach nhu bay gis. O mbi tram ditng 14 hanh khach
phéi xudng san bay, ngdi dgi 1 — 2 tiéng, dudc phat mot cde nude udng, réi mdi 1én lai mdy bay.
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Nhan vién phuc vu trén mdy bay chi néi doc mbi tiéng Nga, “tiéng noi ciia Lénin” quan trong
nhit thdi d6 rdi nén ngudi ta khong nghi can thong bao thém bing tiéng Viét. Toi ciing chang
hiéu ngudi ta néi gi, tuy rang tiéng Nga 1a mon hoc bat budc thdi hoc phd thong. Chi nghe dudc
mbi hai tif “trai” va “cé phé” 1a hai tif ngudi ta hay néi khi cAm cai binh tra hodc binh ca phé.
Dén liic can di toilet, nha qué ra tinh vao trong toilet nhung khong biét lam thé nao dé khéa ctia,
thé 12 ctia chi khép ha. Mot liic sau thi cira bat tung va mdt ¢o nhan vién hang khong budc vao
khi t6i van dang trong tu thé tut quan. Cudi cling thi ciing bay dén noi, dudc St Quan dua xe ra
don vé nha khach. Thoi d6 con tré, nén di mot chuyén bay dai nhu thé chang mét méi gi, khi vé
nha khach tam rita mot cdi 1a c6 thé tét xudng dao chdi quanh khu nha.

Trudc khi bay, c6 Hoang Xuén Sinh trudng doan hop cac hoc sinh lai va din do rit nghiém khac
12 “cdc em khong cé dwoc mang do sang Nga buén ldu”. Trong cdi dau ngay tho cla tdi thoi
d6, budn lau 1a hanh dong vo cung x4u xa. Toi vé truyén dat lai nguyén si 15i ¢ Sinh din véi
bd me. Tuy nhién, bd me t6i vin mua cho tdi 1 cdi quan bo Thdi, 1 — 2 cdi 40 phong Thai, va
mot cai dong ho dién tif diy nhua mang di, coi nhu 12 tiéu chuidn do dung cd nhan. Nhiing thi
d6 sang Moskva ban rat dat hang, va c6 ngudi dén ngay nha khach PSQ hdi mua chi chang can
di rao ban & dau. Mot cdi dong hod day nhua ré tién nhung sang dén Nga thi ddi dugc 14y hai cai
ban 13, va hai c4i ban 1a nay khi dem v& dén Viét Nam thai d6 thi 1a ctia hiém c6 gia tri 16n 1im,
t6i khong nhé chinh x4c, nhung c6 1& phai hon 10 cdi dong ho day nhua. Cho dén miy nim sau,
mot ba chi ho ciia ti khi hoéi mudn qua gi vin chi ¢6 nguyén vong 1a dudc ting mot cai ban 1a
Nga loai 7 rip. Khi dén Moskva, nhin hanh ly cic ban, tdi méi v3 nhé ra 1a minh 13 dia ngu
ngbc nghe 16i ¢d “doa”, con cac ban cung doan mang day cac thif sang ban chang c6 lam sao.
C6 nhitng ban da c6 ngudi nha & Moskova ddi sdn va din sin chuyén mang do6 sang. Vé sau 16n
1én thém, t6i m&i hi€u ro thém luat 1€ kiéu Viét Nam: Ngudi ta dit ra cdc su cAm dodn 12 d€ hu
doa nhau chit khong phai 1a d€ thuc hién, va 100 ngudi di Nga thi c6 1& c6 dén 101 ngudi budn
lau, cang nhitng ngudi c6 quyén hanh vai vé thi méi lai buon 1au cang 16n. (Riéng céc thay co
dan doan thi tuyét nhién khong c6 budn ban gi).

Thién dudng dau tién cia tdi chinh 1a nuéc Nga X6 Viét. Puge dén Moskva vao nim 1985 diing
nhu 14 dugc dén mot xii sé van minh thinh vugng. Lan dau tién dudc nhin thiy cdc ddy nha cao
tang ngop troji, sao ma hién dai thé, so véi toan Ha Noi thdi d6 c6 ding 1 céi nha “hoi cao tdng”
& khu Giang V6. Ma nhin céi gi 8 Moskva ciing hiing vi, cling to 16n gip hang chuc 1an nhiing
thd & Ha Noi. Tt trudng MGU, cho dén cong vién Gorki, cho dén Quang truong Do, cho dén
song Moskva, cho dén tau dién ngam, v.v. cdi gi trong ciing nhu thién dudng. An ubng thi khoi
ché. Trudc doé tdi chua tiing dudc “dn udng xd ldng” cic san pham bo sita bao gid. Toi thudc loai
hdu #n, cac loai d6 4n Nga nhu stia tuoi, kefir (stta chua), smetana (mot thi vang stia), kolbasa
(gid Nga), nuéc kvas (mdt loai nuée gidi khat truyén thdng ctia Nga),... déu chén ngon lanh.
Thay Quynh con biéu dién “cong nghé” tu lam sita chua bang cach d€ sita tuci qua dém. Moi
ngudi & Moskva déu than thién véi chiing toi. Dic biét ¢6 cac anh chi khoa toan MGU ri thém
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mot sb anh chi khac dén din chiing t6i di choi cdc noi rat vui. Trong dé tich cuc nhét c6 18 1a
anh Lé Tu Qubc Thang, Tran Nam Diing va chi My Linh. Anh Thang thi la chuyén gia chup
4nh, mang may 4nh theo chup v tu riia ra nhiéu anh cho ca bon. Téi ciing sé bi 14y cai thu thich
chup anh ctia anh Thing, tuy riang chang bao gid hoc dudc cach chup hay cich rita anh nghé
thuat gi ca. Ngudi Nga thi n6i chung ngudi nao trong ciing to cao, béo tdt, hdng hao, phic hau.
Khi di qua cdc cong vién, 4n tugng manh nhit 1 nhin thiy & d6 cac ddi “choai choai” chic xap
xi tui minh ngdi dm hon nhau. Diy qua 12 mot “cii séc vin hoa” dbi véi mot cau bé “nha qué”
méi 16n va con dang rat so con gai nhu toi thdi do.

Sau khi & Moskva khoang mdt tuan, ching t6i di tau hoa sang Helsinki, thi d6 ctia Phan Lan.
So véi Moskva thi Helsinki trong khong hiing vi bing, nha ctia nhd thdi chit khong to dung.
Nhung moi thi & ddy trong déu ¢ vé rét xinh xan, chinh chu. Diéu t6i nhé nhit vé phong cianh
Phan Lan khong phai 12 kién tric nha cira, ma 12 hd: Pau dau ciing thiy rat nhiéu ho. Cin nha
ma bon t6i dugc ngudi ta phan cho & 1a mot biét thu nhd trong mot khu rong, ciing nam ngay sat
mot cdi hd. Bon tdi ra mép ho, thiy thuyén “vé chi” d€ & d6 ciing bén nhay 1én tréo thuyén. Vé
sau méi biét d6 1a thuyén do ngudi khic thué. Nhung thué thuyén thi ching t6i khong c6 tién,
nén tit hom sau mién khoan cheo thuyén. Hoi d6 thuc ra toi chang c6 khai niém tu ban né khac
XHCN ra sao, chi thay “#dy” chd nao né ciing phon vinh hon “ta” qua nhiéu, du dé 1a Helsinki
hay Moscow. Cé khéc ching 1a & Helsinki moi thi déu rat dit dé d6i véi ngudi tir Pong Au
sang. Piy la toi nghe cac thiy cd dan doan néi vdy, chii 6 difa bon tdi chang c6 miy xu, tién
Phan Lam dudc phét cho chi dii mua may cdi buu anh va vat ky niém bé teo 13 nhin tdi. Thay
6 dan doan ciing khong c6 tién, sang tu ban ma lic nio ciing lo ngay ngdy, din di din lai bon
t6i rang phai hét siic can than, 1am v3 cdi gi cling sé khong c6 tién dé dén dau.

Cén nha ma ching t6i 6 ¢6 1€ 1a nguoi ta phat khong cho chung tdi, chi doan Viét Nam thoi do
chang c6 tién d€ ma tu chi. Cin nha rit dep, diy dd tién nghi, c6 didu thiéu giuong, c6 nhiing
giudng to phdi ngt chung. K€ ciing hai ky, nhung da 1a “cho khong” thi ai ddm phan nan gi nia.

Trong thdi gian & Phan Lan, ngy nao ngudi ta ciing t& chiic di thim quan hay chdi bdi gi d6
cho céc doan, tru hai ngay thi. An tuong nhit 1a di tham nha may sita. Ngudi ta néi rang c6 cic
dudng 6ng sita nbi thang tif cac nha nuodi bo dén nha mady sita, sita bo vt ra la chay thang vao
nha may. Ngudi ta cho ching t6i ném cac loai kem 1am tif sita bd & d6. Kem Phan Lan ngon
tuyét voi. V& sau, dit di bao nhiéu noi, in du cac loai kem, nhung chua & dau tdi c6 cam gidc
sung suéng nhu dn kem & Phan Lan.

P& moi ngudi khoi suy nghi lung tung, tdi phai néi ngay, d6 1a co gdi tay dau tién ma tdi ducc
tiép xtic 1am quen, chit khdng c6 “lam gi khdc”.

D6 12 mot ¢d gai Phan Lan tinh nguyén vién tham gia vao viéc t6 chiic IMO va dugc cit 1am
hudng dan vién cho doan ching toi. Bay gid t6i khong con nhd tén ¢6 1a gi, chi nhd rang trong
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c6 rét xinh, dang ngudi ciing rt dep, vira cao, vira thon tha vira nd nang. C6 ludn ludn tudi cudi
vui v8. Liic d6 c6 1é cd dang 1a sinh vién, quang 20 tudi. Co néi tiéng Anh rat luu loat. Nhung
t6i thi mot chit tiéng Anh bé déi lic d6 ciing khong biét, chi biét dudc c6 vai tir tiéng Nga néi
chéng thanh ciu ma c6 néi ra c6 huéng din doan ciing chang hiéu. Moi giao tiép ctia doan 6 tén
(trong khi thidy Quynh c6 Sinh din doan dang bi cach ly dé 1am cic viéc chon bai thi roi chAm
thi) v6i cd gai Phan Lan chd yéu thong qua mot thanh vién duy nhéit ctia doan c6 thé goi 1a biét
tiéng Anh, 12 anh Ché Quang Quyén. Tuy ciing doan, nhung chi c6 mdi anh Quyén dudc goi 1a
anh vi anh 12 ngudi duy nhét hoc 16p 12 va theo hé ctia Mién Nam tif thoi trudc, tic 13 ding da
12 nim, con 5 tén con lai déu hoc 16p 11.

That dang tiéc 12 c6 mot co gdi rat xinh va rat vui sudt ngly di cing doan nhu vy, ma chi nhin
thoi chit chang néi chuyén dugc gi véi cd. Thiy cac ban cuing doan don la ¢d c6 mot anh bd
ciing tham gia lam tinh nguyén vién & IMO 1985, nhung tdi khong ro 1am. Thinh thoang, khi
gap hay khi chia tay, thi c6 cling thom ma tui t6i theo phong tuc cua tdy. C6 ban trong doan (t6i
s& khong khai tén) c6 1an con liéu linh cb tinh “liza” d€ khi thom thi thom phai moi c6 huéng
dan vién.

D6 khong phai 1a cudc do stic vé toan hoc, ma 1a cudc thi “ddu vé” véi bao tai rom!

Hom dé, ngudi ta chd cdc doan dén mot sin chdi rong, & dé ¢ cac than ciy gb tron dit nam
ngang ¢ mic ling quang thit lung, va c6 nhiéu bao tai rom. Tro d4u don gian nhu sau: Hai
ngudi ngdi hai dau ctia than cdy gb, mdi ngudi cAm mot bao tai rom, ci thé quat nhau dén khi
c6 ngudi nga thi 1a thua mot hiép. Mdi 1an déu c6 dén 3 hiép, ai thang dudc hai hiép thi 1a thang.

Sau khi cdc thi sinh dugc 1am quen véi trd d4u bao tai rom nay, ngudi ta bat du td chiic “world
cup”, chon ra mot ddi mot ngudi 1am dai dién, va dAu loai truc tiép. Poan Viét Nam lic d6 toan
ngudi “doi dn” nhd bé, c6 mdi tdi tuy it tudi nhat doan nhung lai “fo con” nhit, cao quing mét
bdy va niang sau chuc ky, d6i véi ngudi Viét Nam lic d6 nhu thé 1a béo 1am. Thé 1a tdi dugc cac
ban cti 1am dai dién cho doan Viét Nam d€ thi dau.

Vong diu dau tién, t6i gip ngay ddi thii 12 mot ban My. S6 1a My va Viét Nam c6 céc ky hiéu
diing sat lién nhau trong danh sich cac nuéc thi nim d6 (USA vd VNM) va thé 1a khi ngudi ta
xép lich d4u theo thif tu ABC thi My dau v6i Viét Nam. Khi dén luot t6i diu, cic ban cia cic
nudc khac ding vy quanh reo ho ¢6 vi, ludn miéng ho “Vietnam, Vietnam”. C6 1& d6 1a tam
ly chung cia thé gidi ¢S vii cho “underdog”. Ban My dbi thii ciia toi trong ciing manh khanh
chit khong to con 1dm, khong hiéu vi “lich su” hay vi gi ma cac ban My chon ban nay ra thi
dAu, trong khi c6 cac ban trong to hon thi khong thi. Va thé 1a sau hai hiép dau ngang ngtia, thi
dén hiép thii ba t6i da quat bay ban My xudng dit, moi ngudi xung quanh lai duge dip reo ho
“Vietnam, Vietnam”.

Vao vong tiép theo, toi gip mot ban, khdng nhé tit nude ndo, ngudi khong cao, nhung rat to va
chic nich, chic trén tdm chuc ky. Ban be qudc té lai ding vay quay c6 vii “Vietnam, Vietnam”.
Liic toi ra chd dAu thi ban dbi thii da ngdi trén cay gb tif trude. Toi vira tréo 1én, chua kip lay
thing bang va dinh than, thi da bi ban 4y gidng ngay cho mot phat lin quay xubng dit. Hiép sau
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cling vy, vira tréo 1én, chua kip bat du thi ban kia da khong doi t6i chudn bi tu thé xong, ma
giang ngay tiép mot cu, lai lin quay xudng dat.

Cudc do stic qudc té 1an dAu ciia t6i chdm diit nhu vy. Cudi cung thi thing thua khong quan
trong, cdi chinh la dugc tham du nhting hoat dong vui.

Ky thi IMO nim d6 c6 6 bai, nhung tdi chi lam dudc c6 5 bai, con mot bai chiu chét khong thé
nao lam dudc.

Déi véi toi thi d6 1a ci “vd trdn” dau tién clia mia thi hoc sinh gidi nim d6, va 1a ci v tran
16n nhét ctia doi hoc sinh. B&i vi trude khi thi IMO, t6i ¢6 thanh tich 1a bai nao ciing “chodng”
dudc, tit viéc thi hoc sinh gidi do bao Toan hoc & Tudi tré tdi 1am nhin c4c bai, dén hai vong thi
hoc sinh gidi qudc gia toi cling déu 1am dudc hét. Riéng vong 2 (vong chon doi tuyén IMO cua
Viét Nam) c6 mot bai toan thudc dang két hop gidi tich véi cac tinh chit dbi xiing, toi 1a thi sinh
duy nhét 1am dudc, khién gido su Thu 12 ngudi ra dé bai d6 (ma vé sau tdi méi biét) “hii via”.
Bdi vi mot dé bai hay ma khong c6 thi sinh nao gidi dugc thi ciing sé thinh mét hay bdi n6 ra
khong diing trinh d6 ctia ky thi. Thay Thu c6 khen t6i 12 “thdng nay da biét Iy thuyét nhom”, tuy
thuc ra lic d6 toi ciing chang biét ly thuyét nhém 1a cdi chi mo, chi ¢6 nhé 1a c6 bai toan khac
da 1am dung dén 1uéi tu nhién, va toi vin dung su tuong tu vao bai giai tich nay thdi. Khi hoc
luyén thi hoc sinh gioi t6i cling “vitng vang” hon so véi cac ban khac, va ngoai ra ¢6 bao nhiéu
tai liéu nhu kiéu tap chi Kvant roi vao tay tdi déu “xoi” hét, nén khi di thi IMO t6i ciing kha tu
tin. Va trong 6 bai thi c6 5 bai toi lam dudc ngon lanh nhanh gon that, chang phai suy nghi gi
nhiéu, chi ¢6 ding 1 bai 1 chét di dir ludn, nghi miy tiéng lién khong ra.

Cai bai “gdy cdu” d6 ctia toi 12 mot bai todn theo kiéu thuit todn, ding 1a diém yéu cta hoc sinh
Viét Nam, vi hau nhu chang dudc hoc. Nim 1985 xay ra nhu vdy, va dén nam 2014 doan Viét
Nam lai gy cau vén ding nhiing bai toan kiéu thuat todn. Thuc ra thi khong chi doan Viét Nam
gdly cau, ma rit nhiéu cic doan khac ci gip cdc bai todn thuit todn 12 “rung”. Bdi vy, tuy toi
chi dudc c6 35/42 diém nidm do nhung van dugc huy chuong vang. Nim nay 2014 thi thim chi
chi can 29/42 diém 1a dudc huy chuong vang.

Di vio chi tiét hon, tdi dudc 35 diém, khong phii 1a dugc 5 bai 7 diém va 1 bai 0 diém, ma la
chi c6 4 bai 7 diém thoi, c6 mot bai chi dudc 5 diém tuy thuc ra 1a bai rit dé nhung do t6i qua
chli quan b quén béng mot khiic khong viét vao chit khong phai 1a khong biét 1am, con cai bai
glly cau thi tuy khong tim ra 15i giai, nhung tdi ciing phéng tac loan ra dudc miy y tudng va gia
thuyét gi d6 nén dudc ban giam khao cho 2 diém. Va 2 diém dudc d6 theo toi 12 xiing dang, vi
XUia nay ngudi ta vin lam vay: Néu khong gidi quyét dugc bai toan nhung dua ra dudc mot s6 y
tudng lién quan thi van cho diém. Chi c¢6 2 diém ctia mot bai bi mét vi quén khong viét thi qua
1a dang tiéc.

Nhung vi 2 diém hut d6 ma t6i mat mot thi khic. Ban tS chiic ¢6 chuidn bi mot s6 mdy tinh nhd
dé ting cac hoc sinh dugc huy chuong vang. Nhung thé qudi nao ma sd mdy tinh it hon s hoc
sinh dudc huy chuong vang, nén ngudi ta chi ting cho nhiing ngudi dudc tir 36 diém trd 1én, con
méiy ké 34 — 35 diém nhu t6i diing nhin ngin ngo (ndm 1985 c6 14 ngudi dugc HCV trén tdng

172



Tap chi Epsilon, S6 19, 02/2021

séng 209 ngudi du thi, va tit 34 diém tré 1én 1a dugc HCV ). Nhu cai cAu ma ngudi ta hay noi,
“ké vé dich thit hai la ké thua ddu tién”. Do khong dudc mdy tinh, nén tdi ciing chang biét n6 c6
chifc ning gi, nhung dé 13 hoi nim 85, mdy tinh cd nhan hién dai nht gia hang van d6 la ciing
khong manh bang céi dién thoai ré tién by gid. Thay Quynh néi hinh nhu n6 biét danh co vua.

Tuy ring tdi khong dat két qua nhu mong muén trong ky thi IMO 1985, nhung xét vé toan doan,
thi doi Viét Nam niim d6 lai dat két qua t6t, ding thi 5, va 12 1an dau tién ding trén doi Lién
X0, ma sau nay chuyén thanh doi Nga.

Vi sao lai so sanh v6i Nga? Béi vi hé théng gido duc & Viét Nam, it ra 1a & Mién Bic, thsi d6
dugc copy tit hé thdng gido duc ctia Nga. Céc trudng chuyén ciing 13 hoc theo md hinh Nga. Cic
tai liéu tham khdo vé mon toan ma ching toi ¢ dudc ciing hau hét xuét phat tir Nga hoic Dong
Au. Pic biét 1a tap chi Kvant (tiéng Nga, nghia la “Iugng 1) 1a tap chi khoa hoc danh cho hoc
sinh phS thong ma cho dén bay gid t6i van danh gid 1a mot trong céc tap chi hay nhat thé gidi.
Qua ban Huynh Minh Vii ¢6 bb ngay trudc du hoc & Nga, chiing t6i dudc xem nhiéu s6 Kvant,
ct thé tu ngdi dich 16m bom. Lién X6 nhitng nim 80 ctia thé ky trudc tap trung mot luong khdng
16 cdc nha toan hoc 16n, ngang ngiia véi ca phuong Tay cong lai, va c6 truyén thdng dao tao hoc
sinh rat tot vé khoa hoc tu nhién. Va khong nhu Phdp 1a nudc chang quan tim méy vé tro thi
IMO thdi d6, Lién X6 ludn c6 su tuyén chon va luyén tap ky ludng cho céc ky thi, Viét Nam c6
lam ciing 13 bat chude Lién X6. Bdi vdy, véi cac diéu kién khong biang Nga ma doan hoc sinh
Viét Nam di thi lai ding trén doan Nga thi 12 mot dau hiéu t6t cho thiy tiém niing ctia hoc sinh
Viét Nam ciing kha. Chi c6 diéu cang 1én cao, cdi tiém ning d6 cang dé thui chot dan vi thiéu
diéu kién d€ phat trién.

Dai Lién X0, va sau nay 12 doi Nga, ludn dat thanh tich cao & cac ky thi IMO, va nhiéu 1an diing
thd nhét. Didu nay ciing khong c6 gi dang ngac nhién, khi ma nuéc Nga van con mot truyén
thdng toan hoc rat tdt, va ho ciing chon loc va chudn bi nhiéu cho hoc sinh di thi IMO. Theo
th6ng ké 2, thi méi chi c6 2 1an doan Viét Nam ding 1€n trén doan Nga, la ndm 1985, va sau do
la nam 2003.

Nim t6i di thi con c6 mdt diéu rat binh thudng nhung ciing dang miing véi doan Viét Nam, dé
la da khong xdy ra diéu gi ddng tiéc lién quan dén dé bai hay chim thi. Ching t6i c6 mot may
man 12 ¢ Sinh va thiy Quynh din doan déu 1a nhiing ngudi rt nghiém tdc va cé trinh do, nén
da khong méc phai nhiing chuyén nhu dich sai dé, hay thim té hon 1a d€ 16 dé. C6 mot nam (ma
t6i s& khong néu dich danh) doan Viét Nam dudc két qua cao, nhung lai mang tiéng vo cling xAu
la d€ 16 dé, tuy rang khong bi ai kién chinh thiic.

Mttp://www.imo-official.org/year_individual_r.aspx?year=1985
http://www.imo-official.org/results.aspx
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Khi di thi IMO v&, ching t6i dudc Bo Gido Duc goi 1én hop miit va phat thudng. Phan thudng
ctia toi 12 hai tAm vai, dG may hai cai quan dai. Vao nim 1985, nén kinh té Viét Nam rét bi dat,
sau 10 nim thdng nhit va “tién lén XHCN” theo vét xe sap dd ctia Lién Xo. B6 me t6i 1a hai
nha gido vién “nhdn rdng”, 1o miéng in cho con tiing ngly, nén c6 vai dé may 2 céi quan cling
1a qui. Trude do, tit bé dén 16n, tdi hay “duwgc” mic thita d6 clia ngudi khac, k€ ca do khodc ciia
me thai ra cho chi roi lai dén luct tdi mic.

Phan thudng 16n nhat d6i véi ti lic d6 khong phai 13 hai miéng vai, ma 12 dugc dic cach nhiy
céc tot nghiép phd thdng va dude cho di hoc dai hoc nudc ngoai. Khong phai hoc thém nim
cubi phd thong db6i véi toi lic d6 1a mot su sung sudng vo cung 16n, vi mot mit toi da chan hoc
phd thong, va mit khac hdo hiic mubn dugc ra nuée ngoai hoc cang sém cang tdt, vita dd ganh
ning cho bd me vira in sung mic suéng va c6 diéu kién hoc hanh t6t hon.

Bye bye mai trudng phd thong, va bye bye luon tudi nién thiéu. Ti thang 9 nim 1985 toi trd
thanh sinh vién dai hoc. Pau tién 1a hoc ngoai ngit 1 nim & trudng DPH Ngoai Ngit (Thanh
Xuan, Ha Noi, nay di ddi tén hinh nhu thanh Pai Hoc Ha Noi) d€ chuan bi vé tiéng, va vé chinh
tri, trude khi di du hoc vao nam 1986.

Hbi d6 t6i chang biét nuéc Pong Au nao khic ngoai Nga, va ciing chang biét mén hoc hip dan
nao khac ngoai toan, nén lya chon hién nhién 1 di hoc dai hoc todn  Nga. Céc thay co day toi
& Viét Nam ciing hudng tdi di hoc todn, va bd me tdi cling khong thiy c6 gi hon. Néu c6 dudc
thong tin tét hon va nhiing su gidi thiéu hay ho vé cic nganh khac, thi c6 khi t6i da ludng lu
xem nén chon nganh no, tuy rang cudi cung c6 thé van quyét dinh chon hoc toan.

Nganh todn 12 mot nganh khong dé dang. Nhung t6i khong an han da chon nganh nay. Thé gisi
ngay nay cang ngiy cang can dén hiéu biét vé toan hoc, du 1a ban sé trd thanh chuyén gia trong
linh vuc gi thi c4c kh4i niém todn hién dai néu hiéu diing nghia s& mang lai 19i thé cho ban.

Cau chuyén mién man ctia toi vé ky thi IMO 1985 két thiic & day.

GS Nguyén Tién Diing, sinh nim 1970 tai Ha No6i. Nam 1985, khi méi 15 tudi, 6ng doat huy
chuong vang toan quéc té 1an thi 26 & Phan Lan. Nidm 1994, & tudi 24, 6ng bao vé thanh cong
ludn 4n tién si. Hién nay 6ng lam viéc tai Pai hoc Toulouse, Phap v6i ham gido su hang dic biét
(2015). Bai viét nay viét nim 2014 nhan ky niém 40 nim 1an dau Viét Nam tham du ky thi toan
qudc té. Chiing t6i ding lai nguyén vin bai viét, khong chinh stia hay cit xén.

Dudi day 12 mot sb chu thich, b6 sung ctia thady Tran Nam Diing, HCB Toan qudc té 1983, 1a
dan anh cua GS Diing ¢ khoa Toan-Co, MGU.

1) Kho quan 4o, gidy dép ma GS Diing nhic dén dugc goi 1 kho chi T (Nguyén Pinh T,
B0 truéng BO Dai hoc va Trung hoc chuyén nghiép 1976 — 1987). O d6 ¢6 giay (nhu md
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2)

3)

4)

5)

6)

7

8)

td ctia GS Diing), 4o lanh, bd com-I¢, va li d€ cho nhitng ngudi di cong tdc nudc ngoai
ngan ngay muon. Kho nay lic d6 nam trén dudng Dién Bién Phd, gan ctta Nam.

Hai loai mdy bay thuong diing ctia Aeroflot ltic by gid 12 IL 62 (186 hanh khach, than hep
ki€u Airbus 320 bay gid) va IL 86 (than rong, 350 hanh khéach). Mdy bay ct bay khodng
4 tiéng lai phéi diing d€ tiép liéu do d6 phai ding & Bombay hoidc Calcutta, Karachi va
Taskent trudc khi dén Moskva. O Karachi, sau vu Hoang Vin Hoan trén vao st quan
Trung Qudc ngudi ta khdng cho xubng sin ga ma phai ngdi trén mdy bay.

Téi (Tran Nam Diing), anh Lé Tu Qudc Thang va chi Huynh My Linh di din doan hoc sinh
du thi toan qudc té nim d6 di choi mot s6 dia diém & Moskva, trong d6 c6 Botanicheski
Sad, MGU, Quang trudng Do, Detski Mir,... va dua ra ga Leningradsky d€ di tau sang
Phan Lan. Trong doan ngoai Tién Diing con ¢c6 Huynh Minh Vii 12 dan em chi Linh, LAm
Tung Giang 1a dan em Quang Nam Pa Ning cta tdi, Khanh, Thanh (Nha Trang), Quyén
(Pong Nai). Pay 1a nim duy nhét trong lich sit Viét Nam du IMO ma sd hoc sinh céc tinh
phia Nam dat ty 1€ qua ban. Nam 1983 ma t6i thi ty 1€ nay 1a 50/50.

Sau bai viét cia GS Nguyén Tién Diing (nim 2014), c¢6 hai 1an doan Viét Nam vudt doan
Nga & bang tdng sap 1a niam 2015 va 2017. Pic biét nam 2017 (thi & Brazil) doan Viét
Nam xép thii ba va c6 em Hoang Hitu Qudc Huy xép hang nhit vé tong diém thi (35/42).

Chiéc mdy tinh ma GS Diing nhic dén, gidi thuéng danh cho cic ban doat huy chuong
vang v6i 36 diém trd 1én, khong phai 12 mdy tinh c4 nhan, ma 1a may tinh cAm tay kiéu
Casio, loai may ma bay git hoc sinh pho thong nao ciing c6. Tuy nhién, vao thdi di€ém do,
khi ma tit ca con dang dung bang sd véi bdn chit sb thap phan ctia Bra-di-xo thi cdi may
tinh cam tay d6 1a cd mot mo udc roi.

C6 Hoang Xuan Sinh nhiéu nim 1am trudng doan Viét Nam thi toan quéc té, trong d6 c6
nam 1983 (nim toi thi) va nim 1985. C6 la nif tién si todn hoc dau tién cta Viét Nam
dong thoi 1 sang 1ap vién kiém Hiéu trudng dau tién cda trudng Pai hoc Thing Long va
hién van la Cha tich Hoi dong quan tri clia trudng nay.

Thay Poan Quynh ciing ¢6 nhiéu nim din doan hoc sinh Viét Nam thi toan qudc té. Toi
¢6 nhiéu dip 1am viéc v6i thdy Quynh nén rat dong y véi nhan xét ciia GS Diing vé co
Sinh, thay Quynh. Ho lam viéc rat nghiém tic, trung thuc, bai ban, c6 nguyén tic. Thay
DPoan Quynh 1a tdng chi bién b tai liéu gido khoa chuyén toan duy nhit cho dén hién
nay.

Hdi d6 cac hoc sinh 16p 11 du thi toan qudc t& xong dugc nha nude i di hoc ludn chi
khong can phai hoc 16p 12, vi vy ma ciing khong c6 co hdi duge du thi IMO 1an thd hai.
Vi thé ma Nguyén Tién Diing chi du thi IMO 1 1an duy nhét, di ldc doat huy chuong vang
niam 1985, anh m&i 15 tudi, vé tudi con co thé thi vai 1an nita.

Hai bai toan ma GS Diing c6 nhac dén trong bai viét

Bai 1 (IMO 1985, P6). V&i mdi s6 thuc x, ta xdy dung ddy sb x;, x,, ... bang cac dit

1
Xn+1 = Xn (Xn+—), Vn > 1.
n
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Chiing minh rang ton tai duy nhit mot gid tri x; sao cho bt dang thic 0 < x, < Xp4; < 1
ding v6i moi sb nguyén duong n.

Bai 2 (IMO 2014, P6). Tap hop cic dudng thang trong mit phang dudc goi la ¢ vi tri tdng
quat néu khong c6 hai dudng thang nao song song va ba dudng thang niao dong quy. Tip hdp
cdc dudng thang & vi tri tong quat cit mit phang thanh cic mién, trong s& d6 c6 mot sb mién
¢6 dién tich hitu han: Ta goi ching 1a cic mién hitu han cia tap hdp cic dudng thiang d6. Chiing
minh rang véi n du 16n, trong tiap hop gdm 1 dudng thang & vi tri tdng quat, ludn c6 thé td mau
it nhit  /n duong thang bang mau xanh sao cho khong c6 mién hitu han nio clia né c6 bién toan
mau xanh.

Luu ¥, két qua v6i /n khi dudc thay bdi ¢ /n cling dudgc diém tily vao gid tri ctia hang s6 c.
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